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POISSON INTEGRALS OF REGULAR FUNCTIONS
JOSE R. DORRONSORO

ABSTRACT. Tangential convergence of Poisson integrals is proved for certain
spaces of regular functions which contain the spaces of Bessel potentials of LP
functions, 1 < p < 00, and of functions in the local Hardy space h!, and the
corresponding tangential maximal functions are shown to be of strong p type,
p>1

1. Introduction. It is well known that for a general L? function f, 1 < p < 00,
its Poisson integral u(z,y) = P, * f(z) (Py(2) = cny/(|2> +y?)*+t1)/2 2 e Ry >
0) converges nontangentially to f(z) a.e. when y tends to 0. It is also well known
(18, p. 280] that for general LP functions this result fails when convergence inside
regions with some degree of tangentiality is considered.

However, tangential convergence holds for certain classes of functions: Nagel,
Rudin, and Shapiro have recently established [14] the existence of tangential limits
for a large class of potentials of LP functions (see also [14] for earlier results). A
particular instance are the spaces L2 = {J, * f: f € LP}, 1 < p < 00, (Ja) (2) =
(1 + |2|?)~%/2, of Bessel potentials of LP functions, for which explicit approach
regions are given: if 1 < p < n/a and z € R", define D, ,(z) as

(1) Dap(®) = {(z,y) € RE*1: 2 — 2] < y1~o%/n}, p <m/a,

(i) Dap(z) = {(2,9) € R |2 — 2| < (log 1/5)~®=D/", y < 1/e}, p=n/a >

(iii) Dn,1(z) = {(z,y) € R}': |z — 2| < (log 1/y)"/", y < 1/e}.
Then [14, Theorems 2.9, 3.13, and 5.5]

(i) f1<p<nfaand f € L?, u(z,y) = P, * f(2) tends to f(z) inside Dy p(z)
for a.e. z € R

(i) f 1l <p<nfa, f€ Ll and 0 < b < a, u(z,y) tends to f(z) inside Dy p(x)
for B,_pp a.e. © € R"(B,, denotes (s,t) Bessel capacity; see §2).

Note that'if a > n/p and f € L2, f is continuous.

Furthermore, it is shown in [14, Theorem 3.8] that the corresponding maximal
operators T, f(z) = sup{|u(z,y)|: (2,y) € Dap(z)} verify |Topfllp < C|fllLe,
whereas for p = 1 Nagel and Stein proved [15, Theorem 5] that if F' is in the Hardy
space H!, || Ts,1(JoF)l1 < C||F||a1, a < n ([15] also contains results for Bessel
potentials of H?, p > 0).

The tangentiality of the approaching regions is shown in [14] to depend on the
corresponding Bessel kernels J,; here we will see how it can also be related to the
regularity of the L? functions. In fact, similar results (Theorems 1 and 2 below)
hold for a larger class of functions, which we now define. If P, denotes the set of
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670 J. R. DORRONSORO

all polynomials of degree k,z € R", t > 0,1 <r < oo and f € L}, consider the
“polynomial approximation” operator

Bestan =sw ot (fr-rr)”

the sup taken over all cubes @ with z € Q and having Lebesgue measure |Q| = t*
(throughout the paper f; f or fz stand for the mean [, f dz/|E|).

Now, if @ > 0 and m = [a], its integral part, we define G,f(z,t) =
sup,<; 8 *ET* f(z,s), Gaf(z) = Gaf(x,00) (in what follows, if k = m and r = 1,
we will write E f(z,t) instead of ET* f(z,t)); then C?, 1 < p < 00, denotes the space
of those L? functions f such that G, f € LP; with the norm || flla.p = | fllp+1Gafllps
CP becomes a Banach space. These spaces were introduced by Calderén and Scott
[4] and are extensively studied by Devore and Sharpley in [8].

Our results are given for a proper subset of C?, the closed subspace F? of those
J € CP such that G, f(z,t) = o(1) a.e. as t goes to 0 (in fact FP, p < oo, is the
closure of C§°, the compactly supported C* functions; see §3). C? and F? can be
seen as global versions of the spaces TP(z) and t?(z) of Calderén and Zygmund [5].
If 1 < p < oo, L? is continuously imbedded in FP; indeed, f € L? iff f € L? and

00 1/2
Ga,zf(x)=(/0 Ef(:c,t)Qt‘m“ldt) € LP,

and ||flizz ~ | fllp+1|Ga,2flp (see [9]; by A ~ B we mean that A/C < B < CA, for
some constant C; in what follows C will stand for any constant independent of sets,
points, or functions, and not necessarily the same on each appearance). However,
although the imbedding L? C FP is proper, the Poisson integrals of functions in
FP and L? have the same tangential behavior:

THEOREM 1. If1 < p < nfa orp =n/a > 1 and f € F?, then u(z,y) =
Py, x f(2) tends to f(z) a.e. when (2,y) tends to x inside Dy p(x).

The restriction p < n/a is due to the fact that functions in F? are continuous
when p > n/a, and the same is true in F! [8, p. 68].

For functions in F? the exceptional set also becomes smaller when the tangen-
tiality of the approach regions is decreased; in fact the results of [14] can be slightly
improved:

THEOREM 2. (i) If f€ FP,1<p< n/a, and 0 < b < a, then u(z,y) converges
to f(z) inside Dy () for all = except a set of zero H~(3=)? Hausdorff measure;
if moreover p > 1, u converges nontangentially to f(z) B, p-a.e.

(i) If p=n/a > 1 and p < r < 00, u converges to f(z) inside D,/ .(z) for
H™/"_g.a. =, whereas if b is such that 0 < b < n/p, u converges to f(z) inside
Dy p(z) for Bpjpp-a.a. T.

Theorem 2 requires some explanation: functions in FP are defined in principle
only a.e.; Theorem 2 will be shown to hold after suitably redefining them on a zero
measure set.

As could be expected, Theorems 1 and 2 are deduced from weak type estimates
for the tangential maximal operators T, ,f(z) = sup{|u(z,y)|: (z,¥) € Dap(z)},
but since functions in FP are not representable as potentials of L? functions, we rely
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POISSON INTEGRALS OF REGULAR FUNCTIONS 671

on certain Sobolev and Trudinger type inequalities for them (Theorem 5). However,
these weak type inequalities can be strengthened.

THEOREM 3. If f€C?,1<p<n/a, then ||Topfllp < C|lfllap-

The proof of Theorem 3 is modelled after that of Theorem 3.8 in [14], but with
an important difference: the key argument in [14], Hansson’s strong capacitary
estimates [10], is no longer available here and a strong estimate, valid if 1 < p < oo,
for a certain CP capacity type function, is proved (Theorem 6) along the lines of
similar results by Adams (2] and Dahlberg (7).

Besides L2, the so-called Triebel-Lizorkin spaces FP9, 1 < p,q < 00, a > 0 (see
[17] or §6 for the definition) are also continuously imbedded in F? (Proposition 3)
and therefore, the above theorems apply to them; we point out that if 1 < p < oo,
FP? = [P, whereas F1'? coincides with the space of Bessel potentials of functions
in D. Goldberg’s local Hardy space h! [17, p. 51]. We also remark that Y. Mizuta
has recently proved [13] results similar to those of Theorems 1 and 2 for functions
being locally in the Besov space B??, 0 < a < 1. Since B2P = FP'P, Theorems 1
and 2 contain a global version of Mizuta’s results.

The paper is organized as follows: §2 contains certain preliminary facts about
capacities and Hausdorff measures. The spaces FP are studied in some detail in §3.
Theorems 1 and 2 are proved in §4 and Theorem 3 in §5. Finally, in §6 Triebel-
Lizorkin spaces FP9, 1< p, g < 00, a > 0 are considered.

2. Preliminary results. For a > 0 J, will denote the Bessel kernel of order a,
(Ja)(2) = (1 +|2/%)=%/2, and I, the Riesz kernel, I,(2) = cn,|2|> ™, 0 <a < n;
we will also denote by J, and I, the corresponding potential operators. The Bessel
capacity B, p and the Riesz capacity R, , are defined for E C R™ as

Bop(E) = inf{||fll5: £ 20,Jaf 2 xE}, a>0,
Rop(E) = inf{[|f|5: f20,If 2 xE}, O0<a<n/p
(xE = characteristic function of E). If a < n/p,
Rap(E) < Bap(E) < C(Rap(E) + Rap(E)Y"7)

[1); thus, both have the same zero sets (see [12] for more properties of R, , and

Bap).

If f € LP we obviously have
(1) Rap({lIfl >1}) <(Ifllo/t)?,  0<a<n/p
(2) Bop({IJaf1 > t}) < (I £1l/8)7;

thus, if M f denotes the Hardy-Littlewood maximal operator, M f(z) = sup{|f|q:
z € @}, (1), (2) and the obvious inequalities M (I, f) < I,(Mf), M(J,f) < Jo.(Mf)
imply that the complements of the Lebesgue sets of I, f and J,f have zero R, ,
and B, , capacity respectively.

Related to B, p and R, p is the H" %P Hausdorff measure: if 0 < r < oo and
E C R™ we define

o o)
HP°?(E) =inf { Y |Qi|'~*%/" 3,

0
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672 J. R. DORRONSORO

the inf taken over all coverings of E by cubes of side < r; then H* %P(E) =
sup, H~°P(E). H"™°P is finer than B, , in the sense that B, ,(E) < CHZ %?(E)
[12]. Here we shall use HZ 9 rather than H™~9P; both have the same zero sets
[6].
f0<a<n,1<p<n/a and f € LP, we define
M. f(z) = sup{|Q|*"|flq: = € Q}.
LEMMA 1. For the above a,p, and f, HY P({M,f > t}) < C(|| fll»/t)P.

PROOF. For each z € E = {M,f >t} there is a cube Q with z € Q and

1/p
L < 1QI™ flg < QIe/m 1P < /Q |f|”> ;

hence, selecting [16, p. 9] a disjoint family {Q;} such that E C |J5Q; (rQ denotes
the cube with same center as () and side r times side (Q)), we have

Hz-o(5) < 0 Quf-m < cer S /Q 117 < Cf /7.

Obviously, the same estimate holds with M, replaced by (M,,|f|®)!/%, 1 <
s < p. Also, if we define for 0 < r < 1/100 and p(t) = (log1/t)!=?, HP(E) =
inf{>" p(|Q:]): E C U@, Q: cubes, side @; < r} and the maximal operator
M,g(z) = sup{fQ lgl/e(|Q]): = € Q, side @ < 1/1000}, the above argument gives
the estimate
HY 10o({Mog > t}) < Cllgl /&

LEMMA 2. If0<b<a<n,1<p<nf/aand f €LP, then
Hy @2 ({1, f > t}) < C(||f[lp/t)Ptn~(e-bIp)/ (n=ep),
PROOF. The desired inequality follows from Lemma 1 once we prove
3) Ll @) < IS/ 0P M,y () 00/ (a0

now, as in [11, Theorem 1], we have for any r > 0

Lf@)<C (/H +/|> ) 1z - )] |2]°~™ dz

<C> (27kr)em [f(z + 2)|dz + Croa~™/?| ]|,
0 lz|<2-kr

< C(r"Masf(z) + 77| flIp)
and (3) follows if we choose r = (M,_pf(z)/| )/ (@—b="/P)

LEMMA 3. There is a constant Cy such that M(I,f) < Crl,f for all positive
f. Also, there is a Cy such that fQ Jof(x + 2)dz < Cyd,f(z) for all cubes @
centered at 0 with side < 10 and all f > 0.

PROOF. If Q has center 0, an easy computation gives JCQ I(z+2)dz < Crl,(x);
if moreover side (Q)) < 10, fQ Jo(z + 2)dz < CyJ,(x) [3, p- 418]. The lemma now
follows.

As a consequence, if g > 0 and [ = J,g, mf(z) < Cf(z), where m denotes the
“local” maximal operator mf(z) = sup{|flo: z € @, |Q] < 5"}.
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POISSON INTEGRALS OF REGULAR FUNCTIONS 673

3. The spaces FP. We fix a > 0, m = [a] and p such that 1 < p < oo.
We first show that Ef can be defined using a minimizing polynomial on each
cube Q; in fact, if Pof denotes the unique polynomial in P,, such that for any
Y=(v,--,m) EN"with [y =y + - + 90 <m,

/Q (f(4) - Pof(w)y™ dy =0,

then (8, p. 17]
(4) if D7 =(8/8z()" - (8/0z,)™, esssup | D"Pyf| < C|Q|~"|f|o;
Q

it now follows that

(5) for any R € Py, ][|f—PQf|§C']l |f — R|,
Q Q

and therefore, E f(z,t) ~ sup{ fQ |f - Pofl:z€Q, |Q] =t"};

®  ftecae.  fir-rai<c@iienf i -ros

in particular, if Q, ; denotes the cube with center z and side ¢,

Guf@) ~ supt=® f |f = Po, fI
t>0 Qz,t
also, balls can be used instead of cubes to define Ef and G, f.
Fix next z € Q, |Q| =t" and let Q; C Q2 C -+ C Q = @ be a sequence of
cubes with z € @y and |Q;41| = 2™|Q;|, ¢ = 1,...,k — 1; writing the polynomials
PQ.f a3 Po,f(y) = 3|4 1<m ¢4(Q:)(y — £)7/7!, we have by (4)

k—1
M le(Q1) = €4(Q)] < D le (@) — ¢4(Qit )]

< SOIDV(Po.f - Payo /)(@)]
<cY @ity MEf(x,27)

t
<C Ef(z,s)s~"~1ds;

2-k¢

in particular, since P f(x) = ¢o(Q) tends to f(z) a.e. [8, p. 9], we have

® )o@ = 111@) - Pof@)] < € | "Bf(2,s)ds/s.

Next, C? = {f € L?: ||flap = lIfllp + [Gafllp} is a Banach space [8, p. 37] and
F? = {f € C?: Gaof(z,t) = o(1)} can also be defined as the subspace of those
f € CF such that ||Ga f(-,t)ll, = o(1): indeed, since G, f(z,t) < Gof(x), if f € FP,
|Gaf(,t)ls = o(1) by dominated convergence; conversely, ||Gaf(-,t)ll, = o(1)
implies that G, f(z,t;) = o(1) for some subsequence t;, but then f € FP, for
Gaf(z,t) < Gaf(z,t;) if t < t;. Furthermore, it can be easily checked that FP is a
closed subspace of CP.
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674 J. R. DORRONSORO

Also, if a is not an integer and f € CP, for a.e. z there is a polynomial P, f € P,,
such that [8, p. 32]

C'Gaf(2,t) < Suf(z,t) = sups™® ][ f = Pof] < CCaf(z, 1)

s<t
if 0 < a < 1, P,f is the constant polynomial f(z). Furthermore, setting x; =
t""XQo.:» (4) gives for t > 1

t7Ef(z,t) < C/loo If] % xs(z)s™ @ 1ds

and therefore,
Isupt=Ef(@ 8l < C [ 111 xallps~ ds < Clfls

as a consequence, || fllap ~ Ifllp + 1Ga(:s 1)llp-

THEOREM 4. For all positive a and b, Jy 1s an isomorphism from C? and FP
onto C?., and F?_, respectively; that 1s, if f € Fy,, (Cr,,) there is a unique
g € F? (C}) such that f = Jug and || flla+sp ~ llgllap-

PROOF. Assuming b < n (the general case follows by the semigroup property
of J) we show first that ||Jof|la+bp < C|flla,p- Fix z € R™ and Q with z € Q,

QI =t if T(w,v) = 3, 1<p D"Jbzu)m/y! denotes the Taylor polynomial of
degree p = [a + b] of J, at u, consider the polynomial in y

Ro(y) = Pof * Jo(y) + / (f(2) ~ Pof(2))T(x - 2,y — ) dz;

c2Q

since | DVJy(u)] < C(1 + |uft~7~ )=l [5, p. 192], Ry is well defined and
4(6) = R < | 17(2) = Paf(e)lly ~ ) ds

+/ 1(2) = Pof () Doy — 2) — Tz - 2,y — 2)| d2
=1+1I.

Clearly,
(9) ][Q tay< | ) = Paf(2) ][Q Joly - 2)dy < CPEf(z,20),

and by Taylor’s formula and the fact that |z — 2 + 8(y — z)| > |z — 2|/2if§ < 1
and |z — 2| > 2|z — y|,

<ot [ 1) - Pofa)]-fa - Pt ds
€2Q

o0

< Ctrtl Z:(2kt)b_m’1 (Ef(z,?kt) + esssup |Poxg f — PQf|) ;
0 2*Q
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POISSON INTEGRALS OF REGULAR FUNCTIONS 675
writing Porg f(2) = 21y 1<m c4(25Q) (2 — z)7 /4, (7) gives for z € 2¢Q

L 2k¢
IPraf(2) = PoJ(2)] < CZ(zkt)j/ Ef(z,s)s77 1 ds,
0 ¢

which, since a + b — p — 1 < 0, implies by Fubini’s theorem

(10)  I1< Gt ( / sb-p=1 (E fos)+3 / Ef(z,wyu=i-" du) ds/s)
t 0 t
< C’t”“/ PP Ef(z,5)ds/s.
¢
Now, putting (9) and (10) together,
EJpf(z,t) < C <thf(z, 2t) + t”“/ PP LEf (g, s)ds/s)

t
< Ct***G, f(z),

and thus, ||Jpfllatbp < C|flla,p- Also, if f € FP, given € > 0 and T such that
G.f(z,T) <,

t=*EJ,f(z,t) < C (e 4 tpri-a—b (/T +/°°) (s*P1Ef(z, ) ds/s))
t Jr

< Cle + (t/T)PH728Gyf(z)) < Ce

if ¢ is small enough; hence J,f € F, ;.
Next, if f € FP, a > 1, its weak partials f; = 0f/dz; verify ||Go-1fillp <
CllGafll» [8, p. 42], and also |f;(z)| < C(Gaf(2) + |flq,,,) and

Efi(z,t) < C ( /0 CM(ES(,8))(2)s 2 ds + Ef(z, 2t)/t)

[9, Theorem 3 and Lemma 1]; hence f; € FP_,. This and the obvious imbeddings

a
FP C F}__ imply that I — A maps F?, a > 2, into F?_, and ||(I ~ A)f|la—2,p <
C|\flla,p- Therefore, if 0 <b<2and feF, ,,a>0, f=Jy(I—A)Japf = Jug,
where g € FP and ||flla+,p ~ ||9lla,p- The same argument works for the C? and

for a general b > 0. The theorem follows by the semigroup properties of J.

PROPOSITION 1. C§° s dense in FP, 1 < p < o0.

PROOF. Supposing first 0 < a < 1, let ¢ > 0 be a C* function with p(z) = 1
when |z| < 1/10, o(z) = 0 when |z| > 1 and [pdz = 1, and set p,(z) =
r~"p(z/r), r > 0. If f € FP and f, = f x p,(z), an easy computation yields
Gafr(z,t) < Cpr x Gof(-,t)(z). Thus, given ¢, if ||Gof(-,T)||, < € and  is small
enough, (4) implies

HQU—ﬂMpSﬂmdhﬂh+0“£z”V—ﬂhmwﬁﬂ

p

gmmaumm+cﬁ|u—mwﬂ*a
< Ce+CT2||f ~ f,llp < Ce.
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676 J. R. DORRONSORO

Next, setting ¢"(z) = p(rz) and f"(z) = f(z)¢"(z), where f € C° NCP?, it easily
follows that

]{y(ﬁt |fT(x+y) = f(@)ldy < Clle | Ef(z,t) + |V |0 f(2)1;
thus, given ¢, if T17¢||f|l, <€, |Gof(-,T)|» <€, and r is small enough, we have
1Ga(f = s S ClGfCTlp +CT 2| fll,
[T rexoretal

I

+cl

< Ce+CT*|f - [, < Ce.

Hence, Cg° is dense in FP, which together with Theorem 4 implies the density
of C*° N FP in FP for all a > 0. Finally, the density of C§° in these F? follows as
before.

If a > n/p functions in C? are continuous (8, p. 74], whereas if a < n/p they
have a considerable degree of integrability.

PROPOSITION 2. If1<p<mn/a, g=np/n—ap and f € CF,

< ][Q - Part) < g ( ]2 (Gaf)p> 1/,,

for any cube Q; if p > 1, a = n/p and p' = p/p — 1, there are constants C, 3 such
that for any cube Q)

][Q exp(B(1S — Pofl/IIGafxalln)?) < C.

This result, essentially proved in [8, Lemma 4.2] also follows easily by the Sobolev
and Trudinger inequalities for Riesz potentials {11, 16] from the next theorem.

THEOREM 5. If0<r<1,a<n/pand f € CP, then for any cube Q and a.e.
yeQ,
(11) 1f(y) = Pof )" < Clar(Gafxa@)" (¥)-

PROOF. Denoting by By s the ball with center y and side s, and by S,_; the
unit sphere in R”, an easy modification of (8) together with (6), polar coordinates
and Fubini’s theorem give

1)~ oS < [ Bitus) as/s
<cf ( | Ereor dz) 4s/s
< c/:t 57 fB Gof(2) dzds/s
- c/:t gazn /O /S Gof(z+uy' ) u"=" dudy ds/s

2t
<c / / WG f (2 + uy)um dy du
0 Sn—l

< Clar(Gan4Q)T(y)'
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Observe that since I, ~ J, near 0, |f(y) — Pof(y)| < CJa(Gafxag)(y); also
|Pofxqlloc < C|flo tends to 0 if |Q| tends to oo, and hence, |f| < CI,(G, )
a.e. in R", 0 < a < n/p. Furthermore, if 1 < s < ¢, (11) implies E; f(z ,t) <
Ct*(M(Gof)"(x))/" for some r < p; therefore

~ 1Gafllp,

4

(12)

supt~“E,f(-,t)
t

which for the same s and k > m extends to [8, p. 27]
(13) supt °E¥ f(z,t) ~ supt°E, f(z, t).
t t

Finally we note that since | |f(z +y)| — |f(2)|| < |f(z+y) — f(z)|,if f€CPor
F},0<a<1,s0does |f| and || |f}]lap < [ f]lap-

4. Tangential boundary values. We derive now Theorems 1 and 2 from
pointwise estimates for the corresponding tangential maximal functions.

PROOF OF THEOREM 1. If f € FP and u(z,y) = Py * f(z), define T, , f(z) =
sup{|u(z,y)|: (2,y) € Dq,p(z)}; we will show
(14) Ta,pf(z0) < C(Mf(z0) + (M(Gaf)P(20))"/P);

obviously, (14) implies that [{T, »f > t}| < C(||flla,p/t)?, and standard arguments
give then Theorem 1.
Suppose z¢ = 0; if (x,y) € Do ,(0) and Q = Qo,2|z|, We have

wen=([ -

if z€°Q, |2 —z| > |2|/2 and Py(z — 2) < Py(2/2); thus,

< /R 1F(2)IP,(2/2) dz < CM(0).

=I1+1I

Next, by (4)
I</|f — Pof(2)|Py(z — z)dz + /]PQf (2)|Py(z — 2)dz
< I+ CMf(0) / P,(x - z)dz < Il + CMJ(0).
Q

If a <n/p, q=np/n—apand ¢ = q/q— 1, Holder’s inequality and Proposition

2 give
i/q
1 < 12l fi- Pofl)

1/q
Cy~ | g|etn/a| |~ q
< Oy (fQ |PQf|>
< Cy™/9z|™/P(M(G, f)P(0)) /P
C(M(G, f)P(0))'/7,

since |z| < yP/9; thus, (14) is proved in this case.
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Ifa=n/p,p>1andp’ = p/p—1, we will use an Orlicz space version of Hélder’s
inequality: if ¢(t) = t{log(1 + t))'/?" and V¥ is its conjugate Orlicz function, then
W(t) < Ce®t” for appropriate C and «, and therefore [18, p. 171]

’][ ghdz
Q

where ||g]|4 denotes the ¢-Orlicz norm of gx¢g with respect to dz/|Q|. This inequal-
ity and Proposition 2 imply

< lolomax (1, f 0(k)dz) < Clall f ez
Q Q

1 < ClGasxalsl0l f Ri(a - =Tl a:

< Clel™ ™/ (M(Gaf PON IR o [ oxp (ﬂ (torats) ) “

< Cla™™P(M(Gaf)P(0) 71| Py(z ~ )llg-

But [|Py(z — -)|l¢ = inf{¢t: JCQ #(Py(z — z)/t)dz < 1} [18, p. 173]; thus, if T =

Co(log 1/y)Y7'/|Q|, Co to be fixed later, then T > Co/2"|z|"(log 1/y)P/? > Co2~™,
for (z,y) € D, ,(0), and therefore,

][Q(P y(z = 2)/T)(log(1 + P,(z — 2)/T)"/¥ dz
pS / Py(2)(log(1 + cny ™)YP dz/T|Q)
2Q

< C((log 1/9) /TIQ)) /2 Pedz<1

for an appropriate Cy. Hence, ||Py(z — )|l < T and we have

1II < Cla[™*™/?|z| " (log 1/y) /7 (M(Ga f)P(0))"/?
< C(M(G,f)P(0)V/7.

PROOF OF THEOREM 2. If 1 < p < n/a, Theorem 5 and Lemma 3 imply
that M f(z) < CI,G,f(z), and it easily follows that f can be redefined in a zero
measure set so that the complement of the Lebesgue set of the new f has zero R, p,
and hence, B, , capacity; clearly this implies nontangential convergence B, p-a.e.
When p = 1, the embeddings F! C Ff_n/p, C Lz_n/p,_e, l1<p<n/n—-a,e>0
[8, pp. 72 and 58] tell us that any f € F} can be redefined in a zero measure so that
the complement of its Lebesgue set has zero B,_,/y _e» capacity and hence, zero
H(n—a)p+re Hayusdorff measure [12]. Thus, for any ¢ > 0, we have nontangential
convergence of P, * f for all z outside a set of zero H™~*+¢ Hausdorff measure.

Next, if 0 < b < a, fix zo = 0 and (z,y) € Dj (0). Proceeding as in the proof of
Theorem 1, we obtain |u(z,y)| < III+CM f(0), and setting r = np/n—bp, Holder’s
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inequality and Theorem 5 imply

1/q
I < Cy~™/"|zje*n/"|g| =2 (][ If = Paf |q>
Q

< Oy~ n/r|g|/Pre-b <][Q(Gaf)p>1/p < Clafo-> (][Q(Gaf)l’> 1/p

< C(M(a-t)p(Gaf)P(0))/7,
since |z| < y?/7. Also, Mf < CI,G,f and therefore
Ty pf(0) < C(M(a—b)p(Gaf)?(0)/? + CLi(Gaf)(0),
which by Lemmas 1 and 2 gives
HE @2 ({Typ f > }) < H ™02 ({M(a—4)p(Gaf)? > t7/C})
+ H @ ({L.Gaf > t/C})
< C(IGafllp/t)P + C(IGaflp/tyrn (@ tP) mmap

and standard arguments finish now the proof of part (i).
In part (ii) we first divide R™ into a mesh of disjoint cubes of side 1/1000. If z
is in such a cube @',

u(z,y) = / P,z - 2)(fxaq(2) + [Xewg, (2)) dz = u(2,9) +un(2,),

and since |ug(z,y)| < Cy'/?||f||, tends to O with y uniformly in 2Q’, it is enough
to study the convergence of u;. Fix now zo =0, (z,y) € Dy/r+(0), p < 7 < 00 and
Q = Qo,2|z|, and assume 0 € Q' with Q' in the above mesh, and y small enough so
that side @ < 1/1000. Using again the Orlicz space version of Holder’s inequality,
this time with the function ¢(t) = t(log(1 + t))/*’, we obtain as in Theorem 1

[ui(z,y)| < I+ CM(fxaq )(0)

< C(log 1/9)M" | Gnspfxalls + CM(fxaq:)(0);
now, Theorem 5, Lemma 3, and (4) give

M(fxaq)(0) < CM(IL,/p(Gn/pfxsq)(0) + C|flsqr
< Clo/p(Gr/pfx8@)(0) + Cryp(| flxsq )(0)
< Cn/p(Grypf +1£1)(0),
and since (z,y) € D,/,,,(0),

1/p
)] < Clal" ( [ (Gasof?) " +Clasa(Guof +111)0)
Q
< C(Mn—np/r(Gn/pf)p(O))l/p + CJn/p(Gn/pf + lfl)(o)
Thus, defining T, . f(z) = sup{|u1(2,¥)|: (2,y) € Ds(x)}, we have
Hgop/r({Tr,;/r,rf > t}) < Hgop/r({Mn~np/r(Gn/pf)p > tp/C})

+ H3P/"({Jnp(Grypf +|£1) > t/C})
=I+1I,
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where I < Cl\G,,/,fI|B/t?, by Lemma 1. Also, since

Jn/p(Gn/pf + lfl) = Jn/pfe(JE(Gn/pf + |f')) < In/p~eFv
with F = Jo(Gnjpf + |f]), then, if e <n/r, Lemma 2 implies that

< C(IFllp/)*'e < CU ppan/ )7

Convergence inside D, ,(z) for H np/7_a.a. z follows now by standard arguments
from these estimates.

Finally, if 0 < b < n/p and (z,y) € Dy (0). log1/y < Clog 1/|z|, and proceeding
as before, we obtain

jus(z.y)| < C((log 1/jz))P~ /Q(Gn/pf)”)”” +CM(fxaq')(0)

< C(Mcp(Gn/pf)p(O))l/p + CJn/p(Gn/pf + |fl)(0)

with M,, as in §2, and since By jpp < CHY) g [12]. it follows that

Bn/P-P({Tl;,pf > t}) S CHf/loo({M@(Gn/pf)p > tp/C})
+ Bn/p,p({Jn/p(Gn/pf + I.ﬂ) > t/C})
< C(flln/pp/t)Ps

and again standard arguments can be used to finish the proof.

5. Strong LP estimates. The proof of Theorem 3 depends on a strong in-
equality for a certain capacity type set function associated to C? which we now
define. Fix a,band p with 0 < b < a and 1 < p < oo, and for any E C R™ denote
by O% ,(E) the set {g € CF: 9 > 0,Ja—bg 2 x£}; we define then

UL (E) = inf{(llglls »)?: g € Oa p(E)}-

Obviously, U? (E) < US (E')if E C E" and Ut (EUF) < C(US,(E) + UL (F));
furthermore, by Theorem 4, if g € Cf,

(15) U ({Jas(g) > t}) < (llgllep/t)” < C(IJa-bgllap/t)";

it can also be proved that US, ~ U, if 0 < b,b’ < a and that Rap < cus .
a < n/p; since we clearly have Ul , < CBay, it follows that Ra.p, Bayp and US,
have the same zero sets when a < n/p (Lemma 3 and (15) imply that any feF?
can be modified in a set of measure zero so that the complement of its Lebesgue
set has zero Ug,p “capacity”, and hence zero By, capacity if 1 <p<o0).

U 24, satisfies the following strong type inequality.

THEOREM 6. If0<b<a, 1<p<oo, andg€CY, g0, then

/0 T U2 ({Jamsg > 8}) ds < C(I amb8llen)?

Once this is proved, Theorem 3 is deduced as in [14]: given A C R® and B C
R set S(A) = R~ {C(z): z & A}, with C(z) = {(z,y) eRT: |z —z| <
y}, and J(B) = {z € R": BN Do (z) # @}; then, if g € 0} ,(E), and ¢’ = Ja-sg,
J(S(E)) C {Tapg’ > Co} for some numerical Cp, and the weak inequalities of
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Theorem 1 give |J(S(E))| < C(llgle,p)P- Thus, taking inf in O ,(E), we obtain
|J(S(E))| < CUE ,(E). Now, if f € C®
{Topf > s} CISHUNS > s/C})),

where N f(z) = sup{|u z,y)|: y > 0}; writing f = J,-4(g), g€ CP,0< b < 1, we
have N f(z) < Jo—5(N(lg]))(z), but

/Iglz—z (z)dz:/ +/ =I1+1I,
lzl<2 J)z1>2

and standard arguments give I < Cm(|g|)(z’), which since |g| = Jp_ch, h € CP,
implies I < Cm(Jp—c|h|)(z'}) < CJy—_e|h|(z'), by Lemma 3. Also, if y < 1 and
|| > 2, Py(2) < C/(1+ |2])"*! = Q(z) and II < Q * |g|(z’), which belongs to CF.
Therefore Nf < C(Ja-e|h| + Jo—s(Q * |g])), and since [|Q * |g| |lb.p < C||f|la,p and
1Al lle,p < C||flla,ps Theorem 6 gives

ITapfIE = p / T P (Taf > 5| ds
<C/ sPTIUL ({Nf > s/C})ds

<C / UL ({Jas(Jo_elh]) > }))

+ (Ug p({Ja-5(Q % Igl) > s})) ds
SC(lIRI1IE, +1Q gl E ) < CIfIE5-

Our proof of Theorem 6 is an adaptation and simplification of the one given by
Dahlberg in [7]; we need a preliminary lemma.

LEMMA 4. Leth be a C* function with h(t) = 0 ift < 0, and |t/ RV (t)| < A4,
0<j<m+1,m=]a]l. Then if f = Jo_vg, withg € C¥, and g >0, h(f) € CP
and |h(f)lla.p < Cllflla,p-

PROOF. We will estimate G,h{f)(z, 1) using the centered version of E (see §3).
Fix z € R™ and write @ for @, where we assume t < 1. Writing Pof(y) =

Z|~,|§m cx(t)(y — 2)7/4!, define
Ry)=fl@)+ Y c(t)y—2)"/7h
0<|v|<m
by (4) and Lemma 3 we have

RW) 2 f(z)-C > folly—al/H

0<|y|€m

(1 -¢ Y (w-al) H')

0<|y|<m

thus, if |z — y| < et with € small enough, R(y) > Cf(z). Considering now the
polynomial

S(y) = >_hY(R(2))(R(y) - R(z))/3!,
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Taylor’s formula and (8) give

Ih(f()) = S| < [h(f(y)) — A(R(y))| + [R(R(y)) — S(¥)|
< Alf(y) - R(y)| + C|R(y) - R(z)|™ !
x [R™HD((1 - 6)R(z) + 6R(y)))
< C(f(y) - Pof(y)l +t*Gaf(z)
+[R(y) - R(=)|™+1/f(z)™).
Set now T = (f(z)/G.f(z))'/* and suppose T < 1; since
m(m+1)

(R -R@)™ = S 3 ey-2),

j=m  yl=;
where ¢ equals the sum of all terms c.y, (t) - - - ¢y, (t) With y1 + - + Y1 = 7,
then (7) and (4) imply for 0 < ¢ < T that
ey (O] < OT Ml fg, 1 + CT* G, f(2)
< OT~M¥l(f(z) + T*Gaf(z)) < CT~ M f(2),
if |vi| < a, or
leys(B)] < €T~ f(z) + Clog(T/t)Gaf(2)

< T~ Millog(T/t) (=),

if |v:| = a. In any case,

m(m+1)

|R(y) — R(z)|™*! < Cf(z)™* (logeT /)™ Y (t/T)’,

m+1
which implies
E™mtUh(f)(z,t)
m(m+1)

C(Ef(z,t) + t*Gaf(z) + f(z)(logeT /)™ D~ (¢/T)%),

m+1
and therefore

(16)  supt™*E™™HUR(f)(z,t) < O(Gaf(z) + f(2)T %) < CGaf(2).

t<T

KT <t<1, then EM™+Dh(f)(z,t) < Cfo < Cf(z), by (4) and Lemma 3,
and we have

(17) sup t~@E™MHDh(f)(z,t) < CT*f(z) < CGaf(z).

T<t<1

In the case T > 1, then f(z) > Gof ( ) and we estimate the coefficients c., (t) as
ey, (t)] < C(f(z )+log(e/t) f(z)) < Clog(e/t) f(z), and replace (16) by

m(m+1)
(18) supt ®E™m*Dh(f)(z,t) < C(Gaf(z) + f(z) ) supt’~*log(e/t))
<1 mi1 51

< Cf(z).
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Thus, (16), (17), and (18) yield for a.e. =

(19) Gah(f)(z,1) < C(Gaf(z) + f(2))

and, since h(f) < Af, we conclude that ||A(f)lla,p < Cl|flla,p-

To finish the proof of Theorem 6 fix a, b, p and write U instead of U,’,’,p. Asin [2
or 7], if h is a C* function with h(t) = 0if t <0, h(t) = 1 if t > 1, define for any
integer 5 h;(t) = 27h(2277¢t — 1) and f; = h;(f). By Lemma 4 f; € C%, and since
fi(z) =29 if f(z) > 27, (15) gives

/Ooo PS> s))ds <C Y 2PU{f; 221 < CD (Il fsllan)

Now, the h; have disjoint support and are uniformly bounded; therefore,

o0 o0 f(z) p
(20) FACNEDY ( /0 K;(s) ds)

—o0 —o0

X rf(z)
<@ty [T I eds < Cfta
and Y || /518 < C[Ifli5. Fix z € R™ and denote Q¢ as Q; if t < 1, (4) and Lemma
3 give (2) < |f(z) - Pof(2)] + Cfq < Ct*Gaf(z) + C'f(y) for any y € Q; thus,
f(y) 2 (f(z) - Ct*Gaf(2))/C" > f(x)/2C"

if t < T = (ef(x)/Gaf(z))/® with & small enough. Now C' ~ 2¥ for some K
independent of f or z, and, when f(z) > 27K+ f(y) > 27 on Q and f;(y) = 27.
Hence, using again the centered version of E,

Efj(z,1) < ]{2 1£,(w) - £(2) dy =0.

If t > min(1,T), then Efj(z,t) < C(f;)q < C2? = Cf;(z) and therefore
Gofi(z,1) < sup t7*Ef;(z,t) < C(f5(z) + T~ f;(x)),

t>min(1,T)

and (20) gives (~ means the index set equals the preceding one)
(21) Y. Gufi(z,1)? <CY_(fi(@) + T f;())

f(g;)>2j+K+l
< C(f(z)P + Ga f(2)P).

Suppose next f(z) < 2773; if t < 1 and we set as before R(y) = f(z) + Pof(z)—
CO(t)a

R < f@)+C D folly-zl/) < f(e (1+CE(|y—II/t "')

o< |y|<m
< 2f(z)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



684 J. R. DORRONSORO

if |t —y| < €t with'e small enough. Hence h;(R(y)) = 0 and, setting § = {y €
Q: f(y) > 2772}, (4) implies

Efy(z.et) < C ]{2 fi(v)dy = Ot /S by (f(3)) dy
<ctn /5 s (£(9) — by (R(y))| dy

1/s
— s -n 1-1/s
§C<]{2If R|> (t™S])
< C(Bsf(a,t) + t°Gaf(2))(27 ()71,

for, by Lemma 3, |S| < €277 Jo [dz < C279t" f(z). Thus,

Gafj(z,1) <C <sgpt“’Esf(z,t) + Gaf(x)) (277 f(z))1=1/s,

and since Zf(z)<2:‘—3 2-Ip(1-1/s) < Cf(z)—P(1=1/9),

(22) Y Gufiz )P < <supt“E3 1z, t)) .
f(z)<23-3 '
By (19), we estimate the remaining K + 4 fias Gofi(2,1) < C(Gof(z) + f(2)),

which with (21) and (22) gives

o p

> Gufe 1 < ¢ ((swpi-Bsts, n) + far);
taking now (12) and (20) into account, we obtain

NG £ DIE < CUGAIE + 11B) < Cllfllap

and the proof of Theorem 6 is finished.

6. Further remarks. We discuss here the imbeddings of the Triebel-Lizorkin
spaces in FP. These spaces are usually defined as follows (17]: let ¥ be a function
in Schwartz’s class § such that ¥ = ¢ > 0 and supp ¥ C {2:1/2 < |2| £ 2}, and
set Yi(z) = t~™P(z/t); then FP9 a > 0,1 < p,g < oo is the space of those LP
functions such that

Dupt(e) = ([~ eis e vitaly )

is in LP. With the norm | flla.p.¢ = || fllp+ | Da.qfllp, FP becomes a Banach space,
and as mentioned before, if 1 < p < 0o, FP? = L2, and F}:2 = J,(h!).
The extension of Theorems 1, 2 and 3 to the FP4 is a consequence of

1/q

PROPOSITION 3. If1 < p,q < oo, FP9 35 continuously imbedded in Fp.
PROOF. If0<a < 1, f € FPYiff

Sa,qf(z) = (/Ooo (t‘“/uﬂ |f(z +ty) —f(z)ldy> dt/t>
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isin L? and ||Da,qf|lp ~ ||Sa,qfllp [17, p. 108]. But then G, f(z) < CS, of(x) (see
§3) and therefore, || f{la,p < C|/flla,p,q- The general case is reduced to this one by
Theorem 4 and the fact [17, p. 58] that the Bessel operator J, is an isomorphism
between F?? and F1.% (in fact it can be shown that f € F?4,1<p,q < 00,a >0
iff

Gaalle) = ( [ oo(t*“Ef(x,t))"dt/t> v

is in LP, and || flla,p,g ~ [|fllp + [Ga,qllp)-

As a consequence, Theorems 1, 2, and 3 also hold for certain Besov spaces (see
[16, 17] for their definition): indeed, if 1 < r < p, B?T is continuously imbedded
in FP" [17, p. 47]. If r > p, the methods used here do not apply to B?7, although
the embeddings B2 C L?_, yield convergence of the Poisson integral of f € BE'"

inside any region D,_. p, € > 0; since C? C L?__, the same is true of C?.
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