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Poisson measures on the configuration space
and unitary representations

of the group of diffeomorphisms
By

HIROAKI SHIMOMURA

Introduction
Let X be  a  connected para-com pact but not compact C- -manifold and  m

be  a  locally Euclidean measure with smooth local d e n s it ie s . In  16], Vershik-
Gel'fand-Graev considered representations of Diff X , group of diffeomorphisms
w ith compact supports, defined by quasi-invariant measures, especially Pois-

son measures P .  in  the space rx  of infinite configurations on X .  The present

paper is a  supplement of their w orks and we summarize it as follows : F irs t in

section 1 we extend the notion of configuration space Tx to some general topo-

logical space X  and show tha t Tx is  a  standard space equipped with a  natural

measurable structure W . N ext w e consider Poisson measures P .  with intensi-

ty  m on the measurable space (Es, W ) and investigate the  mutual equivalence

of P .  w ith  respect to  ano ther one , say  P . , a n d  investigate  their ergodicity
with respect to  action groups arising from the basic space X .  These are  con-

tents in  section 2. Lastly in  section 3  we generalize th e  results obtained in

161 o f  th e  equivalence o f  elem entary representations o f  Diff X  generated by

Poisson m e a su re s . O ur m ain  re su lt is  s ta ted  in  Theorem  3.1  and  its Corol-

lary in section 3.

1. Basic properties of configuration space

1 . 1 .  Definition of configuration space. L et K b e  a  Polish space.

That is, the topology of K is derived from a  metric d  such that (K, d) is  a  com-

plete separable m etric space. And let Ka  b e  the direct product of the n copies

of K and define a  metric d'i l
f  on  Ka  such  that ca (x, y) = E7- 1 d ( x  y ) ,  for  x =

••• , x5) , y  = ••' y n )  E  l e .  Then Ka is  a  Polish space with the metric

ca. Put K =  { x = ••• , x,i )lx i *.x ;  fo r all i± j}. A s K a is an open set in Ka ,

K "  is  a g a in  a  P o lish  space  w ith  th e  induced  topo logy . A  m etric  öinf  w ith

w hich (Kn, 511) is a  complete separable metric space is for example as follows:

Communicated by Prof. T. Hirai, August 6,1993 Revised February 3,1994



600 Hiroaki Shimomura

dk (x, y) 
6k (x, y) —

dk (x , y) +4 (x , (n )c )  _ 1 _ 4 ( y  ( k - n)c)

where

(x,
 ( i n )

 c )  is  the d istance from x  to  th e  complemented set of K .
Next le t us consider an  n-point se t y  in K .  The collection of all such y's will

be denoted by B k. F or r =  { x i ,  ••• x} , { x•;, • • • , xn'}  Eek put

dkz )  (r, r') = inf c/k ((xi, "• , x n ) , (X a(1 ) , • ••  X a(n )) )
a E „

and

oki) (r, r') = ml 57‘ ((xi, ••• , x .), (x (,), ••• where is  the

symmetric g r o u p . It is easily checked that dki )  a n d  ökn) a r e  equivalent metrics

on Br"(  a n d  ( A, alcn ) ) is  a  com plete separable m etric space. Therefore Bk is  a

Polish space w ith this topology. The Borel a-field on B)
.1‘ will be denoted by

(B k ). Now for each subset A  in K  let us consider a  number map N  :
{o, 1, • • • , n } defined by NA (r) = I r n (r n A ), where 

*
A denotes the num-

ber of elements of a set A.

Lemma 1.1. I f  U is an open set in K , then {TINu(y) 1}  is also open in
B7 f o r each 1=0 , 1, ••• , n.

Proof. There is nothing to  prove fo r  1= 0. So le t N u  (To) 1 1. By

the  definition of N u, some / elements xi, •— , Xj o f  To e x is t  in  U .  Take s> 0

such that Lie (x i )  C U  ( i= 1 ,  •  •  •  ,  1 )  ,  where LI& (x i ) = {X E Kid (x, x i )  < O .  Then

it is easy to see that dir , (r, <E implies Nu (7') l . (Q. E. D)

I t  i s  a  d ire c t  consequence o f  th e  above lem m a that NB ( )  i s  3) (M)
-m easurable fo r  a l l  B orel sets B  in  K .  T he converse  assertion  also holds.

For th is let us see the following lemma.

Lemma 1.2. For any e > 0 and for any r  /A there exists some open set

(y ) which belongs to to the smallest a-algebra Y) with which all the functions
NB ( • ) ( B i s  a  B orel set i n  K )  are  measurable such that r  E  O s ( r )  C

frldSt) (r, 7') <s).

Proof. F or the  se t 7. =  { x i ,  ••• , i n ) ,  le t us take  n such  that 5> 77> 0 and

Un /n (xi) n U .,.(x I )  = (i * j )  and  pu t 06 (r) = n 7=1 tr' I I n (J.,„ (x,) I 1) .

Then we have 7E 0, ( 7 ) c / I  and  i% (7) is  an open set by Lemma 1 .1 .  And if

=  (pi, ••• , yn} OE (r), then  by  the choice o f 77 we may conclude that y, E

Un i n  (x i ) (i = 1, ••• , n). This implies 4 t ) (7, 7') < E  and the lemma is proved.

(Q. E. D)

Now take any open set G in 137‘ . Then by the above lemma and the separabil-
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i t y  o f  IA  th e re  e x is t  so m e  open sets O , (rn) (611 >  0 )  s u c h  th a t  G  =
U n°°=10 En (Tn) . So we have G E  33 and therefore (B7f )

 C .  H e n c e  w e  have,

Theorem 1.1. (B1, d )r ) is a Polish space and the Borel a-field 93 (ek)
coincides with the smallest a-algebra with which all the functions NB( ) ( B  is a
Borel set in K ) are measurable.

Next le t  u s  consider the  d irec t sum  of Bk (n = 0, 1, • • ), B K
=

 EZ =0

where Bk = {0} . It is  e a sy  to  see  th a t B K  is  aga in  a  Polish space w ith the

direct sum topology and the B orel a -fie ld  li'(/3x) coincides with the  smallest

a-algebra w ith w hich all the  functions NB (  •  )  on BK (B: Borel sets in K ) are

m easurable . N ow  consider a  topological space X  which satisfies following

two properties.

(B.1) X is  a union of increasing subsets Kn (n = 1 ,  2, •••), and
(B.2) Kn is a Polish space with the induced topology of X for each n.

W e sha ll ca ll such  a  sequence {K,i }  basic  sequence . S ince  a  m ap ricn,x,„ (n
< m ): rEBx„, — )7 nK n EBxn is m easurable w ith rspect to  33(Bx,n )  and g3(Bicn)
in  v irtue  o f  Theorem  1.1 , s o  the projective lim it o f  (Bicn, 7rx.,K .) , lim  (BK.,

E 11=IBKni ritn,Km (rm)
=  rn for m>n} is  a Borel set in the infinite

product space ILT-4 ,8x„, and the la ter is a  Polish space with the product topolo-

g y .  T h u s  lim  (BK., 7rx-,3,K.) i s  a  s tanda rd  space. (See, [ 41.) A s is easily

seen , there  is  a  one-to-one correspondence betw een lim(BK, 7ric,,,Km) and a

set Fx={TIr X such that IT nKnI < co for all n} which is called the configura-

tion space on  X .  So identify ing  li m (Bxn, 7ricn,Km) w ith  Ex , w e have  a  stan-

dard measurable structure on Tx . It is easy to  see that its a-algebra coin-

cides w ith the  sm allest a-algebra w ith w hich all th e  functions NB (  •  )  on  Tx
(B: Borel set in X ) are  m easurable . Thus w e have,

Theorem 1.2. The measurable space (Fx, , where V  is  a minimal
a-algebra with which all the functions NB( • ) (B : Borel set in X) are measurable
is a standard space.

For a Borel subse t Y in  X we put T y =  1TE Tx1rŒll = {rEFx1 lrn Ycl=
O }. Naturally F y  i s  a  measurable subspace and its a-algebra also coincides

with the minimal a-algebra with which all the  number maps NB( • ) (B : Borel

set in Y ) are measurable.

Remark 1. W hen X  i s  a  locally com pact and a-com pact metrizable
sp a c e  (fo r example X  i s  a para-com pact m anifold) ,  th e re  is  a n  increasing

sequence {Xn } of open sets with compact closure such that U,T=OG=X. If we

choose this sequence {Xn } as a basic sequence, then the configuration space Fx

consists of countable se ts r  which satisfies IT n KI < co for all compact sets K.
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A s is easily  seen, it is equivalent to  say that r  has no accumulation points in

X.

1.2. Definition of Poisson measure. Let m b e  a  non  atomic Borel

measure on X  such that m (K u )  < 0 0  f o r  a ll n w here {Ki i }  is  a  basic  sequence.

Let K  be one of Ku's and  pu t m if =m IK . By the  non  atomic assumption the

product measure m i of n copies of m x  is regarded naturally  a s  a  measure on
—
K n . So we can define a  measure micu o n  49 (Bi) as the im age measure of nd

by a map Picz : (x1, • • , xn) E K n — q X i , • • •  , x n } E B 7 f.

\ mK n
Put PK,m

=
 exp ( — m (K)) , where mx,o is  a  probability measure on then!

one  po in t se t B i .  I t  is  e a s y  to  s e e  th a t  P K ,m  i s  a  probability  m easure on

(BK) and the following formula holds for any non negative integers ni, •-• , ni

and for any disjoint Borel sets B i,  « ,  B i in  K  (under an agreement tha t 00 =
1

(1) PK,m  (n Li {orllornBil=n,}) =11L1 M (.131)n teX p(— M  ( B i ) )

n:!

Especially, I r n B i l  (i =1, ••• , i )  a r e  independent random variables whose laws

a re  1- dimensional Poisson measures with mean m (B i)  .  F u rth e r  it  is  a direct

consequence of the above formula tha t P x "  is  c o n s is te n t. T ha t is , TrxuaciPx,"

PKn,n2 fo r  a ll n < 1 .  Since Bx n  (n = 1, 2, •-• ,) a re  Polish  spaces, so  by the

w ell-know n theorem  (fo r  exam ple , see  [4] )  t h e r e  corresponds uniquely a

probability measure P i n  on the projective lim it space (rx ,  W ) such that TricuPut
-=-Picion for all n, where 7rx,, is  a  map : rE rx  n Kn Bitu.

The measure P i n  is called the Poisson m e a su re . The following is also a direct

consequence o f  (1). For any non negative integers ni, ••• , ni and for any dis-

joint Borel sets Bi, •-• , B1 in X  we have

(2) ( n WrIlrnBil=nin m (Bi)niexp(—m (131) )  
n i !

Remark 2. Let I LK, b e  a  probability m easure o n  59 (B ro) defined by

C ot 
PK: = MIChn where c,,u are  non  negative constants. If it happens thatn.

141  (1=1, 2 ,  • • •  , )  is  consistent by  th e  m ap Trifu,x, choosing suitable constants

ce,,,, th e n  a  probability measure p  a rise s  o n  (Fx, W) such  tha t T rial= PK/. I n

[3], Obata considered a  characterization of such g  and obtained a  result that

in  case  m (X )  = 00, g  i s  a  superposition  of Poisson m easures Pcm (c 0 )  .

More exactly, p  can be represented a s  It = f Pcm/i (dc) w ith a  suitable Borel
0

measure .1 o n  [0, 00).
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2. Poisson measure

2.1. Basic formulas. Let X  b e  a  topological space with properties

( B . 1 )  a n d  ( B . 2 ) ,  {Kn} be a  basic  sequence, and m  be  a  non  atomic Borel mea-

sure on X  such that m  (Ku) < 00 fo r  all n .

Lemma 2.1. Let p ( x )  be a non negative measurable function on X  such

that p  (x ) =  1  on If;.i an d  Ln p  ( x )  m  (dx) <  0 0  f o r some n. T hen a function

n x .r  p ( x )  defined on Tx  is m easurable and for any  non negative integers n i, • • •  ,
n i and for any disjoint Borel sets B1, •-• , B1 we have,

(3) (x) Pm (dr) = exP (m ' (Ku) — m (K u)) •f nwArned=n,) 
n

ie r P

Pm,  ( n where m ' is  a Borel measure on X  defined by m ' (B ) ---=

f p(x)m (dx) .

Proof. W ithout loss o f generality we m ay assume tha t B  C  K N  (i = 1,

• ,  1 )  for some N n) . Let us approximate p  (x )  with step functions ph (x)

( h =1 ,  2 ,  • • • )  which is increasing with respect to  h  : Ph ( x )  =  l sk=ickXA.,(x)
X 16 (x), w h e re  {A 1 , •-•  , A s }  is  a Borel partition of K N and XA is  the indicator

function of a  set A .  It may be assumed that (A I , ,  A . ,}  is  a subdivision of

1/31, • • •  ,  Br, KN n  ( B 1  U  • - •  U  B , ) 9  ,  s o  w e  h a v e  B 1  =  U  ILA ,  B 2  =

Ull51+1 A i,••• , Br= UV- m-1+1 A i  for suitable numbers  l . 3 1 <  • - •  < s : s.

Since 11xErPh (x ) =  rif_leik , o n  nf-ifrIlrn A l } , it  is  a  measurable function

of 7- for each h and so is 1IxE r p ( x ) .
Next as we have,

nf (-1 (TirnB;j= Erph(x)Pm(dr)nd x
= .kP  (d

r  f
nwrirnAd—k,}

where ' is  a  sum for k i, • • •  ,  ks such  that k i+  • • • ••• , ksi_i+1 +  • • •
k s i=n i and  k, = 0, 1, • s) ,

c i k im  (A i)  k i eXp ( - 114 ( A i) )  
=1 lei!

= exp (
—

m (K  N\U -_1B1)) exp(
P  h  ( x )  m  ( d x ) )

( f P h (x) m (dx)) n i eXp ( — M  ( B i ) )

111i=1
Bi

ni!
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S o  (3) follows by letting h 0 0 .  Notice that m' (KAT) — m (K N ) =m' (Ku)
M . (Q. E. D.)

T h e  fo llow ing  resu lt is derived  by  th e  sam e reasoning, so  w e om it its

proof.

Lemma 2.2. L et p  (x ) be a non negative integrable function def ined on

K , an d  p u t  m' (B)= f p  (x ) m  (d x )  for all Borel sets B in K .

Then we have

(4) Picn,ne (E) =exp ( — m' (Ku) +m  (Ku)) f E fixErP (x) Plfn,m(d

for all E E  (Bx.) .

2 .2 .  Mutual equivalence.
Let m and m' be non  atomic Borel measures on X  such  tha t m (K n) , (Ku)
< c o  for all n.

Theorem 2.1. If  Pm ,  is absolutely  continuous w ith respect to Pm

Pm , ), then

Proof. Let m (B ) = 0 .  Then m (B n Kn) =0 for all n and Pm(rilrnBnx,i1
=1) =0. From the  assumption, it follows that Pne (rIlr n B n =1) =0 and

therefore m '(B  n Kn) =0 for all n. Hence we have m '(B ) =0. (Q .E.D .)

The first part of the following theorem is already stated in [5 ] . However

we prove it in a different even simpler manner from the original one.

dm' Theorem 2.2. A ssum e that and put (x) = p (x) . Then in
dm

order that Pm .- Pn e, it is necessary and suf f icient that f  1, p (x) — 112m (ax) <c o  .

Further if  LI, p (x) — 112m (d x ) = 0 0 , then Pm  and Pm ', are singular.

Proof. A s is easily  seen from  (4), w e have P-  Kn,n1' P  K n ,M  and  
d P  m f 
d ( r )

Kn,m

=exp (—m' (Ku ) +m (Kn))11xErp (x) for all n.

H e n c e  in o r d e r  t h a t  Pm , i t  i s  n e c e s s a r y  a n d  su ffic ien t tha t

d P

d PK
K n

n:  (7 "  n Kn) 1 forms a Cauchy sequence in LL (Fi )  which is assured by

the w ell-know n theorem . (See, [7 ] ) . So we shall calculate the values

dP
o n , i =  f  k

Kn
dp (rnKn)

di-1(1,m

2
rl Ki ) Pm (dr)

Kn,M

for I >n, noticing that n--xernKnP (x) and IL E  T n (K\KoA/P ( X )  are independent ran-
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M (d X ) < °C)
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dom variables w ith respect to P x 1 , . .  N o w  a p p ly in g  (4) to  vi--; instead of p we

have,

Ond= 2 (1 —exp11/2 (m (Kn ) —m' (K ) ±m (1(/) —m' (Kr) ) } •

fB K i f ix e r nKn p  (x ) H x .r  n  (KV( „), p  (x) P K  ( d r ) )

=2 [1 —exp{1/2 (1(n) (Kn) +m —m' (K 1) ) )  •

e x p (1 „ 4 ./p (x) m (dx) —m (K ,\K))]

=2{ 1— exp (-1/ 2 f 1,,\ K . (i/p(x) — 1) 2m (dx))1.

Thus g5na —>0 (n, —>œ) is equivalent to LI. p (x) —11 2 m (dx) <co .

If f i p  (x) — 112m (dx) = co, then it follows from the above calculation,

(5) li m  1
-
im
- frx,/ 

 dPKn

d p K n :  (T n Kn)

p K

d pK i :  (T fl K Pm(dr) =0.

By the  w ay, 
dP.K

 n'm  ( r  n Kn) converges to  a  function fo. (y ) for Pm — a. e. r  asdP K „"

n — * c o  b y  the martingale convergence theorem, and f  ( r )  i s  th e  density

function o f  th e  absolutely continuous p a r t  o f  Pm '  w ith  respec t to  P m . A p -

plying Lebesgue-Fatou's lem m a tw ice  to  (5) , w e  g e t f  f .  ( r )  Pm  (dr) = 0r x

which shows Pm  and Pm ,  are singular. (Q.E.D.)

Corollary. The Hellinger distance between Pm  and Pm ,  is given by

fr ddPPr:  ( r )  — 1 12 P m ( d r )

= 2 11 — exp ( — /2fx ( x )  — 1) 2m (dx) )1

2 .3 . E rgod icity . Let G be a  group of bimeasurable maps 0 : X — >
X such that in=0 m  (image measure of m by the map (,b) and

(6)

Note that Om (Ku) < 0 0  f o r  a ll n, because

"om (Ku) = If df n  (X) M  (dx)} 1 " ( x )  —1 'm (dx)1 1/2 -1-m (Kn) 1 / 2II Kr, O n
< 00 . Hence Pon is well defined and Pon = Pm . Next we pu t 0 ( r )  =  { b  (x i)

• • • , ( x ) ,  •  •  • )  for a ll r= , xn,•••} E E x .  I t  must be noticed that (1> (r)



Theorem 2.3.
(Kn ) n Kn = q5 and f x

If  for any  s> 0 and for any n there exists (,1) G such that

(I)111
2

(x) —1 m (dx) <E, then Pm  is  G-ergodic.dm
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does not necessarily belong to rx • N e v e r th e le ss , 10 (r ) n KnI =  r  n 0 -1  (Ku)

<c o  for Pm —a. e. y, because Om (Ku) <00 . S o  a  m ap To : TE rx— ' 0 (r) E
Tx is defined almost everywhere with respect to Pm .

Definition 1. Pm is sa id  to  be  G-ergodic, if Pm  (A ) = 1 o r  0 provided

that Pm  (AGT 0
- 1  (A )) =0 for all 0EG.

If m (X ) < 0 0
, th e n  Pm  i s  n o t  ergodic, because Trxt{ r  rx117.1= n} is  a

G -invariant set but Pm  (BY( ) = m (X ) n  exp (—m (X )) ± 1, 0 for each n. G e n e r -

ally speaking, the  ergodicity of Pm  h a s  no relation w ith  tha t o f  m .  Now we

sh a ll s ta te  su ff ic ie n t c o n d it io n s  fo r  th e  ergodicity a s  t h e  following two

theorems.

Proof. First of all we shall claim that

Pm  (T0- 1  (E)) Pm (E) +Ao for all 0EG and for a l l  E E ,

w here  A  0 = 2 2 11 — exp ( — 1/2fx V  d in  (x) —11
2

m  (d x ) ) }  .

d1  /2

In fact we have

Pm  (T i' (E )) =  fE d
d

P7  (y )  Pm (d (E) ± fEl ddPp :  ( r )

(E) + 2 { f
d P

° 'n (y) 
2

P m  (dy)1 1/2

dP,n

=P m  (E) +2.1 [1 — exp (-1/2L ( c
— (x) — 1) 2m (dx) )1

1 / 2 
,

where the last inequality is derived from (6).
Now let A  be a  measurable se t such that Pm  (A  0 77, 1 (A ))  = 0 fo r  a ll 0 E G.

W e take Bn E  (BK.) such that Pm  (A e 1 (B u )) < E fo r  a  given s> 0. Then

we have Pm (A 077, 17ri,1 (13,i)) <s+ A0 by virtue of taking E as A e r i n
i  (Bn )  in

(7) . By th e  assum ption there exists a  m ap 0 E G such  tha t 0 (Kn) n K,z=
and Ao < E . It follow s from  the  regionally independence of Poisson measure

that

(Pm (A) — 2E) (Pm (A c ) E )  <Pm (T ir r i:  (B.) ) Pm (71-17,I (B O) =
Pm  (T ïp' 1 (B u )  n (BO) Pm (77, 1T1 (B a ) eA) + P m  (ITIV (B )  e A ')

<s-I-A 0 +6<3E.
Letting E - - * ( ) ,  we have Pm  (A) Pm  (Ac) =0. (Q. E. D.)

(7)

Pm (d



1=1 m
have A  ( a l  C) = 0 a n d  therefore 1) = Â ({1}) Pm . T his show s Pm  (A ')  =  0  if
Â ({1 }) >o and pm (A) =o if Â ({1 }) =0. (Q. E. D.)

=- Pcm 2 (d c ) i n  v ir tu e  o f  Remark 2. A s  1.) a n d  lim 
1 

17 n (K1+1\KI) I
 c  for P c m  — a.e .y  by  the  law  of large numbers, so we
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Definition 2. Let GK,z = {OE GIO= identity on K O  and let f be a  sym-

metric measurable function defined on K i
n  ( 1 =1 , 2, •••).

W e say that m is  GI
K .-ergodic, if  f  is  constant modulo nu ll se ts provided that

for all 0 E G K „ , f •-• , =f  (0(x i), ••• , (,1 )(x t)) for mk —  a. e. x  = ,

Theoren 2.4. If for any n, m  is GkN -ergodic for some .r\T__n and for all 1,
then Pm  is G-ergodic provided that m (X) = o .

Proof. If  necessary taking a  subsequence of the  basic  sequence, we may

assume that m is GIK„-ergodic for all n and / . Let n, n be image measures of

Pm  b y  the m aps 7 r Kg, r  ( r )  r fl K , respec tive ly . T hen  P m  is regarded

as the  product m easure of n and M .  Now assume th a t a  measurable se t A

satisfies Pm (A eT o- 1 (A )) = 0  for all (P E G . For each n we put

fn (T ) = f XA (n u  r2)13(cir2)

Then for a ll (,/,EGic n  w e have,

o= f (n) (ri) ) (d r i)  =
./3„ n

e x p  ( -1 m 1  (K n ))  

 j
r 

k l
[fn({xi, ", x tl)  f n  ({0 ( x i )  • ( , b(xi)))1mif.(dx)

L.J

T hus th e  symmetric function : ••• , x i) - - +fn ({x i,
assumption of GI

K ,z-ergodicity, so it follows that f n ({ x l ,

for e. X. D e f in e  a  new measure 1) b y  1) (E ) = Pm

Then for any BE29(/3102)  we have,

(71V  (B » = fin (ri) n (d TI) =
V -  e x p ( — m ( K

)
)  

LJ1=o 1!
e n d , M K nd (B  n Bk.).

Therefore there exists some measure Â o n  [0, co) such that

for BICn•

• • •  ,  x l) )  satisfies the

• , x i ) )  =const (=-cn,i)
n E ) fo r all E e W.

The next theorem  is already stated in  [6 ] b u t w e shall list and prove it

as an application of Theorem 2.4.

Theorem 2.5. Pm is G-ergodic under the following situation.
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(a) X  is a connected para-compact but not compact C- -manifold,

(b) a  basic sequence { K }  is a sequence of connected open sets w ith compact clo-

sure,

(c) m  is  a locally Euclidean infinite measure whose local densities (w ith respect to

the Lebesgue measure) on each coordinate neighbourhood are all C - - - functions,

(d) G is composed of all C - - - diffeomorphisms 0 with compact supports.

T hat is, there exists some compact set K depending on (,b such that 0 is identity  on

Ke. W e shall denote this group by Diff X.

Proof. F ix  n  and  pu t K n = K , m iK  = m x . Then fo r the  proof it is suffi-

cient to show that Ink (A) mk (Ac) = 0 holds for a  measurable set A c (1=1 ,

2, •••) which satisfies mk (A e T 1 (A )) = 0  for a ll  O E  Diff K , where To : x =

••• , x i) E  i) , • • • (I) ( x  1 ) )  E  k i a n d  Diff K  = { 0 E  Diff X10=
identity on K ' } . S u p p o s e  that m ix (A) > 0  and put p (B )  = mk (B n A ) fo r all

Borel sets B  in  WI . B y  the assumption it is D iff K -quasi-invarian t and Diff K
acts transitively o n  K ` .  T hus w e have it (U 1 x  • • •  X U1) > 0  fo r  a ll disjoint

open subset Ui cK  (i=  1 , •••  , 1 ) .  Take an  a rb itra ry  p o in t (x1, ••• , c  K `

and take disjoint neighbourhood U , of x ,  ( i=1 ,• • •  ,  1 )  which a re  diffeomor-
phic to disks D,OERdim ( x )  u n d e r  m a p s  ç , and  put 0i (mILL) = A i. A 1x  •••  x  Al
is equivalent to the  Lebesque measure /1 on D I X ••• X D I . Further w e pu t (I)

= (0 1 ,•••  , (0 :U 1 x  •••X  U , — >D 1 x • • • x D , and A-
 = g b  (A  n ui X ••• X u,) .

Now consider a group Diff (D1 x ••• X DI) of all diffeomorphisms 0 on D I x ••• x
such that 0 (tl, •-• , =  (0 1  (h ) , • • •  0 i (t1)) fo r all , E  Di X • • • X DI,

where 0 i i s  a  diffeomorphism on Di with com pact support (i= 1, ••• , 1 ) .  It is
not difficult to show that AID, X ••• X D , is  Diff (D 1 x ••• x D I ) -ergodic. (It is

even Diff (D i x ••• x D I , 2) -ergod ic in case dim (X ) >1, where Diff (D 1 x ••• x
. 0 =  (0E Diff (D i  x •-• xD/)102 = /IL) Since 0 - 1 ç5cP is regarded naturally as an

element of Diff K , it follow s that ( x  • • •  x 2 ,)  (X 0 0  (X ))  = m k (A n u i x•••

x  1) O0 -  00 (A  n u i  X ••• X  u ,) )  = ( ( A  T  ( A ) )  n Ui X "  X  U  =  0, and

th e r e f o r e  (A GO (X )) =0 . Hence we have 2(A- )  =0  o r  (A- c n ••• x/3 1)

= 0. However A (A- ) >0 w hich follow s from  ,u x ••• x U1) > 0. It follows

that mif(A c n u, x ••• x =  (21 x ••• x 2,) (îicnD I x  •••  x r),) =O.

By the second countable axiom we have mk (A c) = 0. (Q .E.D .)

Remark 3. In  a  similar but rather complicated way we can show that

Pm  i s  D iff (X , m) -ergo d ic  under the  sam e situation with dim  (X )> 1 , where

D iff (X , m ) is the set of a ll 0 E Diff X  which preserve m.

3. Elementary representations o f  D iff X  generated by Poisson mea-
sures

3 .1 .  Elementary representations. From  now  o n  w e  sh all assume

that
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(a) X is a connected para-compact but not compact C- -manifold,
(6) the basic sequence IX.1 is  a  sequence of connected open sets w ith compact clo-

sure,

(c) m is a locally Euclidean infinite measure with smooth local densities,

(d) G=Diff X.

In [6] , Vershik-G el'fand-G raev defined elem entary representations and

d isc u sse d  th e ir  se v e ra l p ro p e r tie s . H e re  w e  p ic k  u p  a  problem  o f  their

mutual equivalence and extend their results.

Now consider the following canonical representation of D ill X in 1,%,(Fic)

(8) U m ( ): f(r) - - *1 d
d

Pp :( r) f (0- 1  ( r »

U . i s  an  irreducible unitary representation of D ill X  (S e e , [6 ] )  .  Moreover

le t u s  consider the  following representation VP of another ty p e .  F o r  th is  let

n 1 be an integer and ion : X  n— q31 be a  map such that (xi, ••• ,

•-• , xn} . T hen  a  function a on D ill X x MC w ith  v a lu e s  in  th e  symmetric

group , S,, is defined by the formula, Sn ( g: — ' (r ) )  = 0 - 1 (Sn (7 ))  a ( 0 ,  r), where

••• , x n )  a —  (T aw , • • • , I a ( n ) )  and s n  :  BY(
— X „ is  a  measurable cross sec-

tion of pn . Now we associate with each pa ir (n , p), where p is  a  unitary rep-

resentation o f S n  in  a  H ilbe rt space W , a  unitary representation VP  of D iff X
in a n (B i, 1/17 ) such that

(9) vP (0): f (r) ddtm: (r) P (0  (0, T ))f (0- 1 (r)),

where mn is  the image measure of the direct product of n copies of m  by  the

map Pn and i n n i s  the image measure of m n  b y  a  m ap : rE/31- 0 ( r ) E B I .
If p is irreducible, then so is VP , and tw o representations V ' and VP 2 , where

P i  a n d  p 2  a r e  irreducible representations o f  S n ,  a n d  S , ,  respectively, are

equivalent, if  a n d  on ly  if n 1 =  n 2  a n d  p l  a n d  p z  a re  equ iva len t (See, [6] ) .

Vershik-Gel'fand-Graev called a representation of D ill X of the form

(10) LP;,, = U,n0VP

elementary representation associated with the Poisson m easure and  obtained

the following results

(a) Uf'n  is irreducible if  p is so, and

(b) M n i is equiv alent to Ugn , where ci  an d  cz are positive constants, if  and only

if  ci =c 2 and p i  and  pz are equivalent.

In th is  section we shall consider the equivalence o f LP:, varying m among

all locally  E ucidean infin ite  m easures w ith  sm ooth  loca l densitie s . T o  see

this, it is convenient to  deform  th e  representation 1.4'n  to  a n o th e r  fo rm . P u t
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Nn = {a= , in) Iii E N  such that i p * i g  ( p * q ) } ,  12 (N n , VV) =1010 is  a  W-
valued function defined o n  -& '1 such  tha t 110112 =. E „ R„110 (a) Iliv< œ ) and HP=

{q5 E 12 (N, 147 ) 10 (i (1) , • • • , ia (n)) = 1 (a) 0 (i1, ••• , in )  for all (YE en}, where p is
a  unitary representation of e n in  a  H ilb e rt space W .  F u rthe r le t e- be the

set of all permutations on N and put o-a=  W O , ••• , a (in )) for o- E S -  and for

a E  . A s before we define a function a on Diff X x Tx with values in e -  by

the form ula, s (r)) = 0 - 1 ( r ) ) , r )  , w here  s  i s  a  measurable

(admissible) cross section of the map p  :  X - D  (x 1 ,  1 2, • • •) — > (x i,  1 2, •• .} rx
with the following property : If w e have I r f lX i H k i, I r n (x2 \ x i)  1= k2, Ir n
(xn\xn_1)1=kn,••• , then the first k1 element of s (r) are  in  r n Xi, the next k2
element of s  (r) are  in  mn (X2\ X I) and so o n .  It w ill be useful to notice that

if  Irn X k l= r and ç1 EDiff Xk = E Diff X10 identity on X } , th e n  w e  have

0- (0, E er.
Now let be a  unitary representation of Diff X  in the space L ,, (Vs ) x  HP de-

fined by

(11) IP;,, (0) : F (r, a) — > d
d

Pi,b: (r)  F (0- 1 (r), a (0, r) -
1a)

In  [6 ] it w as show n that this V, is equivalent to that LP'n  defined in  ( 1 0 ) .  So

we shall work o n  (V n, an, (Tx) ®H
°
).

Theorem 3.1. (Whether p and p' are irreducible or not)
I f there exists a bounded operator T: Lia,(T x )0IP— '14. , (Tx)01-1P ' such that

(a) TIP;n (0) =LIZ
,
 (0)T for all 0 E  Diff X,

(b) 3 OEHP such that T(1®0) *0,

then P. and P .
, are equivalent.

Proof. W e shall divide the proof into four steps.

( J )  W ith o u t  lo s s  of generality we may assume th a t h b il=  1 and T  is  a  con-

tra c t io n . F ir s t  o f  all w e take Xk (connected open set w ith  compact closure)

and fix it for a little while. S o  w e  put X k Y.

Further w e put P .= tt, P .
,
 = ft' and put p i , t12 equal to  the image measure of f t

by the map : r n Y-c=r2, respectively. Now we consid-

e r a  bounded operator L 1 (Fr) 0 1 1
° -

+1,
2
11 y) OH

°
 defined by

(12) T  y F (y, a') = f T F  ( n , (d y 2)
y c

Here we identify a n  element
 J E  L 1 ( T y )  w ith  7 e L2

a  (T x ) th rough  7 (r) =
f (r n Y ) .  S o a  (T y) is  regarded  as a  closed subspace of L (T ) .

I t  is  e a s ily  c h e c k e d  th a t  T  yF  i s  r e a l ly  a  function  o f  (ri, a ' )  a n d  that

T yF (r ,  da) = (a) - 1 T (r, a ')  fo r  a ll o- E en , , where ao.' = ( i( i ) ,• • •  'jaw )) for

an element a'= ( i i , . . . , ENV ' . M o reo v e r,
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E.,4 ,IIT yp (r , a') Hirt/ (dr)

fr y f r y , E a,E s i „,IITF(ri, r2, a')1Iirl/i(dri),L4(d72)=11TF11 2 -11FII2.

Thus Ty is also a  con trac tion . Now observe that for OE Diff Y,

independent of r2. So we have,

(13) T .1Z (0) = (0) T y for 0EDiff Y.

(7 (0  , or) is

Because

    

(T U )F) (7, a') =

I' 
(Liz, (0) TF) (ri, T2, a') g'2(dr2) —

y C

       

1 1 ,1 ,0
d T 

1  0 ,1 (n ) T F (0 - 1  (TO , r2, (7(0, r) - l a')1/2 (d 72)

= (U " (0) TyF) (T ,  a') .

L et us consider a  unitary representation Q (a)  of e- in  th e  space H",

Q (a) : (a)— >0 (a - l a ) . A c c o rd in g  to  section 3 i n  [6] W e split H° into the

direct sum of subspaces that are  prim ary with respect to  the  symmetric group
S r c T h is  decom position can be presented in  th e  following way, HP =
E (

i
4) W i

r OC i
r , w here Wi

r  a re  th e  spaces in  which the  irreducible and pairwise
inequivalent representations p i

r  o f  S r  a c t .  Ci
r  i s  th e  space o n  which acts

trivially. More exactly we h a v e  Q ( a )  -= Ei{p ir (a) çbr ,i w ith the decom-

position 0 -= Lçbr, i, r , i  E  WirOC ir. F urthe r u sing  a  natural decomposition,

L 1 (F) = (Bry) (Note that ry = U , 0 B ' : disjoint union), w e have an

orthogonal decomposition L 1 (T'y ) ØH" = 0# (r, i) , where Ou (r, i) = L1,2 1(13 )

Wir Or is  an  invarian t subspace of the  representation Vn (0), 0 E Diff Y
whose form on 0, (r, i) are  as follows.

(14) ign (0) (F0 v 4 0 c )  (y ,  a)

= I d
d
T

R
4

1
11 (71)F (0- 1  (TO) (pir(0- (0, r ) )0 id )  (wi

r O c )  (a) .

Now let us put for 0EDiff Y

(15) (0) (FOw ir) ( r i )  —  d
 d
T

 tt
4 : 1 (ri)F 4 - 1  (Ti)) P ir (a (0, r)) wi

r

for FE L L  (Bry) and for wi
r E

Then we have

(16) IP;,, (0) =LP1','' (0)0id on 0, (r, i).

(II)
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UT» a re  irreducible unitary representations of Diff Y  in  the  space 42 , (B ry)

W i
r , and U,ri 'i and are inequivalent unless i = i ' and r = r ' .  (See [6] .) So it

follow s from  (13) th a t th e re  e x is ts  a  u n iq u e  integer J i  su c h  T y q5, (r, i)
(r, J i )  unless T y 0, (r, i)  =0, and the representations pi

r  and p'/'are equiva-

lent. H e n c e  w e  have Ji * Jk  for i * k .  Let wr,i : W ir— ' W' t b e  an  intertwining

unita ry  opera to r o f  th e  representations p i
r  a n d  pT, and  j  y  : L 2

g 1  (B ry) - ,

1 ,2 1
, (BY ) be a unitary operator defined by J yF (Ti) = (TO F (Ti) .

dpi

T h e n  it  is  e a sy  to  se e  th a t  a  un ita ry  opera to r T r,g = Wr,1 : Li2 1 (B ry)

W ir- q. 21/1 (B )Y) W I ri satisfies

(17) UV' ())T  r ,, = T r ,i1IT/ i (0) for all 0 E Diff Y.

(ifi) H ere  w e  lis t up  th e  following fact in  th e  rep resen ta tion  theo ry . The

proof will be done at the end of this section.

Fact : Let E i , Hi , (i =1, 2) be Hilbert spaces, Ui  a n d  U 2 be two equivalent

irreducible unitary representations of a  group G  in  the  spaces H 1 an d  H2, and

T: H 1
— +H2 b e  an intertwining unitary operator of the representations U1 and

U 2 .  Suppose t h a t  a  bounded  opera to r A : H 1 0  E1— * H2 E 2  satisfies

(U2 (9) OidE,) =  ( U  )  O i d  E i )  for all g E G .  Then there exists a  bounded

operator A: E1- - - E2 such that A =T O A .

Applying this fact to the  operator TylOp (r, j), it follow s from  (13) (16)
a n d  (17) th a t th e re  e x is ts  a  bounded operator Ur ,i : CI?) such that

Ty100 (r, i)  =T r ,i0 U  r ,i for a l l  (r, i )  unless TyOu (r, i) = {0}. A s is easily seen,

U ri is a  con trac tion . Consequently for 0-= g 5 r , i E  W r,i® C r,i we have

(18) T y 0. 0 0  ( r , = E ;,;T r , i0 u r , i (r, 61') =

\/ c 1 g4  (T O E 'riX  (T i) (cor,i0 U r,i )  (Or,i) (a'),„

dtel

where E' is a  sum fo r  (r, i) such that Ty00 (r, i) O .

Let us evaluate the norm of the right hand side o f  (18).

(Ti) (w r,i®Ur,i) (Or,i) ((O a '

= E rX  (T A Z ; (w r,i0 U r,i)  (Or,i) (d)11 2w'
E rX  ( r  I IE ; ((Or ,i0 U  r,i) (Or ,i) 112

= rX  (T i) Z;1I ((Or ,iO U  r,i) (Or ,i) 112

ErX:r (n)
(IV) T h e r e f o r e  if  it w ould hold that I'm  and  Pm' a r e  mutually singular, then

the right hand o f  (18) tends to 0 for 13 , -a.e .T  a s  Y =X k  t X  (< > k  co) .

O n the o ther hand the  left hand o f  (18) converges to  T  (1  0 (b) ( T ,  a") for
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Pm—a. e .  r  as k co by the martingale convergence theo rem . T hus w e  have

T ( 1  0 0 ) = 0  which contradicts to the assumption.

Corollary. (W hether p  and p' are irreducible or not)
I f  1.1°,, and 14,;., a re  equivalent as unitary  representation, then P m  and Pm , are
equivalent as measure.

By the above Collorary and theorem 4 of section 4  in  [6 ] we have,

Theorem 3.2. I f  p  and p ' are irreducible unitary  representations of
and S n

, and  dim (X ) >  1  , then the unitary  representations 1.4 n  a n d  U;;;, are
equivalent if and only if the measure Pm  and Pm ,  are equivalent, n  = n' and p  and
p' are equivalent.

3 .2 .  Proof of the fact. W e sha ll s ta rt from  th e  following theorem

which is well - known.

Theorem 3.3. Let H, E be complex Hilbert spaces and U be an irreducible

unitary representation of a group G in the sp ace  H . And suppose that a bounded

operator A on H O E  satisf ies A  (U (g) Oid E )  = (LI (g) O id E ) A for all g  E  G.

Then there exists a bounded operator A  on E such that A =id H OA.

Theorem 3.4. Let H, Ei (i = 1, 2 ) be complex Hilbert spaces, U be an irre-

ducible unitary  representation of a group G  in  the space H and put U i (g ) =

U (g) Oid E ,( i = 1 , 2) Suppose that a bounded operator 1: HO.E1— )HOE2
satisf ies U2 (g) A = A U 1 (g) for all g  E G . T hen there ex ists a bounded operator

A: E 1— E 2 such that A  -=id H OA.

Proof. Case 1. F irst w e  sha ll assume th a t A  is  un ita ry . W ithou t lo ss

of generality we may assume that dim (E2) d im  ( E l ). W e  c o n s id e r  A ',  if the

reverse inequality  ho lds. T ake  an  isometric operator V: E2— >.E1. Then we

have U1 ( g )  ( i d H 0  =  (ic/H0 V ) U2 (g) for all g E G , s o  (id H 0  V ) A  is an  in-

tertw in ing  opera tor o f  th e  represen ta tion  (i71, H  E 1 )  .  It follow s from

Theorem 3.3 that there exists a  bounded operator B on E1 su ch  th a t (ic/H0  V) A
--=-idH OB. Hence 1_ = id H OV *B.

General case. Consider an orthogonal decomposition : H O E I = ker A ED
(kerA— ) 1 . S in c e  (kerA— ) i  i s  a n  in v a r ia n t  subspace  o f  t h e  representation

J_(u1, H 0 E 1 ) , so there exists a closed subspace F 1 o f  E1 su c h  th a t (kerA  ) =
HOE I . Similarly a  closed subspace F2 ( E 2 )  arises such  tha t 24-  (1-10E1) =
HOE 2 . Put 711 (ker -21f) 1  f  and (g)IHOF i = 17V-  (g) . T hen  f: HOF1-
H0F2 is one-to-one and has a dense range, and 1

-
4
7
2 (g) f  = T  fi-71 (g) for all g

—

E  G .  It f o llo w s  f ro m  T h e o re m  3 . 3  t h a t  T * T  =  id H T  f o r  some

positive-definite bounded operator T on E l . H e n c e  f  is decomposed a s  "F=
V ( id H 0 - , f t )  with an  isometric operator V: Im  (id H 0 .1 ) — >lm (T' )  =HOF 2 .

Since I f  is one-to-one, so V is unitary from HOFI to HOF2.
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Moreover it is easily checked that W2 (g ) V = V W1 (g )  for all g EG.
By virtue of case 1, we have V  =idHOV  for some bounded operator V: F1— '

—

F 2 .  Thus, A  =  ( id H 0 i)  T  ( id u 0 PF1 ) =id u 0 iV .,/T  PF 1 ,  where i  is  the natural

injection from F2 to E2 and PF1 is  a projection. (Q. E. D.)

Proof of the fa ct : P u t  :6 = A ( T  i d E , )
 1  = -1

0  idE i )  .  T hen  the

bounded operator B  : H 20E1 -
1120E2 satisfies /-3-  (U 2 (g) OidEi) = (L .

12 (g)

id E 2 )  B  for all g E G .  It follows from Theorem 3.4 that there exists a  bounded

operator A: E1
- - - -

*E2 such that ii=idliz O A , and therefore A  = T O A .

(Q. E. D.)
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