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Poisson problems for semilinear Brinkman systems on Lipschitz domains in R"

Mirela Kohr, Massimo Lanza de Cristoforis and Wolfgang L. Wendland

Abstract. The purpose of this paper is to combine a layer potential analysis with the Schauder fixed point theorem to
show the existence of solutions of the Poisson problem for a semilinear Brinkman system on bounded Lipschitz domains in
R™ (n > 2) with Dirichlet or Robin boundary conditions and data in L2-based Sobolev spaces. We also obtain an existence
and uniqueness result for the Dirichlet problem for a special semilinear elliptic system, called the Darcy—Forchheimer—
Brinkman system.
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1. Introduction

The layer potential methods have a well-known role in the analysis of boundary value problems for the
Stokes system, but also of other elliptic boundary value problems (see, e.g., [6,17,25,31,33,40,43,50]). The
Dirichlet and Neumann problems for the Laplace equation in Lipschitz domains have been investigated by
Dahlberg and Kenig [7]. Fabes et al. [14] used a layer potential method to treat the Neumann problem for
the Poisson equation on Lipschitz domains. Lanzani and Méndez [27] shown the existence and uniqueness
of the solution to the Poisson problem for the Laplace equation with Robin boundary condition on
Lipschitz domains in R™ (n > 3) and with boundary data in Besov spaces, by exploiting a layer potential
method. Lanzani and Shen [28] have studied the Laplace equation with Robin boundary conditions in
a bounded Lipschitz domain © C R™ (n > 3), by considering the boundary data in LP(0f2) spaces,
p € (1,2 + ¢), for some € > 0. They have exploited a single-layer potential technique to obtain existence
and uniqueness results with non-tangential maximal function estimate. The authors obtained similar
results for the Poisson problem for the three-dimensional Lamé system with Robin boundary condition.
All solutions have been expressed in terms of layer potentials. Mitrea and Mitrea [35] obtained sharp
well-posedness results for the Poisson problem for the Laplace equation with mixed boundary conditions
on bounded Lipschitz domains. The authors generalized previous results obtained in [14,18]. The Robin
problem for the Laplace-Beltrami operator on Lipschitz domains in compact Riemannian manifolds has
been studied by Mitrea and Taylor [39, Theorem 4.2]. Fabes et al. [13] developed a layer potential method
in order to show the solvability of the Dirichlet problem for the Stokes system on Lipschitz domains in
R", n > 3, with L2-boundary data. Dahlberg et al. [8] studied the Dirichlet and Neumann problems for
the Lamé system in Lipschitz domains in R™ (n > 3). Russo and Tartaglione [44] studied the Robin
problem associated with the Stokes system in a bounded or exterior Lipschitz domain 2 C R", by using a
double-layer potential approach (see also [4,43,46]). Medkov4 studied in [32, Theorems 4.3, 5.6] the Robin
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problem for the homogeneous Stokes system in a bounded domain G C R? with connected boundary 0G
of class C1 « € (0,1), and the boundary data in C%(0G,R?), or in L*(0G,R?), s € (1,00), in terms
of a single-layer potential, whose unknown density is the solution of an integral equation of the second
kind. Such a solution has been obtained explicitly in terms of a Neumann series. Mitrea and Wright [40]
exploited layer potential methods to develop a powerful analysis of the main boundary value problems
for the Stokes system in arbitrary Lipschitz domains in R™, n > 2 (see also [29]). Mitrea et al. [36]
defined the Stokes operator on Lipschitz domains in R™ in the case of Neumann boundary conditions.
By using a single-layer potential technique, Mitrea and Taylor [38] studied the L2-Dirichlet problem
for the Stokes system in arbitrary Lipschitz domains on a smooth compact Riemannian manifold and
extended the results obtained in [13] on Lipschitz domains in Euclidean setting. In addition, Dindo$ and
Mitrea [12] used a layer potential approach to treat the Poisson problems for the Stokes and Navier—Stokes
systems on C' and Lipschitz domains in smooth compact Riemannian manifolds with data in Sobolev
or Besov spaces. The authors in [23] constructed pseudodifferential Brinkman operators as operators
with variable coefficients that extend the differential Brinkman operator from the Euclidean setting to
compact Riemannian manifolds. They shown existence and uniqueness results for related transmission
problems on C' domains of arbitrary dimension, or on Lipschitz domains of dimension <3, on a compact
Riemannian manifold. In [24], these results were extended to the case of Lipschitz domains on compact
Riemannian manifolds of arbitrary dimension, with data in L2-based Sobolev spaces.

Existence results for boundary value problems with nonlinear boundary conditions are known, and
we mention the work of Klingelhofer [20,21], the contributions of Begehr and Hsiao [2], and Begehr and
Hile [1]. Nonlinear boundary value problems for elliptic systems have been also studied in [9,26]. The
authors in [22] combined a layer potential analysis with a fixed point theorem to show the existence
result for a nonlinear Neumann-transmission problem for the Stokes and Brinkman systems on Euclidean
Lipschitz domains with boundary data in L spaces, Sobolev spaces, and also in Besov spaces. A nonlinear
Neumann condition has been imposed on an external Lipschitz boundary together with transmission
conditions on the interface between two adjacent Lipschitz domains. Dindo§ [10] obtained existence and
uniqueness results for semilinear elliptic problems on Lipschitz domains in Riemannian manifolds. The
author extended results for LP Dirichlet and Neumann boundary value problems associated with linear
second-order elliptic equations on Lipschitz domains to a class of semilinear elliptic problems. Dindos
and Mitrea [11] combined various results from the linear theory for the Poisson problem associated with
the Laplace operator in the framework of Sobolev—Besov spaces on Lipschitz domains, which have been
obtained in [14,18,37], with a fixed point theorem, and developed a sharp theory for semilinear Poisson
problems of the type Au — N(z,u) = F(z) on Lipschitz domains in compact Riemannian manifolds,
equipped with Dirichlet and Neumann boundary conditions. Fitzpatrick and Pejsachowicz [15] developed
an additive, integer-valued degree theory for a class of quasilinear Fredholm mappings between real
Banach spaces of the form f(z) = L(z)z+ C(x), where C is a compact operator and, for each z, L(z) is a
Fredholm operator of index zero. Such a class does not possess a homotopy-invariant degree. The authors
introduced a homotopy invariant of paths of linear Fredholm operators with invertible end- points, called
the parity, which provides a complete description of the possible changes in sign of the degree. Then
the authors proved existence, multiplicity and bifurcation results. Applications have been given for fully
nonlinear elliptic operators with general nonlinear elliptic boundary conditions when the coefficients are
sufficiently smooth.

The purpose of this paper was to use a layer potential analysis and the Schauder fixed point theorem
in order to show the existence of solutions of a Poisson problem for a semilinear Brinkman system on
a bounded Lipschitz domain ® C R™ (n > 2) with Dirichlet or Robin boundary condition and data in
Sobolev spaces. The nonlinear term in the semilinear Brinkman system is written in terms of an essentially
bounded Carathéodory function P from ® x R"™ xR to R™ @ R"™, which satisfies a nonnegativity condition
[see (4.36)]. First, we show the well-posedness of the corresponding linear Poisson problem, i.e., the
existence and uniqueness of the solution in the aforementioned spaces (see Theorems 4.1, 5.2), together
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with some useful regularity estimates (see Lemmas 4.2, 5.3). Then, by using the well-posedness result
from the linear case and the Schauder fixed point theorem, we show the desired existence result for
the semilinear Poisson problem (see Theorems 4.4 and 5.4). Theorem 6.1 provides an existence and
uniqueness result for the Dirichlet problem associated with the semilinear Darcy—Forchheimer—Brinkman
system (6.1) with small boundary data.

2. Preliminaries

Consider a bounded Lipschitz domain! ® :=®_ C R" (n > 2) with boundary I', and let ®, := R" \ D.
Also, let v be the outward unit normal to T'. For fixed k = (') > 1, sufficiently large, define the
non-tangential maximal operator (see, e.g., [40])

N(u)(x) := Ny(u)(x) :=sup{Ju(y)| : y €12(x)}, x €T, (2.1)

for arbitrary u : ©1 — R, where 74 (x) := {y € D4 : dist(x,y) < & dist (y,I')}, x € T, are non-
tangential approach regions lying in ®, and ® _, respectively. Also, consider the non-tangential boundary
trace operators Tr* on T, as®

(Trfu)(x) == lim  wu(y), ae xeT, (2.2)
7+ (%)2y—x
Trt : C®(@y) — CO(T), Trru=ul,. (2.3)

For p € [1,00), LP(R™) denotes the Lebesgue space of (equivalence classes of) measurable, p-th power in-
tegrable functions on R™, and L>°(R"™) consists of (equivalence classes of) essentially bounded measurable
functions on R™. For p € (1,00) and s € R, the Bessel potential space L?(R") is defined by

LARY) :={(I Q) 2 f: fELPRM} ={F A+ [*)2Ff: feL’(R")}, (2.4)

with the norm || f||ze®n) = (I = &) 2 fllpo@ny = IF 21+ [£]*)2 F fl Lo n), where F is the Fourier
transform defined on the space of tempered distributions to itself, and F~! is its inverse. Also,
LP(R™,R™) :={f = (f1,..., fn) : fj € LE(R™), j =1,...,n}. In addition, L2(®D) denotes the Sobolev
(or Bessel potential) space in ®, defined by

LP(D):={f €D (D):3ge L(R") such that g|o = f}, (2.5)
with the norm || fl|zz () := inf {||gllpzrn) : g € LE(R™), glo = f}, where D'(D) is the space of distrib-
utions, i.e., the dual of Cgs,,, (D) equipped with the inductive limit topology.

For s € R and p € (1,00), define L%, (D) as the space of all distributions f € LZ(R™) with support
in © and the norm inherited from LE(R™) (see [18, Definition 2.6]). Note that the space CS5,,, (D) is
dense in L%.,(®) for all s € R and p € (1,00) (see [18, Remark 2.7], [37, p. 23]). For p,p’ € (1,00), with
% + 1% =1, and for s > 0, L” (D) can be defined as the space of linear functionals on Cg5,,,,(D) with
finite norm

17127 oy 1= 5up {10 9] ¢ € Cnp®) with (Bl ) < 1} (26)
where tilde denotes the extension by zero outside © (see [18, Definition 2.8], [37, (4.13)]). For s € R and

p € (1,00), C*°(D) is dense in LP(D), and (see [18, Proposition 2.9], [37, (4.14)], [14, (1.9)])
’ ’ /
(LE(D)) = L7 ,4(D), LL (D)= (LLp(D))’, (2.7)
where % + ﬁ = 1. The spaces LE(D,R"), L?(D,R") can be defined similarly (for a more detailed
presentation of these spaces, we refer the reader to [18,19,37,40,49]).

1 The connected open subset © CR" is a Lipschitz domain if its boundary is locally the graph of a Lipschitz function.
2 The superscripts — and + apply to non-tangential limits evaluated from ® _ and ® 4, respectively.
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For p € (1,00) and s € [0, 1], the boundary Sobolev space LE(I') can be defined by using the space
LP(R™Y), a partition of unity and pullback, and L” (I') is the dual of LP(T).

Next, the notation (-,-) is used for the inner product in R™. For a subset X C R”, the notation
/

(') x = (Lr(x))y () Lz (x) stands for the pairing between the space LE(X) and its dual (LE(X))".
We now refer to the case p = 2. Then, for n > 2 and s € (0, 1), we define the space
Lir%(@,ﬁo) = {(u,m) € L§+%(©,R”) X L?_%(Z)) : Lo(u,7) =0,divu=0inD}, (2.8)
where Lo(u,7) := Au — Vr, and H(llvﬂ)HL§+L(©,£g) = HUHL;L(D,R") + H7T||Lil(©)-
2 2 2

Let us mention the following trace lemma for bounded Lipschitz domains (see [18, Proposition 3.1],
[40, Theorem 2.5.2], [6], [30, Theorem 3.38], [34, Lemma 2.6]):

Lemma 2.1. Let ® C R"(n > 2) be a bounded Lipschitz domain with boundary T'. Let s € (0,1). Then
there exists a linear and bounded operator Tr™ : Li-i-l(@) — L2(T') whose action is compatible to that
2
of the restriction to the boundary in (2.3). This operator is onto and has a linear and bounded right
inverse Z~ 1 L3(T) — L;l(@). In addition, the space L§+l~0(©) is the kernel of the trace operator
2 25
Tr™ : L2 (D) — L3(T'). The following operator is also well defined, linear and bounded:
“ 2

Tr™ : L2(D) — L3(T), r> 5

. (2.9)

A similar result holds for the trace operators defined on Sobolev spaces of vector and tensor fields.
For brevity, we use the same notation for them as in Lemma 2.1, but their meaning will be understood
from the context.

2.1. The conormal derivative for the Stokes system on Sobolev spaces

Let s € [0, 1]. Let do be the surface measure on I'. Let v denote the outward unit normal, which is defined
a.e. with respect to do on I'. Note that v € L>°(T',R").

The result below defines the conormal derivative for the Stokes system on Sobolev spaces as it has
been introduced by Mitrea and Wright in [40, Theorem 10.4.1] (see also [36, Proposition 3.6], [23, Lemma
2.2] for the extension to the Brinkman operators in Lipschitz domains on compact Riemannian manifolds,
and [34, Definition 3.1]):

Lemma 2.2. Let ® C R"™ (n > 2) be a bounded Lipschitz domain with boundary T'. Then for any s € (0,1)
the conormal derivative operator® 9 : L§+ (D, L) — L2_,(T,R"™), given by

1
2
(0, (u,7),¥),. :=2(E(u),E(Z7V))p — (r,div (2" ¥))p, V¥ € L?__(T,R") (2.10)
is well defined, linear and bounded, where E(u) := 1 (Vu+ (Vu)") and (Vu)' is the transpose of
Vu= (%) L In addition, for all (u, ) € Li_ (D, Ly), one has the Green formula
7,k=1,....n h

1
oxy ' 5

2(Ejr(n), Ejr(w))o = (m,div w)p + (9, (u,7), Tr"w)., Vwe L%iS(CD,R"). (2.11)

3 Hereafter one uses the Einstein repeated-index summation rule. Also Eji(u) are the components of E(u).
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2.2. Generalized Brinkman system and the corresponding conormal derivative

Let P € L>*(D,R" ® R") be a matrix-valued function with the entries P;; € L>(®D), 4,5 = 1,...,n, such
that

(P(x)6,8) ==Y Pi(x)€:&; >0, VEER" (2.12)
i,j=1
for almost all x € ©. The condition (2.12) implies that
(Pv,v)p >0, ¥VveL*®D,R"). (2.13)

In the sequel, we use the same notation for the matrix value function P and the corresponding multipli-
cation operator Mp : L?(D,R") — L*(D,R"), Mp(v) = Pv. Then the generalized Brinkman operator,
i.e., the following L>-perturbation of the Stokes operator?

3
2

— _(A_P)v .72 n 2 N n 2
Bp ._< V)2 @R < L2 (@) - L2, (0.RY) < L2, (D) (2.14)

is well defined, linear and bounded, for any s € (0,1).
Let us now mention the significance of the conormal derivative

Tr~ (=7l 4 2E(u))v a.e.on T (2.15)
when the following Sobolev space is involved:
B2, (D, Lp) = {(u,mfg) € LI 1 (DR") x L2_, (D) x L_5,(D,R") x L2_, (D) :

1
3
Lp(u,7) =f|p and divu=ginD}, (2.16)
where
Lp(u,m):=(A—Plu— V. (2.17)
Then we have the following result (see also Lemma 2.2 for the Stokes system).
Lemma 2.3. Let ® be a bounded Lipschitz domain in R™ (n > 2) with boundary I'. Let s € (0,1). Then

the operator
8;7? : %54_1(@7‘67)) Lg—l(FaRn)7
’ 2

B2, (D, Lp) > (w.f.g) s Dp(u m)e g € L2y (1R, (2.18)
given by
(00 (000, ®) = 2(B(0) E(27@))p — {m.div(27@)s + (V9.2 P)s
+ (£,Z27®)p + (Pu, 2 d)p, V& € L_(T,R") (2.19)

is well defined and bounded. In addition, for any (u,w,f,g) € ‘Bi_ (D,Lp), one has the Green formula

(0,00, ) T w) = 2(E(w), B(w)n — (r.div(w)s + (Vg W)s

+{f,w)o + (Pu,w)p, ¥V w e L_ (D.R"). (2.20)

Proof. Since P € L (D,R™ ®R™) the last duality pairing in the right-hand side of (2.19) is well defined.

Also, by [36, (3.11), (3.13)], LQ%_S(’D) = LQ%_S;O(’D) and, by duality, Li_%(’D) = Li_%;o(’D). In addition,

the property [36, (3.14)] implies that Vg € L2 , (D,R") = (L3 _ (D, R”))/7 and hence, the third duality
2 2

pairing is well defined. All other duality pairings are also well defined. Hence, the operator J, 5 given

4 In the special case P = A, A > 0, (2.14) reduces to the well-known Brinkman operator that describes the flows of
viscous incompressible fluids in porous media (see, e.g., [22,25] for further details).
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by (2.18), (2.19) is well defined. The boundedness of 9,5 and the formula (2.20) can be obtained with
similar arguments as for [40, Proposition 10.2.1, Theorem 10.4.1]. Also, let us mention the important
property that the definition of 6;73 is independent of the choice of a bounded right inverse Z~ of the

trace operator Tr™. Such a property can be obtained with arguments similar to those in the proof of [34,
Theorem 3.2]. We omit these arguments for the sake of brevity. O

Let us now consider the Sobolev space
£§+%(®,LP) = {(u,m,f):ue L§+%(©,R”), = Li_%(i)), fec Li_%;O(D,R")
such that Lp(u,7) = f|p and divu=0in D}. (2.21)
The following useful result is a direct consequence of Lemma 2.3 in the special case g = 0.

Corollary 2.4. Let © be a bounded Lipschitz domain in R™ (n > 2) with boundary T'. Let s € (0,1). Then
the conormal derivative operator
817;77 : 2§+%(©7£7D) - Lifl(F7Rn)a

_ 2.22
@, (D.Lp) 3 (o £) s O p(w ) € L2, (IR, (2:22)

given by
<8;P(u,7r)f,<1>> =2(E(u),E(Z27®)p — (1, div(Z7®))p + (Pu, 2" P)p + (£, 27 D) p, (2.23)

T

for any ® € L?__(T,R"), is well defined and bounded. Also, for all (u,n,f) € £§+l(©,ﬁp) and w €
2

L3 (D,R"), one has the Green formula:

3,

(0,.p(u,m)e, Tr™ W) =2(E(u),E(w))p — (m,div w)p + (f,w)p + (Pu,w)p. (2.24)

Remark 2.5. (a) For s € (0,1), the conormal derivative 8:7,, corresponding to D4 = R" \ D, can
be defined by a variational formula similar to (2.19), by using a linear and continuous right inverse
Zt : L2(T,R") — Lir%(]R”JR”) of the trace operator Tr : Lir%(R”,R") — L2(I',R") such that the
supports of the images of Z* are contained in a ball which contains ® (for also [6,34]).

(b) Next, for P = 0, we use the short notation 9, (u,7)s 4, and, for P = 0, f = 0 and g = 0, the
notation 9, (u, ).

3. Layer potential operators for the Stokes system

Let us denote by G(-,-) € D'(R" x R",R™ ® R") and II(-,-) € D'(R™ x R™,R") the fundamental tensor
and the fundamental vector, respectively, for the Stokes system in R", n > 2. Therefore,®

NG (x,y) — ViII(x,y) = =0y (x)I, divkG(x,y) =0, (3.1)

where I is the identity matrix and dy is the Dirac distribution with mass at y. Note that (see, e.g., [25,
p. 38, 39]):

1 (Sj LTk 1 Xy
(X)) = — (x) = — -2 n>3
ne) 2 g R = L 72 (32
1 [(zjz 1 '
) = - (T2~ el + ) ) M0 = o T =2,

5 The subscript x added to an operator shows that the operator acts with respect to x.
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223 where wy, is the area of the unit sphere in R” and ay > 0 is a constant (for details about the choice of
224 such a constant, we refer the reader to [22, Appendix] and [48, (3.4)]). The components of the stress and
225 pressure tensors S and A are given by (see [25, p. 38, 39, 132]):

agjk(x) agﬁ}c(x) n TjTrTy

20 Sike(x) = —TL;(x)0re + O, * dx;  wn X[
2 5k il
A Y L .
) == 2 (i) 33
- xSy, x) — OAju(x,y) -0, 0Sjre(y, x) —0 forx#y. (3.4)
axk axk

29 3.1. The single- and double-layer potential operators

230 We now assume thzﬂ D:=9_ CR"” (n>2)is a bounded Lipschitz domain with connected boundary
a1 Tl Let D :=R"\D. Let r € [0,1]. If g € L?_;(T',R"), the single-layer potential for the Stokes system
232 'V, g and the corresponding pressure potential Q%g are given by

233 (Veg)(x) == (G(x,-),8) , (2°g)(x):= (l(x, -),g)r, x e R"\T. (3.5)

r

2 Let v,, £ =1,...,n, be the components of the outward unit normal v to T'. Let h € LZ(T', R"). Then the
235 double-layer potential Wrh and the corresponding pressure potential Q¢h are given by

m (Woh), (x) = / Sike(ys X, (9)hy (y)do(y), (Qh) (x) == / Aje(x, y)v,(¥)hs (y)do (y), x € RP\T.
I I
237 (3.6)

238 In addition, the (principal value) boundary version of W_h is given for a.e. x € T by
(Kh)u(o) = . [ Syly xm () (¥)do (), (37)
r

240  where the notation p.v. means the principal value of a singular integral operator.

241 By (3.1) and (3.4), the pairs (V,.g, Qg) and (W,h, Q%h) satisfy the Stokes system in R \ T.

242 As usual, denote by 9F (V,.g, Q7g) the conormal derivatives of the layer potentials V.g and Q’g, with
243 a similar interpretation for 9;F (W, h, Q%h).

244 The main properties of layer potentials for the Stokes system are given below (see [13], [40, Proposition
245 10.5.2, Theorem 10.5.3]):

246 Lemma 3.1. Let © :=©_ CR" (n > 2) be a bounded Lipschitz domain with connected boundary ', and
a7 let Dy :=R"\D. Let s € [0,1]. Then for allh € L2(I',R™) and g € L?_,(T',R"), the following relations
28  hold a.e. onT':

1
249 Tt (Veg) = Tr™ (V,.g) == V.g, Tr*(W h) = (iQH + KF) h, (3.8)
1
250 oF (V.g, Qig) = (q:QH + K;) g, 0 (W h,Q%h) =9, (W.h, Q”h) := D,h, (3.9)
251
252 where K is the formal transpose of K. In addition, the following operators
253 V.: L2 (T,R") — L*T,R"), K, : L*(I',R") — L3(T,R"),
254 K: : Lz—1(F,Rn) - L?—l(ran)v Dl" : LE(RR”) - Lg—l(ran)a
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are well defined, linear and continuous. Also, V.. : L?_(T,R™) — L2(I',R") is a Fredholm operator with
index zero having the kernel

Ker {V.: L?_|(T\R") — L2(T,R")} := {¢ € L2_;(I,R") : V.o =0 a.e. on '} = Rw. (3.10)

For the property (3.10), we refer the reader to [40, Theorems 5.4.1, 5.4.3, 10.5.1] and [22, (A.27)].
A useful result for the next arguments is the following® (see, e.g., [40, Lemma 11.9.21], [12]):

Proposition 3.2. Let X;,Y;, j = 1,2, be Banach spaces such that the inclusions X1 — X5, Y] — Y5
are continuous. Let the latter of the inclusions has dense range. Assume that T € L£(X1,Y1) N L(X3,Y>?)
is Fredholm, as an operator defined on the space X1 and on the space Xo, respectively. If the condition
index(T : X1 — Y1) = index(T : Xo — Y3) holds, then Ker(T : X1 — Y1) = Ker(T : X5 — Y3).

In the sequel, we remove the superscript — from the operators Tr™, 27, 0.5 (u, m)¢ 4 and 0, (u, 7)¢ 4.

4. The Poisson problem for the generalized Brinkman system with Dirichlet boundary
condition

The main purpose of this section is to show the existence of a solution of the Poisson problem for a
semilinear Brinkman system with Dirichlet boundary condition and data in L?-based Sobolev spaces.

4.1. The linear Poisson problem with Dirichlet boundary condition for the generalized Brinkman system

First, we show the well-posedness of the linear Poisson problem for the generalized Brinkman system in
Lipschitz domains in R™ (n > 2) with Dirichlet boundary condition and data in L2-based Sobolev spaces.

Theorem 4.1. Let © C R™ (n > 2) be a bounded Lipschitz domain with connected boundary T'. Assume
that the matriz-valued function P € L*(D,R™ @ R™) satisfies the nonnegativity condition (2.12). For
s € (0,1), consider the linear Poisson problem with Dirichlet boundary condition for the generalized
Brinkman system:

Au—Pu-Vr=fel? ,(D,R"),
divu=gel? (D) ’

(4.1)
Tru=he L3(T,R"),
(1) =0,
subject to the necessary condition
() = (g, 1), (4.2)

Then, there exists a constant C = C(P,s,D) > 0, independent of £, g and h, such that the Poisson
problem (4.1) has a unique solution (u,7) € L§+ (D,R™) x L2_, (D), which satisfies the inequality
2

1
2

lullze | @rey + 7l [ (0) < C(HfHL? ,@r tlgllz | (@) + [h Lg(r,w))- (4.3)
st3 s—3 s—5 s—3
Proof. Let us consider the matrix operator
AN-P -V
Bp: L;l(D,R")XLgfl(@) — Lig(@,R")xLﬁfl(Q)xLz(I‘,R”), Bp:= div 0 |. (44)
2 2 2 2
Tr 0

We show that Bp is an isomorphism on a subspace of L§+ (D,R™) x Li,; (D). First, note that
2

1
2

6 If X and Y are Banach spaces, then £(X,Y) is the set of linear and bounded operators from X to Y.
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Bp =By + P, (4.5)
where
AN v/
B : L§+%(CD,R”)><L§_%(©) — Lﬁ_%(s,w) xLi_%(ﬁD)ng(F,R"), Bo:=|[div 0 |, (4.6
Tr 0
-P 0
DR L§+%(©,R") X L;%(@) - Li%(@,R") X Li%(@) x L2(T,R"), P := 8 8 (4.7)

By [40, Theorem 10.6.2], [12, Theorem 5.6], the Poisson problem for the Stokes system is well-posed.
Therefore, By : L;l(@, R")x L2 (D) = L? ;(D,R") x L? (D) x LZ(T,R") is a Fredholm operator
2 2 2 2
with index zero. In addition, the operator P : LL;(C&R”) X L2 (D) = L2 ;(D,R") x L2 ,(D) x
2 2 2 2
L2(T',R™) is compact, as the compactness of the product L (D, R" @ R™) - L§+l (D,R") — L2 ,(D,R")
2 2
shows. Hence, Bp : LLL(D,R”) X L? (D) — L2 ;(D,R") x L? (D) x LZ(T,R") is a Fredholm
2 2 2 2
operator with index zero, for any s € (0,1). Such a property and Proposition 3.2 imply that
Ker(‘Bp L2, (DR X L2, (D) — L2 4 (D,R")x L2, (D) x Lg(r,Rn)>
2 2 2 2

- Ker(%p L L2(D,R") x LX(®) — L2 ,(D,R") x L2(D) x Lé(F,R”)), Vse(0,1). (4.8)

In addition, by using the Green formula (2.20), we obtain that
Ker(‘Bp L2(®,R") x L2(D) — L%, (D,R") x L2(D) x L2 (F,R”)) = {0} x R. (4.9)
2
By (4.8) and (4.9), we find that the kernel of Bp : Li_l(’i), R™)X L2 (D) = L?_,(D,R")x L?_, (D) x
2 2 2 2
L3(T',R") is {0} x R, for any s € (0,1). Hence, the range of Bp has the codimension one in Y :=
L2 5(D,R") x L2 , (D) x LZ(',R™). On the other hand, the Divergence Theorem yields that the range
2 2

of Bp is contained in the subspace

Z, .= {(F,G,H) € L2 4(D,R") x L?_, (D) x LX(T,R") : (G, 1), = (v, H>F} (4.10)

of codimension one in Y. Thus, for any s € (0,1), the range of Bp is Z,, and its kernel is the set {0} xR.
Consequently, for any s € (0,1) and for all (f,g,h) € L?_;(D,R")x L?_, (D) x LZ(T',R"), satisfying the
2 2
condition (4.2), there exists a pair (u,7) € Li_ (D,R") x L?_, (D) such that
2

1
2

{(A_P)u—vﬂ:f, divu=g in 9, (4.11)

Tru=h on I.

If we require the condition (m, 1), = 0, then the solution becomes unique. Hence, the problem (4.1) has

a unique solution (u,7) € X,, where
Xyo={(v,q) € L2 (D,R") x L2 1(®):{g, 1), = 0}. (4.12)

1
2

Consequently, the operator Bp : X, — Z, is an isomorphism.
In addition, there exist two constants ¢ > 0 and C = C(P,s,D) > 0 such that

l(w, )l 5. = B3 (f,9,0) || 5.
< C||£B7;1||L(z"s,;\?s) (f,9.h)|l 5.

<C(Ifl2 o rm + lgllzz o)+ Il
2 2

Lﬁ(F,R"))a (4.13)

where Z, is the space defined in (4.10). Hence, we have obtained the inequality (4.3), as asserted. O
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Next, we consider the operators

L1 X—L2 4(D,R"), £&(u,7):=Au—"Pu—Vr,
Lo Xe—L2 (D), Lo(u,7) :=div u, (4.14)
£3: Xs— L2(T,R"), £3(u,7) :=Tr u,

where
Xo:=L2 1 (D,R") x Li_%@), Vo i=L2

1
2

(D,R") x Li_%(’D) x L3(T,R™). (4.15)

3
-2
Recalling that X, is the space defined in (4.12), we show the following result.

Lemma 4.2. Let ® C R™ (n > 2) be a bounded Lipschitz domain with connected boundary I'. Let s € (0, 1)
and a € (0,00). Then, there exists a constant C = C(a,s,D) > 0 such that

la,m)llz, < OISz @z + €200 Ml ) + 12500 Ml 2 ) (4.16)
h 2 h 2

for all (u, ) € X, and for each matriz-valued function P € L™ (D,R™ @ R™), which satisfies the nonneg-
ativity condition (2.12) and the inequality
[Pl Lo (0 rrgrn) < a. (4.17)

Proof. Let us assume by contradiction that such a constant C' does not exist. Thus, we assume that the
inequality (4.16) does not hold. Then, there exist two sequences {(uj,wj)}jeN in X, and {Pj }jeN in
L>(D,R"” @ R™), such that P; satisfies the nonnegativity condition (2.12) and the inequalities

IPill Lo (0 Rrorr) < a, Vj>1, (4.18)
[(uj, m;)| ¢, >J'(H(A—7’j>uj - VWj||L§7§(©,Rn)+||£2(uj»Fj)||L§7l(z>)+||£3(uj7Wj)llLﬁ(r,m)),j > 1.
2
(4.19)
Let (w;,7;) € Xs be such that
1
(Wj,7;) = (uj,m), j>1L (4.20)
Y (g m)llz, 77
Thus, |[(w;,7;)| 5, =1 and, for any j > 1,
i > A - Pi)wi=Vrillee , orn + 1€2(w5 )l (@) +1€3(Wjs i)z - (4.21)
h 2 : 2

On the other hand, by the Banach—Alaoglu Theorem (cf. [5, Chap. 5, Sect. 3]), the closed ball of radius a in
the space L> (D, R"®R"), which is the dual of the separable Banach space L' (D, R"®@R"), is sequentially
compact in the weak-* topology. Since the sequence {’Pj}j cn 18 bounded in the space L= (D,R" @ R"),

as each term P; belongs to the closed ball of radius a of this space (see (4.18)), we then can select a
weak-* convergent subsequence {Pj, }ren of {P;},en with the limit in the same closed ball. Therefore,
there exists Py € L>®(D,R" ® R™) such that ||Po|| (o rrgrr) < @ and

lim Pj,(¢) = Po(y), V¢ e€L'(DR"@R"), (4.22)

k—oo

where

P (p) == / Pj, (%) (x)dx.
D
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In addition, Py satisfies the nonnegativity condition (2.13). Indeed, for any v € L?*(D,R"), we have
vvs € LY(D) for all ;s = 1,...,n, and accordingly the condition (4.22) implies that

klim (Pj,v,V)y = klim (Pji ) s Urvsdx = / (Po),.. vrvsdxX, (4.23)
o) o)
where (P}, )rs are the components of P;,, and (Py),s are the components of Py, r,s = 1,...,n. Since

each Pj, € L>(D,R" ®R") satisfies the nonnegativity condition (2.12), the limit in (4.23) is nonnegative
as well.

On the other hand, since the embedding X, < X, is compact whenever ¢, s € (0,1), t < s (see, e.g., [19,
Theorem 7.10]), there exists a subsequence {(w;,, 7, )}ren of the bounded sequence {(w;,7)}jen of X,
and an element (w,7) € X; such that

Wy ) = (w,r)ll5, =0 as k— oo. (4.24)

Recall that X, = {(v,q) € L?,, (D,R") x L? ,(D): (g,1), = 0}.
2 2
Taking into account of the relations (4.18), (4.22) and (4.24) (and, possibly, extracting further sub-

sequences of {Pj, }ken and {wj, }ren denoted, for the sake of brevity, as the sequences), one obtains
that

klim 'ijij = P()W, (4.25)

weakly in L?(®D,R") and accordingly, in the sense of distributions in ®. Indeed, for any ¢ € L*(D,R"),
one has the equality

/(ijwjk — Pow, ) dx = /(ij — Po)rswrpsdx + / <Pj (W, — w),<p> dx.
D D D
The first integral in the right-hand side of the above equality tends to zero, as (4.22) and the property
wyps € LY(D) show. In addition, the properties (4.18) and (4.24) imply that the second integral also
tends to zero as k — oo.
By (4.24), the continuous embedding of X, into the space of distributions, and by (4.25), we have

kh—{go ((A - ij )ij - vrjk) = (A - PO)W - Vr (4'26)
in the sense of distributions in ®. In addition, we obtain the limiting relation
kli_)n;o div wj, =divw (4.27)

in Li ;1 (D) and accordingly in the sense of distributions in ©. Also, we have the limiting relation
2
klim Trw;, =Trw (4.28)
in L?(I', R™) and accordingly in the sense of distributions in T
By (4.21), {(A —Pj, )Wj, = Vrj, }ren converges to zero in L2 (D, R") and accordingly, in the sense
2
of distributions in ®. Comparing this result with (4.26), we find that

(A=Po)w—Vr=0 in D. (4.29)

Similarly, we get div w =0in ©, Tr w = 0 on I, and (r, 1), = 0. Consequently, the pair (w,r) € X, is
a solution of the homogeneous problem for the generalized Brinkman system

Aw —Pow —Vr=0 in D,
divw =0 in ®,
Trw=0 on I,
(r,1)y =0.

(4.30)

a Journal: 33 Article No.: 439 [_| TYPESET [_] DISK [ LE [_] CP Disp.:2014/7/26 Pages: 32




383

384

385

386
387
388

389

390

391

392
393

394

395

396

397
398

399

401
402

403

404
405
406
407

409

410

411

412

413

414

415

416

M. Kohr, M. Lanza de Cristoforis and W. L. Wendland ZAMP

The uniqueness of the solution to this problem in the space &; := Liﬂ@,R") x L? (D) (see Theo-
2 2
rem 4.1) implies that (w,r) = (0,0). Then, by (4.24), we obtain the limiting relations

ijkHLerl(’D,]R") — 0, Ilrjk”Lfil(@) —0 as k— oo (4.31)

Combining (4.31) with the uniform boundedness of the sequence {P;, in L (D, R"®@R"), we obtain

the limiting relation

}keN

Jim Pjwj, =0 in L? 5(D,R"). (4.32)
v — 00

3
bl
Indeed, there exists a constant ¢ = ¢(D, s) > 0, such that
1P Wille , @rr) < cllPjWill2(o )
s—3

< || Pj o=@ rrern) [Wii [ 22 (0 rn)
S CGHij ||L?+L(D7Rn) — 0 as k — oo. (433)
2

Now, by (4.21) and (4.32), we get Aw;, — Vr;, — 0 in Li_%(’D), Tr w;, — 0in L%(T,R"), as k — oc.
Therefore,
Awj, —Vr;, — 0 in Li%(@,R")
div wj, — 0 in Li%(@) as k — oo. (4.34)
Tr wj, — 0 in L2(T,R")
Finally, by exploiting the well-posedness of the Dirichlet problem for the Stokes system in the space
Xy :={(v,q) € L2 ,(D,R") x Li_%(i)) : (¢, 1), = 0} (see [40, Theorem 10.6.2]), we obtain the limiting

1
3
relation

||(ijvrjk)||)25 — 0 as k — oo, (4.35)
which contradicts the choice of the sequence {(w;,,7j,)}r>1 in X, i.e., the relation | (wj,,7j,)] % =1
for any k£ > 1. Thus, the proof is complete. O

4.2. Poisson problem for the semilinear Brinkman system with Dirichlet boundary condition

Next, we introduce the semilinear Poisson problem with Dirichlet boundary condition in L?-based Sobolev
spaces on the Lipschitz domain ® C R". We take s € (3,1), and we consider a function P € L>(D x
R™ x R,R™ ® R™), which satisfies the Carathéodory condition, i.e., P(-,v,§) is measurable for almost all
(v,€) € R" x R and P(x,-,-) is continuous for all x € ®. In addition, we assume that P satisfies the
following nonnegativity condition: There exists a subset Np of measure zero of ® such that

(P(x,v,€)b,b) >0, VbeR", (x,v,£) € (D\ Np) x R” x R. (4.36)
Finally, we assume that (f,g,h) € L? ;(D,R") x L? , (D) x L(T,R") satisfies the compatibility condi-
© 2

%
tion
(v,h). =(g,1)5, (4.37)

and we consider the semilinear Poisson problem

(A =P(x,ux),7(x)))u-Var=f in D
divu=g in ®
Tru=h on I,
(m1)s =0
with the unknown (u,n) € X, := L§+;(©7Rn) x L2 (D). In order to have an existence result for the
2 2

problem (4.38), we resort to the well-known Schauder Fixed Point Theorem (see, e.g., [16, Theorem 11.1]):

(4.38)
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Theorem 4.3. Let K be a closed convex subset of a Banach space X. If T : K — K is a continuous
mapping such that T(K) is a relatively compact subset of K, then T has a fized point.

Then, we prove the following existence result.

Theorem 4.4. Let ® C R™(n > 2) be a bounded Lipschitz domain with connected boundary T'. Let

a >0 and s € (%,1). Then, there exists a constant C = C(a,s,D) > 0 such that for each (f,g,h) €

L2 5 (D,R")x L2 (D) x LZ(T,R"™) satisfying the compatibility condition (4.37) and for each essentially
2

53
bounded Carathéodory function P from ® x R™ x R to R™ @ R™ satisfying the nonnegativity condition
(4.36) and the inequality

”P”L‘X’(’DXR"XR,R"@R") < a, (4.39)

the semilinear Poisson problem (4.38) has at least a solution (u,m) € Xs such that
I, < Oz o +llgllza, o) + Bl 2z )- (4.40)
-3 b

Proof. For a fixed (u,7) € X,, where X is the space defined in (4.12), we first consider the auxiliary
linear Poisson problem with Dirichlet boundary condition

(A — P(x, ll(X)ﬂT(X))) v—V(=fe¢ Lié(@,R"),

2
divv=gelL? (D), (4.41)
2

Tr v="he L3(,R").

Note that f, g and h are the given data of the semilinear Poisson problem (4.38). By Theorem 4.1, there

exists a constant C' = C(a, s,D) > 0 such that the problem (4.41) has a unique solution (v,¢) € X,
which satisfies the inequality [see (4.16)]

Iv:Ole, < C(1(A=P (e ui), 7))V =Tellz2 ooy +1€2%. 2, (o) +12a(v: O lzzqre)
(4.42)
where £9 and £3 are the operators given in (4.14). By (4.41) and (4.42), we obtain that
(v, Ol %, < A4, (4.43)
where
A=C(Iflzz g + gz, o) + Iz > 0. (4.44)

Therefore, (v,() € Ba, where By == {z € X, : [zl 5, < A}. We now consider the nonlinear operator

Tign: Ba— Ba, Ba>(um) 22 (v,0), (4.45)

which associates to (u,7) € B4 the unique solution (v, () € B4 of the linear Poisson problem of Dirichlet
type (4.41). Such an operator is well defined, as the inequality (4.43) shows. We now turn to show that
T¢,gn : Ba — By is continuous and compact.

Let {(u;,7;)}jen be a sequence in (By, || HA;S), and let t € (3,1),¢t < s. Since the embedding

X, < X, is compact, there exists a subsequence {(uj,,7;, ) ren of {(u;,7;)}jen that converges to an
element (a,7) € X}, i.e.,

H(u\jk7ﬂ-jk) - (ﬁ’ﬁ)”;\?t —0 as k — oo. (4'46)
In addition, since X, is a reflexive Banach space (as a closed subspace of the reflexive Banach space X),

we can select a further subsequence of the bounded sequence {(u;,,7;, )} ken in Ba, still denoted by
{(uw,, 7)) }ken, which converges weakly to an element (ug, m) € Ba, i.e.,
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Y
(@, (Wi m3)) , = (2, (W0, m0)), =0, Vg€ (). (4.47)

By (4.47) and the property that the convergence in norm of X, implies the weak convergence, we obtain
N/ Ny
for any ¢ € <Xt) — (XS) that

<(P, (anﬂ—O) - (ﬁ77})>© = <90’ (uOvﬂ—O) - (ujk’ﬂ-jk)>® + <507 (ujk’ﬂ—jk) - (ﬁ’ﬁ»@ — 0 as k— oo (4'48)

Therefore, (ug, m9) = (@, 7). Consequently, the proof of the continuity and compactness of the operator

Tt gn in (Ba,| - [l5,) reduces to the continuity of 7¢ ,n from (Ba,| - [|z,) to (Ba,| - [/5) whenever
F<t<s<l

Before we prove such a continuity, we show an intermediate statement. Indeed, we next turn to prove
that the operator 7¢ ;  is continuous from (Ba, || - [|5,) to (Ba, | - [l 5,)-

The continuity of the operator Z¢ 4 1, from (Ba, || - || ¢,) to (Ba, |l - |l ¢,)

Let {(u;,7;)}jen be a sequence in (Ba, || - || 5,), which converges to (u, ) € By in the X-norm, i.e.,
Iy, m5) — (w,m)ll g, — 0 a5 j — oo. (4.49)

In particular, we note that for % <t < s < 1, the convergence in norm of X; implies the L?-convergence.
Therefore, there exists a subsequence {(u;,,7;, )} ken of the sequence {(u;,7;)},en, which converges to
(u,7) a.e. in D, i.e.,
klim (wj,,7mj,,) = (u,7) a.e. inD. (4.50)
— 00
In addition, in view of the inequality (4.16), the sequence {(71.¢,g,n (W, ), Z2:£,9.0 (W5, 7;)) }jen is bounded
in X, where T¢ g = (71:£,9,h, Z2;f,9,n)- Then, by the compactness of the embedding X, — X, possibly
considering a subsequence, we can assume that {(71;¢ ¢ (W), , 7)), 72:£,9,0 (W, Tj, ) } oy CONVerges to an
element (v, &) € X;. Thus,

<

=0. (4.51)

kh—>nolo H(,Tl;f,g,h(ujk,ﬂ'jk% E;fag,h(ujkaﬂ-jk)) - ( 75)’

We now consider the semilinear Poisson problem

(A& = P(x ), (x), 7, (%)) Tiegn(W 75) = Vg gn (s, m,) =f in D,
div Ti¢.gn(uj,, mj,) =9 in @, (4.52)
TrTys¢,9,0(uj,,7mj,) =h onT,

and note that P(x,u;,,m;, ) T1;¢,9,0(w), . 75,) € L*(D,R™). In addition, by the uniform boundedness of P
in L>(D xR" xR, R"@R") and (4.45), the sequence {(P(x, u;,,m;, ) T1;¢,9,0(Wj,, 7, ) bren is bounded in
L?(D,R™). Then, possibly extracting a subsequence, still denoted as the sequence, we obtain the limiting
relation

lim P(X7 W s ij),]'l;fyg,h(ujk ) ij:) = P(Xv u, 7T)‘~’ (453)

k—oo
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a1 in the weak-* topology of L?(®,R"). Indeed, for any ¢ € L*(D,R"), we have the inequality

482 ‘/<”P(X, u]‘k7ij)ﬁ;f’g,h(uj'k,ﬂjk) —P(x,u,w)\ﬁcp) dx‘

483 < HP('?ujk,vﬂjk)||Loo(©xR"xR,R"®R")/|Tl;f,g,h(ujk»7fjk) — V||pldx

484 +/|\7\ l| |P(x,uj,,7;,) — P(x,u,7)|dx. (4.54)
485

a6 In addition, |P(x,u;,,m;,) — P(x,u,7)| < 2||P| L@ xrn xR rrer") and, by the continuity of P(x,v,q)
457 with respect to (v, ¢q) € R x R, we have

488 klim V] ol [P(x uj,,7j,) — P(x,u,7)| =0 ae xeD.
— 00
489 Then, by the Lebesgue Dominated Convergence Theorem (see, e.g., [42]), we deduce the limiting relation

90 lim /m ol [P (s, wye, 75, ) — P (o, w, ) ldx = 0. (4.55)
D

401 It remains to prove that the first integral in the right-hand side of (4.54) tends to 0 as k — oo. To this
42 aim, we use the Holder inequality and the relation (4.51) and obtain a constant ¢ > 0 such that

493 / |T1:8,9.0 (1), 75,) — Vl[pldx < cf| Tie 9,00y, 75) — V20 &y ll@ll L2(0 R7)
D

494 < Al Tutgn (W, ) = Vllizz |, @ rml¢llrz@mn) — 0as k — oo, (4.56)
495 2

406 In view of (4.54), (4.55) and (4.56), we obtain the limiting relation
497 lim <P(X’ Uy s ij),]—l;f,g,h(ujk ) ﬂ-jk) -P (X7 u, 71') v, ()0> dx =0, Ve LQ(Qv Rn)v

k—oo
D

408 which leads to the property (4.53). In addition, (4.51) implies that
499 klim (AT gnuy, — Vg gnlj, ) =AV — vé, klim divTi;f g nuj, =div v, klirn Tr7Tie g nuj, =Tr v,
(4.57)

500

so1  in the sense of distributions.

502 Now, by (4.52), (4.53) and (4.57), we obtain that (v, 5) satisfies the linear Poisson problem
(A P(x u(x )) =f in9,

503 divv=g in ©, (4.58)
Trv=h on T,

s04 in the sense of distributions. On the other hand, in view of (4.41) and (4.45), we have

(A y- P(Xa u(x), W(X))) ﬂ;f,g,h(ua ﬂ_) - VITQ;f,g,h(uﬂ 7T) =f in 97
505 divTisgn(u,m) =g in®, (4.59)
TrTiggn(u,m)=h onT.

s06 Then, comparing (4.58) and (4.59), and using the uniqueness of the solution to the linear Poisson problem
so7  for the generalized Brinkman system in the space X; (see Theorem 4.1), we obtain

508 Tt gn(u,m) =¥V, Toggn(u,m)=E (4.60)
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s00 Consequently, we have shown that if s > % and if (uj,7;) — (u,7) in X, then there exists a subsequence
s {(wj,, 7, ) teen of {(uj,7;)}jen such that

511 7}79,h(ujk’7rjk) - 7}79,11(“’ 7T) in "ft' (4'61)

si2 By using the same method as above, we can show that each subsequence of {(u;,7;)}en contains a
s13 further subsequence such that its image by the operator 7¢ ¢ 1 converges to 7¢ g n(u, 7) in X;. Therefore,

514 lim T¢ g n(uj,7;) = Trgn(u,m)  in X (4.62)
J]—00

s15 The continuity of the operator Tt 41, from (Bag, || - ||22t) to (Ba, || - ”i's)

si6 Next, we show that if {(u;,7;)};en is a sequence in (By, || - || 3.), which converges to (u,7) € B4 in Xy,
517 then each subsequence of {7¢ 4 n(u;, Wj)}jeN has a further subsequence which converges to 7¢ ¢ n(u, 7) in
518 X,. To shorten our notation, we still denote by {(u;, 7j)}jen & subsequence of {(u;, )}y
519 To show the desired property, we now consider the Poisson problem

ATt gn(w),m5) =V gn(uy, m) = f—l—P(x, u;(x), m; (X))Tl;f,g,h(uja m;) in®,
520 divTifgn(uj,m) =g in ®, (4.63)
TrTh,gn(u;,m) =h on T,

521 and we turn to prove the limiting relation

522 lim P(x,u,7;) Tt g0 (0, m5) = P(x,u,7) Tie,9n(u,m) in L2 5 (D,R™). (4.64)

3
523 J]—00 2

524 Possibly selecting a further subsequence, we can assume that (4.50) holds (with u; instead of uj;,).
55 Next, we prove the limiting relation (4.64) by duality and by exploiting the equality Li_ 5 (D,R") =
2

526 (L%_S_O(BD,R”))/. Indeed, for any ¥ € L3 __ (D,R"), we have
275 5—5;
527 ‘ /<77(x, u;, 7)) Tie,gn(0), 7)) — P(x,0,7) Trsp g n(u, m), ) dx‘
)

528 < / ’ (P(X,u]'77Tj),]'1;f’g’h(u‘j,7Tj) —P(x, u, T)?i;fyg’h(lh 7r)) | |P|dx

D
< [ 1P G m) | i gl 75) = T )] [ 9

D
530 —|—/’P(x, w;, ;) — P(x,u,7)| [T gn(u,m)| [¥|dx. (4.65)
531 3

532 In addition, by using the Holder inequality and the inequality (4.39), we obtain that

533 /|7>(x, wj, )| | Tis90 (05, 75) = Tise g n(u, m)| [ W]dx
3
534 < a|Tiegn(uy, 7)) — Tiegn(w, m)|| L2 (0 &) [ V][ 22(0 R7)
55 < d'||Tye,9,n(05,75) — ,Tl'-,f,gyh(u»71—)||Lf+%(©,R”)||@||L2%75;0(D,R") —0 as j— oo,
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with a constant o’ = a’(D,t) > 0. Hence, for any ¥ € L3 _ (D, R"), one has the limiting relation
§—s

Jim [P (e g, )| [T g (W), m5) = Tiggn(w,m)] [¥]dx = 0, (4.66)

o)
which holds uniformly when ¥ ranges in the unit ball of L2§73~0(’D’ R™). On the other hand, in view of
3—ss
(4.50) and the property that P is a Carathéodory function, we obtain the limiting relation

lim !P(x, uj,ﬂj) — P(x,u,w)| =0 ae. x€.

J—00
Combining such a property with the Holder inequality, the membership of |7¢ ;n(u, )| in L*(D), the

inequality (4.39), and with the Lebesgue Dominated Convergence Theorem, one obtains the limiting
relation

Jj—oo

lim /|’P(X7 u;, m;) — P(x,u,m)| [Tig,gn(a,m)| |¥|dx =0, (4.67)
D

which holds uniformly when ¥ ranges in the unit ball of LZ%_S;O(CD,R"). The limiting relations (4.65),

(4.66) and (4.67) lead to the desired limiting relation (4.64). Hence, the right-hand side of the problem

(4.63) converges to (f +P(x,u, ) 7T1,¢,4n(u,7),g,h) in the space Li%(DJR") X Lgi%(i)) x L3(T,R").

Then, the well-posedness of the linear Poisson problem for the Stokes system with Dirichlet condition in

X, (see [40, Theorem 10.6.2]) yields the desired property

lim 7¢ g n(uj,m;) = Ze gn(u,m) in X, (4.68)
J*)OO

Consequently, the nonlinear operator 7¢ ,n : Ba — By is continuous and compact, as asserted.
q Y P 95 p ’

Existence of a solution to the semilinear Poisson problem (4.38)

Finally, the Schauder Fixed Point Theorem (see Theorem 4.3) applied to the continuous and compact
nonlinear operator 7 g1 : Ba — Ba, and to the closed, bounded and convex subset B4 of the Banach
space Xy, implies that Tt g0 has a fixed point (u,7) € By. This is a solution of the semilinear Poisson
problem (4.38) in the space X, which satisfies the inequality ||(u,7)|| %, < A, where A is the constant
given by (4.44). Thus, the proof is complete. 0

Remark 4.5. The results of Theorem 4.4 can be extended to other Sobolev and Besov spaces by using [40,
Theorem 10.6.2], i.e., the well-posedness result in such spaces for the Poisson problem for the Stokes
system with Dirichlet boundary condition, embedding results, as well as an argument similar to those in
the proof of Theorem 4.4, which we omit for the sake of brevity.

5. The semilinear Brinkman system with nonlinear Robin condition

In this section, we show the existence of a solution of the Poisson problem for the generalized Brinkman
system with nonlinear Robin boundary condition and data in L?-based Sobolev spaces.
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5.1. The linear Poisson problem for the Stokes system with Robin boundary condition

Let us first prove the well-posedness of the Poisson problem for the Stokes system with Robin boundary
condition, by using a single-layer potential approach. Note that the existence of a solution to a Robin
problem for the Stokes system in a bounded or an exterior Lipschitz domain in R™(n > 2), with a
non-connected compact boundary, has been proved in [44, Theorem 4.1], by exploiting a double-layer
potential approach. In particular, the Robin problem for the homogeneous Stokes system in a bounded
domain G C R? with Lyapunov boundary G € C1®, a € (0,1), and boundary data in C*(9G,R?), or
in L*(0G,R?), s € (1,00), has been studied in [32, Theorem 4.3].

Theorem 5.1. Let ® C R"(n > 2) be a bounded Lipschitz domain with connected boundary T'. Let
s€(0,1). Let A € L=(T',R™ @ R™) be a symmetric matriz-valued function, such that
Av,v). >0, VveL*,R") and (\v,v). =0 <= v=0. (5.1)

Then, there exists a constant C' = C(\,8,D) > 0 such that the Poisson problem for the Stokes system
with Robin boundary condition:
Av—Vp="»flp, fe Lig,o(@,R"),
divv=gel? (D), (5.2)
8,(v,p),, + A\Tr v =h € I2_ (T, R")

has a unique solution (v,p) € Lf+ (D,R™) x L2, (D), which satisfies the inequality
© 2

1
2

V2, 0.2y + Pl 0 < C(Ifz 0y +lglzz (o) + Iblzz ). (53)

1
2
Proof. First, we show that the problem (5.2) has at most one solution (v,p) € X, where X, :=
L§+l (D,R") x Li_l (D). Indeed, assuming that the pair (vg,pg) € Xs is a solution of the homogeneous
2 2

problem associated with (5.2), one has the layer potential representation (see, e.g., [40, (10.95)])
vo =V, (0,(vo,po)) — Wi (Tr vg) = =V, (ATt vo) = W (Tr vo) in D, (5.4)

which leads to the following equation with the unknown Tr vo € LZ(T, R"™):
1
<2]I + K, + VF)\> Tr vo = 0. (5.5)

Since iI+ K, : L2(I,R") — L?(I',R™) is Fredholm with index zero (see, e.g.,[40, Theorem 10.5.3])
and V. A : L%(I',R") — L2(T',R") is compact, the operator 11+ K + V. A : L%(,R") — L%(T,R") is
Fredholm with index zero as well, for any s € (0, 1). Therefore, this operator is invertible if and only if

1
Ker <2]I—|— K' + AV, : L2 (T,R") — L2S(F7Rn)) = {0}. (5.6)
On the other hand, by using again Proposition 3.2, we obtain the equality
1 1
Ker (2]1+K;+/\vr L I2 (T,R") — LES(F,Rn))Ker (211+K;:+/\VF 12, (DR — LQ;(F,Rn)) ,
(5.7)
for any s € (0, 1). Hence, the proof of the property (5.6) reduces to show that

1

Ker (2H + K+ AV L* (T,R") — Lz_l(F’R")) = {0}. (5.8)
2 2

This property follows by means of the Green formula (2.11) and standard arguments of the potential

theory, which we omit for the sake of brevity. Consequently, 1+ K + V. A : L}, R") — L2(T',R") is

an isomorphism for any s € (0,1). Hence, the equation (5.5) has only the solution Tr vy = 0. By (5.4)
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Poisson problems for semilinear Brinkman systems

and by 9, (vo,po) + ATr vo = 0, we obtain that (vg,pg) = (0,0). Therefore, the problem (5.2) has at
most one solution. It remains to observe that the pair (v,p) € L§+l(D,R”) x L (D),

v:i=Np(f —Vg) + VNag+ V. (3I+ K +/\VF)_lh17

o 5.9
pi=0Qp(f—Vg)+ Q. (GI+ K" +V,) 1h1, (5:9)

is the unique solution of the Poisson problem with Robin boundary condition (5.2), where Np and Qg
are the Newtonian potential and its corresponding pressure potential for the Stokes system in ©, and
N is the Newtonian potential for the Laplace operator in . In addition, we have that

hy :=h— 0, (Na(f — Vg), Qo (f — Vg)) — 8, (VNag,0) € L2, (T,R").
On the other hand, the boundedness of the involved layer potentials in (5.9) shows that this solution
satisfies the estimate (5.3) in terms of data (f,g,h) € L? , (D,R") x L? ,(D) x LZ_,(I',R"), with a
2 2
constant C' = C(A,s,D) > 0 independent of these data. O

5.2. The linear Poisson problem for the generalized Brinkman system with Robin boundary condition

Theorem 5.2. Let ® C R™(n > 2) be a bounded Lipschitz domain with connected boundary T'. Let
s €(0,1). Let P € L>®(D,R*"QR"™) be a matriz-valued function, which satisfies the nonnegativity condition
(2.12), and let A € L=(T,R™ ® R™) be a symmetric matriz-valued function, which satisfies the strong
positivity condition (5.1). Then, there exists a constant C = C(P, A, s,D) > 0 such that the linear
Poisson problem for the generalized Brinkman system with Robin boundary condition:

Au—Pu—Vr=flp, fe L’ , (D.R"),
divu=geL2 (D), (5.10)
a9, (u, ) +ATru=he L2 (T,RY)

f+Pu,g

has a unique solution (u,T) € Li_ (D,R") x L2 (D), which satisfies the inequality
2

1
2

lallzz, o2y +irllze_, o) < O(IEz2 o+ lgllzz o0+ [llcz o). (5.11)

Proof. Let us consider the following operator associated with the Poisson problem (5.10):

Arxp i X = W, Ayp(u,m) = (Au—Pu—Vr,divu,8,(W,T) .o, wy o+ AT u), (5.12)
where
X, = ij%(@,R”) X Li_%(’D), (5.13)
Ws = {(Flo,G.H) : F € I? 4 (D,R"), G € I*_, (D), He L ,(T,R")}. (5.14)
Note that for any s € (0,1), we have the equality (see, e.g., [36, (3.13)])
L, (®)=L2 (D), (5.15)
where
Li_%;z(CD) = {f eED(®):3g€ Li_%;O(CD) such that f = g|g} . (5.16)

Also, note that Av —Pv — Vg e L2 ,(D,R") for any (v,q) € X,. In addition, by using Lemma 2.3 (see
2

also Remark 2.5), we obtain the useful relation
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aVﬂ’ (V7 q)F,G =0, (V7 q)F+79v,G7 (5'17)
for any (v,q,F,G) € Li_%(@,R”) X Li_%(i)) X Li_%;o(’D,R”) X Li_%(’D) such that
Av—Pv—-Vq=F|p, divv=_G in D. (5.18)

This relation has suggested the expression of the Robin condition in (5.10). Therefore, the operator Ay.p
given by (5.12) can be written as

Axp = Ay +Cp, (5.19)

where
Ay X = W, Ax(u,7) = (Au—Vr,div u,0,(0,7) . o, aw o + ATT 1), (5.20)
Cp: Xy —=Ws, Cp(u,m):=(—Pu,0,0). (5.21)

The well-posedness of the Poisson problem for the Stokes system with Robin condition (5.2) (see Theo-
rem 5.1) shows that for any (F|o, G, H) € W, there is a unique pair (v,p) € X5 such that

Av—=Vp=Flp, divu=G in D, 0,(v,p)p; +AXTrv=H on T, (5.22)

i.e., the associated operator Ay : Xs — W is an isomorphism, and hence Fredholm with index zero.
In addition, since P € L>(D,R" @ R"), the corresponding multiplication operator from L2 L1(D,R")
2

to Li 5 (D, R™), denoted in the same manner as the matrix-valued function P, is compact. Indeed, the

2
diagram

P
L;%(@,R”) —— L?(D,R")

Ty 30 Pl IIO;S . (5.23)

3
L2 3 (D,R") « 2 4(D,R")
2 2
is commutative and the imbedding of L?(®,R™) into Li; (D,R™) is compact, i.e., the inclusion operator
2
Toes - L*(D,R") — L? ,(D,R") is compact. Therefore, the operator Cp : X5 — W; given by (5.21) is
H s—5
compact as well. Consequently, the operator Ay,p = Ay + Cp : X5 — W, is Fredholm with index zero,
for any s € (0, 1). By Proposition 3.2, one then obtains the following equality

Ker (Axp : Xy — W,) = Ker (AW LAy - W%) ,Vse(0,1). (5.24)
Next, we turn to show that
Ker (AM; LX) — W%) = {(0,0)}. (5.25)
To show this property, assume that (ug,mp) € Ker (A)\;'p : X% — W%). By Lemma 2.3, one has the
identity
2/Ejk(uO)Ejk(u0)dx + <PUO,Uo>© = <8V(u0,7r0)pu0,Tr ljlo>F = <7>\TI‘ ugp, Ir uO>F, (526)
D

where the left-hand side of (5.26) is nonnegative, as P € L>®(D,R"™ ® R") satisfies the nonnegativity
condition (2.12), and the right-hand side is less or equal to zero, as A € L*>(I',R” ® R") satisfies the
strong positivity condition (5.1). Therefore,

Ejx(up) =0 in ®, j,k=1,...,n, and Trup=0 on T. (5.27)
The first condition in (5.27) implies that ug is a rigid body motion field, i.e., up = Ax + b, where
b € R" and A is a skew symmetric matrix (AT = —.A) of type n x n. But Tr ug = 0 a.e. on I,

and thus A = 0 and b = 0, i.e.,, ug = 0 in ©. This result combined with the generalized Brinkman
equation Aug — Pug — Vg = 0 implies that mp = ¢y € R in ®. However, the second condition in
(5.27) implies that 9, (ug,70)pu, = —ATr ug = 0 a.e. on I', and hence ¢y = 0. Therefore, uy = 0 and
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mo = 0 in ©. This result shows the property (5.25). Then, by (5.24), the Fredholm operator with index
zero Axp : Xs — W; is one-to-one, i.e., an isomorphism, for any s € (0,1). This property implies that
the linear Poisson problem for the generalized Brinkman system with Robin boundary condition (5.10)
has a unique solution (u,w) € L§+ (D,R™) x Li_%(i)). In addition, the boundedness of the operator

1
3
Ax;p + Xy — W, and of the restriction operator from L? 5 (D,R") to L? 5 _(D,R") (see, e.g., [36, 3.6])
27 29

implies that there exists a constant C'= C(P, A, s,D) > 0 such that

Hu||L2+1 @rm) Tz @)= ||AX;%>(f\®»9,h)| X,
s+d -1

<Oz, @an +lolez_, @) +Ilzz, rmm) ) (5.28)
Hence, the solution (u, ) satisfies the desired estimate (5.11), and the proof is complete. O

Recalling that X is the space defined in (5.14), we now consider the operators
Lim: Xs HLiig(’D, R™), Lim(u,7) := (A —P)u— Vm,
Lot e L2, (D), Lom(u,m) = div u, (5.29)
Lam: XSHLE_E(F,R"), Lam(,m) 1= 0, (0, T) 2, 0 (u,m)+Pu, Coion (u,r) T AT 1
Then, we have the following result.

Lemma 5.3. Let ® C R" (n > 2) be a bounded Lipschitz domain with connected boundary T'. Let s €
(0,1), o, a € (0,400), @ < a. Then, there exists a constant C = C(a,a, s,D) > 0 such that

Lgfl(r,Rn))v (5.30)

for all (u,m) € Xy, for any P € L™ (D,R™ @ R™), which satisfies the nonnegativity condition (2.12) and
the inequality

(0, ™), < C(”’Q’l;‘ﬁ(uvﬂ')HLQ ,@rn) T 1 €am(w )2 (9)+ [[L30(u, 7))
- s—1

||7D||L°°(©anxR,Rn®Rn) < a, (5.31)

and for any symmetric matriz-valued function A € L (T, R™ ® R"™), which satisfies the conditions
(Av,v). > aHv||2L2(F’Rn), Vv e L*T,R"), (5.32)
[All Lo (r rrgre) < a. (5.33)

The proof of Lemma 5.3 is based on the well-posedness result in Theorem 5.2 and on arguments similar
to those in the proof of Lemma 4.2, which we omit for the sake of brevity.

5.3. Existence result for the Poisson problem for the semilinear Brinkman system with nonlinear Robin
boundary condition

Next, we consider a semilinear Poisson problem with nonlinear Robin boundary condition in L?-based
Sobolev spaces on a bounded Lipschitz domain ® C R™ (n > 2). This problem requires to show the
existence of a pair (u,m) € L? | (D,R") x L?_, (D), such that:
2 2
(A =P(x,u(x),7(x)))u—Vr =flp, fe Liig,O(Q,R”),
3
divu=geL? (D), (5.34)
2

8,,(u, 7T)f-H’(x,u(x),71'(x))u,g + A (X7 Tr u(x)) Tru=he Lg—l(l—‘v ]Rn)
Assume that P : D X R" xR - R*" @ R™ and A : ' Xx R" — R™ ® R™ are two essentially bounded
matrix-valued Carathéodory functions, such that P satisfies the nonnegativity condition (4.36) and A
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satisfies the following condition: There exists a constant « > 0 and a subset Ny of measure zero of I" such
that

(A(x,v)b,b) > albl?>, Vb e R", (x,v) € (I'\ Nr) x R". (5.35)

Based on Lemma 5.3 and the Schauder Fixed Point Theorem (see Theorem 4.3), we obtain the following
existence result for the semilinear Poisson problem (5.34).

Theorem 5.4. Let ® C R™(n > 2) be a bounded Lipschitz domain with connected boundary T'. Let
s € (%,1)7 a, a € (0,+00), a < a. Then, there exists a constant C = C(a,«, s,D) > 0 with the follow-
ing property: For any (f,g,h) € L2 5 (D,R") x LP (D) x LZ_,(T,R"), for any essentially bounded
27 2
Carathéodory function P from D x R™ x R to R" @ R", satisfying the nonnegativity condition (4.36) and
the inequality || P|| Lo (o xrr xR RrerRr) < @, and for any essentially bounded Carathéodory function X from
' x R™ to the set of symmetric elements of R™ @ R™, satisfying the condition (5.35) and the inequality
Al Lo (xre Rr@rr) < a, there exists at least a solution (u, ) € Lf+l(©, R™)x L% _, (D) of the semilinear
h 2 b 2
Poisson problem (5.34) such that

I m)lize, o mmxrz, o) < C(IEl2 , o +llgllzz, o)+ IBllzz_, e )- (5.36)
2 2 2’

L
Proof. First, for a fixed (u,7) € Xs, where X, = L§+%(©,R”) X Li%(@), we consider the auxiliary
linear Poisson problem with the Robin boundary condition
(A =P(x,u(x),7(x)))v-V(="flp, fe Li%;o(D,R”),
divv=ge Li%(@), (5.37)
Oy (V, QO+ Pxux)m(x))v, g T A (X Tru(x)) Trv=h e L? (T,R")
with the same given data f, g and h as in the semilinear Poisson problem (5.34). This problem has a
unique solution (v, () € X;, which satisfies the inequality (see (5.30))

10 Olle, < C(I(A = Pl u(), 7)Y = Villze oz + Idiv vz (o)

rLcen)  (5:38)

with some constant C' = C(a,a,s,D) > 0. Let Rpv := v|p denote the operator of restriction to D.
In view of (5.37) and by the boundedness of the operator Ry : L2 (D,R") — L?_;_(D,R"), where

3. .
—330 5352

L2 5 (O,R"):={F = (F,....F,):F,el? ;, (D),i=1,...,n} (see[36, (3.6),(3.12)]), the inequality
23 53
(5.38) becomes

+ 1100 (v, Q1P xu(x).m(x))v, g T A (%, Tr u(x)) Tr v

(v, Q)

x, <A, (5.39)

where

Lg_l(mn)) > 0. (5.40)

x. < A}. We now consider the nonlinear operator

A=C(Iflz2 , orn +llglz o)+ ]
2’ 2
Therefore, (v,() € B, where By := {z € X, : ||2]

T
Ttgn: Ba — Ba, Ba> (u,m) =2 (v,0), (5.41)

which maps (u,7) € B4 to the unique solution (v, () € B4 of the linear Poisson problem with the Robin
boundary condition (5.37). This operator is well defined, as follows from the a priori estimate (5.30) in
the linear case. We now show that 7¢ 4 n : Ba — B4 is a continuous and compact operator.

Let {(uj,;)}jen be a bounded sequence in (Ba, || - ||x,). Let ¢t € (1,1), ¢t < s. Since the embedding
X, — X, is compact, there exists a subsequence {(u;,,7;,)}ren of {(u;,7;)}jen that converges to an
element (ua,7) € X, i.e.,

[gsm5) = (@,7) 2, — 0 as b — oc. (5.42)
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In addition, since X is a reflexive Banach space, one can select a further subsequence of the bounded
sequence {(uj,,7;, ) }ken in X, still denoted by {(uj,,7),)}ren, which converges weakly to an element
(110,71'0) € BA7 i'e'a

}}Ln;o«p? (ujmﬂ—jk) - (11077T0)>9 =0, Vv (S (XS)I . (5'43)

In view of (5.43) and the property that the convergence in norm of X; implies the weak convergence,
one obtains the equality (ug,m) = (@, 7), which shows that the proof of compactness of the operator
Tt gn o0 (Ba,| - ||x,) reduces to the continuity of ¢ 41 from (Ba,| - ||lx,) to (Ba,| - |lx,), whenever
F<t<s<lL

Before we show such a continuity, we prove an intermediate statement. Indeed, we prove that 7¢ 4 n
is continuous from (By, || - ||x,) to (Ba, || - |lx,)-

The continuity of the operator Tty 1, from (Ba, || - ||x,) to (Ba, || - ||x,)

Let {(u;,7;)}jen be a sequence in B4 which converges to (u,m) € B4 with respect to the norm of X,
ie.,

[(uj,75) = (w,m)l[x, =0 as j — oo (5.44)
In particular, we note that for % <t < s < 1, the convergence in norm of X; implies the L2-convergence.
Then, one can extract a subsequence {(u;,, 7}, )}ren of the sequence {(u;,7;)};jen, which converges a.e.
to (u, 7). Therefore,

lim (u;,,7;,) = (u,7) ae in®. (5.45)

k—oo
In addition, in view of (5.41), {(Zi;¢,9,0(1), 7)), Toit,gn(uj, 7))}y © Xs is a bounded sequence in
X, where T¢ gn = (71:£,9.h, T2:5,9.n). Then, by the compactness of the embedding X, — &}, possibly
considering a subsequence, we can assume that {(71.¢,4.n(W),, 75, ), 728,60 (W), , 75, )) } oy CONVerges to an
element (v, &) € X;. Thus,
kh_{[;o H (71§f797h(ujk’7rjk)’ E§f7g7h(ujkvﬂjk)) - (‘77 f)”;{t =0. (5'46)
We now consider the semilinear Poisson problem
(A = P (x5, (%), 7 (%)) Triggn (Wi, 5) = Vg g n (W5, 75,) = flo,
div T1.¢ g n(uj,,mj,) =g in O,
ay (ﬂ;f’%h(ujk ’ Trjk)’ E;f’g’h(ujk 2 T ))f+P(X,UJ'k (%), (%)) Ta8,9,0 (W5, 75, )5 9
+A (x, Tr Uy, (x)) Tr?i§f7g7h(ujk’7rjk) =honT.

(5.47)

Note that P (x, wj,, 7, ) Tis6,9,0 (W), 75, ) € L*(D,R™). Since P is a Carathéodory function, the inequality
||P||Loo(ngnXR’R"@]RH) < a and (5.41) imply that the sequence {P(X,u]'k,ij)lzrl;f’g’h(uj'k,ﬂ'jk)}keN is
bounded in L?(®D,R"). Then, possibly selecting a subsequence, we obtain the limiting relation

lim P (x, 0, 75, ) Tise g0 (W5, 75,) = P (x, 0, 7) ¥ (5.48)

k—o0
in the weak-* topology of L#(®D,R") (see the proof of the property (4.53)). By (5.44) we also have
|Tr wj, = Truf L2 gy =0 as k — oo,

Then, possibly selecting a subsequence, we can assume that limy_..o Tr u;, = Tr u a.e. on I'. Since
A(+,+) is a Carathéodory function, we deduce that limg_,oc A (x, Tr u;, (x)) = A (x, Tr u(x)) a.a. x € I'.
In addition, X is essentially bounded, and then, by the Lebesgue Dominated Convergence Theorem,

klirgO A (x, Tr uj, (%)) = A (x, Tr u(x)) in L*(T).
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By (5.46), we have limy_,oc Tr71.¢ 4 n(uj,, 7, ) = Tr v in L7 (I, R") — L*(I",R™). Thus,
klim A, Tr wj, ()T Zh g n(uj,, 7, ) = A(x, Tr u(x))Tr v in LY(T,R™) (5.49)

and hence in the sense of distributions in I'.
Now let Z : L7 ,(T,R") — L3 ,(D,R") be a right inverse of the non-tangential trace operator
2

Tr: L5 ,(®,R") — L7_,(T,R"). Then for any k € N we have (see (2.19))
2
(00 (Tt 130 Tt a3 53 0 00) e
= 2<E(,Tl;f,g,h(ujk7ij))v]E(Zq)»@ - <,T2;f7g7h(ujk7ij)vdivzq)»@ + <ng Z(I)>®

+ <f7 ZCI)>5‘3 + / <P (X7 U, (X)’ T (X>),T1§fyg,h(ujk (X)v T (X))7 (ZCI))(X)> dx, (5'50)
D

E(Z®) € Liit(D,R” ®R™) and div(Z®) € Liit(D).
2 2
Now, by (5.46), we have

for all ® € €25, (T, R™). Also, if ® € €25, (T, R") then Z& € L3 (D, R") < L2(D,R"),
2

kliigoE(Tl;f,g,h(ujwﬂjk)) =Ev in Lff (©7Rn®Rn)7 kILI&E;f,g,h(ujk7ﬂjk) :g in Lffé(g)ﬂ

3
and, thus, the limiting relations (5.48), (5.49) and the equality (5.50) imply that

kh—{go (3,, (Tl;f’g’h (Wi 75 ) Tost g0 (Wi T )>f+7>(x,ujk (%), 75, () Tase,g.m (U750 ) g

+ A (x, Tr uj, (x)) Tr?’l;fygyh(u‘jk7ﬂ'jk)> =0,(v, g)f+7>(x,u(x)77r(x))‘~,,g +A(x,Tru(x)) Tr v (5.51)
in the sense of distributions in T'. Also, by the limiting relation (5.46), we have
lim (ATye g0 (W), 75,) = Vg gn(W,,m5,)) = AV = VE, lim divTiegn(u),,m,) = div v (5.52)

in the sense of distributions in ©.
By (5.47)-(5.52), we obtain that (v,£) satisfies the linear Poisson problem with Robin boundary
condition
(A = P(x,u(x),7(x))) v — V€ = f|o in D,
div v =g in®, (5.53)

9y ({” g)f+73(x,u(x),7'r(x))\7,g +A (X, Tr u(x)) Trv=h onl

in the sense of distributions.
On the other hand, in view of (5.37) and (5.41), we have
(A - P(X, ll(X), TI'(X))) ﬂ;f,g,h(ua 7T) - v%;f,g,h(ua 7T) = f|@ in 97
div7ifgn(u,m) =g in D, (5.54)
0y (ﬂ;f,g,h(u7 ), ,TZ;f,g,h(ua ﬂ-))fAFP(x’u,ﬂ—)’]’l:f y h(u)ﬂ)’g'i')‘ (x, Tr u(x)) Tr,Thfvg,h(uv m)=h on T'.

Then, by (5.53) and (5.54), Theorem 5.2 implies that

ﬂ;f)g)h(u, 7'(') = \N’, %;f’%h(u, 71') = 5 (5.55)

Consequently, for s € (%, 1) given, we have shown that if (uj,7;) — (u,7) in By, with respect to the
norm of X, then there exists a subsequence {(u;,,7;, ) }ren of {(u;,7;)},en such that

Trgn(w,,,mj) = T gn(u,m) in X, (5.56)
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In fact, we can show that each subsequence of {(u;,7;)}jen contains a further subsequence such that
its image by the operator 7¢ 4 converges to 7¢ g n(u, 7) with respect to the norm of ;. Therefore, we
obtain the limiting relation

lim Z¢ g n(uj, 7)) = Tr gn(u,m) in A, (5.57)
j—00

The continuity of the operator Tt 1, from (Ba, || - ||x,) to (Ba, || - ||x.)

Next, we show that if {(u;,7;)},en is a sequence in By which converges to (u, ) € By, with respect to
the norm of A}, then {7¢ g n(u;, 7))}, converges to 7¢ g n(u, m) with respect to the norm of X;.

To do so, we first observe that the definition of the operator 7¢ 4 n and the formula (5.17) imply
ATy, n(uj,m5) = Ve gn(uy, ) = flo + P(Xv u;(x), m; (X))Tl;f,g,h(ujvﬂj),
divTifgn(uj,mj) =g in®,
oy (Tl;f,gh(uﬁ 7Tj)a T2;f,g,h(uja 7Tj))Hp(xyu(x),7r(x))7’1;&5],}.(117#),g + TrTli,f,g,h (uja 77]') (5-58)
= _81/(07 O)P(Xa u; (X)a Ty (X))Ifl;f«,%h(uja 71-j) - P(Xa u(x), 7T-(X))7—1;1'79,11(1'1’ 77)’ 0

+Tr71.5,9n(uj, 7)) — Ax, Ir v (x))Tr7r.6, g n(uj, 7)) +h  onT.

By using arguments similar to those in the proof of the limiting relation (4.64), we can prove that

lim P(X, uj‘,ﬂj),zrl;f’g’h(uj‘77'['j):P(X,u,ﬂ')tzrl;f’g}h(u,ﬂ') in Li_%(Q,R”). (5.59)

j—oo
In addition, by the convergence of {(u;,7;)};en to (u,7) in A&}, and by the definition (2.19) of the

conormal derivative and by (5.59), we obtain the limiting relations

lim TrZy g n(uj, ;) = TrTiggn(u,7) in L7(D,R™) — L2 (T,R™),

J—00

Tim {0,(0,0/P(x, ) (), (X)) i (5. 7;) = P, W), 7)) T g (0, ), 0} = 0 i L2, (I, R7).

(5.60)
Then the Sobolev Embedding Theorem implies the limiting relations
lim TrTiggn (), ;) = Teliggn(u,7) in Lai=2 (0,R"), if n >3
Jeo 5.61
lim Tr7h¢ g n(uy,m) = TeTe gn(u, ) in L°(T,R™), if n=2. ( )
J—00

On the other hand, by the convergence of {Tr u;},en to Tr u in LZ(T',R") — L*(T', R"), there exists a
subsequence {u;, tren of {u;};en such that limy_, Tr u;, = Tr u a.e. on I'. Now, if n > 3, we choose

t* € (2,+00) such that % + ti < % Instead, if n = 2, we choose t* € (2,+00) arbitrarily. Since A

is essentially bounded, the Dominated Convergence Theorem yields the limiting relation
Jim A, Tr g, (%)) = A(x, Tr u(x)) - in LY (I,R" @ R™). (5.62)
Then, by (5.61), (5.62) and the Holder inequality, we deduce that
kli_)r{)l@ A, Tr wj, (%) T 706,90 (W, T, ) = A(x, Tr u(x))TrT¢ g n(u, m) in L2 (0, R™). (5.63)

Moreover, we know that L*(I,R" @ R") — L2_|(I',R" @ R").
By (5.59), (5.60) and (5.63), the right-hand side of (5.58) (with uj, instead of u;) converges to

(£lo + P, 0(x), 7)) Tt (W, 7). 9 TrTisg g (1, @) = A, Tr 0(x)) Tr i g (t, ) + )
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in L2 5 (D,R") x L? (D) x L2_;(T',R"). Also, by Theorem 5.1, the linear Poisson problem for the
2 2
Stokes system with Robin boundary condition
Av = Vg =flp + P(x,u(x), 7(x)) Tr;5,9,n(a, 7),
divv=yg in D, (5.64)
(v, Q)f+7>(x,u,7r)T1:f,g,h(u,w)yg + Tr v = %R,

where
Ro := TrTrp gn(w, ) — AM(x, Tr u(x))Tr7rs o n(u,7) +h € L2_ (T, R"),
is well-posed in the space Xs. Therefore, the following limiting relation holds
A (T, 0 (W5 75 ) Tost g0 (Wi 75 )) = (Tasg g (0, 7), Taig,,n(u, ) in A, (5.65)

ie., limg_ o0 Tr g n(W,, 75, ) = Zf,g.n(u, m) in X,. By the same method, we can show that each subsequence
of {(uj,wj)}jeN has a further subsequence such that its image by 7¢,1n converges to 7¢ gn(u,7) in
Xs. Hence, lim; o T g n(uj, 7)) = T gn(u,7) in X;. Consequently, the operator T¢ g1 : Ba — Ba is
continuous and compact, as desired.

Finally, the Schauder Fixed Point Theorem (see Theorem 4.3) shows that the nonlinear operator
Tt gn : Ba — Ba has a fixed point (u, ) in the closed, bounded and convex subset B, of the Banach
space Xs. Such a fixed point is a solution of the semilinear Poisson problem (5.34) in the space X5, which
satisfies the inequality ||(u,7)||x, < A, where A is the constant given by (5.40). O

6. The semilinear Darcy—Forchheimer-Brinkman model

The semilinear Poisson problems studied in this paper have been suggested by the semilinear system
Au— (cu+kjuju) —Vr =0, divu=0, (6.1)

where «, k > 0 are given constants. For n = 2,3, the first equation in (6.1) is a generalization of the
Darcy and Brinkman equations for viscous incompressible flows in saturated porous media, called the
semilinear Darcy—Forchheimer—Brinkman equation (for more details see, e.g., [3,41]).

6.1. The Dirichlet problem for the semilinear Darcy—Forchheimer—Brinkman system

Let s € (3,1). We consider the space
L, (T,R") :=qF e L}IR"): /<u, F)do =0
r

Note that for n < 4, the map which takes (x,v,£) to av + k|v|v is not essentially bounded on ® x
R"™ x R. Hence, the result of Theorem 4.4 cannot be applied to the Dirichlet problem for the semilinear
Darcy-Forchheimer-Brinkman system (6.1). However, by exploiting an idea similar to that of Russo
and Tartaglione [44, Theorem 5.1], which gives the existence of a solution of the Robin problem for the
Navier—Stokes system on a Lipschitz (or C') domain in R? (for related results, see [12, Theorems 7.1 and
7.3] and [4, Theorems 25 and 26, Lemma 29]), we obtain the following result.

Theorem 6.1. Let n < 4. Let ® C R™ be a bounded Lipschitz domain with connected boundary I'. Let
s € (%,1). Let a,k > 0 be given constants. Then, there exist two constants &g,y > 0, which depend
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only on ®, a, k and s, such that the Dirichlet problem for the semilinear Darcy—Forchheimer—Brinkman

system
Au—ou—kluju—Vr=0 in D,
divu=20 in D, (6.2)
Tru=he Lg;y(I‘,R"),

with ||hl|2 o rny < o, has a unique solution (u,m) € Liﬂ@,R”) x L? (D), which satisfies the

- 2 2
inequality ”uHL2+ (@R <7
STy

Proof. First, note that for n < 4 and s € (4, 1), the Sobolev Embedding Theorem yields the continuous
embeddings

L§+%(©,R") — L2(D,R") — [P (D,R") — L*(D,R"), (6.3)

where the first of them is compact. In addition, p* = % > 4 for 2 < n < 4, while, for n = 2, we choose
p* > 4 arbitrarily. Indeed, if n = 2, the embedding L? (D, R") < L4(D,R") is continuous for any ¢ > 1.
Therefore, there exists a constant ¢, = c.(s,D) > 0 such that

I VIV l2@en) = V740 ) < cllVITe  (ogny ¥V ELL (DR (6.4)
s+%

1
2

Hence, [v|v € L*(D,R") — L?_,(D,R") for any v € L, (D,R").

3 1
2 2
Let (Gq,11,) be the fundamental solution of the Brinkman system in R", i.e.,

(Ax - aﬂ)ga(x,y) - VxHa(X,Y) = A5y(x)1[a divxga(x, Y) =0, (6~5)

where I is the identity matrix and dy is the Dirac distribution with mass at y. The components of G,
and those of TI,, are given in [50, Chapter 2] and [25, Chapter 2]. Now, for a fixed u € L;_l (D,R™), such
2

that div u =0 in ©, consider the potentials on © with the density k|u|u, given by
Na(u)(x) = = (Ga(x, ), kluju) g , Qa(u)(x) = = (la(x, ), kluju)g . (6.6)
Let us mention the following relation
No = NaypZp : L2, 1 (D,R") — L3(D,R"), (6.7)

where
Noo : L2(D,R") — L3(D,R"), (Naof)(x) = — (Ga(x,),f)g, xED (6.8)
is the Newtonian potential operator in ©, and

To :L§+%(©,Rn) — L2(D,R"), Io(v) := k|v]v.

Note that for s € (3,1) and n < 4, the embedding L2, (D) < L*(D) is compact. Then, one can prove
© 2

that the nonlinear operator N, : L2 +%(’D,R”) — L2 Jr%(’D,R”) is continuous and compact (see also [43,
p. 483] and the argument below (6.17)). Also, for a fixed u € L§+% (D,R"™), such that div u =0 in D, we
have

(A —al)N,(u) — VQq(u) = klulu € L?_, (D,R™),

div M, (u) =0 in D, ’ (6.9)

Tr (N, (u)) € Lg;U(DJR”).
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Let (My(u), Po(u)) € L§+l (D,R") x L2, (D) be the unique solution (up to a constant pressure) of the
2 2
Dirichlet problem”
(A = o)DM, (u) — Pa(u) =0 in D,
div Ma(u) =0 in D, (6.10)
Tr (M (u)) = —Tr(Na(u) € LZ,(D,R").

In addition, there exist two constants C} = C}(s,a, D) > 0, i = 0,1, such that

19 (W)llz2 | (0.r) < Coll Tr(MNa(w))]

1
2

1z, mEn) < ClNa(Wllzz 0 pm)- (6.11)
2

Moreover, there exists a constant Co = Cs (s, «, D) > 0 such that the Dirichlet problem

(A —al)ug—Vrg=0 in D,
divug =0 in D, (6.12)
Truo=helL2 (D,R").
has a unique solution (ug, ) € L§+l (D,R™) x L?_, (D) (up to a constant pressure), which satisfies the
2 2
inequality

||110||L§+ (D,R™) < C?HhHLEW(F,R")' (6-13)

1
2

We now consider the nonlinear operator

§: L3y (DRY) = LTy (O.RY), §(V)i= o + Ma(v) +Ma(v), (6.14)
and, for u € L§+l~*(©’ R™) fixed, we define the pressure term 7 = m(u),

29

7 :=m + Pa(u) + Qa(u) € L;%(@), (6.15)
where
L2, (®,R") = {v €12, (D,R"): div v =0n @} .
For a fixed u € Lf_i_l_*(@,R”), the pair (F(u),n) € L§+l(’}3,R") x L2 (D) is, in view of (6.9), (6.10)
“ 27 2 2
and (6.12), a solution of the Dirichlet problem

(A —aDF(u) —kluju—Vr=0 in D,
div §(u) = 0 in D, (6.16)
Te (§(u)) = h € L2, (0.R"),

Consequently, a fixed point u € Li vl 4*(33, R™) of the operator § together with the associated pressure 7
oA

given by (6.15) determine a solution of the Dirichlet problem for the semilinear Darcy—Forchheimer—
Brinkman system (6.2). We now turn to show that § maps a suitable closed ball B, of the space
Li%;*(D,R") to B.

The decomposition (6.7) of the nonlinear operator 91, : Li—kl (D,R") — LZ(D,R"), the boundedness

2

of the linear operator N,.o : L*(D,R") — L3(D,R") given by (6.8) (see, e.g., [14, Proposition 2.1]
in the case of the Laplace equation, while for the Brinkman system, the boundedness of the Newtonian
operator Ny can be obtained by using properties of Calderén-Zygmund operators, namely [47, Theorem

7 The well-posedness result of the Dirichlet problem for the Brinkman system in a Lipschitz domain with boundary
data in Sobolev spaces follows from Theorem 4.1, by considering P = ol, f = 0 and g = 0 in (4.1) (see also [40, Theorem
10.6.2] in the case of the Stokes system).
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2, Chapter I1]), the continuity of the embedding L3(D,R") — Lerl (D,R™) and the inequality (6.4) yield
2
the inequalities

MatWllzz ) @k = oo (BIVIVIlizz | 0.k < com[Naso (RIVIVlizg (0 7n)

< enall M lloam < 2alVIZs | (o) (6.17)
st3

with some constants co« = co,«(s5,D) > 0 and ¢, = ¢j(s,k,,D) > 0,7 = 1,2. In addition, the
nonlinear operators M, : LL%;*(@,R") — LiJr%;*(@,R") and M, : L§+%;*(©7R”) — Lié;*(D,Rn)
are compact and continuous. To prove the continuity of 91, : L§+l,*(©7R”) — Lill*(@,Rn), we first
25 33
o+l (D,R") to L3, (D,R") := {veL3(®,R"):divv=0inD}.
Let {Vj}jeN be a convergent sequence in L§+%;*(©’Rn) to an element v € L§+%;*(©,Rn), Then, the
continuity of the embedding Lil,*(D, R") — L*(D,R3), the integral form (6.8) of the operator M, and
35
the Holder inequality show that there exists some constant cz;. > 0, such that

show the continuity of M, from L?

[Na(vj) = Na (V)| L2(0,rm) < 35 _V||L2+1 (Z),R")(ij||L2+ (@,R")+||VHL2+1 (:D,]R")) —0asj— oo
s+ s s+

1
2

Thus, N, : L2, (D,R") — L3.,.(D,R") is continuous. Then, the compactness of the embedding

+1
L3, (D,R") — Lf+1 (D,R") yields that the nonlinear operator Mo : L2, (D, R") — Lf+1 (D,R")
s+1;

is continuous and compact. In addition, the nonlinear operator 9, : L§+l_*(©,R”) — L§+—~*(©’Rn)
© 27 29

is also continuous and compact, as (6.10) and the relation (Mq (v), (Pa(v)) = B (0,0, —Tr(Na(v))) "
show, where B, is the isomorphism given by (4.4) with P = al. Consequently, the nonlinear operator
3 Lngl (D,R") — L2, (D,R") given by (6.14) is continuous and compact as well.

s+1;

Now, by (6.11), (6.13), (6.14) and (6.17), there exist some constants C = C(s,a,D) > 0 and C, =
Ci(k, s, a,@) > 0 such that

1§(v )||L2 L @rn) < Clhllrz ey + Cs ||V||L2 J (DR VV€L§+%;*(@7Rn)' (6.18)

By using an argument similar to that in the proof of [44, Theorem 5.1] (see also [43, p. 506], [45]), we
assume that the norm of the given datum h e L2, (I, R") is small, such that

- - 1
s;;/(F;R") < Qp, Q= 700*(2 T 6)2’ (619)
with some constant g > 0. Also, consider the closed ball
1
— 2 ny . J; —0; o
BA/ = {V€L8+%(©,R ) :div v=0in @, ||VHLz+%(’D,R") S’Y}, Y= m > 0. (620)

By (6.18) and (6.19), one has ||§(u )||L2 (®,rn) < 7 for any u € B, and hence § maps the closed ball B,

to B,. In addition, we have shown that %’ L§+§;*(’D R™) — L§+§;*(’D R™) is continuous and compact.
Hence, § : By — B, is also continuous and compact. Then, by the Schauder Fixed Point Theorem, § has
a fixed point u € B,, and the pair (u,n) € B, X L?_%(’D), with 7 given by (6.15), is a solution of the
Dirichlet problem (6.2). We now turn to show that for a given boundary datum h such that ||h||L§;U(F7Rn)

is sufficiently small (i.e., for a special choice of the constant (), the solution of the Dirichlet problem
(6.2) is unique. To do so, we note that the inequality (6.11) and the argument before (6.17) imply that
there exist two constants Cy = Co(k, s,a, D) > 0 and C*;S+% = C*;S+%(s,©) > 0 such that the map
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5 L§+%;*(©7 R™) — LL%;*(CD, R™) given by (6.14) satisfies the inequalities
[5(v) — S(W)||L§+l(D,R") < [Ma(v) — ma(w>||L§+l(®,R") +[|9Ma(v) — ma(W)HL§+l(’D,R")
2 2 2

< CollvIv] = [wlwll L2 (0 )

2 —
< 02y V= wliz ey (VI y o) + Wl o). (6:21)

for all v,w € L§+%;*(©, R™). Consequently,
15(v) — S(W)||L§+%(©,R") < QVCOCf;er% v — W||L§+%(D,R")a Vv,we B, (6.22)
where 7 is defined in (6.20). If we choose the constant 8 > 0 in the expression of 4 such that
2+p)7'< C*(2Cocf;s+%)*1, (6.23)

then 270003;s+% < 1. Therefore, for n < 4, s € (%, 1) and for a constant § > 0 as in (6.23), the map
§ : By — B, is a contraction in B,. Then, the Banach-Caccioppoli Contraction Theorem implies that §
has a unique fixed point u € B,,. In addition, the pair (u,7) € By x Li%(@), with 7 given by (6.15), is
a solution of the semilinear Dirichlet problem (6.2). We now turn to show that such a solution is unique
(up to a constant pressure) in B X Li% (D). To do so, we assume that (v, q) € By X Li% (D) is another

solution of the problem (6.2), and let (F(v),p), where §(v) and p = w(v) are defined as in (6.14) and
(6.15), respectively. Then, §(v) € B, and we obtain the problem

(A—aD)(F(v) =v) =V(p—-¢) =0 in D,
div(F(v) —v)=0 in ©, (6.24)
Tr(F(v)—v)=0 on I

By Theorem 4.1, (6.24) has the unique solution (F(v)—v,p—¢q)=(0,0) (up to a constant pressure) in

Liﬂ@,R”) xL? (D), i.e., §(v)=v. Consequently, v=u, as § has a unique fixed point in B,. Thus,
2 2

the proof is complete. O

Remark 6.2. If n € {2,3}, the existence statement of Theorem 6.1 holds also for any s € [3,1). The
proof of such a result is based on the Sobolev Embedding Theorem and on arguments similar to those
for Theorem 6.1, which we omit for sake of brevity.
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