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POLAR DECOMPOSITION OF
SCALE-HOMOGENEOUS MEASURES WITH

APPLICATION TO LÉVY MEASURES OF STRICTLY
STABLE LAWS

STEVEN N. EVANS AND ILYA MOLCHANOV

Abstract. A scaling on some space is a measurable action of
the group of positive real numbers. A measure on a measurable
space equipped with a scaling is said to be α-homogeneous for some
nonzero real number α if the mass of any measurable set scaled by
any factor t ą 0 is the multiple t´α of the set’s original mass. It is
shown rather generally that given an α-homogeneous measure on a
measurable space there is a measurable bijection between the space
and the Cartesian product of a subset of the space and the positive
real numbers (that is, a “system of polar coordinates”) such that
the push-forward of the α-homogeneous measure by this bijection is
the product of a probability measure on the first component (that
is, on the “angular” component) and an α-homogeneous measure
on the positive half-line (that is, on the “radial” component). This
result is applied to the intensity measures of Poisson processes that
arise in Lévy-Khinchin-Itô-like representations of infinitely divis-
ible random elements. It is established that if a strictly stable
random element in a convex cone admits a series representation
as the sum of points of a Poisson process, then it necessarily has
a LePage representation as the sum of i.i.d. random elements of
the cone scaled by the successive points of an independent unit
intensity Poisson process on the positive half-line each raised to
the power ´ 1

α .

1. Introduction

One may consider infinitely divisible random elements in very gen-
eral settings where there is a binary operation on the carrier space such
that it makes sense to speak of the “addition” of two random elements.
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2 S.N. EVANS AND I. MOLCHANOV

Once one rules out pathologies such as random elements with idem-
potent distributions (that is, probability measures that are equal to
their convolution with themselves), the main step towards understand-
ing infinitely divisible random elements usually consists of establish-
ing their representation as a sum of the points of a Poisson random
measure and possibly also constant terms and random elements with
Gaussian-like distributions. Results of this type start from the classical
Lévy-Khinchin theorem for Euclidean space, with further extensions to
Banach spaces [1, 24], groups [21], function spaces [2, 13, 22], and gen-
eral semigroups [25].

A convex cone is a semigroup equipped with a scaling, that is, with
an action of the group of positive real numbers that interacts suitably
with the semigroup operation. There is a natural notion of stability for
random elements of such a carrier space that extends the usual notion of
stability for random elements of Euclidean space, see [5]. For strictly
stable random elements, the intensity measure of the corresponding
Poisson process – the Lévy measure of the random element – is scale-
homogeneous, that is, its value on any set scaled by any positive real
number equals the value on the original set up to a factor given by a
(fixed) power of the scaling constant. A scale-homogeneous measure on
Rd that is finite outside a neighborhood of the origin can be represented
in polar coordinates as the product of a probability measure on the unit
sphere (the directional or angular component) and a scale-homogeneous
measure on the positive reals (the radial component). A nontrivial
scale-homogeneous measures on the positive reals that is finite outside
neighborhoods of the origin is necessarily of the form c α t´pα`1q dt for
some constants c ą 0 and α ą 0. The unit sphere need not be the unit
sphere for the Euclidean norm: the unit sphere for any norm on Rd

serves equally well. The situation becomes more complicated for more
general spaces where there may be no natural candidates to play the
rôle of the unit sphere.

Such a polar decomposition of the Lévy measure leads to a represen-
tation of stable random elements as the sum of a series obtained from
a sequence of i.i.d. random elements scaled by the points of a Poisson
process on the positive real line with intensity measure of the form

α t´pα`1q dt or, equivalently by points of the form Γ
´ 1
α

k , where pΓkqkPN
are the points of a unit intensity Poisson process on the positive real
line. Such a representation was first obtained in [16] for Euclidean
space and since then it and its various extensions have been called
the LePage series representation. For example, such a representation
was given for random elements of a suitable space of functions with
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the semigroup operation being addition in [26] and with the semigroup
operation being maximum in [6].

Section 2 presents the main result that concerns a polar decomposi-
tion of scale-homogeneous measures on quite general spaces. Proposi-
tion 2.8 is inspired by the argument used in [9, Th. 10.3] to derive the
LePage series representation for stable metric measure spaces. A simi-
lar rescaling argument was used in the context of max-stable sequences
in [6].

In Section 3 we review the definition of a convex cone, introduce
stable random elements on such carrier spaces, and apply the general
decomposition results to derive the series representation of strictly sta-
ble random elements in convex cones. Such a series representation is
a consequence of the polar decomposition of the Lévy measure and
expresses any strictly stable random element as a sequence of i.i.d.
random elements scaled by a power of the successive points of the unit
intensity Poisson point process on the positive half line. The key hy-
potheses we require are a one-sided continuity property of bounded
semicharacters and the existence of a measurable transversal for the
action of the positive real numbers on the carrier space.

Section 4 presents several applications, some in well-known settings
and others in more novel contexts, where our approach streamlines
the derivation of the LePage series representation of a stable random
elements.

2. Decomposition of scale-homogeneous measures

Definition 2.1. Let X be a measurable space with a σ-algebra B, and
let px, tq ÞÑ tx P X be a pairing of x P X and t P R`` :“ p0,8q which
is BbBpR``q{B-measurable, where BpR``q is the Borel σ-algebra on
R``. Assume that this pairing is an action of the group R`` (where
the group operation is the usual multiplication of real numbers) on X;
that is, for all t, s ą 0 and x P X, tpsxq “ ptsqx and 1x “ x. We refer
to such a pairing as a scaling.

Remark 2.2. For B P B and t P R``, set tB :“ ttx : x P Bu.
The measurability of the map x ÞÑ tx for each t P R`` yields that
sB “ tx : ps´1qx P Bu P B for all B P B and s P R``.

Definition 2.3. A measure ν on X is said to be α-homogeneous for
some α P Rzt0u if

(2.1) νpsBq “ s´ανpBq, B P B, s ą 0.

Remark 2.4. By redefining the pairing to be px, tq ÞÑ t´1x, we may
assume that α ą 0 and we will do so from now on. Moreover, by



4 S.N. EVANS AND I. MOLCHANOV

redefining the pairing to be px, tq ÞÑ t
1
αx we could even assume that

α “ 1, but we choose not to do so in order that the notation tx retains
its usual meaning when X is a subset of some vector space over R.

We begin with a technical lemma.

Lemma 2.5. Suppose that ν is an α-homogeneous measure on pX,Bq.
Write Bν for the completion of the σ-algebra B with respect to the
measure ν. Then sB P Bν with νpsBq “ s´ανpBq for all s ą 0 and
B P Bν.

Proof. Suppose that A Ă X is a ν-null set. That is, there exists N P B
such that A Ď N and νpNq “ 0. For any s ą 0, sA Ď sN P B
and νpsNq “ s´ανpNq “ 0 by (2.1), and so sA is also ν-null. Now,
B P Bν if and only if there exists C P B such that B4C is ν-null,
in which case νpBq “ νpCq. Since psBq4psCq “ spB4Cq for s ą 0
and the latter set is ν-null by the above, we see that sB P Bν and
νpsBq “ νpsCq “ s´ανpCq “ s´ανpBq. �

Remark 2.6. Note that Lemma 2.5 implies that the map x ÞÑ sx is
Bν{Bν-measurable for any s ą 0. It does not say that the map px, sq ÞÑ
sx is Bν b BpR``q{Bν-measurable.

Notation 2.7. For I Ď R`` and B P B, put

IB :“
ď

tPI

tB.

The following is the first of a series of related assumptions that re-
quire the existence of a suitably rich family of subsets or nonnegative
functions on our carrier space.

Assumption A. There exist sets Uk P B, k P N, such that

(i) if x P Uk, then tx P Uk for all t ě 1 (that is, r1,8qUk “ Uk);
(ii) the sets Vk :“ p0,8qUk, k P N, cover X (that is,

Ť

kPN Vk “ X).

Proposition 2.8. Suppose that Assumption A holds. The following
are equivalent for a measure ν on pX,Bq.

i) The measure ν is a nontrivial α-homogeneous measure with

(2.2) νpUkq ă 8, k P N .
ii) The measure ν is the push-forward of the measure πbθα by the

map px, tq ÞÑ tx, where π is a probability measure on X such
that

(2.3)

ż 8

0

πptUkqt
α´1 dt ă 8, k P N,

and θα is the measure on R`` given by θαpdtq :“ αt´pα`1q dt.
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(iii) For a probability measure π on X such that (2.3) holds,

(2.4) νpBq “ α

ż 8

0

πptBq tα´1 dt

for all B P B.

Proof. Statement (iii) is just a restatement of statement (ii), so it suf-
fices to show that (i) ùñ (ii) and (iii) ùñ (i).

(i) ùñ (ii). Fix k P N. Note that Vk “
Ť

nPN 2´nUk, so that Vk P B.
Put

Ūk :“
č

tă1

tUk “
č

nPN

p1´ 2´nqUk P B,

and observe that Vk “ p0,8qŪk. The α-homogeneity of ν and (2.2)
yield that

νpŪkq “ inf
tă1

t´ανpUkq “ νpUkq ă 8.

For x P Vk, set

τpxq :“ suptt ą 0 : x P tŪku P p0,8s.

Since
tx P Vk : τpxq ě tu “

č

săt

sŪk “ t
č

să1

sŪk “ tŪk,

the function τ : Vk ÞÑ p0,8s is B-measurable. Clearly, τpsxq “ sτpxq
for all s ą 0. Also, setting

Nk :“ tx P Vk : τpxq “ 8u “
č

tą0

tŪk,

we have sNk “ Nk for all s ą 0 and

νpNkq “ inf
tą0

t´ανpŪkq “ 0.

Define

Wk :“ tx P Vk : τpxq “ 1u “ Ūkz

˜

ď

tą1

tŪk

¸

Ď VkzNk.

Note that

(2.5) ŪkzNk “ r1,8qWk

and

(2.6) VkzNk “ p0,8qWk.

Set V 11 :“ V1 and V 1i :“ pVi X pV1 Y ¨ ¨ ¨ Y Vi´1q
cq for i ě 2. Then

put V 2j “ V 1j zNj, W
2
j :“ Wj X V 2j and Ū2j :“ Ūj X V 2j for j P N. The

sets tV 2k ukPN are disjoint, Xz
Ť

kPN V
2
k Ď

Ť

kPNNk is a ν-null set, and
Ū2k “ ttx : t ě 1, x P W 2

k u for all k P N. Therefore, it is possible to
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assume without loss of generality that all of the sets Nk are empty, the
sets tŪkukPN are pairwise disjoint, the sets tVkukPN form a measurable
partition of X, and that τpxq is uniquely defined and finite for all x P X.

The sets tx P Vk : τpxq “ tu “ tWk are disjoint for different t ą 0
and their union is Vk. The map x ÞÑ pτpxq´1x, τpxqq is therefore a
well-defined bimeasurable bijection between Vk and Wk ˆ R``. Let ν̃
be the push-forward of ν by the map x ÞÑ pτpxq´1x, τpxqq and define a
measure ρk on Wk by ρkpAq “ ν̃pA ˆ r1,8qq. Note that ρk is a finite
measure, since

ρkpWkq “ ν̃pWk ˆ r1,8qq “ νpŪkq ă 8

by (2.2). The α-homogeneity of ν is equivalent to the scaling property
ν̃pA ˆ sBq “ s´αν̃pA ˆ Bq for s ą 0, measurable A Ď Wk, and Borel
B Ď R``. Thus, if we let θα be the measure on R`` given by θαpdtq “
αt´pα`1q dt, then

ν̃pAˆ rb,8qq “ ν̃pAˆ br1,8qq

“ b´αν̃pAˆ r1,8qq

“ ρkpAq ˆ θαprb,8qq

for A Ď Wk. The restriction of ν̃ to Wk ˆR`` is therefore ρk b θα and
hence the restriction of ν to Vk is the push-forward of ρk b θα by the
map py, tq ÞÑ ty.

We can think of ρk as a measure on all of Vk. For ck P R``, let ηk
be the measure on Vk that assigns all of its mass to the set ckWk and
is given by ηkpAq “ cαkρkpc

´1
k Aq. We have

pηk b θαqptpy, tq : ty P Buq “

ż

ηkpt
´1Bqαt´pα`1q dt

“

ż

cαkρkpc
´1
k t´1Bqαt´pα`1q dt

“

ż

ρkps
´1Bqαs´pα`1q ds

“ pρk b θαqptpy, tq : ty P Buq

“ νpBq

for measurable B Ă Vk, and so ηk is a finite measure with total mass
cαkρkpWkq that has the property that the push-forward of ηk b θα by
the map py, tq ÞÑ ty is the restriction of ν to Vk.

We can regard ηk as being a finite measure on all of X and, by
choosing the constants ck, k P N, appropriately we can arrange for
π :“

ř

kPN ηk to be a probability measure such that (2.4) holds, and
this also implies (2.3).
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(iii) ùñ (i). It is easy to see that ν given by (2.4) is α-homogeneous,
and (2.2) follows from (2.3) and (2.4). �

Remark 2.9. A key observation in the proof of Proposition 2.8 is that
it is possible to define measurable sets Wk such that (2.5) and (2.6)
hold, and if x P Wk, then tx R Wk for any t “ 1. We would like to
reverse the construction in Proposition 2.8 by starting with a suitable
collection of sets tWkukPN with this last property and conclude that if
we put Ūk :“ r1,8qWk, then Ūk P B and if we construct sets from each
of the Ūk in the manner that the Wk are constructed in the proof, then
we recover the Wk. There is, however, a slightly delicate point here: if
B P B, then it is not necessarily the case that r1,8qB “

Ť

tě1 tB “

ttx : t ě 1, x P Bu P B.

Lemma 2.10. Let ν be a σ-finite α-homogeneous measure on pX,Bq
and suppose that B is ν-complete.

i) For B P B and a Borel set I Ď R``, the set IB also belongs to
B.

ii) If νprt, uqBq ă 8 for B P B and 0 ă t ă u ă 8, then
νprs,8qBq ă 8 for all s ą 0.

Proof. For part (i), observe that

IB “ ty P X : y “ tx, for some t P I and x P Bu

“ ty P X : t´1y “ x, for some t P I and x P Bu

“ ty P X : uy “ x, for some u P I´1 and x P Bu

“ ty P X : uy P B, for some u P I´1u

“ Πptpy, uq P Xˆ I´1 : uy P Buq,

where Π : XˆR`` Ñ X is the projection map defined by Πppx, tqq “ x.
The map t ÞÑ t´1 from R`` to itself is a BpR``q-measurable bijection
and it is its own inverse, so the set I´1 is BpR``q-measurable. It
follows that the set tpy, uq P X ˆ I´1 : uy P Bu is B b BpR``q-
measurable. The projection theorem (see, for example, [14, Th. 12.3.4]
or [7, Section III.44]) and the ν-completeness of B yield that IB P B.

For part (ii), note that

rs,8qB “

˜

ď

ně0

s

t

´u

t

¯n

rt, uq

¸

B

Ď
ď

ně0

s

t

´u

t

¯n

rt, uqB.
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By the α-homogeneity of ν

ν
´s

t

´u

t

¯n

rt, uqB
¯

“

´s

t

¯´α ´u

t

¯´nα

νprt, uqBq,

and the result follows from the subadditivity of ν and the summability
of the relevant geometric series. �

It is possible to obtain the conclusion of Proposition 2.8 under an-
other assumption.

Assumption B. There exists S P B such that

X “ ttx : t P R``, x P Su,

and tx, txu Ă S for some x P X and t ą 0 implies that t “ 1.

Definition 2.11. The orbits of the action of the group R`` on X are
the sets of the form ttx : t P R``u for some x P X. The orbits are the
equivalence classes for the equivalence relation on X where we declare x
and y to be equivalent if y “ tx for some t P R``. Assumption B says
that the measurable set S intersects each equivalence class in exactly
one point. Such a set is called a transversal.

The following result is immediate from Lemma 2.10 and the proof of
Proposition 2.8.

Proposition 2.12. Let ν be a σ-finite, α-homogeneous measure on X.

i) Suppose that Assumption A and the finiteness condition (2.2)
hold. Set

Wk :“

˜

č

să1

sUk

¸

z

˜

ď

tą1

t

˜

č

să1

sUk

¸¸

.

Then, by possibly replacing X with a set X1 P B such that
tX1 “ X1 for all t ą 0 and νpXzX1q “ 0, Assumption B
holds for S :“

Ť

kPNWk. Moreover, for any nonempty inter-
vals Ik :“ rak, bkq Ă R``, k P N, it is the case that IkWk P B
and νpIkWkq ă 8 for k P N.

ii) Suppose that that Assumption B holds and there is a pair-
wise disjoint family of measurable sets tWkukPN such that S “
Ť

kPNWk and a family of nonempty intervals Ik :“ rak, bkq Ă
R``, k P N, such that νpIkWkq ă 8 for all k P N, where IkWk

is guaranteed to belong to Bν for all k P N. Then Assumption A
and the finiteness condition (2.2) hold with pX,Bq replaced by
pX,Bνq and Uk :“ r1,8qWk for k P N.
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Definition 2.13. Recall that a Borel space is a measurable space that
is Borel isomorphic to a Borel subset of a Polish space equipped with
the trace of the Borel σ-algebra on the Polish space.

Lemma 2.14. Suppose that ν is a σ-finite α-homogeneous measure on
pX,Bq and that Assumption B is satisfied. For x P X, define τpxq P
R`` by the requirement that τpxq´1x P S. Then the following hold.

i) The maps px, tq ÞÑ tx from S ˆ R`` to X and x ÞÑ

pτpxq´1x, τpxqq from X to Sˆ R`` are mutually inverse.
ii) If B is ν-complete, then x ÞÑ pτpxq´1x, τpxqq is B{B|S b

BpR``q-measurable, where B|S is the σ-algebra induced by B
on S.

iii) If pX,Bq is a Borel space, then x ÞÑ pτpxq´1x, τpxqq is B{B|Sb

BpR``q-measurable.

Proof. Part (i) is clear from the definition of τ . Turning to part (ii),
it suffices to show that the map τ is B-measurable, but this follows
from Lemma 2.10 and the fact that tx P X : τpxq ě tu “ rt,8qS. For
part (iii), first note that if X is a Borel space, then so is S equipped
with the trace σ-algebra and hence also SˆR``. Now apply the result
of Kuratowski (see, for example, [21, Section I.3]) that a measurable
bijection between two Borel spaces has a measurable inverse. �

Proposition 2.8 required Assumption A concerning the existence of
suitable countable family of subsets of the carrier space X and the
hypothesis (2.2) that these sets all have finite ν mass. The following
result replaces such requirements by the finiteness of integrals

ş

h dν
for a countable family of measurable functions h : X ÞÑ R`, n P N.

Theorem 2.15. Suppose that Assumption B holds. Let H be a count-
able family of measurable functions h : X ÞÑ R` such that for all
h P H and x P X the function t ÞÑ hptxq is right-continuous (or left-
continuous) on R``.

A σ-finite measure ν on X is α-homogeneous and satisfies

(2.7)

ż

X
hpxq νpdxq ă 8, h P H,

and

(2.8) ν

˜

č

hPH
tx P X : hpxq “ 0u

¸

“ 0
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if and only if there exists a probability measure π on X such that (2.4)
holds,

(2.9)

ż

X

ż 8

0

hptxqt´pα`1q dt πpdxq ă 8, h P H,

and

π

˜

p0,8q
č

hPH
tx P X : hpxq “ 0u

¸

“ 0.

Proof. Necessity. Enumerate H as thnunPN. Assume that for all x P X
the function t ÞÑ hnptxq is right-continuous in t P R``. Denote by
Q`` the set of strictly positive rational numbers. For n, k, j P N and
r P Q``, define

Unkrj :“ tx P S : hnpsxq ě 2´k, s P rr, r ` 2´jsu.

Since B :“ tx P S : hnpxq ě 2´ku P B, the right-continuity property
and Remark 2.2 yield that

Unkrj “
č

sPQXrr,r`2´js

s´1B P B.

Put Jrj :“ rr, r ` 2´js. Then JnjUnkrj P B
ν and, by (2.7),

νpJnjUnkrjq ď 2k
ż

JnjUnkrj

hnpxq νpdxq ď 2k
ż

X
hnpxq νpdxq ă 8.

Put S1 “
Ť

n,k,r,j Unkrj. If x P SzS1, n, k, j P N, and r P Q``, there

exists s P rr, r ` 2´js (depending on x, n, k, r, j) such that hnpsxq ă
2´k. The right-continuity of t ÞÑ hnptxq yields that hnprxq “ 0 for all
r P Q`` and thence hnptxq “ 0 for all t P R``.

Enumerate pUnkrj, Jrjq, n, k, j P N and r P Q``, as pWn, Inq, n P N,
so that S1 “

Ť

nPNWn and νpInWnq ă 8 for all n P N. By (2.8), the
measure ν assigns all of its mass to the set X1 :“ p0,8qS1 P Bν , and
the result follows from the decomposition of ν guaranteed by Proposi-
tion 2.8 and Proposition 2.12. Finally, (2.9) follows from the change of
variables in (2.7) using the polar decomposition of ν as π b θα.

If all functions hnptxq are left continuous in t P R``, then the defini-
tion of Unkrj should be modified by working with the interval rr´2´j, rs
for 2´j ă r.

Sufficiency is immediate by checking that the measure ν defined by
(2.4) is α-homogeneous. �

Remark 2.16. If hnptxq Ñ 0 as t Ó 0 for all n P N, then it is not
necessary to require Assumption B in Theorem 2.15. A measurable
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transversal can be constructed as follows. For each n P N, let

Wn :“ tx P X : hkpxq “ 0, k ă n, hnpxq ‰ 0u.

Next, partition Wn into measurable sets

Wnj :“ tx P Wn : sup
tą0

hnptxq P p2
´j, 2´j`1su, j ě 1,

Wn0 :“ tx P Wn : sup
tą0

hnptxq ą 1u.

Finally, define

τnjpxq :“ inftt ą 0 : hnptxq ą 2´ju, x P Wnj,

and
Snj :“ tτnjpxq

´1x : x P Wnju.

Then S :“
Ť

n,jPN Snj satisfies Assumption B in the complement of the

set tx P X : hnpxq “ 0, n P Nu.

Remark 2.17. Theorem 2.15 asserts that an α-homogeneous measure
ν is the push-forward of the measure π b θα under the map px, tq ÞÑ
tx from X ˆ R`` to X. In this case we say that ν admits a polar
representation. It follows from the proof that we may replace X by a
subset that is invariant under the action of R`` in such a way that the
probability measure π assigns all of its mass to a transversal.

3. Strictly stable random elements on convex cones

Definition 3.1. A convex cone K is an abelian measurable semigroup
with neutral element e and a scaling px, aq ÞÑ ax by R`` that has the
properties

apx` yq “ ax` ay, a ą 0, x, y P K,
ae “ e, a ą 0.

Remark 3.2. The simplest examples of convex cones are K “ Rd and
K “ Rd

` with the usual scaling by R``, but there are many other
examples, some of which we will recall later in this paper.

Remark 3.3. In contrast to the many classical studies of convex cones
that are convex subsets of vector spaces over the reals which are closed
under multiplication by nonnegative scalars (see, for example, [10]), we
do not assume the validity of the second distributivity law; that is, we
do not require that ax` bx “ pa` bqx for a, b ą 0 and x P K.

Stable random elements of convex cones have been studied in [5]
under the assumptions that the scaling is jointly continuous and that
K1 :“ Kzteu is a Polish space.
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Definition 3.4. An involution is a measurable map x ÞÑ x˚ satisfying
px ` yq˚ “ x˚ ` y˚, paxq˚ “ ax˚, and px˚q˚ “ x for all x, y P K and
a ą 0. We assume that K is equipped with an involution.

Definition 3.5. A measurable function χ that maps K into the unit
disk D in the complex plane is called a bounded semicharacter (or, more

briefly, a character) if χpeq “ 1, χpx`yq “ χpxqχpyq, and χpx˚q “ χpxq
for all x, y P K.

Remark 3.6. The family of all characters form a convex cone when
equipped with pointwise multiplication as the semigroup operation,
the topology of pointwise convergence, the neutral element 1 being
the character identically equal to 1, the involution being the complex
conjugate, and the scaling defined by paχqpxq :“ χpaxq, x P K, a ą 0.

We assume in the following that there exists a separating family K̂
of characters in the usual sense that for each x ‰ y there exists χ P K̂
such that χpxq ‰ χpyq. Such a family does not exist for all semigroups,

see [5, Ex. 8.20]. We also assume that the characters in K̂ generate

the σ-algebra on K and that the family K̂ is closed under taking finite
products, contains the constant function 1, and so is a semigroup itself.
Note that K̂ is not assumed to be closed under scaling and so it is not
necessarily a convex cone.

The distribution of a K-valued random element ξ is determined by its
Laplace transform Eχpξq, χ P K̂, (see, for example, [5, Th. 5.4]). A ran-

dom element ξ is said to be symmetric if ξ
d
„ ξ˚, that is, ξ coincides in

distribution with its involution. The Laplace transform of a symmetric
random element takes only real values. Recall that the classical Lévy-
Khinchin-Itô description of infinitely divisible random elements of Rd

can involve subtracting “compensating” terms to achieve convergence
of a sum of the points in a Poisson point process that would otherwise
be divergent, but that such compensation is not necessary when the
random elements are symmetric in the usual sense for Rd-valued ran-
dom elements (which is the special case of the sense considered here
with the involution given by x ÞÑ ´x). Since no such recentering us-
ing subtraction is possible in the general semigroup setting, we mostly
consider symmetric random elements. If the involution is the identity,
then all random elements are symmetric.

Definition 3.7. A random element ξ in K is said to be strictly α-stable
if

(3.1) a1{αξ1 ` b1{αξ2
d
„ pa` bq1{αξ , a, b ą 0 ,

where ξ1 and ξ2 are i.i.d. copies of ξ.
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In general cones, any value α ‰ 0 is possible, see [5]. Since by
redefining the scaling from ax to a´1x it is possible to turn a negative
α into a positive one, in the following we consider only the case α ą 0.

Remark 3.8. An alternative definition of strictly stable random ele-
ments that coincides with the above for Rd (and in many other sit-
uations) requires that, for all n ě 2, there exists an ą 0 such that

ξ1`¨ ¨ ¨` ξn
d
„ anξ, where ξ, ξ1, . . . , ξn are i.i.d. and n ě 2. While (3.1)

implies this condition immediately, extra assumptions related to the
semicontinuity property of characters and the continuity of the scaling
operation are needed for the equivalence of the two definitions, see [5,
Th. 5.16]. The major step is to establish that an “ n1{α, after which
(3.1) follows easily.

A strictly α-stable ξ is always infinitely divisible and so its Laplace
transform satisfies

(3.2) Eχpξq “ expt´ϕpχqu, χ P K̂ ,

for a negative definite complex-valued function ϕ on K̂ with Reϕ P
r0,8s and ϕp1q “ 0, see [3, Th. 3.2.2, Prop. 4.3.1]. The function ϕ is
called the Laplace exponent of ξ.

A Laplace exponent is associated with a unique Lévy measure ν,
a Radon measure on the semigroup of all bounded characters on K̂,
see [3]. In the following we always assume that the Lévy measure is
supported by K1 :“ Kzteu canonically embedded into the semigroup

of all bounded semicharacters on K̂ and that it is σ-finite on K1. In
this case we say that ξ admits a Lévy measure. The Lévy measure ν
satisfies

(3.3)

ż

K1
p1´ Reχpxqq νpdxq ă 8

for all χ P K̂. The measure ν is the intensity measure of a Poisson
process tηi : i P Nu on K1, and the appropriately defined (if necessary
using principal values and compensating terms) sum of the points ηi
yields an infinitely divisible random element that is said to not have
deterministic, Gaussian or idempotent components.

Lemma 3.9. Assume for some χ P K̂ that

(3.4) lim inf
tÓ0

Reχptxq ą 0

for all x P K. If ξ is a strictly α-stable random element, then Eχpξq ‰
0.
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Proof. Since ´1 ď Reχptxq ď 1 for all t ą 0 and x P K, it follows from
the assumption (3.4) and Fatou’s Lemma that

(3.5) 0 ă E
„

lim inf
tÓ0

Reχptξq



ď lim inf
tÓ0

EReχptξq.

By the stability property of ξ, Eχpξq “ pEχpn´1{αξqqn for all n P

N, and so Eχpξq “ 0 would imply that Eχpn´1{αξq “ 0 and hence
EReχpn´1{αξq “ 0 for all n P N, but this contradicts (3.5). �

Lemma 3.10. Assume that (3.4) holds for all χ P K̂. Then the Lévy
measure of a strictly α-stable random element is an α-homogeneous
measure on K1.

Proof. It follows from (3.1) that

ϕpa1{αχq ` ϕpb1{αχq “ ϕppa` bq1{αχq, a, b ą 0 ,

where the Laplace exponent ϕ of the strictly stable random element ξ
is finite by Lemma 3.9. Since px, aq ÞÑ ax is a jointly measurable map,
the function a ÞÑ Eχpaξq is measurable by Fubini’s theorem. Therefore,

(3.6) ϕpaχq “ aαϕpχq, a ą 0.

The random element aξ is also infinitely divisible and its Lévy measure
is B ÞÑ νpaBq for measurable subsets B Ď K1. By (3.6), the Lévy
measure of aξ is aαν. Since the Lévy measure is unique, we obtain
(2.1). �

Theorem 3.11. Let ξ be a strictly stable random element that admits
a σ-finite Lévy measure ν. Assume that there is a countable, closed
under finite products, separating family of characters K̂ such that t ÞÑ
Reχptxq, t P R``, is right- (or left-) continuous for all x P K1 and

χ P K̂. Assume also that Assumption B holds and (3.4) holds for all

χ P K̂.
Then ν admits the polar representation πbθα, where π is a probability

measure on K1 satisfying

(3.7)

ż 8

0

Er1´ Reχptεqst´pα`1q dt ă 8, χ P K̂.

The Poisson process with intensity measure ν can be represented as

tΓ
´1{α
i εiuiPN, where tεiuiPN is a sequence of i.i.d. copies of a random

element ε in K1 with distribution π, and tΓiuiPN are successive points
of a unit intensity Poisson process on R`. If ξ is symmetric, then ε
can also be chosen to have a symmetric distribution.
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Proof. The measure ν admits the polar decomposition π b θα by The-
orem 2.15 applied with X :“ K1, H :“ t1 ´ Reχ : χ P K̂u, and ν
being the Lévy measure of ξ. Indeed, (2.7) follows from (3.3), ν is α-
homogeneous by Lemma 3.10 given that (3.4) is assumed to hold, and

the separating condition imposed on K̂ yields (2.8).
The Poisson point process with intensity measure θα is obtained as

tΓ
´1{α
i : i P Nu. Thus, the Poisson process on K1 ˆ R`` with intensity

measure πbθα is obtained by marking a Poisson point process tΓ
´1{α
i :

i P Nu with marks tεiuiPN that are i.i.d. copies of a random element ε in
K1 with distribution π. By (2.9), the random element ε satisfies (3.7).
Since ν is the push-forward of π b θα under the multiplication map

px, tq ÞÑ tx, the Poisson process with intensity ν is given by tΓ
´1{α
i εi :

i P Nu.
The uniqueness of the Lévy measure yields that ν is symmetric if ξ

is symmetric. Then in the proof of Proposition 2.8 it suffices to replace
each set Wk with the union of Wk and its image under the involution
to ensure that π is a symmetric measure. �

Remark 3.12. Note that the random element ε in Theorem 3.11 is not
unique and also is not restricted to belong to the transversal S from
Assumption B. By rescaling it is always possible to arrange that ε P S
a.s., however in this case, the Poisson process with intensity ν is given

by tcΓ
´1{α
i εi : i P Nu for a positive scaling constant c.

Remark 3.13. Suppose that the “Lévy-Khinchin-Itô” decomposition of
the strictly α-stable random element ξ does not contain any determin-
istic, Gaussian or idempotent components, so that ξ is the sum of the
points in a Poisson process tηi : i P Nu, where the sum is appropriately
defined by using principal values and compensating terms if necessary,
see [5, Th. 7.2]. Theorem 3.11 establishes that tηi : i P Nu can be con-

structed as tΓ
´1{α
i εi : i P Nu, that is, as randomly scaled i.i.d. copies

of a random element ε.
Recall that no compensating terms for the sum of the ηi are required

if ξ is α-stable and symmetric. In this case, the Laplace exponent of ξ
is given by

ϕpχq “

ż

K1
p1´ χpxqq νpdxq “

ż

K1
p1´ Reχpxqq νpdxq , χ P K̂ .

Put

(3.8) ξprq :“
ÿ

Γiďr

Γ
´1{α
i εi , r ą 0.
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The probability generating functional formula for a Poisson point pro-
cess yields that, for all χ P K̂,

Eχpξprqq “ exp

"

´

ż 8

r´α

ż

K1
p1´ χptxqqαt´pα`1q πpdxq dt

*

Ñ Eχpξq as r Ò 8,

since Eχptεq is real-valued by the symmetry of ε and the integral under
the exponential converges by (3.7).

4. Examples

Example 4.1. If K “ Rd with the usual arithmetic addition, the in-
volution given by the negation, the Borel σ-algebra, and conventional
scaling by positive scalars, then Assumption B holds with S being the
sphere in Rd with respect to any norm. A countable separating family
of continuous characters is given by χpxq “ exptıxu, xyu, where xu, xy
is the scalar product of u P Qd and x P Rd, and Theorem 3.11 yields
the polar representation of Lévy measures for strictly stable random
vectors. In particular, each strictly stable random vector ξ corresponds

to the Poisson process tΓ
´1{α
i εi : i P Nu. If α P p0, 1q or if ξ is symmet-

ric, then the sum of these points converges almost surely and yields the
LePage series decomposition of ξ, see [16].

Example 4.2. In the setting of Example 4.1, define the scaling by letting
tx :“ exptplog tqAux, t ą 0, for a non-degenerate matrix A. The
corresponding stable elements are usually called operator stable, see
[12, 27]. An operator stable random element is infinitely divisible and so
admits a series representation and a Lévy measure. By Theorem 3.11,
an operator stable random element ξ in Rd admits the LePage series
representation

ξ
d
„

ÿ

iPN

expt´α´1plog ΓiqAuεi.

Note that the polar decomposition of the Lévy measure appears in [11,
Eq. (2)] and [12].

Example 4.3. Let K be the family Rr0,8q of real valued-functions on
R` with the cylindrical σ-algebra, the pointwise arithmetic addition of
functions as the semigroup operation, involution being the negation,
and the scaling operation applied pointwise. It is known [13, 18] that
an infinitely divisible separable in probability stochastic process ξpsq,
s P R`, can be associated with the Poisson process tηi, i P Nu on Rr0,8q
with a σ-finite intensity measure ν, so that ξ admits a Lévy measure
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ν. If ξ is symmetric, then, for each s P R`,

(4.1) ξpsq
d
„ lim

rÓ0

ÿ

|ηiptq|ěr

ηipsq, s P R`,

where
d
„ in this setting denotes the equality of all finite-dimensional

distributions. It should be noted that the order of summands in (4.1)
may change with t, and there might be no order of the summands that
guarantees the convergence for all rational s, not to say for all s P R`.
Such a common order exists for random functions with non-negative
values (in which case K is endowed with the identical involution).

This cone does not admit a countable separating family of characters.
Let K̃ be the countable family of characters defined by

(4.2) χpxq “ eıxpsqu, s P Q`,

where x “ pxpsqqsě0 is an element of Rr0,8q and u belongs to the set
Q of rational numbers. Theorem 3.11 applies to the process ξ re-
stricted onto the set Q` of non-negative rationals, so that the image
ν̃ of the Lévy measure ν under the map that restricts a function to
Q` has polar decomposition as π b θα and the Poisson process with

intensity ν̃ is given by tΓ
´1{α
i ε̃i, i ě 1u. By [13, Prop. 2.19], for each

t P R`zQ`, the separability property of ξ yields that Γ
´1{α
i ε̃iptnq con-

verges in probability to ηiptq, whence ε̃iptnq converges in probability

to εiptq :“ Γ
1{α
i ηiptq. Thus, the Lévy measure ν corresponds to the

Poisson process tΓ
´1{α
i εi, i ě 1u, where tεi, i P Nu is a sequence of i.i.d.

separable processes distributed as εpsq, s P R`. Condition (3.7) in this
setting is equivalent to E|εpsq|α ă 8 for all s.

In the symmetric case, following (3.8), the convergence in (4.1) can
be rephrased as

ξpsq
d
„ lim

rÒ8

ÿ

Γiďr

Γ
´1{α
i εipsq, s P R`.

Therefore, in case of symmetric α-stable processes the order of sum-
mands in (4.1) can be made the same for all time points. This makes
it possible to appeal to path regularity results for stochastic integrals
from [23, Th. 4] in order to confirm that ε shares path regularity prop-
erties with ξ, for instance, ε is almost surely right-continuous with left
limits (càdlàg) if ξ is càdlàg. The same holds for stochastic processes
with almost surely non-negative values, since then the involution is the
identity. The pointwise convergence of the LePage series yields the uni-
form convergence, see [2]. Note that a result concerning the existence
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of the series representation of a general (not necessarily symmetric sta-
ble) infinitely divisible càdlàg function using càdlàg summands is not
available.

Example 4.4. Let K be the family of non-negative functions xpsq,
s P R`, with the cylindrical σ-algebra, the semigroup operation be-
ing pointwise maximum, identical involution, and the scaling applied
poinwisely to the values of the function. It is shown in [13] that each
separable max-infinitely divisible stochastic process admits a Lévy mea-
sure. A separating family of characters is given by those of the form
x ÞÑ χpxq “ 1xpsqăa for s, a P R`. While these characters are not
continuous, the function t ÞÑ χptxq is right-continuous. Restricting the
functions to non-negative rationals as in Example 4.3 and using the
results from [13] concerning the max-infinitely divisible setting, we ob-
tain that the Lévy measure of each max-stable separable in probability
stochastic process ξ admits a polar representation and the process itself
admits the series representation

ξpsq
d
„

ł

iPN

Γ
´1{α
i εipsq,

which first appeared in [6].

Example 4.5. Equip the family K of real-valued càdlàg functions on R`
that vanish at the origin with pointwise arithmetic addition, involution
being the negation, and the scaling defined by ptxqpsq :“ xptsq, s P R`,
for t P R``. Stable elements in this cone with α “ 1 are called time-
stable processes in [15] and processes infinitely divisible with respect
to time in [17]. The characters are given by (4.2) and, in view of
the càdlàg assumption, they constitute a countable separating family
and are right-continuous as required in Theorem 3.11. Furthermore,
χptxq “ exptıxptsquu Ñ 1 as t Ó 0, so that a transversal in K can
be constructed as in Remark 2.16, see also [15]. Thus, if a time-stable
process with symmetric distribution admits a series representation with
càdlàg functions, it also admits the LePage representation

ξpsq
d
„

ÿ

iPN

εipΓ
´1
i sq, s P R`,

where tεiuiPN are i.i.d. copies of εpsq, s P R`, such that

E
ż 8

0

minp1, εpsq2qs´2ds ă 8

because of (3.7).
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The setting can be altered by considering the family of non-negative
càdlàg functions with the identical involution. In particular, each seper-
able in probability càdlàg time-stable process with non-negative values
admits a LePage series representation.

Example 4.6. Let K be the family of locally finite measures µ on Rd

with the arithmetic addition, identical involution, and the Borel σ-
algebra generated by the vague topology [4, Sec. 9.1]. An infinitely
divisible locally finite random measure admits a Lévy measure, see [4].
A countable separating family of continuous characters consists of

χpµq “ exp

"

´

ż

udµ

*

,

where u belongs to an appropriately chosen countable family of con-
tinuous functions with compact support. If the scaling operation is
applied to the values of measures, then χptxq Ñ 1 as t Ó 0 for all x,
so that a transversal can be constructed as in Remark 2.16. An al-
ternative way of constructing a measurable trasversal S is to take a
sequence tBkukPN of bounded sets that form a base of the topology and
let µ P S if µpB0q “ ¨ ¨ ¨ “ µpBn´1q “ 0 and µpBnq “ 1 for some n. By
Theorem 3.11, each stable locally finite random measure admits the
LePage representation

µ
d
„

ÿ

iPN

Γ
´1{α
i εi

for a sequence tεiuiPN of i.i.d. locally finite measures with α-integrable
values.

Example 4.7. Let K be the family of closed sets F in Rdzt0u with the
union as the semigroup operation, identical involution, the conventional
scaling, and the σ-algebra generated by families tF : F XK ‰ Hu for
all compact sets K. The countable separating family of continuous
characters is given by χpF q :“ 1FXG“H for open sets G from the base
of topology on Rd. Note that deterministic closed sets have idempo-
tent distributions in this cone. It is known that each union infinitely
divisible random closed set admits a Lévy measure, see [19]. Thus,
each strictly α-stable random closed set ξ without idempotent factors
(so that Ptx P ξu ă 1 for all x P Rd) admits the series representation

as the union of Γ
´1{α
i εi, i P N, for a sequence tεiuiPN of i.i.d. random

closed sets.

Example 4.8. Let K be the family of all non-decreasing functions
Φ : K ÞÑ R` defined on the family K of compact subsets of Rd

that vanish at the empty set and are upper semicontinuous, that is



20 S.N. EVANS AND I. MOLCHANOV

ΦpKnq Ó ΦpKq as Kn Ó K. Such functions are known as capacities
(and sometimes are called topological pre-capacities, see [8]). Equip
K with the semigroup operation by taking pointwise maximum of two
capacities and the scaling of their values. It is shown in [20] that an
infinitely divisible capacity ξ admits a Lévy measure. It does not have
idempotent factors if the essential infimum of ξpKq vanishes for all
K P K. By Theorem 3.11, each strictly α-stable capacity admits the
series representation

ř

iPN Γ´1{αεi.

Example 4.9. Let K be the family of metric measure spaces with the
Cartesian product as the semigroup operation and the scaling applied
to the metric, see [9] for details. This semigroup admits a countable
separating family of characters and a measurable transversal. Fur-
thermore, each infinitely divisible random element in K admits a Lévy
measure and so Theorem 3.11 applies and yields the LePage series rep-
resentation of stable metric measure spaces obtained in [9, Th. 10.3].
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