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Twisted two-dimensional bilayer anisotropy materials exhibit many exotic physical phenomena. Manipulating

the “twist angle” between the two layers enables the hybridization phenomenon of polaritons, resulting in fine

control of the dispersion engineering of the polaritons in these structures. Here, combined with the hybridization

phenomenon of anisotropy polaritons, we study theoretically the near-field radiative heat transfer (NFRHT)

between two twisted hyperbolic systems. These two twisted hyperbolic systems are mirror images of each other.

Each twisted hyperbolic system is composed of two graphene gratings, where there is an angle ϕ between these

two graphene gratings. By analyzing the photonic transmission coefficient as well as the plasmon dispersion

relation of the twisted hyperbolic system, we prove the enhancement effect of the topological transitions of the

surface state at a special angle [from open (hyperbolic) to closed (elliptical) contours] on radiative heat transfer.

Meanwhile the role of the thickness of dielectric spacer and vacuum gap on the manipulating the topological

transitions of the surface state and the NFRHT are also discussed. We predict the hysteresis effect of topological

transitions at a larger vacuum gap, and demonstrate that as the thickness of the dielectric spacer increases, the

transition from the enhancement effect of heat transfer caused by the twisted hyperbolic system to a suppression.

DOI: 10.1103/PhysRevB.103.155404

I. INTRODUCTION

Since the pioneering work of Polder and Hove [1], when

two objects are placed at a distance comparable to or shorter

than the characterized thermal radiation wavelength, i.e., in

the near-field regime, the forward and backward evanescent

waves can couple with each other and open paths for photons

to tunnel through [2–4]. This phenomenon is called photon

tunneling and there are more tunneling photons than propa-

gating photons, resulting in a radiative heat transfer that can

be orders of magnitude higher than the blackbody limit by

Planck’s law. The huge radiative heat flux in the near field

opens the door to various applications like thermophotovoltaic

devices [5–8], thermal rectification [9,10], information pro-

cessing [11], and noncontact refrigeration [12]. Among these,

the coupling of surface polaritons plays a decisive role in

huge heat transfer enhancement [4]. In particular, the near-

field radiative heat transfer (NFRHT) can be far ahead of the

blackbody limit, either theoretically or experimentally, via the

resonant coupling of surface phonon polaritons (SPhPs) [13]

or surface plasmon polaritons (SPPs) [14]. Moreover, the de-

velopment in fabrication of metamaterials results in extensive

studies of the coupling of surface polaritons for NFRHT be-

tween metamaterials in theory, such as hyperbolic polaritons

[15], magnetoplasmon polaritons [16], ellipse polaritons [17],

nonreciprocal polaritons [18], and nonreciprocal hyperbolic

*Corresponding author: yihongliang@hit.edu.cn
†Corresponding author: mauro.antezza@umontpellier.fr

polaritons [19]. Various types of surface polaritons have been

extensively studied for their ability to dominate the photon

tunneling and greatly modulate the near-field heat transfer.

Moreover, since the hybridization effect of polaritons can

greatly change the optical performance of the system, contin-

uous efforts have been devoted to exploring the influence of

hybridization of polaritons on heat transfer. For example, sur-

face plasmons in graphene can couple with hyperbolic phonon

polaritons in an hBN film to form hybrid polaritons that can

assist photon tunneling [20]. The hybridization effect between

surface plasmon polaritons of graphene and semiconductor

can well alleviate the suppression effect of the decoupling

characteristics of the asymmetry system on the near-field

radiation heat transfer [21]. At a strong magnetic field, the

coupling of magnetoplasmon polaritons from graphene to sur-

face phonon polaritons from SiO2 can reach a high thermal

magnetoresistance to impede near-field radiative heat transfer

[22].

These strategies have largely explored the influence of

the hybridization effect of polaritons on near-field thermal

radiation [20–27]. Nonetheless, up to now, the influence of

the hybridization of anisotropic polaritons on the near-field

radiation remains elusive. Recently, since the pioneering work

of Hu et al., twisted bilayer two-dimensional (2D) materials,

in which one layer is rotated with respect to the other, enable

the hybridization phenomenon of polaritons, resulting in fine

control of the dispersion engineering of the polaritons in these

structures [28,29]. Inspired by this concept, we explore heat

transfer based on the twisted hyperbolic system, in which

an interesting mechanism of hybridization of anisotropic
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polaritons may be introduced for NFRHT. The twisted hy-

perbolic system is composed of stacked uniaxial supporting

hyperbolic polaritons. The uniaxial hyperbolic metasurfaces

can be demonstrated in several material platforms, from Waals

materials [30] to black phosphorus [31,32] and other 2D ma-

terials. Moreover, the surface characteristics of objects can

be anisotropic when they are patterned into metasurfaces or

gratings. Especially, by patterning a single layer of graphene

sheet into ribbons, the closed circular dispersion of graphene

plasmons is opened to become hyperbolic, leading to a strong

NFRHT [33]. Since the strong NFRHT of graphene nanorib-

bons, continuous efforts have been devoted to exploit the heat

transfer phenomenon of graphene nanoribbons. For example,

the hyperbolic characteristics of a monolayer graphene grating

can be adjusted by magnetic field [34] and current [19] to

modulate its near-field radiation heat transfer. Since graphene

nanoribbons that can provide robust hyperbolic polaritons in a

board frequency band, we consider densely packed graphene

nanoribbons as the platform of choice.

In this work, we theoretically investigate the influence of

hybridization of anisotropic hyperbolic polaritons on NFRHT

between two bilayer graphene nanoribbons. Through tailored

interlayer coupling in twisted bilayer, the hyperbolic polari-

tons undergoes topological transitions at transitional angles,

that is, the polaritons change markedly in nature from hyper-

bolic (open) to elliptical (closed). We investigate the effects

of the topological transitions of hyperbolic polaritons on the

radiative heat flux and, in particular, what happens to the

hyperbolic modes of the twisted structure. In addition, the

effects of the thickness of dielectric spacer and vacuum gap

on the NFRHT are discussed at the end.

II. THEORETICAL ASPECTS

Let us consider a system composed of two twisted hyper-

bolic systems brought into close proximity with a vacuum

gap size of d0 as sketched in Fig. 1(a). We can form a

twisted hyperbolic system by coupling two identical graphene

nanoribbons, as sketched in Fig. 1(a), separated by thickness

ds of the dielectric spacer. Each graphene strip has width

W and an air gap G separates neighboring strips. We define

the graphene strips of the twisted hyperbolic system above

the vacuum gap as G1 and G2 from top to bottom, and the

graphene strips of the twisted hyperbolic system below the

vacuum gap as G3 and G4 from top to bottom. The upper

structure is the emitter (G1 and G2) with a higher tempera-

ture T1 and the bottom structure (G3 and G4) is the receiver

with a lower temperature T2. The temperatures are set to be

T1 = 310 K and T2 = 300 K, respectively. Here, α and β are

defined perpendicular to periodical directions of the first layer

and the second layer in the one bilayer, respectively. Here, the

first layer represents the graphene strips close to the vacuum

gap, and the second layer represents the strips away from the

vacuum gap. When the second layer in one bilayer system

can be rotated with respect to the y axis by an angle of ϕ

from 0° to 90°, as shown in Figs. 1(b) and 1(c), an interesting

effects of twisted periodicities is achieved. For simplicity, we

assume that the emitter and receiver are mirror images of each

other and the background materials to be vacuum. On the

other word, we rotate simultaneously an angle of ϕ between

FIG. 1. (a) Schematic of near-field heat transfer between two

twisted hyperbolic systems. The twisted hyperbolic system is com-

posed of two identical graphene nanoribbons, whose width and air

gap are W and G, respectively. The structure above the vacuum gap

(G1 and G2) is the emitter with a higher temperature T1 (310 K)

and the structure below the vacuum gap (G3 and G4) is the receiver

with a lower temperature T2 (300 K). (b) Top view of the crystalline

structure without rotation. (c) Top view of the twisted hyperbolic

system at a rotation angle ϕ of with respect to y axis.

G1 and G2 and an angle of ϕ between G3 and G4. Here, we

strictly compliance the emitter and receiver are mirror images

of each other, that is, keeping G2 parallel to G3 and G1 parallel

to G4. The nonmirrored system and dielectric backgrounds

can be easily captured by generalizing the formulation in this

work. In practical applications, we note that the twisted bi-

layer graphene grating can be implemented experimentally in

the following procedure: the bottom graphene grating can be

fabricated by electron beam lithography or chemical etching

on the basement [35]. Then, the dielectric spacer between

two graphene gratings can be prepared through chemical va-

por deposition [29]. Through mechanical exfoliation, the top

graphene sheet is transferred onto the dielectric spacer [36].

Last, the top graphene grating also can be fabricated by elec-

tron beam lithography or chemical etching on the dielectric

spacer. By separately controlling the direction of the electron

beam or the direction of chemical etching during the manufac-

turing process of the top and bottom gratings, the twist angle

in the bilayer twisted grating system can be realized.

The optical conductivity of the graphene nanoribbon array

of the present work is derived using a well-known effective

medium theory (EMT) [37–39] that holds when the unit-

cell period P = W + G is much smaller than the operating

wavelength, i.e., P ≪ λ0. Meanwhile, in Ref. [33], EMT is

valid only when the vacuum gap is larger than the period of

the ribbons. When the gap distance is several times greater

than the period, EMT can predict the real heat flux well, as

quantitatively shown in Ref. [33]. According to Ref. [33],

when the vacuum gap d0 is 50 nm and the period P is 10 nm,

the error by EMT is less than 6.69% compared with rig-

orous coupled-wave analysis (RCWA). As the gap distance

increases, the accuracy of EMT can be further improved [33].

However, for the unit-cell period of 10 nm, EMT may fail to
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predict the NFRHT when the gap distance is less than 50 nm,

and the results predicted by EMT will far exceed those calcu-

lated by RCWA [33]. Therefore, for the unit-cell period of

10 nm, the vacuum gap greater than 50 nm is the limit of

validity for this approximation [33]. In this paper we strictly

ensure that the vacuum gap is greater than 50 nm. The EMT is

based on modeling the strip near-field coupling as an effective

capacitance [33],

σeff =

[

σxx 0

0 σyy

]

=

[

σxx = PσCσG

(W σC+GσG )
0

0 W
P

σG

]

, (1)

where σC = −iωε0P/(π ln{csc[0.5π (P−W )/P]}) is the effec-

tive strip conductivity taking into account near-field coupling

and nonlocality. In the hyperbolic regime, the metasurface acts

as a metal for one transverse field polarization (Im[σyy] > 0)

and as a dielectric for the other one (Im[σxx] < 0). ω is the

frequency, and ε0 is the vacuum permittivity. σG is the optical

conductivity of the graphene, and it is given by the well-

known random phase approximation. Following Ref. [33], the

conductivity can be written as a sum of intraband (Drude) and

interband contributions, i.e., σG = σD + σI , respectively,

σD =
i

ω + i/τ

2e2kBT

π h̄2
ln

(

2 cosh
μ

2kBT

)

, (2a)

σI =
e2

4h̄

[

G

(

h̄ω

2

)

+ i
4h̄ω

π

∫ ∞

0

G(ξ ) − G(h̄ω/2)

(h̄ω)2 − 4ξ 2
dξ

]

,

(2b)

where G(ξ ) = sinh(ξ/kBT )/[cosh(E f /kBT ) + cosh(ξ/kBT )].

The conductivity depends explicitly on the temperature T and

the chemical potential μ. The relaxation time τ is fixed at

10–13 s [33].

The radiative heat flux between two twisted hyperbolic

systems can be calculated based on the fluctuation-dissipation

theory [19],

q =

∫ ∞

0

qω(ω)dω =

∫ ∞

0

[�(ω, T1) − �(ω, T2)]dω

×

∫ ∞

−∞

∫ ∞

−∞

ξ (ω, kx, ky)

8π3
dkxdky, (3)

where �(ω, T ) = h̄ω/[exp(h̄ω/kBT ) − 1] is the mean energy

of a Planck oscillator at angular frequency ω. ξ (ω, kx, ky) is

the photonic transmission coefficient (PTC) that describes the

probability of photons excited by thermal energy, which can

be written as

ξ (ω, kx, ky)

=

{

Tr [(I − R∗
2R2 − T∗

2
T

2
) D (I − R1R∗

1 − T∗
1T1)D∗], k < k0

Tr [(R∗
2 − R2) D (R1 − R∗

1 )D∗]e−2|kz |d , k > k0

(4)

for propagating (k < k0) and evanescent (k > k0) waves

where k =
√

k2
x + k2

y is the surface parallel wave vector and

k0 = ω/c is the wave vector in vacuum. kz=

√

k2
0 − k2 is

the tangential wave vector along the z direction in vacuum

and ∗ signifies the complex conjugate. The 2 × 2 matrix

D is defined as D = (I − R1R2e2ikzd ) which describes the

FIG. 2. (a) Radiative heat flux q as a function of rotation angle

ϕ at different dielectric permittivity of spacer. (b) Heat transfer co-

efficient ratio η between hyperbolic system and nonrotating system

as a function of rotation angle ϕ at different dielectric permittivity

of spacer. The parameters are d0 = 50 nm, ds = 1 nm, T1 = 310 K,

T2 = 300 K, μ = 0.4 eV, W = 5.9 nm, and P = 9.84 nm.

usual Fabry-Perot-like denominator resulting from the mul-

tiple scattering between the two interfaces of receiver and

emitter. The reflection matrix R is a 2 × 2 matrix in the

polarization representation; the calculation process of R can

be found in Appendix A.

III. HYPERBOLIC HYBRIDIZATION GUIDED HEAT

TRANSFER BETWEEN TWO BILAYER GRAPHENE

GRATING SYSTEMS

We first discuss the radiative heat flux (RHF) between the

two bilayer graphene grating systems as a function of the

rotation angle ϕ by fixing the vacuum gap d0 to the value of

50 nm as shown in Fig 2. We fix the thickness of dielectric

spacer to ds = 1 nm. Here, it is worth noting that the thickness

of the dielectric gasket cannot be reduced indefinitely. If the

spacing between two graphene layers is within an atomic lat-

tice (0.35 nm), quantum coupling will occur between the two

graphene layers [40]. Their conductivity description based on

the random phase approximation no longer is applicable and

should be modified accordingly to accommodate nonlocal and

other tunneling effects [40]. However, for hypothetical twisted

atomic bilayers, if their interlayer distance is relatively large,

namely, thickness of the dielectric spacer is larger than 0.35

nm, the interlayer quantum coupling would disappear [40].

Thus, in the following sections, we always keep the thickness

of the dielectric spacer greater than 0.35 nm. The chemical

potential μ is fixed at 0.4 eV. Here, the chemical potential

can be set by nitric acid chemical doping [41] or an external

bias voltage [42]. In the nature, the width of graphene stripe

should be a multiple of the lattice constant a of graphene

(a = 0.246 nm). We consider that the width W is 24a (5.9 nm)

and the unit-cell period P is 40a (9.84 nm), which can truly

describe graphene grating. Here, besides, we also illustrate

the impact of the dielectric permittivity εs of the spacer with

respect to the rotation angle ϕ on the results.

We can see in the Fig. 2(a) that the presence of the rotation

angle significantly modifies the RHF between the two bilayer

graphene grating systems. In most of the cases, the RHF is

higher than the case without rotation angle, which means that

this torsion can enhances effectively the heat transfer. It can

be seen more intuitively through the heat transfer coefficient
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FIG. 3. (a) Spectral RHF as a function of the frequency for a

vacuum gap d0 = 50 nm and a chemical potential μ = 0.4 eV. The

different lines correspond to different rotation angles. (b) Contour

plots of energy transfer function �(ω), as a function of frequency

with different rotation angles.

ratio in Fig. 2(b) that the twisted system can enhance the

radiative heat transfer of the system, and the enhancement

would increase as the dielectric permittivity of spacer in-

creases. However, as shown in Fig. 2(a), we find that the RHF

exhibits a nonmonotonic dependency versus the rotation an-

gle, especially for a lower dielectric permittivity of spacer. For

the dielectric permittivity of a spacer of 1, when the rotation

angle reaches 40°, the maximum of the RHF increases from

28.3 kW m–2 for φ = 0◦ to around 33.5 kW m–2 for φ = 40◦

(η = 1.18), and decreases rapidly as the rotation angle further

increases. In addition, it can be seen that although the dielec-

tric permittivity of the spacer between two graphene gratings

could tune the RHF of a metastructure, the dependency of

RHF versus the rotation angle under different dielectric per-

mittivity has been constant. In order to conveniently reveal

the physical mechanism of a twisted hyperbolic system in

NFRHT, we fixed the dielectric permittivity of the spacer to

1 in the subsequent analysis.

To get further insight into the role of the twisted hyperbolic

system, we show in Fig. 3(a) the spectral RHF for a gap

d0 = 50 nm, the dielectric permittivity of the spacer is 1, and

different rotation angles. This spectral RHF is defined as the

RHF per unit of frequency. It can be seen that a new peak

appears as the twisted hyperbolic system emerges (ϕ > 0°).

In addition, when the rotation angle increases to 20°, the new

peak begin to dominate the spectral RHF, that is, the new peak

becomes the maximum of the spectral RHF. The new peak of

the spectral RHF is blueshifted upon increasing the rotation

angle from 0.018 eV/h̄ for ϕ = 10◦ up to around 0.145 eV/h̄

for ϕ = 90◦. Notice also that the maximum of the spectral

RHF also increases drastically with the rotation angle, reach-

ing a maximum of 0.31 nW m–2 rad–1 s at ϕ = 40◦. As the

rotation angle further increases, the maximum of the spectral

RHF gradually decreases to the value of 0.21 nW m–2 rad–1 s

at ϕ = 90◦.

In order to visualize the NFRHT of the rotation angle,

in Fig. 3(b), we calculate the energy transfer function �(ω),

given by �(ω) = qω/[�(ω, T1) − �(ω, T2)]. As the rotation

angle increases, the peak of energy transfer function gener-

ated by the twisted hyperbolic system increases drastically,

reaching a maximum of 1.5 × 1013. This also explains that

the spectral RHF in Fig. 3(b) increases as the rotation angle

increases at the lower rotation angle range. However, the peak

of energy transfer function generated by higher rotation angle

is excited only by higher photonic energy, which corresponds

to the blueshifted peak of spectral RHF shown in Fig. 3(a).

Unfortunately, the contribution of spectral RHF with higher

frequency (higher photonic energy) to RHF is negligible, due

to the exponentially decaying mean energy of a Planck os-

cillator �(ω, T) at room temperature. Therefore, in Fig. 3(a),

when the rotation angle is 90°, it is difficult to observe the en-

hanced spectral RHF excited by the ultrahigh energy transfer

coefficient, which is in agreement with the declining trend of

the RHF at the larger rotation angle range in Fig. 2.

IV. UNDERLYING PHYSICS OF THE HYPERBOLIC

HYBRIDIZATION

It is well known that the photonic transmission coefficient

(PTC) and dispersion relation can visually reveal the physical

mechanism of the effect of surface state on NFRHT. We thus

employed these two physical quantities to explore the under-

lying physical mechanisms for this twisted hyperbolic system

to the NFRHT. For a frequency of 0.15 eV/h̄, the lower panels

of Figs. 4(b)–4(f) show the distributions of the photonic trans-

mission coefficient and the dispersion relation with rotation

angle ϕ = 0◦, 30°, 60°, 80°, and 90°, respectively. As we all

know, different from conventional circles, the surface state

of anisotropic SPPs supported by graphite gratings graphs

as a hyperbola, where the dominant contribution to the op-

tical response of graphene comes from the scattering of free

electrons. As shown in Fig. 4(b), the regime featured with

PTC for the bilayer graphene grating system is axisymmetric

hyperbolic lines. The dispersion relation of effective graphene

gratings can well reflect this phenomenon, and it is given

by Eq. (A11). Moreover, as the two bodies are brought into

proximity, the evanescent field of HSPPs associated with two

graphene gratings can interact with each other, leading to the

two dispersion curves at the higher wave-vector region and

the smaller wave-vector region. However, due to the existence

of the attenuation length [δz = 1/Im(kz )] [18], the surface

state dominated by dispersion at the higher wave-vector re-

gion is easily filtered by the vacuum gap, and cannot make a

corresponding contribution to the NFRHT. Therefore, in the

subsequent analysis, we only show the dispersion relationship

at the smaller wave-vector region, unless otherwise stated.

As shown in Figs. 4(b)–4(f), it can be clearly seen that

when the second individual graphene grating of a bilayer

system emerges with mechanical rotation, the bright branch

of the polaritons changes markedly—from hyperbolic (open)

to elliptical (closed). This photonic topological transition is

governed by the coupling of in-plane hyperbolic SPPs that

are individually supported by each layer of the bilayer sys-

tem [28]. Before the rotation angle at which the topological

transition arises, as the rotation angle increases, gradually the

hyperbolic bright branch would be flattened. After a topolog-

ical transition occurs on the surface state (i.e., the bright band

closes), the surface state gradually change from quasielliptical

plasmon to quasi-isotropic plasmon with the rotation angle

increase. Moreover, as its surface state changes from open to

closed, the topological transition yields diffraction less, and

low-loss directional SPPs become canalized, which in turn

produces a more intense surface state, i.e., a brighter and
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FIG. 4. Rotation-induced topological transition of plasmon polaritons. (a) Topological nature of the plasmon polaritons dispersion with

respect to the rotation angle at a frequency of 0.15 eV/h̄. (b)–(f) The top row shows the formed twisted fringe patterns of twisted bilayer

hyperbolic system. The bottom row is the numerically simulated photonic transmission coefficient in wave-vector space. The blue dashed lines

and the white dashed lines are the dispersion lines of the top grating (no rotation) and bottom grating (with rotation) of twisted bilayer system.

The red solid lines are the dispersion after hybridization of twisted hyperbolic system.

stronger bright branch, as shown in Figs. 4(b)–4(f). These

results contribute to a further confirmation and explanation

of the increase of the energy transfer function in Fig. 3(b).

Furthermore, it should be emphasized that the topological

transition of the surface state is completely different from

the previous work about controlling NFRHT based on the

mechanical rotating between the emitter and the receiver. The

topological transition of the surface state is a nonlinear change

caused by the twisted hybridization based on the twisted

hyperbolic system. The previous work about the mechanical

rotating between the emitter and the receiver is just a simple

superposition of surface state, and the corresponding under-

standing is linear change [43–47].

In addition, to explore thoroughly these effects, Figs. 4(b)–

4(f) show the isofrequency dispersion curves for the twisted

hyperbolic system considering different rotation angles. The

red solid lines show the calculated dispersion bands of the

twisted hyperbolic system. The blue and white dashed lines

correspond to the dispersion curves of the isolated top (no

rotation) and bottom (with rotation) graphene gratings. This

red solid line nicely locates at the bright branches, which

unambiguously demonstrates that topological hybridization of

HSPPs dominate the NFRHT in our system. In addition, we

can predict this transition of the bright branch via the num-

ber of crossing points NACP for the dispersion lines of each

isolated graphene grating in bilayer system, analogous to a

Lifshitz transition in electronics [28,29]. The bright branch of

the topological polaritons change markedly in nature—from

hyperbolic (open) to elliptical (closed)—when the integer

number of crossing points NACP changes from 2 to 4, as shown

in Figs. 4(b)–4(f). In other words, at the twist angle at which

the topological transition arises, the number of crossing points

must necessarily reach 4, as its topology changes from open

to closed.

Moreover, since p polarized evanescent waves have a main

contribution in the radiation heat transfer of graphene, we

calculate the reflection coefficients of the p polarized evanes-

cent waves of the twisted hyperbolic system to clearly exhibit

these topological transitions [21,42]. The imaginary part of

the reflection coefficients is shown in Fig. 5. For the bilayer

system without rotation in Fig. 5(a), the hyperbolic distribu-

tion of reflection coefficients is also presented, which agrees

well with the bright branch of PTC and dispersion relation.

We see that, when the rotation angle changes from 0° to 90°,

the imaginary part of the reflection coefficients changes from

hyperbolic to elliptic, experiencing a topological transition,

which is seen in the field distribution from the reflection coef-

ficients. This means that the SPPs dispersion relations for the

twisted hyperbolic system are well predicted by the reflection

coefficients.

To explain visually the topological hybridization of HSPPs

and the blueshift of spectral RHF, we illustratively show the

dispersion and the topological transition regions as a function

of rotation angles in Fig. 6. As mentioned above, the number

of crossing points as a function of the angle can powerfully

predict the topological transition. Nevertheless, the number

of crossing points does not show the range of transitional

angles where topological transitions occur. Thus, here we

utilize the open angle ψopen of the hyperbolic branches of the

individual graphene grating of the bilayer system to predict

the transitional angles where topological transitions occur. For

the single graphene grating of the bilayer system, hyperbolic

SPPs propagate at the open angle atan[Im(σyy)/Im(σxx )] [28].

For the twisted hyperbolic system, the two hyperbolic bands

of the individual layers hybridize and strongly couple to each

other at the points in wave-vector space at which they cross,

leading to crossing and topological transitions. Since the hy-

perbolic curve is open, ideally, there is no limit on the density

of states (DOS) [33]. Thus, ideally, when the open angle is

paired together with a given rotation angle, that is, ϕideal =

180◦−2ψopen, an anticrossing arises at the intersection of the

bands, which may be easily predicted using geometrical ar-

guments. However, practically, the hyperbolic SPPs will not

hold when the wave vector goes to infinity due to the existence

of the attenuation length. Therefore, the angle ϕreal at which

the actual topological transition occurs lags behind the ideal
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FIG. 5. Imaginary part of the reflection coefficients rpp(kx, ky ) of the twisted hyperbolic system for (a) ϕ = 0◦, (b) ϕ = 30◦, (c) ϕ = 60◦,

(d) ϕ = 80◦, and (e) ϕ = 90◦ at a frequency of 0.15 eV/h̄. The parameters are ds = 1 nm, μ = 0.4 eV, W = 5.9 nm, P = 9.84 nm, and εs = 1.

angle ϕideal. For example, as shown in Fig. 6(a), we can see

that for smaller rotation angles (ϕ < 36◦) there will only be a

crossing in the fourth quadrant (green circular mark) and the

complementary points in the second quadrant (not shown for

simplicity). For larger angles (ϕ > 36◦), two additional cross-

ing points emerge in the first quadrant (red circular mark) and

the complementary points in the third quadrant (not shown).

However, according to a frequency of 0.07 eV/h̄ with an open

angle of 76.8°, the ideal transitional angle ϕideal only is 26.4°,

though the practical transitional angle ϕreal is much larger than

the ideal transitional angle ϕideal.

As the frequency increases, the open angle gradually re-

veals a downward trend, so the rotation angle required for the

topological transition gradually becomes larger. For example,

as shown in Fig. 6(b), there is only a crossing point in the

second and fourth quadrants at the larger range of rotation

angle (0 < ϕ < 73◦). Meanwhile, it can be clearly seen that

at a higher frequency, since the hyperbolic SPPs at a large

wave vector range is easily filtered by a vacuum gap, the dif-

FIG. 6. Number of anticrossing points versus the angle at the

frequency of (a) 0.07 eV/h̄, (b) 0.15 eV/h̄, and (c) 0.2 eV/h̄. The

green circular mark indicates the location of the crossing in the fourth

quadrant and the red circular mark indicates the crossing point in the

first quadrant. The gray arrows show the evolution of the rotation

angle. (d) Topological transition regions as a function of frequency

and rotation angles. The green dashed line represents the realistic

topological transition angle and the pink dashed line represents the

ideal ones (ϕideal = 180◦−2ψopen).

ference between the ideal transitional angles of the topological

transition and the actual one is increased compared to the low

frequency case, as shown in Fig. 6(d). This also leads to the

fact that, with the further increase of frequency, the number

of crossing points can no longer be up to 4 due to the finite

state density in Fig. 6(c). On the other hand, as shown in

Fig. 6(d), since the two hyperbolic bands of the individual

layers do not couple to each other at the points in reciprocal

space at which they cross, the topological transition of pho-

tonic transmission coefficient are not generated at the higher

rotation angle, in turn, forming the uncoupled surface state.

This uncoupled surface state would severely inhibit NFRHT.

Moreover, according to Fig. 4, when the topological transition

occurs, the brightest and strongest bright branch of the surface

state would be produced. As shown in Fig. 6(d), the frequency

of topological transition also increases with the increasing

rotation angle. Thus, in Fig. 3(b), the peak of energy transfer

function �(ω) excited by topological transitions shows a clear

blueshift.

V. HYPERBOLIC HYBRIDIZATION DEPENDENCE OF

THE HEAT TRANSFER FOR DIFFERENT VACUUM GAPS

In order to explore the effect of twisted hybridization on

heat transfer at different vacuum gap, in Fig. 7(a), we calculate

the RHF as a function of rotation angle for different vacuum

gaps. The curves with different colors represent different vac-

uum gaps. As is well known, in the field of lower vacuum gap,

the RHFs of a twisted hyperbolic system in a different rotation

angle can be higher than the RHF at the higher vacuum gap.

We can see in Fig. 7(a) that the presence of the rotation

angle significantly modifies the RHF and can enhances the

RHF of a system compared with the case without rotation

angle, both for different vacuum gaps. In the cases of a smaller

gap, i.e., a vacuum gap less than 100 nm, we find that the

RHF exhibits a nonmonotonic dependency versus the rotation

angle, especially for a lower vacuum gap. For a small vacuum

gap with d0 = 50 nm, we find that the nonmonotonic trend

is strong and the maximum of RHF is at a middle angle of

ϕmax = 40◦, and the RHF decreases drastically with a fur-

ther increase of ϕ. However, for a higher vacuum gap, the

nonmonotonic trend is much weaker and the rotation angle

corresponding to the maximum of RHF is larger. When the

vacuum gap reaches 100 nm, compared with the nonmono-

tonic dependency on the rotation angle at lower vacuum gap,

the larger angle can further enhance the NFRHT.

To interpret the underlying physics of the transformation

of effect of twisted hybridization on heat transfer at different
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FIG. 7. (a) Radiative heat flux q as a function of rotation angle ϕ at different vacuum gap d0. Spectral RHF as a function of the frequency

with different rotation angle for a vacuum gap of (b) 70 nm, (c) 90 nm, and (d) 110 nm. Contour plots of energy transfer function �(ω) as a

function of frequency with different rotation angles for a vacuum gap of (e) 70 nm, (f) 90 nm, and (g) 110 nm. The parameters are ds = 1 nm,

T1 = 310 K, T2 = 300 K, μ = 0.4 eV, W = 5.9 nm, and P = 9.84 nm.

vacuum gaps, we show in Figs. 7(b)–7(d) the spectral RHF

with different rotation angles. Now we show three gaps,

namely d0 = 70, 90, and 110 nm, respectively. Physically, one

can expect that the different vacuum gap would bring a differ-

ent spectral response. For the vacuum gap of 70 nm, notice

also that the maximum of the spectral RHF also increases

drastically with the rotation angle, reaching a maximum of

0.195 nW m–2 rad–1 s at ϕ = 50◦. As the rotation angle fur-

ther increases, the maximum of the spectral RHF gradually

decreases to the value of 0.128 nW m–2 rad–1 s at ϕ = 90◦.

As the vacuum gap increases to 90 nm and the rotation an-

gle is greater than 50°, the peak of the spectral RHF is no

longer modulated by the rotation angle, that is, the peak of the

spectral RHF remains unchanged with an increase of rotation

angle. In the plot of spectral RHF [Fig. 7(d)], we observe

that for d0 = 110 nm, the maximum of the spectral RHF is

enhanced upon increasing the rotation angle, hence increasing

the RHF as depicted in Fig. 7(a). To give further insight on the

underlying physics, we show a plot of energy transfer function

�(ω) in Figs. 7(e)–7(g). When we give a larger d0 between

these bilayer structures along the z axis, a spectral redshift

may be observed for the same rotation phase. Namely, as the

vacuum gap increases, the frequency of topological transitions

of different rotation angles would be lower. We stress that, in

addition to the twisted effects inside the bilayer structure the

mean energy of a Planck oscillator would play a significant

role on the spectral RHF. For a lower frequency, it would

also gradually amplify the contribution of the increase of

energy transfer function generated by topological transition to

the enhancement of NFRHT. The spectral redshift generated

by increasing the vacuum gap fortunately allows people to

track intuitively the increase of the energy transfer function

at spectral RHF. Therefore, it can be clearly observed that

with the increase of the vacuum gap, the spectral peak and the

rotation angle show a positive correlation in Figs. 7(b)–7(d).

As the vacuum gap increases, the frequency of topolog-

ical transitions of rotation angles would be lower, which

also means that the angle of topological transitions occur-

ing at fixed frequencies become bigger. To visually reveal

the physics, as shown in Figs. 8(a)–8(c), we plot the PTC,

the dispersion relation, and the corresponding rotation of the

optical axis. The top row shows the PTCs without rotation

for the vacuum gap of 70, 90, and 110 nm, respectively. It

can be distinctly observed that due to the existence of the

attenuation length, the wave-vector range of surface state dras-

tically shrinks with increase of the vacuum gap. When the

vacuum gap of the system increases from 70 to 90 nm, the

maximum wave vector of the bright branches in the positive

kx quadrant significantly decreases from 90k0 to 70k0. At the

vacuum gap of 110 nm, the maximum wave vector of the

bright branches in the positive kx quadrant only maintain 50k0.

Thus, in the bottom row of Figs. 8(a)–8(c) showing the PTCs
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FIG. 8. (a)–(c) The top row shows the numerically simulated PTCs without rotation at the vacuum gap of 70, 90, and 110 nm at a frequency

of 0.12 eV/h̄, respectively. The bottom row shows the PTCs at the rotation angle of topological transitions for the vacuum gap of 70, 90, and

110 nm, respectively. The red solid lines are the dispersion after hybridization of twisted hyperbolic system. The pink dashed lines are the

dispersion after hybridization of twisted hyperbolic system. The blue dotted lines and the dotted dashed lines are the optical axis of the top

grating (no rotation) and bottom grating (with rotation) of twisted bilayer system. (d) Topological transition regions as a function of frequency

and rotation angles at different vacuum gap.

at the rotation angle of topological transitions, the surface

state of HSPPs with a smaller wave-vector range need to rotate

a larger angle to complete the topological transition with an

increase of the vacuum gap. These results also directly exhibit

the delayed effect that the system at a larger vacuum gap needs

a larger transitional angle of topological transitions. In order

to more clearly observe the transition of the surface state of

the system from hyperbolic to elliptical at a different vacuum

gap, we plot the topological transition regions as a function

of frequency and rotation angles at different vacuum gaps in

Fig. 8(d). The dashed lines with different colors represent the

topological transition angle with different vacuum gaps. In

Fig. 8(d), a larger vacuum gap would push the topological

transition angle at different frequencies to a higher range. In

other words, a larger vacuum gap would make the topological

transition frequency of different rotation angles redshifted,

especially for systems with large rotation angles. These results

also explain the redshift of the spectral RHF and the energy

transfer function with increasing of vacuum gap in Fig. 7.

VI. HYBRIDIZATION EFFECT FOR DIFFERENT

THICKNESSES OF DIELECTRIC SPACER

Note that one important aspect of the twisted hybridization

is the dependence of the thickness of the dielectric spacer be-

tween adjacent gratings in the bilayer. As shown in Eq. (A9),

the interbedded coupling strength at the bilayer is essentially

dependent on the distance between two hyperbolic polaritons.

More generally, the term e−ikz0ds determines the strength of the

coupling. Thus, the twisted hybridization of hyperbolic polari-

tons can be affected by the thickness of the spacer between

adjacent sheets in the bilayer.

To get insight into the role of the thickness of the dielectric

spacer on the NFRHT of the twisted hyperbolic system we

show the radiative heat flux q as a function of the thickness at

d0 = 50 nm for different rotation angles ϕ in Fig. 9. As shown

in Fig. 9(a), we find that the RHF without rotation exhibits a

nonmonotonic dependency versus the separated thickness. In

fact, we find that the very compact bilayer structure reveals

a suppressed heat transfer compared with the one with larger

thickness. A local maximum of heat transfer is observed as

the d0 is comparable but a little bit larger than ds. After the

FIG. 9. (a) Radiative heat flux q as a function of separated thick-

ness ds at different rotation angles ϕ. (b) Heat transfer coefficient

ratio η between hyperbolic system and nonrotating system as a

function of separated thickness and rotation angle. The parameters

are d0 = 50 nm, T1 = 310 K, T2 = 300 K, μ = 0.4 eV, W = 5.9 nm,

and P = 9.84 nm.
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FIG. 10. Spectral RHF as a function of the frequency with differ-

ent rotation angles for the thickness of dielectric spacer of (a) 2 nm,

(b) 20 nm, and (c) 60 nm. Contour plots of energy transfer function

�(ω) as a function of frequency with different rotation angles for a

vacuum gap for the thickness of dielectric spacer of (d) 2 nm, (e)

20 nm, and (f) 60 nm. The parameters are d0 = 50 nm, T1 = 310 K,

T2 = 300 K, μ = 0.4 eV, W = 5.9 nm, and P = 9.84 nm.

local maximum point, q decreases, because as the thickness

increases, the evanescent wave from the second graphene

grating is gradually filtered by the vacuum gap. In order to

give a more intuitive feeling of the effect on the RHF from

the twisted hyperbolic system with different separated thick-

nesses, Fig. 9(b) presents the RHF ratio η between the twisted

hyperbolic system and a nonrotating system as a function of

separated thickness and rotation angle at d0 = 50 nm. We see

that as ds ≦ 10 nm, the ratio first increases and then decreases

with increasing rotation angle. When the separated thickness

is 1 nm, the maximum heat transfer coefficient ratio η can

be close to 1.2. The strongest suppression occurs when the

thickness is 60 nm, which the maximum suppression can be

close to 0.8.

Now, we turn to the near-field spectral radiative heat flux.

Figures 10(a)–10(c) show the spectra of radiative heat flux

under different rotation angles for the thickness of 2, 20,

and 60 nm, respectively. As shown in Figs. 10(a)–10(c), in

the absence of rotation, we note that the contribution from

the thickness of the dielectric spacer to amplify the spectral

RHF is gradually stronger. When the thickness of dielectric

spacer reaches 2 nm from 60 nm, the maxima of the spec-

tral RHF is increased from 0.17 nW m–2 rad–1 s to around

0.35 nW m–2 rad–1 s. However, this obvious enhancement

effect on the spectral RHF can be ignored at a smaller rotation

angle (φ < 50◦) in Figs. 10(b) and 10(c). This also leads to

that, for the system with a larger thickness of dielectric spacer,

the increase in the RHF supported by rotation is gradually

reduced, ultimately producing the suppression effect in Fig. 9.

Compared with the system with smaller rotation angle, a

larger thickness of dielectric spacer would lead to the obvious

redshift and increasing of the spectral RHF after the rotation

angle exceeds 50°. To get insight into the role of the rotation

angle on the spectra of radiative heat flux with different thick-

nesses of dielectric spacer, we calculate the energy transfer

function in Figs. 10(d)–10(f). As a thickness of dielectric

spacer with ds = 20 nm is used, we see in Fig. 10(e) that

the energy transfer function gets broader but the maximum

decreases compared with the ones at ds = 2 nm, especially in

φ = 90◦. This trend is particularly obvious when the thickness

of dielectric spacer increases to 60 nm. Meanwhile, it can be

clearly seen that the influence of the thickness of the dielectric

spacer on the energy transfer coefficient at small rotation

angles (φ < 50◦) and low frequencies is almost negligible. As

a result, the effect for the thickness of the dielectric spacer on

spectral RHF is very limited at a smaller rotation angle (φ <

50◦) in Figs. 10(b) and 10(c). For larger rotation angle (φ >

50◦), the redshift caused by the increase in thickness results

in the system occupying a higher energy transfer coefficient

at low frequencies, which in turn leads to the spectral RHF

redshift and increases in Figs. 10(b) and 10(c). Meanwhile, as

the thickness of dielectric spacer increases, the enhancement

effect of twisted hyperbolic system on the energy transfer

function gradually decreases. As shown in Fig. 10(b), when

the rotation angle of the system at ds = 2 nm is increased

from 0° to 90°, the energy transfer function at a frequency of

0.13 eV/h̄ significantly increases from 0.31 × 1013 to 0.94 ×

1013. However, at the thickness of 20 nm, the energy transfer

function at a frequency of 0.13 eV/h̄ increases from 0.44 ×

1013 to 0.75 × 1013. Moreover, for the thickness of 60 nm, the

energy transfer function at a frequency of 0.13 eV/h̄ begins to

attenuate from 0.65 × 1013 to 0.48 × 1013.

The origin of the dependency of the thickness of dielectric

spacer on HSPPs supported by the twisted hyperbolic system

can be understood with a concrete analysis of the energy trans-

mission coefficient and the dispersion relations. In particular,

we show the PTC with a thickness of dielectric spacer of 2, 20,

and 60 nm, respectively, in Fig. 11. A frequency of 0.13 eV/h̄

and φ = 0◦ is considered for the left figures and a frequency

of 0.13 eV/h̄ and φ = 0◦ for the right figures. Meanwhile,

we plot the plasmon dispersion relations in Fig. 11 where

the white curves represent the plasmon dispersions. When

the two bodies are brought into proximity, the evanescent

field of HSPPs associated with two graphene gratings can

interact with each other, leading to the two dispersion curves

at the higher wave-vector region (symmetrical dispersion) and

the smaller wave-vector region (antisymmetrical dispersion)

[48,49]. For φ = 0◦, as the dielectric spacer becomes thicker,

the HSPP’s bright band supported by symmetrical dispersion

gradually shifts to the low wave-vector area, resulting in a

gradual decrease in the dissipation of the vacuum gap. As a
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FIG. 11. (a)–(c) The left row shows the numerically simulated

PTCs without rotation at the thickness of dielectric spacer of 2, 20,

and 60 nm, respectively. The right row shows the PTCs at the rotation

angle of 90° for the thickness of dielectric spacer of 2, 20, and 60

nm, respectively. The white dashed lines are the dispersion after

hybridization of hyperbolic system.

result, the SPPs bright band supported by symmetrical disper-

sion gradually becomes brighter as its contribution to energy

transfer gradually increases. Consequently, in the absence of

rotation angle, we obtain a large RHF for a thicker dielectric

spacer, as shown in Figs. 9 and 10. We can see that, for

φ = 90◦ with the increasing of thickness of the dielectric

spacer, the shape of the SPP’s bright band and dispersion

relations begins to change significantly, that is, it changes

from an isotropic circle to an anisotropic rhombus. Mean-

while, for φ = 90◦, due to the coupling strength will decay

when the thickness increases, the strength of the SPP’s bright

band supported by a second layer of graphene grating at

the bilayer system becomes weaker, which in turn leads to

the enhancement effect of the twisted hyperbolic system on

the energy transfer function gradually decreasing in Fig. 10.

This is because for a large separation, two graphene gratings

would be very weakly coupled and the anticrossing feature

will resultantly be very weak and nearly disappear. It can be

observed that the surface state degrades into the hyperbolic

bright band due to the surface state supported by the edge

of the rhombus dispersion perpendicular to the kx axis being

already very weak.

To show thoroughly these effects, Fig. 12 shows the isofre-

quency dispersion curves for a superlattice considering the

thickness of dielectric spacer at the frequency of 0.13 eV/h̄.

In the thickness of dielectric spacer at ds = 2 nm, since all

supported SPPs exhibit identical characteristics independently

FIG. 12. Dispersion dependence on the thickness of dielectric

spacer at the frequency of 0.13 eV/h̄. Thickness essentially deter-

mines the coupling strength. Here, the mutual angle is 90°.

of their propagation direction, the SPP is isotropic and thus

possesses a circular IFC. As the thickness of dielectric spacer

increases, due to two evanescently coupled polaritons with

respect to one another in the bilayer system, the shape of the

IFC gradually changes from circular to quasirhombus. With

a thicker dielectric spacer, the superlattice supports higher k

surface states. Meanwhile, as seen in in Fig. 12, the hyperbolic

branches in the corners are visible and move towards the

low wave-vector area with increasing thickness of dielectric

spacer.

VII. CONCLUSIONS

In summary, the present work revealed topological transi-

tion of plasmon polaritons in near-field radiative heat transfer

between twisted hyperbolic systems composed of a bilayer

of twisted graphene gratings. As the rotation angle increases,

the surface states of the twisted hyperbolic systems grad-

ually change from open (hyperbolic) to closed (elliptical)

contours. Meanwhile, as the topological transition of plas-

mon polaritons gradually appears, the surface state becomes

more intense, resulting an increase in near-field radiative

heat transfer. The underlying physics are interpreted qual-

itatively through analyzing the dispersion of the individual

metasurfaces in the wave-vector space as well as peculiar

anticrossing features linked by the topological nature of the

number of anticrossing points, clearly highlighting the role

played by the rotation angle. Moreover, we have found that

due to the dissipative characteristics of evanescent waves in

vacuum, the transitional angle of topological transition lags

behind the angle predicted by the open angle of the indepen-

dent hyperbolic branches. This hysteresis effect of topological

transitions would be more obvious with increasing vacuum

gap. Finally, we find the transition from the enhancement

effect of heat transfer caused by the twisted hyperbolic system

to a suppression one with increasing thickness of dielectric

spacer. Interestingly, the thickness of the dielectric spacer

would distinctly modify the shape of topological polaritons.

For example, at a rotation angle of 90°, there exists a mode of

evolution of topological polaritons with different thicknesses
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of dielectric space (from circular to quasirhombus) due to the

change of the anticrossing feature.

Our work represents a first step in the study of the mod-

ification of energy exchanges mediated by twisted physics

and provides a hybridization effect of polaritons on near-field

radiation heat transfer.
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APPENDIX A: REFLECTION MATRIX R OF IN

MULTILAYER ANISOTROPIC METASURFACES

In this appendix, a generalized 4 × 4 T-matrix formalism

for arbitrary anisotropic 2D layers is developed, from which

the general relations for the surface waves dispersions and

reflection matrix R are deduced. Let us first consider a single

anisotropic metasurface at the interface between two semi-

infinite media. Within the homogenization approach, the EM

response of such a metasurface, in general, can be described

by a fully populated conductivity tensor σ̂ ′′ in the wave-vector

space. Besides, σ̂
′′

denotes the conductivity tensor in the

wave-vector space [50],

σ̂
′′

=

(

σ ′′
xx σ ′′

xy

σ ′′
yx σ ′′

yy

)

=
1

k2

(

k2
x σxx + k2

y σyy + kxky(σxy + σyx ) k2
x σxy − k2

y σyx + kxky(σyy − σxx )

k2
x σyx − k2

y σxy + kxky(σyy − σxx ) k2
x σyy + k2

y σxx − kxky(σxy + σyx )

)

. (A1)

Following Refs. [51–53] let us write separately the EM

field of the p-polarized (TM) and s-polarized (TE) compo-

nents of the EM wave, which then will be mixed by the

nondiagonal response of a metasurface. The p waves with

the magnetic field perpendicular to the plane of incidence

possess the EM field components Ep = {Ex, 0, Ez}, Hp =

{0, Hy, 0}. For the s waves, with the electric field perpendic-

ular to the plane of incidence, the EM field components are

Es = {0, Ey, 0}, Hs = {Hx, 0, Hz}. Substituting p wave and s

wave into the boundary conditions of the metasurface [54],

one obtain the 4 × 4 T matrix, which gives the relation

between all the electric field components in the media above

and below the metasurface:
⎡

⎢

⎢

⎢

⎣

H+
p1

H−
p1

E+
s1

E−
s1

⎤

⎥

⎥

⎥

⎦

=
⌢

T 1→2

⎡

⎢

⎢

⎢

⎣

H+
p2

H−
p2

E+
s2

E−
s2

⎤

⎥

⎥

⎥

⎦

; (A2)

here, the signs + and − represent the forward and backward

waves.
⌢

T 1→2 can be derived as

⌢

T 1→2=
1

2

⎡

⎢

⎢

⎣

kz2

ε2

[

P++ P−−

P−+ P+−

]

√

μ0

ε0
σ

′′

xy

[

1 1

1 1

]

√

μ0

ε0

μ1kz2

ε2kz1
σ

′′

yx

[

1 −1

−1 1

]

μ1

kz1

[

S++ S−+

S−− S+−

]

⎤

⎥

⎥

⎦

,

(A3)

where the p-wave components are

P++ =
ε1

kz1

+
ε2

kz2

+
σ

′′

xx

ωε0

; P−−= −
ε1

kz1

+
ε2

kz2

−
σ

′′

xx

ωε0

,

P−+ = −
ε1

kz1

+
ε2

kz2

+
σ

′′

xx

ωε0

; P+−=
ε1

kz1

+
ε2

kz2

−
σ

′′

xx

ωε0

,

(A4)

where the s-wave components are

S++ =
kz1

μ1

+
kz2

μ2

+ ωμ0σ
′′

yy; S−+=
kz1

μ1

−
kz2

μ2

+ ωμ0σ
′′

yy,

S−− =
kz1

μ1

−
kz2

μ2

− ωμ0σ
′′

yy; S+−=
kz1

μ1

+
kz2

μ2

− ωμ0σ
′′

yy;

(A5)

here, subscripts 1 and 2 represent the media above and be-

low the metasurface, respectively. kz, μ, and ε are tangential

wave vector along the z direction in the media, the magnetic

permeability of the media, and the dielectric function of the

media. Subscripts p and s represent p polarized (TM) and s

polarized (TE), respectively. ε0 is the vacuum permittivity; μ0

is the vacuum permeability. In general, for any 4 × 4 T matrix

that links all the electric field components in a first layer with

those in N layer,

⎡

⎢

⎢

⎢

⎣

H+
p1

H−
p1

E+
s1

E−
s1

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

T11 T12 T13 T14

T21 T22 T23 T24

T31 T32 T33 T34

T41 T42 T43 T44

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

H+
p2

H−
p2

E+
s2

E−
s2

⎤

⎥

⎥

⎥

⎦

. (A6)

The reflection matrix R is defined and expressed in terms

of the T-matrix elements as follows [55]:

rpp =
H−

p1

H+
p1

|E+
s1=0 =

T21T33 − T23T31

T11T33 − T13T31

,

rps =
E−

s1

H+
p1

|E+
s1=0 =

T41T33 − T43T31

T11T33 − T13T31

,

rsp =
H−

p1

E+
s1

|H+
p1=0 =

T11T23 − T13T21

T11T33 − T13T31

,

rss =
E−

s1

E+
s1

|H+
p1=0 =

T11T43 − T13T41

T11T33 − T13T31

. (A7)

The formalism developed above can be easily generalized

for an arbitrary number of layers by multiplying the T matrices

corresponding to each layer. For a multilayer metasurface

consisting of N 2D layers with effective conductivity ten-

sors σ̂ ′′
j (i = 1, 2, ..., N). One obtains the 4 × 4 T matrix,

which gives the relations between all the electric field com-

ponents and the magnetic field components in the multilayer
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FIG. 13. E-field component of surface plasmons of bilayer

graphene gratings with an interlayer distance of 1 nm at a fre-

quency of 0.0021 eV/h̄: (a) effective medium theory, and (b) accurate

solution.

metasurface:
⎡

⎢

⎢

⎣

H+
p1

H−
p1

E+
s1

E−
s1

⎤

⎥

⎥

⎦

=
⌢

T 1→N

⎡

⎢

⎢

⎣

H+
pN

H−
pN

E+
sN

E−
sN

⎤

⎥

⎥

⎦

; (A8)

here

⌢

T 1→N =
⌢

T 1

⌢

T di,1

⌢

T 2

⌢

T di,2
...

⌢

T di,N−1

⌢

T N , (A9)

where
⌢

T j is obtained from
⌢

T 1 [Eq. (A3)] by replacing σ̂ ′′
1 with

σ̂ ′′
j ;

⌢

T di, j
is the T matrices for a light propagating through the

vacuum between two adjacent 2D layers with corresponding

thicknesses di, j ( j = 1, 2, ..., N−1):

Tdi, j
=

⎡

⎢

⎢

⎣

e−ikz j di, j 0 0 0

0 eikz j di, j 0 0

0 0 e−ikz j di, j 0

0 0 0 eikz j di, j

⎤

⎥

⎥

⎦

. (A10)

The dispersion of the collective surface waves in such an

N-layer system can be found as zeros of the denominator of

the reflection coefficients:

T11T33 − T13T31=0. (A11)

The T matrix allows us to obtain all necessary charac-

teristics (the reflection and the dispersion relation) using the

general Eqs. (A3)–(A11).

APPENDIX B: VERIFICATION OF EFFECTIVE MEDIUM

THEORY

In order to verify that the EMT can accurately describe the

optical character of the bilayer grating, we used the COMSOL

software to calculate electric field distributions based on the

effective medium theory and accurate solution, respectively

(see Fig. 13). We consider that the width W is 24a (5.9 nm) and

the unit-cell period P is 40a (9.84 nm). The accurate solution

of the electric field distribution is based on the accurate con-

struction of the grating model and is calculated via COMSOL.

It can be seen that, compared with the accurate solution, the

EMT can describe the electric field distribution of the bilayer

graphene grating very well.
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