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Summary. A rigorous first order solution with respect to anisotropy is
obtained for the equation of polarized radiation transfer in a homogeneous
anisotropic universe with a flat co-moving space. The degree of polarization
of the background radiation is shown to be very sensitive to the recombina-
tion dynamics and to the secondary reheating epoch. Provided that a quadru-
pole anisotropy of the background radiation is established, the measurements
of its polarization degree enable one to set severe limitations on the
conditions of secondary ionization.

1 Introduction

The high degree of isotropy of the relict (cosmic background) radiation (large-scale tempera-
ture fluctuations in the Rayleigh—Jeans region AT/T < 107> (Alpher & Herman 1975;
Smoot, Gorenstein & Muller 1977)) provides one of the basic arguments for the Universe to
be adequately described by a homogeneous and isotropic Friedmann model. But one cannot
exclude a strongly anisotropic expansion in the remote past, which smoothed out to the
recombination epoch ¢ = ¢, and gave rise to only a small anisotropy of the relict radiation at
present. After being scattered by a free electron, a weakly anisotropic radiation acquires a
~small degree of linear polarization. Earlier, the polarization of the relict radiation in an
axisymmetric cosmology had been discussed by Rees (1968). But since the precision of
observations is steadily growing, we found it appropriate to revisit the problem and give it a
somewhat more thorough and general treatment.

In this present paper an exact solution of the first order radiative transfer equation with
respect to anisotropy is obtained for a homogeneous cosmological model with a flat
co-moving space (Bianchi type I (Zeldovich & Novikov 1975)), in which the rates of expan-
sion along all three axes are different. Calculations based on this solution confirm most of
the qualitative conclusions by Rees (1968), though some numerical coefficients are quite
different. Astrophysical applications are discussed.

2 Solution of the equation of radiative transfer
Consider a homogeneous cosmological model with a Hubble law

ve=Hyx, v,=H,y, v,=H,z, (1)
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where

Hi() = (d/dr)[In a(®)]. )
Below we shall use the notations

H(t) = Ys[Hy (1) + Hy () + H,(D]; (3a)
AH(1) = Hy(r) = %Hye (1) + Hy(0)];  AH(?) = Hy () — Hy(2). (3b)

It is known that beginning from the redshifts z ~ 3 x 10 and up to the present moment
the dominant opacity mechanism in the Universe is Thomson scattering. To describe the
polarization of radiation in the course of scattering, we introduce (following Chandrasekhar
1960) a symbolic vector n consisting of components n;, n, and n,, of the polarization tensor,
which in the axes — one complanar with the z-axis (index /) and the other perpendicular to
it (index r) — reads

1/n Yn
_ ( 1 u). ( 4)

Here n=n;+n, is the photon occupation number. Vector n =n(z, v, u, ¢) is a function of
time ¢, of the photon frequency v, and of the direction of photon propagation characterized
by the polar angle 6 =arccos u between the wave vector and z-axis, and by azimuth ¢
measured from the x-axis of the co-moving cartesian coordinate system. The kinetic
equation for the photons is

on ondv ondu ond¢

—_— S — — —— — — — ——— Rt, N n—‘CONl'
ot ovdt odudt d¢dr &1 9) TVe(t)

1 +1 P27 (5)
x [n~—f f P(u, 6, ', ¢) n(t, v, i, ¢')dﬂ'd¢']’
4n)_1Jo

where o7 is the Thomson cross-section, Ne(#) is the number of electrons per unit volume of
the co-moving space, and the scattering matrix P is given in the Appendix.

The frequency change along the ray, due to the Doppler effect for the local expansion
law (1) is

g’% — v[H + AH(u? - 1/3") + AH (1 — p?) cos 2¢], (6)

where H, AH and AH are defined in equations (3).

For the purposes of this paper we do not need explicit forms of the angular operators
(du/dt)(9/8u) and (d¢/dt)(8/0¢), and of the matrix R, describing respectively the aberra-
tion and rotation of the polarization axes (Brans 1975; Caderni et al. 1978a) by parallel
transport along null geodesics. The reason for this is that we solve equation (5) in the frame-
work of the perturbation theory. In a zero approximation with respect to anisotropy (which
is a small parameter in our problem) the radiation field is isotropic and unpolarized. The
effect of the above operators on such a radiation field is identically zero. And since the
operators themselves are proportional to small quantities AH and AH, they have to be
accounted for in the second and higher approximations only, which we do not consider
here.
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From equation (4) it follows that the angular dependence of n(z, v, +1, ¢) for photons
travelling along the z-axis should be of the form (Landau & Lifshitz 1976):

1+p cos2(¢p — ¢o)
n(r,v,rl,¢>)=§ 1—p cos 2( — bo) | )
12p sin 2(¢ — ¢o)

where n and p are independent of ¢, and @, is the azimuth of one of the principal axes of
the polarization tensor. Solutions of equation (4) which do not satisfy equation (7) have no
physical meaning.

Let us assume now that

1

n(t, V, “9 ¢)=n0(t’ VO) 1 +n1(ts VO’I"L’ d))s (8)
0

where |nyl < ng, |1yl < ng, 1Nyl < ng, and the frequency

- { a,(t) ay(t) a,(t) ]1/3 ©)

ax(to) ”y(to) as(to)

is an ‘integral of motion’ in zero approximation. Substituting equations (6), (8) and (9) into
equation (5) and retaining only zero and first order terms, we get

ano
—=0; 10
1
anl _ dno 2 . N )
— =vo— [AHW* — ¥3) + Y2 AH(1 — p*) cos 2¢] | 1 |— cot N,
ot dVO
0
(11)

1 rt1pr2n , o
X [nl - “f f Pny(t,vo, 1, ¢) du’ dop ]
dr —1v0

From equation (11) one sees that an anisotropic expansion generates a polar and
azimuthal anisotropies in the background radiation of the form

1 1
a={1)w?>—Y), a=%|1]-u?cos2e. (12)
0 0

The collisional integral in the right-hand part of equation (11) (acting on ‘spin’ and angular
variables only) transforms vector a into a linear combination of itself and vector b, while
vector a is being transformed into a linear combination of itself and vector b, where

1 (1+u?)cos2¢
b=|-1)1—-ud); b=Y2|-(1+u?cos2¢} (13)
0 4u sin 2¢
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One can easily verify that vector b in its turn transforms into a linear combination of a and
b, while b — into a linear combination of a and b. Thus, a solution of equation (11) which is
of interest here must be of the form

n; = no(vo)[a(t, vo) a + B(2, vo) b +a(t, vo) a + (2, vo) bl. (14)

The quantities o and & represent the degree of anisotropy of the relict radiation, while the
quantities 8 and § — the degree of its polarization. The general form (equation 14) of a solu-
tion is such that the condition (7) is satisfied automatically.

Note that according to equations (12)—(14) the net contribution to the total photon
number density (summed over polarizations and integrated over angles) vanishes in the first
order of the perturbation theory. The latter quantity is determined entirely by ny(vo). This
implies, in particular, that though anisotropic and polarized radiation components may
contribute to spectral distortions in fixed directions, the total spectral shape averaged over
all directions and polarization states is determined by the function ny(v,) only. To calculate
n, one has to make a proper account of Compton scattering and true absorption mechanisms
in the epochs 10° <z <107 (Illarionov & Sunyaev 1974; Zeldovich, Illarionov & Sunyaev
1972).

Substituting equation (14) into equation (11), we obtain a system of ordinary differential
equations for the quantities o and §:

da dlnng

—= AH — copN (%hoa + ¥5), (152)
dt dln Vo

ag

o = — copNe(Yr0a + ¥sp). (15b)

The functions & and § obey the same system with AH replaced by AH. This latter circum-
stance enables us to make a straightforward generalization of all the results obtained for an
axisymmetric expansion (when AH=a&=§=0) to a three-axial expansion since all the
formulae and numerical relationships obtained for o and B are also valid for & and § when
AH is replaced by AH.

The system (15) is not equivalent to a corresponding system of Rees (1968). We suspect
that Rees has made an error when calculating the matrix of the system, but since he had not
published the details of the derivation, we were unable to pinpoint it. This difference infers
systematic discrepancy in numerical coefficients and some qualitative conclusions.

The solution of equations (15) is

1t
o(t,vo) = o -J AH(t'){6 exp [— 7(¢, t)] + exp [~ Y07(t, £)]} dt’, (16a)
dlnvy7J¢
dlnngl pt , o, , ,
ﬁ(t’a VO) = _f AH(t ){exp [_ T(t, t )] — €Xp [_ 3/107'(1', t )]}dt ’ (16b)
d 11’1 Vo 7 0
where
t : .
7(t,t) = con Ne(¢") dt" (17)
¢

is the optical depth along the ray between the moments ¢ and ¢.
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3 General properties of the solution

From expressions (16) we see that the influence of cosmological parameters on « and £ falls
off exponentially with the optical depth 7(¢, ¢'). It means that, in order to evaluate « and 8
at the present epoch, one has to know the plasma parameters and the expansion law
beginning from the recombination epoch only, namely from z =z, ~ 1300. An interesting
property of the solution (16) is the fact that the weight functions

Ja()=%1exp (= 1) + Y76xp (— Y107), (18a)
fe(r)="/7 [exp (= Y107) — exp (— 7)] (18b)

drop as exp(—¥%107), and not as exp (— 7). The reason is that in the course of scattering an
anisotropic non-polarized component of the radiation field does not simply become
isotropic (as would be the case for the scattering of a scalar field), but partly transforms into
a polarized component. The scattering of the latter results in its partial depolarization, with
a certain fraction being transformed into the anisotropic non-polarized component. Thus,
the anisotropic and the polarized components of the radiation field make a single complex
(the reason for that stems from the transverse nature of electromagnetic waves) which
decays on the whole slower than exp (— 7).
Having considered a ratio of functions (18)

fo _ 1—exp(- "07) y
fo 1+6exp(— 7o7)

we immediately arrive at a conclusion that the degree of polarization |B| is always less than
the degree of anisotropy |a|. This result contradicts the contention of Rees (1968) that in
some cases |B|~3|al. The function fg reaches its maximum fg(rp,)=0.060 at
Tm=¥71n 1% =172.

The solution (16) has been obtained under the assumption |a| < 1 (which infers |8] < 1).
Now we can write down the conditions that guarantee its validity:

1, (19)

|AH|/copNe <1, if z>z, (20a)
|AH/H| < 1, if z<z. (20b)

Indeed, from equations (16) one finds that before the recombination when the mean time
between scatterings (copNVe)™' is much less than the cosmological time-scale H ™! — the
degree of anisotropy |a| ~ |AH|/copN.. After the recombination, when the universe is
transparent, the degree of anisotropy |a| ~ |AH/H|, where the last ratio should be evaluated
at the epoch of recombination because it decreases in the course of expansion. In all calcula-
tions below we assume that the stronger condition (20b) is fulfilled.

4 The Universe transparent after recombination

If the average matter density in the universe at the present epoch ¢ = ¢, is close to a critical
value,

Po 871G

Q P ~
pe ' 3HZ

il
n

1, | 1)

then we may treat a co-moving space as a flat one at all stages of expansion. In this case we
can evaluate the polarization and anisotropy of the relict radiation directly from equations
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(16). The expansion at z <4.2x10°h2Q (h = H/100kms™'Mpc™!), when non-relativistic
nucleons dominate in matter density, is governed by the Schiicking—Heckmann (1958)
solution for P=0:

ax(£) = axotPi(t + 1),

a,(1) = ayotP2(t + £;)*° P, (22)
a;(2) = azot?>(t + £;)* 7P,

where

P1+p2+p3=pi+pi+pi=1, (23)
and the isotropization moment ¢; < ;. In this case

AH(z)= AHy(1+2)%;, AH(z)= AHy(1+2)* (24)

(z is the redshift). The relationship (24) implies that prior to recombination, the ratio
AH/corN, had been independent of time, and the integrals in equations (16) can be
evaluated analytically:

4 AH dlan,
=— ; B= —%0(. (25)
3corNedInv,

Substituting equation (24) into equations (16) and changing the integration variable, we
getfort=t,:

AHO d ln no *° ) [] ! !

= —— f [%7exp [ 7(z)] + Y7exp [- Sor@)]](1 +2")2 dz’, (262)
Hy, dinpyJ,
AH,d 1 |

e = J [exp [—7(z")] — exp [~ %107(z")]](1 + 2') 2z, (26b)

Ho dln Vo 7 0

where

7(2) = 7o f xe(2'1+2")? a7, (27)

0

To = coTpc/mpHy= 0.069h, x¢(z) is the degree of ionization.

First, we shall estimate oy and §, under the assumption that the recombination occurs
instantaneously at z, = 1500 (when x.=0.5). In this case the integrals in equations (26)
can be evaluated analytically, the results being

AHydInn AHydInn
— ——=387x10* — ——,
H, dnvy, Hy, dlnv,

(28)
60 ~ ao/z’ToZ?/z =—125x 10—4(10

(here and below all numbers are given for 2 =1). As the next step, we shall account for
the non-instantaneous character of the recombination, making use of an approximate
formula for the optical depth from Sunyaev & Zeldovich (1970):

7(z) ~ 27.3z% % exp (— 14 600/z). (29)
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This formula is valid in the interval 900 <z < 1300 (we ignore for the moment a residual
optical depth 7(900) which according to Sunyaev & Zeldovich (1970) is ~ 0.4). Substituting
equation (29) into equations (26), we obtain

AHydInn
@o=224x10% — °.
Hy dlny,

Bo=—10.018ay. (30)

Comparing equations (30) with equations (28), we conclude that, as contrasted with «, the
degree of polarization 8 is very sensitive to the dynamics of the recombination. Somewhat
more accurate integration with the aid of the table for x¢ from Peebles (1968) gives

AHO dln Ny

Ho danO,

a0=2.21X104 ﬁ0=—0.022a0, (31)

which exceeds the analogous estimate of Rees (1968) for 3, by a factor of 2.

5 The effect of secondary ionization

Since the ‘source’ of polarization is anisotropy, the major part of which builds up after
recombination when f ceases to grow, a secondary ionization of the intergalactic gas at
z =z <z, may result in a considerable increase of § and decrease of a. We shall illustrate
this effect for £ = 1. As was shown by Ozernoi & Chernomordik (1976), the radiation of
young galaxies is capable of completely ionizing the residual intergalactic gas as early as
z ~ 30. We shall assume that 70 per cent of the total mass has clumped, while the other
30 per cent remains uniformly distributed and has been ionized at z = z,. The values of «
and f calculated for different values of zy, are given in Table 1. In this table 74, is the optical
depth along the ray from z =z, to z = 0. For large 7,4, the values of « and 8 must approach
the solution (25), but this occurs at 7., 2 15, and not at 74, 2 5 as estimated by Rees (1968).

Table 1.
Zeh 0 10 20 30 40
o 0 0.49 131 2.36 3.6
-1
o (AH" ‘Hﬂ)) 2.21%10° 144X10°  74x10° 3.5%X10° 1.75 x10°
H,dnv,
8./, ~0.022 —0.082 ~0.22 ~0.42 —0.64

6 Discussion and main conclusions

In this paper we have restricted ourselves to a cosmological model of a Bianchi type I
(§2 = 1). If the universe is open, one has to consider more complicated models with a spacial
curvature. In this latter case the co-moving space is asymptotically flat for z > 7!, and one
can proceed as follows: first, to calculate n, from equations (12)—(14), (16) for some epoch
t = t, with a redshift z,, Q™ <z, <z,, and then to transform the result to the present epoch
with the aid of null geodesic equations in a spatially curved model. Such a transformation
significantly modifies only the angular dependence of the anisotropic and polarized com-
ponents of the relict radiation. If for = 1 this dependence had a quadrupole form, then for
Q < 1 it will appear as a spot on the sky with an angular size ~ Q™ (Zeldovich & Novikov
1975; Doroshkevich, Lukash & Novikov 1974). The situation becomes more complicated
when €2 <1 and a large optical depth builds up due to the secondary ionization. In this

© Royal Astronomical Society ¢ Provided by the NASA Astrophysics Data System

220z 18nbny 0z uo 1senb Aq 90z62 1 1/202/2/16L/81o1e/Seiuw/wod dno-ojwepeoe//:sdiy woij pepeojumod


http://adsabs.harvard.edu/abs/1980MNRAS.191..207B

FTOBOWVNRAS, 1917 ~Z07B!

214 M. M. Basko and A. G. Polnarey

case one must solve a more complicated problem of the polarized radiation transfer in a
curved co-moving space.

Concerning possible depolarization mechanisms, we shall mention the following two
factors. If a global magnetic field is present in the universe, and its strength now is 55, then
the Faraday rotation of the polarization plane will substantially depolarize the relict
radiation at a wavelength Ao when 3% 2 1078 (1cm/\o)*G. Another depolarizing effect is the
rotation of the polarization plane with respect to a co-moving reference frame by parallel
transport along geodesics (Brans 1975; Caderni et al. 1978a). But according to calculations
by Caderni et al. (1978a) it may become important only in the case of early secondary
ionization in an open universe.

Only upper bounds on the large-scale anisotropy and polarization of the relict radiation
have been obtained up to now (Smoot, Gorenstein & Muller 1977; Caderni et al. 1978b;
Lubin & Smoot 1979). Taking into account that |8} < |a|, as well as possible depolarization
factors and high sensitivity of 8 on the recombination dynamics and secondary ionization
epoch, we arrive at a conclusion that from the point of view of detecting possible expansion
anisotropies the most promising approach would still be to search for a large-scale anisotropy
of the background radiation. But, provided that the value of a is known, the measurements
of B will become of special interest because they will enable one to place severe limitations
on the parameters of secondary ionization, or, if 7, <1, to check experimentally the
calculations of the recombination dynamics (Peebles 1968; Zeldovich, Kurt & Sunyaev
1968). We wish to emphasize once more that all said about « and , is valid also for & and
when expansion is anisotropic along all three axes.

Finally, it should be noted that both the degree of anisotropy and the degree of polariza-
tion of the relict radiation do not depend on the frequency in Rayleigh—Jeans region (see
equations (16)), and vary as hvy/kT in the Wien part of the blackbody spectrum.

Acknowledgments

We wish to thank R. A. Sunyaev who drew our attention to this problem. We are particu-
larly grateful to Ya. B. Zeldovich for a permanent interest and many useful comments. We
acknowledge also useful discussions with A. F. Illarionov, D. A. Kompaneetz and I. D.
Novikov.

References

Alpher, R. A. & Herman, R., 1975. Proc. Am. phil. Soc., 119, 5.

Brans, C. H., 1975. Astrophys. J., 197, 1.

Caderni, N., Fabbri, R., Melchiorri, B., Melchiorri, F. & Natale, V., 1978a. Phys. Rev. D, 17, 1901.
Caderni, N., Fabbri, R., Melchiorri, B., Melchiorri, F. & Natale, V., 1978b. Phys. Rev. D, 17, 1908.
Chandrasekhar, S., 1960. Radiative Transfer, Dover Publications.

Doroshkevich, A. G., Lukash, V. N. & Novikov, 1. D., 1974. Astr. Zh. (Soviet Astr.), 51, 940.
Iliarionov, A. F. & Sunyaev, R. A., 1974. Astr. Zh. (Soviet Astr.), 51,1162.

Landau, L. D. & Lifshitz, E. M., 1976. Field Theory, Nauka, Moscow. '

Lubin, P. M. & Smoot, G. F., 1979. Phys. Rev. Lett., 42,129,

Ozernoi, L. M. & Chernomordik, V. V., 1976. Astr. Zh. (Soviet Astr.), 53, 459.

Peebles, P. J. E., 1968. Astrophys. J., 153, 1.

Rees, M. J., 1968. Astrophys. J., 153, L1.

Schiicking, E. & Heckmann, O., 1958. 11 Conseil de Physique Solvay, Brussels.

Smoot, G. F., Gorenstein, M. V. & Muller, R. A., 1977. Phys. Rev. Lett., 39, 898.

Sunyaev, R. A. & Zeldovich, Ya. B., 1970. Astrophys. Space Sci., 7, 3.

© Royal Astronomical Society ¢ Provided by the NASA Astrophysics Data System

220z 18nbny 0z uo 1senb Aq 90z62 1 1/202/2/16L/e1o1e/Seiuw/wod dno-ojwepeoe//:sdiy woij pepeojumod


http://adsabs.harvard.edu/abs/1980MNRAS.191..207B

FT9BOVNRAS, 1917 ~Z07B!

Polarization and anisotropy of relict radiation in an anisotropic universe 215

Zeldovich, Ya. B., Illarionov, A. F. & Sunyaev, R. A., 1972. Zh. teor. eksp. Fiz. (JETP), 62,1217.
Zeldovich, Ya. B., Kurt, V. G. & Sunyaev, R. A., 1968. ZA. teor. eksp. Fiz. (JETP), 55, 278.
Zeldovich, Ya. B. & Novikov, 1. D., 1975. Structure and Evolution of the Universe, Nauka, Moscow.

Appendix
The scattering matrix P(u, ¢, u’, ¢') (Chandrasekhar 1960) has the form

P =Q[Po(u, 1) + (1 — u®)Y2(1 — ') V2 Py (i, ¢, 1, 8) + Py (u, &, 1, )],

where
1 0 O
Q=10 1 0
0O 0 2
20— (A —p'H+uu? w0
3
Po=> 2 1ol
0 0 0
3 4up’ cos(p'—¢) O  2usin(¢' —¢)
Pl = ; O 0 0 ;
—2u' sin (¢" — ¢) 0 cos(p —¢)
X uu'? cos 2(¢" — ¢) —u?cos 2(¢' — ¢) p2u' sin 2(¢" — @)
P, =Z —u'?cos 2(¢" — ) cos 2(¢" — ¢) — ' sin 2(¢" — ¢) .
— uu'%sin 2(¢" — ¢) i sin 2(¢" — @) up' cos 2(¢" — ¢)
Note added in proof

After this paper had been submitted to the journal, the measurements of G. P. Nanos were
published (1979, Astrophys. J., 232, 341) who obtained an upper limit for the quadrupole
component of the polarization degree |8] < 6 x 10™. He also derived a correct system of
differential equations for the polarization and anisotropy degrees in the axisymmetric
universe, which is equivalent to our equations (15).
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