555
Progress of Theoretical Physics, Vol. 54, No. 2, August 1975

Polarized Electroproduction in an
Asymptotically Free Gauge Theory

Hiroaki ITO

Department of Physics, Nagoya University, Nagoya

(Received January 16, 1975)

The polarized electroproduction is investigated in the framework of a non-Abelian gauge
model. The Bjorken sum rule and the Burkhardt-Cottingham superconvergence relation are
rederived. The former is free from anomalous dimensions and the latter is a consequence
of the less singular nature of the structure function. Also non-trivial restrictions on the
expectation values of the composite operators in the Wilson expansion are derived from the
positivity restrictions on the structure functions, which are crucial for the discussion.

By the recent developments in the field theories, a non-Abelian gauge theory
has been found to be good for the theory of strong interactions; especially, with
the success (up to the logarithmic deviations) of Bjorken scaling in the unpolarized
electroproduction.” For the process e*e”—>hadrons,” further considerations might
be needed. (For example, are the massinsertion terms of Callan-Symanzik equa-
tions negligible?) Measurements of the asymmetry in the polarized deep-inelastic
process will begin soon.® Then, it is important to investigate this process in a non-
Abelian gauge model.

This process has been investigated in other framework®? and sum rules have
been derived. (These are called the Bjorken sum rule® and the Burkhardt-Cot-
tingham superconvergence relation® the latter will be simply called the super-
convergence relation.) The subject of this paper is to reinvestigate these sum
rules in the colored quark-gluon model, whose Lagrangian is given by

I —_ Zl JaATI‘ (6‘430,. —igT,,ABA,,") ¢UB _ mq ; Z J.;Ag/la'd
o= =1
—1G%,G** + (the Fadeev-Popov ghost)
+ (weak interactions) + (counter terms).

Then, it will be found that these sum rules are the special case of the moments
of the structure functions, which are calculable up to unknown constants with
the idea of asymptotic freedom.

Calculations are analogous to those in the unpolarized case.” We will use
the conjecture that the renormalization group (or C-S) equations are approximated
to the homogeneous ones in a deep-Euclidean momentum region” and the following
two assumptions: a) The effects of the weak interactions are negligible in the
present energy range. b) Infrared catastrophe of the massless Yang-Mills field
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is avoidable with such a mechanism as Coleman and Weinber{/g’s.s?
-Let us consider the electroproduction in one-photon exchange.
over final hadron states and the spin of a final electron, we obtain the well-known

expression of the double differential cross section with the spin-dependent hadron
tensor given by

Summing up

W..(P,q,s) = E0 Jd‘x 1P, 5|7, (), (0)|P, s>
2rM -

= <gw_ q;%) Wi(d, ») , ,

1 (P9 _ @9 2
+=(P. qu—qﬁ) (P Tq> W (d, »)
28,000 [s°d1 (&, v) + P? (s-q) ds (%, v) ]. @)

The W’s are the structure functions in the unpolarized case and the d’s are the
new ones which describe the spin-dependence of this process. In the limit of the
small scattering angle 4, the longitudinal asymmetry is given' by .

ot —ggh =& E+E 1

; [vd:(*,v) —di (¢, V) ]. 2
r E ¢ i

Separation of two structure functions can be carried out by measurements of the
longitudinal and transverse asymmetries,

On the other hand, from the structure of the spin

Zm st, 8 WZ :/ (P: q) a#ﬂa:’zo
with arbitrary vectors a,’.
ities:®

flip hadron tensor,

This condition is equivalent to a set of the inequal-

i) 0,=(1+ 1\;‘;2) W,— W0,

2 _,
i) Wiz Mt (1+ ]I;ZQZ) di—-2dl,

. )
. y )4 272
v) ¢ [W + M (1422 )a ——d]gzqd .
) s 1 M2q2 2 M 1 1
Now, let us consider only the spin-dependent part, namely, the antisymmetric
part Wj, of the hadron tensor. The calculus has been essentially given by Christ,
Hasslacher and Mueller.®® The tensor. Wi is given by the absorptive part of
the forward Compton scattering amplitude defined by -

v

T4P,.q, )=V, jd"‘x (P, S| T, (2) J,(0)| P, s>
2nM
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=1€u0,q° [*D1(d*, v) + P* (s @) D; (%, ) ]. 3)
So, from (1) and (3), one obtains
di(¢’,v) =Abs D,(d",v). (€]

If we take the Bjorken limit, the product of two electromagnetic currents
can be expanded in terms of the well-defined local operators, which is called the
Wilson expansion.”™ In the gauge invariant form, it is written as

TJ, (:;i> J.(- %) = (0,%0,° 00— 60,0,° — 0°0,3,%)

N m G(i)(xz_'_ie)
X T L T ) 0D sy (0) -2
rgg 22+ie Buy un( )x X

. + (less singular terms). , ®)

The operators are antis&mmetric in the su‘t\)scripts «, B and symmetric in the .

others. Then, in our model, minimum twist of the operators is zero. This is
different from the fact that minimum twist of totally symmetric operators is two.
Such operators are

Oglogﬂr" 2' '[N{Gal‘l‘D Dﬂn 1Gl‘nﬁ} - (permutation Of a’ B)

+ (permutations of gy, -, Us) ]

and

. Oﬂ(l?llx “tin W[N{gvaaTﬁVm Tﬂz"'Vpn¢ﬂ} — (permutation of a, B)

+ (permutations of xy, -+, 4a)],

where D, and F, are covariant derivatives acting on the ‘gauge field and the
fermion field and N. indicates Zimmerman’s normal product.® The expectation

values of these operators taken by the single proton state are generally written as

VP (B, | OB O)|P, > = P18 0p0sP* Py P,
2rM

+L'[c,(fiz,zeuﬁms"P“---P,,”—i— (permutations of #i, -, x)]
n!

+ —1'—[653,2, 9€ag0u L SugPuy** Pu, + (permutations of 1, -+, ta)]
n.

+ (trace terms). S 6)

The ¢’s are uncalculable constants in the present field theories. Substituting (5)
and (6) into (3) and comparing the resulting expression with the left-hand side
of (3), we obtain invariant amplitudes as
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N ) n+l m ~ : . i qz .

DI=Z<_“2> 22 G (") (C1(L-)l—2,1+_2 2,2), )
n=0 q =0 )
13 V" St & iy i @

D=~ 2(‘ 2> 2 G () (—efiai+5c0), ®
g\ gt/ i )

where G,? are the Fourier transforms of G,® and are normalized to be dimension-
less. .

If one of ¢{),; is non-zero, the structure function d, is finite up to logarithms
in the Bjorken limit since, in an asymptotically free theory, the coefficient functions
G,® have only logarithmic dependence on g2 However, the positivity restriction
iv) requires di to vanish as (¢%) !¢, where ¢ isa positive number. Because the

right-hand side of the inequality iv) vanishes due to the behavior of 05 in this
limit. Therefore,

cs1=0 for all £ and 7. (R

(Let us note that these equalities are satisfied in the quark-parton model.) Also
similar coefficients of the next-to-leading operators must vanish. There are
contributions of the twist-two operators with the same singularity as those of the
leading operators, but they will be omitted for the time being. Thus,

N m n ~
Duid',0) Di@ ) = - o B~ 1) . C0@, Q)
ﬂ=0 =
N m n ~
Du(d',0) =9'Du(@’, ) =3 0" 3, < —%) 5 G (g) (11)

with the scaling variable w. From (4), (10) and (A1), vdi(q% v) and v’d,(q%, v)
are expected to converge into the non-trivial functions Vi(w) and V,(w) ‘of only
the variable w, except for logarithms, in the Bjorken limit. Taking the limit of
N—co in (10) and (11), we obtain the analytic functions DA and DA in a
complex-» plane with the cuts on the real axis. Without difficulties, the moments
of the absorptive part of these analytic functions can be expressed in terms of the
coefficients of " in (10) and (11). Furthermore, replacing yD; and y*D, with
Di4" and D*" in (4) respectively, it is found that, for odd #

1 m n+1 ~
[jaz Vi@, 2 = 3 (—5) " e @) (12)
0 1=0 .
and
1 m 1\ »+t ~ .
I dx x"_1V2 (qz, x) =—T7 Z <—' ‘2_'> 61(3-2,3G1a(l) (q2) . (13)
0 i=0

If the right-hand sides of (12) and (13) are completely known, the scaling func-
tions V, and V, are given by using the inverse formula.
To calculate the coefficient functions G,®, let a renormalization point £ be

2202 1snbny 0z uo 1senb Aq Z9€ L £81/55G/2/¥G/elone/did/woo dnoolwapede)/:sdjy woly papeojumod
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larger than the quark mass m, such that m, is negligible. Then the renormaliza-
tion group equation holds good for an arbitrary vertex function in a deep-Euclidean
momentum region.” By applying this equation to the suitable vertex functions
with the product of the currents and using the Wilson expansion (5), the coupled
@)

equations for the coefficient functions G,? are obtained as

DG, (¢ + Z 1G9 (¢) =0 (14)
with the differential operator

D=g’ 0

0
2-*.
)agz

Here, we must note the following situations: a) Since the twist-two operators
give the contributions with the same singulaﬁty as those of the leading operators,
one might worry about the mixing between those operators. Such mixing, how-
ever, does not change Eq. (14) as is pointed out by Callan and Gross.” b) For
nﬁl, there are only the composite opérators made of the fermion field, but not
of the gauge field. In this case, the coupled equations turn out to be

DGO+ 37 1,°G,» =0, (14y
p=1
For odd 7 and to second order in the coupling constant ¢, 7%, are of the
form
rite=—— bt (15)
167*
with
00 1, 214
mia=Co(G) (= +2]— —mT(R),
3 Tk
2
0 __T R), bih=—"T% C,(R
'¥e €9 i — 2 (R)
and

b= 0,1~ +32)C®),

n(n—l—l)
where C,(G), C,(R) and T (R) are the group theoretical constants of Gross
and Wilczek,” The solutions of Eq. (14) or (14)’ are of the well-known form
with the effective coupling constant §. When g¢”is sufficiently large, by replacing
y-matrices with &-matrices and using the well-known form of §, we obtain the

solutions as

g, (Z— o’) =G, O (1,7 (@) 2" (16)
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with ‘
. ) 2
b;£C2 ©) ——Z—mT(R) >0 and t=in L,

where G,” are the linear comblnatlons of G, such that the b, ;matrix is diagonal
and b;,; are the eigenvalues of this matrix. As is easily found, for n=>2, b}
are positive definite, so that the right-hand sides of (16) vanish in the limit z—
+oo. But b are all zero and give finite contributions in ‘this’ limit. One of

. these operators corresponds to the angular momentum density H,,, Whlch is a
conserved quantity. Thus, ’

1 m ) -
j dz 2"7Vi(q, ) =23 Af5:G.9 (1, (2) ) 7%/ an
o i=0 ‘ ’ .
and
1 m .
f dzr xn—lVZ (qz, x) — __Z A,(.iiz,agn(i) (1, ﬁ(t))t"’%*’ﬂ' ) 7 (18)
0 =0 L

with the unknown constants A{),, and AP, 5 associated with the matrix elements
of the composite operators.

Now we must remember that there are contributions of the twist- two operators,
which have been omitted until now, but they cancel in the combination

L?d:c "' (Vy (@, z) —Vi(¢, 2))

= 2 (AR A0 6.0 1, T (), a9 -

as is easily found from (7) and (8).

The Bjorken sum rule and the superconvergence relation are immediately

derived by using (18) and (19),

ql’l-fg °m ilvi[ < dqi'zc(irE’ ) - (dq;icgE’ ) N]

_ 2a(E+E) 1)) 20
E’g* <Z+?<ln q2> ) . (20)
with
) Z=-31(A9+A <">)g ©(1,0).
=1

The correction term comes from the effective coupling constant §. Equation (20)
means that only the operators, whose twist and spin are respectively zero and
three (for example, the angular momentum density), contribute to the Bjorken
sum rule. So, logarithmic dependence on ¢’ which is characteristic in an asymp-
totically free gauge theory (AFGT), disappears in this sum rule. Also,

n+2
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o . ) 1 -
[wva@, n=-2[azvie, 2.
0 q 0

The right-hand side vanishes in the limit-g*—>+4oo. Thus, the superconvergence
relation is a consequence of the less singular nature of the structure function d,.
A similar relation holds for another structure function di:

lim ——d1 (d,v) =0.
qﬂ—)oo 0
Finally, we summarize the results. (1) In the Bjorken limit, the structure
functions d; and d, satisfy the scaling laws

vdi (g%, v) = Vi(z,In ¢*)
and
V'dy (&', v) > Va(z, In ¢°)

respectively. These are the same ‘as the predictions of the _quark-parton model
or the quark-light-cone algebra, up to logarithms due to anomalous dimensions.
In this place, the positivity restrictions i) ~iv) display the important role and
give the sélf—consistency condition (9) to our analysis. The experimental test of
AFGT -as the theory of the strong interactions is to see logarithmic dependence
on ¢*in the polarized case as well as in the unpolarized case. (2) The energy
sum rule (20) approaches the scaling form of Bjorken as (In ¢°) .- Therefore, it is
experimentally important to see the behavior in the boundary of the asymptotic
‘region. (8). The superconvergence relation is satisfied independently of the
logarithms and gives: little information on AFGT.
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Note added in proof: The positivity restrictions (9) are not needed for the composite operators
made of the fermion field. It can be shown by using the totally antisymmetric nature of them in
the subscripts @, 8 and #; which are attached to the Dirac matrices.
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