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❆❜str❛❝t ▼❛♥② ♠♦t♦r s❦✐❧❧s ✐♥ ❤✉♠❛♥♦✐❞ r♦❜♦t✐❝s ❝❛♥ ❜❡ ❧❡❛r♥❡❞ ✉s✐♥❣ ♣❛r❛♠❡tr✐③❡❞

♠♦t♦r ♣r✐♠✐t✐✈❡s✳ ❲❤✐❧❡ s✉❝❝❡ss❢✉❧ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❞❛t❡ ❤❛✈❡ ❜❡❡♥ ❛❝❤✐❡✈❡❞ ✇✐t❤ ✐♠✐✲

t❛t✐♦♥ ❧❡❛r♥✐♥❣✱ ♠♦st ♦❢ t❤❡ ✐♥t❡r❡st✐♥❣ ♠♦t♦r ❧❡❛r♥✐♥❣ ♣r♦❜❧❡♠s ❛r❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧

r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ♣r♦❜❧❡♠s✳ ❚❤❡s❡ ♣r♦❜❧❡♠s ❛r❡ ♦❢t❡♥ ❜❡②♦♥❞ t❤❡ r❡❛❝❤ ♦❢ ❝✉r✲

r❡♥t r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ♠❡t❤♦❞s✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② ♣❛r❛♠❡tr✐③❡❞ ♣♦❧✐❝②

s❡❛r❝❤ ♠❡t❤♦❞s ❛♥❞ ❛♣♣❧② t❤❡s❡ t♦ ❜❡♥❝❤♠❛r❦ ♣r♦❜❧❡♠s ♦❢ ♠♦t♦r ♣r✐♠✐t✐✈❡ ❧❡❛r♥✲

✐♥❣ ✐♥ r♦❜♦t✐❝s✳ ❲❡ s❤♦✇ t❤❛t ♠❛♥② ✇❡❧❧✲❦♥♦✇♥ ♣❛r❛♠❡tr✐③❡❞ ♣♦❧✐❝② s❡❛r❝❤ ♠❡t❤♦❞s

❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛ ❣❡♥❡r❛❧✱ ❝♦♠♠♦♥ ❢r❛♠❡✇♦r❦✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ②✐❡❧❞s ❜♦t❤ ♣♦❧✐❝②

❣r❛❞✐❡♥t ♠❡t❤♦❞s ❛♥❞ ❡①♣❡❝t❛t✐♦♥✲♠❛①✐♠✐③❛t✐♦♥ ✭❊▼✮ ✐♥s♣✐r❡❞ ❛❧❣♦r✐t❤♠s✳ ❲❡ ✐♥tr♦✲

❞✉❝❡ ❛ ♥♦✈❡❧ ❊▼✲✐♥s♣✐r❡❞ ❛❧❣♦r✐t❤♠ ❢♦r ♣♦❧✐❝② ❧❡❛r♥✐♥❣ t❤❛t ✐s ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧✲s✉✐t❡❞

❢♦r ❞②♥❛♠✐❝❛❧ s②st❡♠ ♠♦t♦r ♣r✐♠✐t✐✈❡s✳ ❲❡ ❝♦♠♣❛r❡ t❤✐s ❛❧❣♦r✐t❤♠✱ ❜♦t❤ ✐♥ s✐♠✉❧❛t✐♦♥

❛♥❞ ♦♥ ❛ r❡❛❧ r♦❜♦t✱ t♦ s❡✈❡r❛❧ ✇❡❧❧✲❦♥♦✇♥ ♣❛r❛♠❡tr✐③❡❞ ♣♦❧✐❝② s❡❛r❝❤ ♠❡t❤♦❞s s✉❝❤

❛s ❡♣✐s♦❞✐❝ ❘❊■◆❋❖❘❈❊✱ ❵❱❛♥✐❧❧❛✬ P♦❧✐❝② ●r❛❞✐❡♥ts ✇✐t❤ ♦♣t✐♠❛❧ ❜❛s❡❧✐♥❡s✱ ❡♣✐s♦❞✐❝

◆❛t✉r❛❧ ❆❝t♦r ❈r✐t✐❝✱ ❛♥❞ ❡♣✐s♦❞✐❝ ❘❡✇❛r❞✲❲❡✐❣❤t❡❞ ❘❡❣r❡ss✐♦♥✳ ❲❡ s❤♦✇ t❤❛t t❤❡

♣r♦♣♦s❡❞ ♠❡t❤♦❞ ♦✉t✲♣❡r❢♦r♠s t❤❡♠ ♦♥ ❛♥ ❡♠♣✐r✐❝❛❧ ❜❡♥❝❤♠❛r❦ ♦❢ ❧❡❛r♥✐♥❣ ❞②♥❛♠✐✲

❝❛❧ s②st❡♠ ♠♦t♦r ♣r✐♠✐t✐✈❡s ❜♦t❤ ✐♥ s✐♠✉❧❛t✐♦♥ ❛♥❞ ♦♥ ❛ r❡❛❧ r♦❜♦t✳ ❲❡ ❛♣♣❧② ✐t ✐♥ t❤❡

❝♦♥t❡①t ♦❢ ♠♦t♦r ❧❡❛r♥✐♥❣ ❛♥❞ s❤♦✇ t❤❛t ✐t ❝❛♥ ❧❡❛r♥ ❛ ❝♦♠♣❧❡① ❇❛❧❧✲✐♥✲❛✲❈✉♣ t❛s❦ ♦♥

❛ r❡❛❧ ❇❛rr❡tt ❲❆▼➋ r♦❜♦t ❛r♠✳

❑❡②✇♦r❞s✿ ♠♦t♦r ♣r✐♠✐t✐✈❡s✱ ❡♣✐s♦❞✐❝ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✱ ♠♦t♦r ❝♦♥tr♦❧✱ ♣♦❧✲
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❚♦ ❞❛t❡✱ ♠♦st r♦❜♦ts ❛r❡ st✐❧❧ t❛✉❣❤t ❜② ❛ s❦✐❧❧❡❞ ❤✉♠❛♥ ♦♣❡r❛t♦r ❡✐t❤❡r ✈✐❛ ❞✐r❡❝t

♣r♦❣r❛♠♠✐♥❣ ♦r ❛ t❡❛❝❤✲✐♥✳ ▲❡❛r♥✐♥❣ ❛♣♣r♦❛❝❤❡s ❢♦r ❛✉t♦♠❛t✐❝ t❛s❦ ❛❝q✉✐s✐t✐♦♥ ❛♥❞

r❡✜♥❡♠❡♥t ✇♦✉❧❞ ❜❡ ❛ ❦❡② st❡♣ ❢♦r ♠❛❦✐♥❣ r♦❜♦ts ♣r♦❣r❡ss t♦✇❛r❞s ❛✉t♦♥♦♠♦✉s ❜❡✲

❤❛✈✐♦r✳ ❆❧t❤♦✉❣❤ ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ❝❛♥ ♠❛❦❡ t❤✐s t❛s❦ ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞✱ ✐t ✇✐❧❧

❛❧✇❛②s ❜❡ ❧✐♠✐t❡❞ ❜② t❤❡ ♦❜s❡r✈❡❞ ❞❡♠♦♥str❛t✐♦♥s✳ ❋♦r ♠❛♥② ♠♦t♦r ❧❡❛r♥✐♥❣ t❛s❦s✱ s❦✐❧❧

tr❛♥s❢❡r ❜② ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ✐s ♣r♦❤✐❜✐t✐✈❡❧② ❤❛r❞ ❣✐✈❡♥ t❤❛t t❤❡ ❤✉♠❛♥ t❡❛❝❤❡r ✐s ♥♦t

❝❛♣❛❜❧❡ ♦❢ ❝♦♥✈❡②✐♥❣ s✉✣❝✐❡♥t t❛s❦ ❦♥♦✇❧❡❞❣❡ ✐♥ t❤❡ ❞❡♠♦♥str❛t✐♦♥✳ ■♥ s✉❝❤ ❝❛s❡s✱

r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ✐s ♦❢t❡♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ ❛ t❡❛❝❤❡r✬s ♣r❡s❡♥t❛t✐♦♥✱ ♦r ❛ ♠❡❛♥s ♦❢

✐♠♣r♦✈✐♥❣ ✉♣♦♥ ✐t✳ ■♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ ❛♥t❤r♦♣♦♠♦r♣❤✐❝ r♦❜♦t✐❝s ✇✐t❤

✐ts ❝♦♥t✐♥✉♦✉s st❛t❡s ❛♥❞ ❛❝t✐♦♥s✱ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ s✉✛❡rs ♣❛rt✐❝✉❧❛r❧② ❢r♦♠ t❤❡

❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②✳ ❍♦✇❡✈❡r✱ ❜② ✉s✐♥❣ ❛ t❛s❦✲❛♣♣r♦♣r✐❛t❡ ♣♦❧✐❝② r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞

❡♥❝♦❞✐♥❣ ♣r✐♦r ❦♥♦✇❧❡❞❣❡ ✐♥t♦ t❤❡ s②st❡♠ ❜② ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣✱ ❧♦❝❛❧ r❡✐♥❢♦r❝❡♠❡♥t

❧❡❛r♥✐♥❣ ❛♣♣r♦❛❝❤❡s ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠s ♦❢ t❤✐s ❞♦♠❛✐♥✳ P♦❧✐❝②

s❡❛r❝❤ ✭❛❧s♦ ❦♥♦✇♥ ❛s ♣♦❧✐❝② ❧❡❛r♥✐♥❣✮ ✐s ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧✲s✉✐t❡❞ ✐♥ t❤✐s ❝♦♥t❡①t✱ ❛s ✐t

❛❧❧♦✇s t❤❡ ✉s❛❣❡ ♦❢ ❞♦♠❛✐♥✲❛♣♣r♦♣r✐❛t❡ ♣r❡✲str✉❝t✉r❡❞ ♣♦❧✐❝✐❡s ✭❚♦✉ss❛✐♥t ❛♥❞ ●♦❡r✐❝❦✱

✷✵✵✼✮✱ t❤❡ str❛✐❣❤t❢♦r✇❛r❞ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❛ t❡❛❝❤❡r✬s ♣r❡s❡♥t❛t✐♦♥ ✭●✉❡♥t❡r ❡t ❛❧✱ ✷✵✵✼❀

P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮ ❛s ✇❡❧❧ ❛s ❢❛st ♦♥❧✐♥❡ ❧❡❛r♥✐♥❣ ✭❇❛❣♥❡❧❧ ❡t ❛❧✱ ✷✵✵✹❀ ◆❣ ❛♥❞

❏♦r❞❛♥✱ ✷✵✵✵❀ ❍♦✛♠❛♥ ❡t ❛❧✱ ✷✵✵✼✮✳ ❘❡❝❡♥t❧②✱ ♣♦❧✐❝② s❡❛r❝❤ ❤❛s ❜❡❝♦♠❡ ❛♥ ❛❝❝❡♣t❡❞

❛❧t❡r♥❛t✐✈❡ ♦❢ ✈❛❧✉❡✲❢✉♥❝t✐♦♥✲❜❛s❡❞ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ✭❇❛❣♥❡❧❧ ❡t ❛❧✱ ✷✵✵✹❀ ❙tr❡♥s

❛♥❞ ▼♦♦r❡✱ ✷✵✵✶❀ ❑✇❡❡ ❡t ❛❧✱ ✷✵✵✶❀ P❡s❤❦✐♥✱ ✷✵✵✶❀ ❊❧✲❋❛❦❞✐ ❡t ❛❧✱ ✷✵✵✻❀ ❚❛②❧♦r ❡t ❛❧✱

✷✵✵✼✮ ❞✉❡ t♦ ♠❛♥② ♦❢ t❤❡s❡ ❛❞✈❛♥t❛❣❡s✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ❛ ♣♦❧✐❝② s❡❛r❝❤ ❢r❛♠❡✇♦r❦ ❢♦r ❡♣✐s♦❞✐❝ r❡✐♥❢♦r❝❡♠❡♥t

❧❡❛r♥✐♥❣ ❛♥❞ s❤♦✇ ❤♦✇ ✐t r❡❧❛t❡s t♦ ♣♦❧✐❝② ❣r❛❞✐❡♥t ♠❡t❤♦❞s ✭❲✐❧❧✐❛♠s✱ ✶✾✾✷❀ ❙✉tt♦♥

❡t ❛❧✱ ✷✵✵✵❀ ▲❛✇r❡♥❝❡ ❡t ❛❧✱ ✷✵✵✸❀ ❚❡❞r❛❦❡ ❡t ❛❧✱ ✷✵✵✹❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮ ❛s

✇❡❧❧ ❛s ❡①♣❡❝t❛t✐♦♥✲♠❛①✐♠✐③❛t✐♦♥ ✭❊▼✮ ✐♥s♣✐r❡❞ ❛❧❣♦r✐t❤♠s ✭❉❛②❛♥ ❛♥❞ ❍✐♥t♦♥✱ ✶✾✾✼❀

P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✼✮✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ❛❧❧♦✇s ✉s t♦ r❡✲❞❡r✐✈❡ ♦r t♦ ❣❡♥❡r❛❧✐③❡ ✇❡❧❧✲

❦♥♦✇♥ ❛♣♣r♦❛❝❤❡s s✉❝❤ ❛s ❡♣✐s♦❞✐❝ ❘❊■◆❋❖❘❈❊ ✭❲✐❧❧✐❛♠s✱ ✶✾✾✷✮✱ t❤❡ ♣♦❧✐❝② ❣r❛❞✐❡♥t

t❤❡♦r❡♠ ✭❙✉tt♦♥ ❡t ❛❧✱ ✷✵✵✵❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮✱ t❤❡ ❡♣✐s♦❞✐❝ ◆❛t✉r❛❧ ❆❝t♦r

❈r✐t✐❝ ✭P❡t❡rs ❡t ❛❧✱ ✷✵✵✸✱ ✷✵✵✺✮✱ ❛♥❞ ❛♥ ❡♣✐s♦❞✐❝ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❘❡✇❛r❞✲❲❡✐❣❤t❡❞

❘❡❣r❡ss✐♦♥ ✭P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✼✮✳ ❲❡ ❞❡r✐✈❡ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ ❝❛❧❧❡❞ P♦❧✐❝② ▲❡❛r♥✐♥❣

❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮✱ ✇❤✐❝❤ ✐s ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧✲s✉✐t❡❞

❢♦r t❤❡ ❧❡❛r♥✐♥❣ ♦❢ tr✐❛❧✲❜❛s❡❞ t❛s❦s ✐♥ ♠♦t♦r ❝♦♥tr♦❧✳

❲❡ ❡✈❛❧✉❛t❡ t❤❡ ❛❧❣♦r✐t❤♠s ❞❡r✐✈❡❞ ❢r♦♠ t❤✐s ❢r❛♠❡✇♦r❦ t♦ ❞❡t❡r♠✐♥❡ ❤♦✇ t❤❡②

❝❛♥ ❜❡ ✉s❡❞ ❢♦r r❡✜♥✐♥❣ ♣❛r❛♠❡tr✐③❡❞ ♣♦❧✐❝✐❡s ✐♥ r♦❜♦t s❦✐❧❧ ❧❡❛r♥✐♥❣✳ ❚♦ ❛❞❞r❡ss t❤✐s

♣r♦❜❧❡♠✱ ✇❡ ❢♦❧❧♦✇ ❛ ♠❡t❤♦❞♦❧♦❣② s✉✐t❛❜❧❡ ❢♦r r♦❜♦t✐❝s ✇❤❡r❡ t❤❡ ♣♦❧✐❝② ✐s ✜rst ✐♥✐✲

t✐❛❧✐③❡❞ ❜② ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ❛♥❞✱ s✉❜s❡q✉❡♥t❧②✱ t❤❡ ♣♦❧✐❝② s❡❛r❝❤ ❛❧❣♦r✐t❤♠ ✐s ✉s❡❞

❢♦r s❡❧❢✲✐♠♣r♦✈❡♠❡♥t✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ♥❡❡❞ ❛ s✉✐t❛❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❛♣♣❧②

t❤✐s ❛♣♣r♦❛❝❤ ✐♥ ❛♥t❤r♦♣♦♠♦r♣❤✐❝ r♦❜♦t s②st❡♠s✳ ■♥ ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣✱ ❛ ♣❛rt✐❝✉❧❛r

❦✐♥❞ ♦❢ ♠♦t♦r ❝♦♥tr♦❧ ♣♦❧✐❝② ❤❛s ❜❡❡♥ ✈❡r② s✉❝❝❡ss❢✉❧✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ ❛s ❞②♥❛♠✐❝❛❧

s②st❡♠ ♠♦t♦r ♣r✐♠✐t✐✈❡s ✭■❥s♣❡❡rt ❡t ❛❧✱ ✷✵✵✷✱ ✷✵✵✸❀ ❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✸✱ ✷✵✵✼✮✳ ■♥ t❤✐s

❛♣♣r♦❛❝❤✱ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❛r❡ ✉s❡❞ t♦ ❡♥❝♦❞❡ ❛ ❝♦♥tr♦❧ ♣♦❧✐❝② s✉✐t❛❜❧❡ ❢♦r ♠♦t♦r

t❛s❦s✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❧✐♥❡❛r ✐♥ t❤❡ ♣❛r❛♠❡t❡rs❀ ❤❡♥❝❡✱ ✐t ❝❛♥ ❜❡ ❧❡❛r♥❡❞ str❛✐❣❤t✲

❢♦r✇❛r❞❧② ❢r♦♠ ❞❡♠♦♥str❛t✐♦♥s✳ ❙✉❝❤ ❞②♥❛♠✐❝❛❧ s②st❡♠ ♠♦t♦r ♣r✐♠✐t✐✈❡s ❝❛♥ r❡♣r❡s❡♥t

❜♦t❤ ♣♦✐♥t✲t♦✲♣♦✐♥t ❛♥❞ r❤②t❤♠✐❝ ❜❡❤❛✈✐♦rs✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ♣♦✐♥t✲t♦✲♣♦✐♥t ✈❛r✐❛♥t

✇❤✐❝❤ ✐s s✉✐t❛❜❧❡ ❢♦r r❡♣r❡s❡♥t✐♥❣ s✐♥❣❧❡✲str♦❦❡✱ ❡♣✐s♦❞✐❝ ❜❡❤❛✈✐♦rs✳ ❆s ❛ r❡s✉❧t✱ t❤❡②

❛r❡ ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧✲s✉✐t❡❞ ❢♦r ❡♣✐s♦❞✐❝ ♣♦❧✐❝② s❡❛r❝❤✳



✸

❲❡ s❤♦✇ t❤❛t ❛❧❧ ♣r❡s❡♥t❡❞ ❛❧❣♦r✐t❤♠s ✇♦r❦ s✉✣❝✐❡♥t❧② ✇❡❧❧ ✇❤❡♥ ❡♠♣❧♦②❡❞ ✐♥

t❤❡ ❝♦♥t❡①t ♦❢ ❧❡❛r♥✐♥❣ ❞②♥❛♠✐❝❛❧ s②st❡♠ ♠♦t♦r ♣r✐♠✐t✐✈❡s ✐♥ ❞✐✛❡r❡♥t ❜❡♥❝❤♠❛r❦ ❛♥❞

❛♣♣❧✐❝❛t✐♦♥ s❡tt✐♥❣s✳ ❲❡ ❝♦♠♣❛r❡ t❤❡s❡ ♠❡t❤♦❞s ♦♥ t❤❡ t✇♦ ❜❡♥❝❤♠❛r❦ ♣r♦❜❧❡♠s ❢r♦♠

✭P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮ ❢♦r ❞②♥❛♠✐❝❛❧ s②st❡♠ ♠♦t♦r ♣r✐♠✐t✐✈❡s ❧❡❛r♥✐♥❣✱ t❤❡ ❯♥❞❡r❛❝✲

t✉❛t❡❞ ❙✇✐♥❣✲❯♣ ✭❆t❦❡s♦♥✱ ✶✾✾✹✮ r♦❜♦t✐❝ ❜❡♥❝❤♠❛r❦ ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡ ❈❛st✐♥❣ t❛s❦✳

❯s✐♥❣ ❡♥t✐r❡❧② ❞✐✛❡r❡♥t ♣❛r❛♠❡tr✐③❛t✐♦♥s✱ ✇❡ ❡✈❛❧✉❛t❡ ♣♦❧✐❝② s❡❛r❝❤ ♠❡t❤♦❞s ♦♥ t❤❡

♠♦✉♥t❛✐♥✲❝❛r ❜❡♥❝❤♠❛r❦ ✭❙✉tt♦♥ ❛♥❞ ❇❛rt♦✱ ✶✾✾✽✮ ❛♥❞ t❤❡ ❚❡t❤❡r❜❛❧❧ ❚❛r❣❡t ❍✐tt✐♥❣

t❛s❦✳ ❖♥ t❤❡ ♠♦✉♥t❛✐♥✲❝❛r ❜❡♥❝❤♠❛r❦✱ ✇❡ ❛❞❞✐t✐♦♥❛❧❧② ❝♦♠♣❛r❡ t♦ ❛ ✈❛❧✉❡ ❢✉♥❝t✐♦♥

❜❛s❡❞ ❛♣♣r♦❛❝❤✳ ❚❤❡ ♠❡t❤♦❞ ✇✐t❤ t❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡✱ P♦❲❊❘✱ ✐s ❡✈❛❧✉❛t❡❞ ♦♥ t❤❡

❝♦♠♣❧❡① t❛s❦ ♦❢ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ✭❙✉♠♥❡rs✱ ✶✾✾✼✮✳ ❇♦t❤ t❤❡ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣ ❛s

✇❡❧❧ ❛s ❇❛❧❧✲✐♥✲❛✲❈✉♣ ❛r❡ ❛❝❤✐❡✈❡❞ ♦♥ ❛ r❡❛❧ ❇❛rr❡tt ❲❆▼➋ r♦❜♦t ❛r♠✳ P❧❡❛s❡ ❛❧s♦ r❡❢❡r

t♦ t❤❡ ✈✐❞❡♦s ❛t ❤tt♣✿✴✴✇✇✇✳r♦❜♦t✲❧❡❛r♥✐♥❣✳❞❡✴❘❡s❡❛r❝❤✴❘❡✐♥❢♦r❝❡♠❡♥t▲❡❛r♥✐♥❣✳

❋♦r ❛❧❧ r❡❛❧ r♦❜♦t ❡①♣❡r✐♠❡♥ts✱ t❤❡ ♣r❡s❡♥t❡❞ ♠♦✈❡♠❡♥t ✐s ❧❡❛r♥❡❞ ❜② ✐♠✐t❛t✐♦♥ ❢r♦♠ ❛

❦✐♥❡st❤❡t✐❝ ❞❡♠♦♥str❛t✐♦♥✱ ❛♥❞ t❤❡ ❇❛rr❡tt ❲❆▼➋ r♦❜♦t ❛r♠ s✉❜s❡q✉❡♥t❧② ✐♠♣r♦✈❡s

✐ts ❜❡❤❛✈✐♦r ❜② r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✳

❆ ♣r❡❧✐♠✐♥❛r② ✈❡rs✐♦♥ ♦❢ s♦♠❡ ♦❢ t❤❡ ✇♦r❦ ✐♥ t❤✐s ♣❛♣❡r ✇❛s s❤♦✇♥ ✐♥ ✭❑♦❜❡r ❡t ❛❧✱

✷✵✵✽❀ ❑♦❜❡r ❛♥❞ P❡t❡rs✱ ✷✵✵✾❜✱❛✮✳ ■t ❞✐❞ ♥♦t ②❡t ✐♥❝❧✉❞❡ t❤❡ r❡❛❧ r♦❜♦t ❝♦♠♣❛r✐s♦♥s ♦❢

t❤❡ ❛❧❣♦r✐t❤♠s ♦♥ t❤❡ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣ ❜❡♥❝❤♠❛r❦✱ ♥♦r t❤❡ ❚❡t❤❡r❜❛❧❧ ❚❛r❣❡t

❍✐tt✐♥❣ ❛♥❞ t❤❡ ❈❛st✐♥❣ ❜❡♥❝❤♠❛r❦s✳ ❲❡ ❛❧s♦ ❞✐s❝✉ss ♦✉r ❡①♣❡r✐❡♥❝❡ ✇✐t❤ tr❛♥s❢❡r ❢r♦♠

s✐♠✉❧❛t✐♦♥ t♦ r❡❛❧ r♦❜♦t s②st❡♠s✳

✷ P♦❧✐❝② ❙❡❛r❝❤ ❢♦r P❛r❛♠❡tr✐③❡❞ ▼♦t♦r Pr✐♠✐t✐✈❡s

❖✉r ❣♦❛❧ ✐s t♦ ✜♥❞ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ t❡❝❤♥✐q✉❡s t❤❛t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ r♦❜♦t✐❝s

✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❧❡❛r♥✐♥❣ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ♠♦t♦r ❝♦♥tr♦❧ t❛s❦s✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡

t❤❡ r❡q✉✐r❡❞ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❢r❛♠❡✇♦r❦ ✐♥

❙❡❝t✐♦♥ ✷✳✶✳ ❲❡ ❞✐s❝✉ss t❤❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ♦❢ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣

✉s✐♥❣ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ✭❉❛②❛♥ ❛♥❞ ❍✐♥t♦♥✱ ✶✾✾✼❀ ❆tt✐❛s✱ ✷✵✵✸❀ P❡t❡rs

❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✼✮✳ ❲❡ ❡①t❡♥❞ t❤❡ ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤ t♦ ❡♣✐s♦❞✐❝ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣

❢♦r ❝♦♥t✐♥✉♦✉s st❛t❡s✱ ✐♥ ❛ ♠❛♥♥❡r s✉✐t❛❜❧❡ ❢♦r r♦❜♦t✐❝s✳

❲❡ ❞❡r✐✈❡ ❛ ♥❡✇ ❡①♣❡❝t❛t✐♦♥✲♠❛①✐♠✐③❛t✐♦♥ ✭❊▼✮ ✐♥s♣✐r❡❞ ❛❧❣♦r✐t❤♠ ✭❉❡♠♣st❡r

❡t ❛❧✱ ✶✾✼✼✮ ❝❛❧❧❡❞ P♦❧✐❝② ▲❡❛r♥✐♥❣ ❜②❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮

✐♥ ❙❡❝t✐♦♥ ✷✳✸ ❛♥❞ s❤♦✇ ❤♦✇ t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ✐s r❡❧❛t❡❞ t♦ ♣♦❧✐❝② ❣r❛❞✐❡♥t ♠❡t❤✲

♦❞s ❛♥❞ t❤❡ ❘❡✇❛r❞✲❲❡✐❣❤t❡❞ ❘❡❣r❡ss✐♦♥ ♠❡t❤♦❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳

✷✳✶ Pr♦❜❧❡♠ ❙t❛t❡♠❡♥t ✫ ◆♦t❛t✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ tr❡❛t ♠♦t♦r ♣r✐♠✐t✐✈❡ ❧❡❛r♥✐♥❣ ♣r♦❜❧❡♠s ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ r❡✐♥❢♦r❝❡✲

♠❡♥t ❧❡❛r♥✐♥❣ ✭❙✉tt♦♥ ❛♥❞ ❇❛rt♦✱ ✶✾✾✽✮ ✇✐t❤ ❛ str♦♥❣ ❢♦❝✉s ♦♥ t❤❡ ❡♣✐s♦❞✐❝ ❝❛s❡✳ ❆t

t✐♠❡ t✱ t❤❡r❡ ✐s ❛♥ ❛❝t♦r ✐♥ ❛ st❛t❡ st t❤❛t ❝❤♦♦s❡s ❛♥ ❛❝t✐♦♥ at ❛❝❝♦r❞✐♥❣ t♦ ❛ st♦❝❤❛s✲

t✐❝ ♣♦❧✐❝② π(at|st, t)✳ ❙✉❝❤ ❛ ♣♦❧✐❝② ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❛❝t✐♦♥s ❣✐✈❡♥ t❤❡

❝✉rr❡♥t st❛t❡ ❛♥❞ t✐♠❡✳ ❚❤❡ st♦❝❤❛st✐❝ ❢♦r♠✉❧❛t✐♦♥ ❛❧❧♦✇s ❛ ♥❛t✉r❛❧ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢

❡①♣❧♦r❛t✐♦♥✱ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ t✐♠❡✲✐♥✈❛r✐❛♥t ♣♦❧✐❝② ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ st♦❝❤❛st✐❝

✐♥ t❤❡ ❝❛s❡ ♦❢ ❤✐❞❞❡♥ st❛t❡ ✈❛r✐❛❜❧❡s ✭❙✉tt♦♥ ❡t ❛❧✱ ✷✵✵✵❀ ❏❛❛❦❦♦❧❛ ❡t ❛❧✱ ✶✾✾✹✮✳ ❯♣♦♥

t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥✱ t❤❡ ❛❝t♦r tr❛♥s❢❡rs t♦ ❛ st❛t❡ st+1 ❛♥❞ r❡❝❡✐✈❡s ❛ r❡✇❛r❞

rt✳ ❆s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❧❡❛r♥✐♥❣ ❝♦♠♣❧❡① ♠♦t♦r t❛s❦s ❝♦♥s✐st✐♥❣ ♦❢ ❛ s✐♥❣❧❡ str♦❦❡

✭❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✼✮✱ ✇❡ ❢♦❝✉s ♦♥ ✜♥✐t❡ ❤♦r✐③♦♥s ♦❢ ❧❡♥❣t❤ T ✇✐t❤ ❡♣✐s♦❞✐❝ r❡st❛rts



✹

❛♥❞ ❧❡❛r♥ t❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡tr✐③❡❞✱ st♦❝❤❛st✐❝ ♣♦❧✐❝② ❢♦r s✉❝❤ ❡♣✐s♦❞✐❝ r❡✐♥❢♦r❝❡♠❡♥t

❧❡❛r♥✐♥❣ ♣r♦❜❧❡♠s ✭❙✉tt♦♥ ❛♥❞ ❇❛rt♦✱ ✶✾✾✽✮✳ ❲❡ ❛ss✉♠❡ ❛♥ ❡①♣❧♦r❛t✐✈❡ ♣❛r❛♠❡tr✐③❡❞

♣♦❧✐❝② π ✇✐t❤ ♣❛r❛♠❡t❡rs θ ∈ R
n✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ❞✐s❝✉ss ❤♦✇ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠

♠♦t♦r ♣r✐♠✐t✐✈❡s ✭■❥s♣❡❡rt ❡t ❛❧✱ ✷✵✵✷✱ ✷✵✵✸❀ ❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✸✱ ✷✵✵✼✮ ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞

✐♥ t❤✐s s❡tt✐♥❣✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❦❡❡♣ ♠♦st ❞❡r✐✈❛t✐♦♥s s✉✣❝✐❡♥t❧② ❣❡♥❡r❛❧ s✉❝❤

t❤❛t t❤❡② ❛r❡ tr❛♥s❢❡r❛❜❧❡ t♦ ✈❛r✐♦✉s ♦t❤❡r ♣❛r❛♠❡tr✐③❡❞ ♣♦❧✐❝✐❡s t❤❛t ❛r❡ ❧✐♥❡❛r ✐♥ t❤❡

♣❛r❛♠❡t❡rs✳

❚❤❡ ❣❡♥❡r❛❧ ❣♦❛❧ ✐♥ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ✐s t♦ ♦♣t✐♠✐③❡ t❤❡ ❡①♣❡❝t❡❞ r❡t✉r♥ ♦❢ t❤❡

♣♦❧✐❝② π ✇✐t❤ ♣❛r❛♠❡t❡rs θ ❞❡✜♥❡❞ ❜②

J(θ) =
´

T
pθ(τ )R(τ )dτ ,

✇❤❡r❡ T ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ♣❛t❤s✳ ❆ r♦❧❧♦✉t τ = [s1:T+1,a1:T ]✱ ❛❧s♦ ❝❛❧❧❡❞ ♣❛t❤✱

❡♣✐s♦❞❡ ♦r tr✐❛❧✱ ❞❡♥♦t❡s ❛ s❡r✐❡s ♦❢ st❛t❡s s1:T+1 = [s1, s2, . . . , sT+1] ❛♥❞ ❛❝t✐♦♥s

a1:T = [a1,a2, . . . , aT ]✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ r♦❧❧♦✉t τ ✐s ❞❡♥♦t❡❞ ❜② pθ(τ )✱ ✇❤✐❧❡ R(τ )

r❡❢❡rs t♦ ✐ts ❛❣❣r❡❣❛t❡❞ r❡t✉r♥✳ ❯s✐♥❣ t❤❡ st❛♥❞❛r❞ ▼❛r❦♦✈ ❛ss✉♠♣t✐♦♥ ❛♥❞ ❛❞❞✐t✐✈❡

❛❝❝✉♠✉❧❛t❡❞ r❡✇❛r❞s✱ ✇❡ ❝❛♥ ✇r✐t❡

pθ(τ ) = p(s1)
QT

t=1p(st+1|st,at)π(at|st, t), ✭✶✮

R(τ ) = T−1PT
t=1r(st,at, st+1, t),

✇❤❡r❡ p(s1) ❞❡♥♦t❡s t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❞✐str✐❜✉t✐♦♥✱ p(st+1|st,at) t❤❡ ♥❡①t st❛t❡ ❞✐s✲

tr✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❡ ❧❛st st❛t❡ ❛♥❞ ❛❝t✐♦♥✱ ❛♥❞ r(st,at, st+1, t) ❞❡♥♦t❡s t❤❡

✐♠♠❡❞✐❛t❡ r❡✇❛r❞✳

❲❤✐❧❡ ❡♣✐s♦❞✐❝ ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣ ✭❘▲✮ ♣r♦❜❧❡♠s ✇✐t❤ ✜♥✐t❡ ❤♦r✐③♦♥s ❛r❡

❝♦♠♠♦♥ ✐♥ ❜♦t❤ ❤✉♠❛♥ ❲✉❧❢ ✭✷✵✵✼✮ ❛♥❞ r♦❜♦t ♠♦t♦r ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✱ ❢❡✇ ♠❡t❤♦❞s

❡①✐st ✐♥ t❤❡ ❘▲ ❧✐t❡r❛t✉r❡✳ ❊①❛♠♣❧❡s ❛r❡ ❡♣✐s♦❞✐❝ ❘❊■◆❋❖❘❈❊ ✭❲✐❧❧✐❛♠s✱ ✶✾✾✷✮✱ t❤❡

❡♣✐s♦❞✐❝ ◆❛t✉r❛❧ ❆❝t♦r ❈r✐t✐❝ ❡◆❆❈ ✭P❡t❡rs ❡t ❛❧✱ ✷✵✵✸✱ ✷✵✵✺✮ ❛♥❞ ♠♦❞❡❧✲❜❛s❡❞ ♠❡t❤♦❞s

✉s✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✭❆t❦❡s♦♥✱ ✶✾✾✹✮✳

✷✳✷ ❊♣✐s♦❞✐❝ P♦❧✐❝② ▲❡❛r♥✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss ❡♣✐s♦❞✐❝ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ✐♥ ♣♦❧✐❝② s♣❛❝❡✱ ✇❤✐❝❤ ✇❡

✇✐❧❧ r❡❢❡r t♦ ❛s ❊♣✐s♦❞✐❝ P♦❧✐❝② ▲❡❛r♥✐♥❣✳ ❲❡ ✜rst ❞✐s❝✉ss t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡

❡①♣❡❝t❡❞ r❡t✉r♥ ❛s s✉❣❣❡st❡❞ ✐♥ ✭❉❛②❛♥ ❛♥❞ ❍✐♥t♦♥✱ ✶✾✾✼✮ ❢♦r ❣✉❛r❛♥t❡❡✐♥❣ t❤❛t ♣♦❧✐❝②

✉♣❞❛t❡ st❡♣s ❛r❡ ✐♠♣r♦✈❡♠❡♥ts✳ ■♥ ✭❉❛②❛♥ ❛♥❞ ❍✐♥t♦♥✱ ✶✾✾✼❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✼✮

♦♥❧② t❤❡ ✐♠♠❡❞✐❛t❡ r❡✇❛r❞ ❝❛s❡ ✐s ❞✐s❝✉ss❡❞❀ ✇❡ ❡①t❡♥❞ t❤✐s ❢r❛♠❡✇♦r❦ t♦ ❡♣✐s♦❞✐❝

r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ❞❡r✐✈❡ ❛ ❣❡♥❡r❛❧ ✉♣❞❛t❡ r✉❧❡✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡

♣♦❧✐❝② ❣r❛❞✐❡♥t t❤❡♦r❡♠ ✭❙✉tt♦♥ ❡t ❛❧✱ ✷✵✵✵✮✱ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ r❡✇❛r❞✲✇❡✐❣❤t❡❞

r❡❣r❡ss✐♦♥ ✭P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✼✮✱ ❛s ✇❡❧❧ ❛s t❤❡ ♥♦✈❡❧ P♦❧✐❝② ❧❡❛r♥✐♥❣ ❜② ❲❡✐❣❤t✐♥❣

❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮ ❛❧❣♦r✐t❤♠✳

✷✳✷✳✶ ❇♦✉♥❞s ♦♥ P♦❧✐❝② ■♠♣r♦✈❡♠❡♥ts

❯♥❧✐❦❡ ✐♥ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✱ ♦t❤❡r ❜r❛♥❝❤❡s ♦❢ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❤❛✈❡ ❢♦❝✉s❡❞ ♦♥

♠❛①✐♠✐③✐♥❣ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ❝♦st ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ♦❢t❡♥ r❡s✉❧ts ✐♥ ❡①♣❡❝t❛t✐♦♥✲

♠❛①✐♠✐③❛t✐♦♥ ✭❊▼✮ ❛❧❣♦r✐t❤♠s ✭▼❝▲❛❝❤❛♥ ❛♥❞ ❑r✐s❤♥❛♥✱ ✶✾✾✼✮✳ ❚❤❡ r❡❛s♦♥s ❢♦r t❤✐s

♣r❡❢❡r❡♥❝❡ ❛❧s♦ ❛♣♣❧② ✐♥ ♣♦❧✐❝② ❧❡❛r♥✐♥❣✿ ✐❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛❧s♦ ❜❡❝♦♠❡s ❛♥ ❡q✉❛❧✐t②



✺

❢♦r t❤❡ s❛♠♣❧✐♥❣ ♣♦❧✐❝②✱ ✇❡ ❝❛♥ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ♣♦❧✐❝② ✇✐❧❧ ❜❡ ✐♠♣r♦✈❡❞ ❜② ♠❛①✐✲

♠✐③✐♥❣ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳ ❘❡s✉❧ts ❢r♦♠ s✉♣❡r✈✐s❡❞ ❧❡❛r♥✐♥❣ ❝❛♥ ❜❡ tr❛♥s❢❡rr❡❞ ✇✐t❤ ❡❛s❡✳

❋✐rst✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ s❝❡♥❛r✐♦ s✉❣❣❡st❡❞ ❜② ❉❛②❛♥ ❛♥❞ ❍✐♥t♦♥ ✭✶✾✾✼✮ t♦ t❤❡ ❡♣✐s♦❞✐❝

❝❛s❡✳ ❍❡r❡✱ ✇❡ ❣❡♥❡r❛t❡ r♦❧❧♦✉ts τ ✉s✐♥❣ t❤❡ ❝✉rr❡♥t ♣♦❧✐❝② ✇✐t❤ ♣❛r❛♠❡t❡rs θ✱ ✇❤✐❝❤

✇❡ t❤❡♥ ✇❡✐❣❤t ✇✐t❤ t❤❡ r❡t✉r♥s R (τ )✱ ❛♥❞ s✉❜s❡q✉❡♥t❧② ♠❛t❝❤ ✐t ✇✐t❤ ❛ ♥❡✇ ♣♦❧✐❝②

♣❛r❛♠❡tr✐③❡❞ ❜② θ′✳ ❚❤✐s ♠❛t❝❤✐♥❣ ♦❢ t❤❡ s✉❝❝❡ss✲✇❡✐❣❤t❡❞ ♣❛t❤ ❞✐str✐❜✉t✐♦♥ ✐s ❡q✉✐✈❛✲

❧❡♥t t♦ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❞✐✈❡r❣❡♥❝❡ D(pθ(τ )R(τ )‖pθ′(τ )) ❜❡t✇❡❡♥ t❤❡

♥❡✇ ♣❛t❤ ❞✐str✐❜✉t✐♦♥ pθ′ (τ ) ❛♥❞ t❤❡ r❡✇❛r❞✲✇❡✐❣❤t❡❞ ♣r❡✈✐♦✉s ♦♥❡ pθ (τ )R (τ )✳ ❚❤❡

❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❞✐✈❡r❣❡♥❝❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛ ♥❛t✉r❛❧ ❞✐st❛♥❝❡ ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ♣r♦❜✲

❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ✭❇❛❣♥❡❧❧ ❛♥❞ ❙❝❤♥❡✐❞❡r✱ ✷✵✵✸❀ ❱❛♥ ❉❡r ▼❛❛t❡♥ ❡t ❛❧✱ ✷✵✵✼✮✳ ❆s

s❤♦✇♥ ✐♥ ✭❉❛②❛♥ ❛♥❞ ❍✐♥t♦♥✱ ✶✾✾✼❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✼✮✱ s✉❝❤ ❛ ❞❡r✐✈❛t✐♦♥ r❡s✉❧ts

✐♥ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❡①♣❡❝t❡❞ r❡t✉r♥ ✉s✐♥❣ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❝♦♥❝❛✈✐t②

♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥

log J(θ′) = log

ˆ

T

pθ′ (τ )R (τ ) dτ = log

ˆ

T

pθ (τ )

pθ (τ )
pθ′ (τ )R (τ ) dτ ,

≥

ˆ

T

pθ (τ )R (τ ) log
pθ′ (τ )

pθ (τ )
dτ + ❝♦♥st,

✇❤✐❝❤ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦

−D (pθ (τ )R (τ ) ‖pθ′ (τ )) = Lθ(θ′),

✇❤❡r❡

D (p (τ ) ‖q (τ )) =

ˆ

p (τ ) log
p (τ )

q (τ )
dτ

❞❡♥♦t❡s t❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❞✐✈❡r❣❡♥❝❡✱ ❛♥❞ t❤❡ ❝♦♥st❛♥t ✐s ♥❡❡❞❡❞ ❢♦r t✐❣❤t♥❡ss ♦❢ t❤❡

❜♦✉♥❞✳ ◆♦t❡ t❤❛t pθ (τ )R (τ ) ✐s ❛♥ ✐♠♣r♦♣❡r ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❛s ♣♦✐♥t❡❞ ♦✉t

❜② ❉❛②❛♥ ❛♥❞ ❍✐♥t♦♥ ✭✶✾✾✼✮✳ ❚❤❡ ♣♦❧✐❝② ✐♠♣r♦✈❡♠❡♥t st❡♣ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠❛①✐♠✐③✐♥❣

t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❡①♣❡❝t❡❞ r❡t✉r♥ Lθ(θ′)✱ ❛♥❞ ✇❡ ✇✐❧❧ ♥♦✇ s❤♦✇ ❤♦✇ ✐t r❡❧❛t❡s

t♦ ♣r❡✈✐♦✉s ♣♦❧✐❝② ❧❡❛r♥✐♥❣ ♠❡t❤♦❞s✳

✷✳✷✳✷ ❘❡s✉❧t✐♥❣ P♦❧✐❝② ❯♣❞❛t❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤r❡❡ ❞✐✛❡r❡♥t ♣♦❧✐❝② ✉♣❞❛t❡s✱ ✇❤✐❝❤ ❛r❡ ❞✐r❡❝t❧②

❞❡r✐✈❡❞ ❢r♦♠ t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✷✳✷✳✶✳ ❋✐rst✱ ✇❡ s❤♦✇ t❤❛t ♣♦❧✐❝② ❣r❛❞✐❡♥ts ✭❲✐❧❧✐❛♠s✱

✶✾✾✷❀ ❙✉tt♦♥ ❡t ❛❧✱ ✷✵✵✵❀ ▲❛✇r❡♥❝❡ ❡t ❛❧✱ ✷✵✵✸❀ ❚❡❞r❛❦❡ ❡t ❛❧✱ ✷✵✵✹❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱

✷✵✵✻✮ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❧♦✇❡r ❜♦✉♥❞ Lθ(θ′)✱ ✇❤✐❝❤ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠

❛ s✉♣❡r✈✐s❡❞ ❧❡❛r♥✐♥❣ ♣❡rs♣❡❝t✐✈❡ ✭❇✐♥❞❡r ❡t ❛❧✱ ✶✾✾✼✮✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇❡ s❤♦✇ t❤❛t

♥❛t✉r❛❧ ♣♦❧✐❝② ❣r❛❞✐❡♥ts ✭❇❛❣♥❡❧❧ ❛♥❞ ❙❝❤♥❡✐❞❡r✱ ✷✵✵✸❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮ ❝❛♥

❜❡ s❡❡♥ ❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t r❡❣✉❧❛r✐③✐♥❣ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣❛t❤ ❞✐str✐❜✉t✐♦♥

r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ♣♦❧✐❝② ✉♣❞❛t❡ ✇❤❡♥ ✐♠♣r♦✈✐♥❣ t❤❡ ♣♦❧✐❝② ✐♥❝r❡♠❡♥t❛❧❧②✳ ❋✐♥❛❧❧②✱ ✇❡

✇✐❧❧ s❤♦✇ ❤♦✇ ❡①♣❡❝t❛t✐♦♥✲♠❛①✐♠✐③❛t✐♦♥ ✭❊▼✮ ❛❧❣♦r✐t❤♠s ❢♦r ♣♦❧✐❝② ❧❡❛r♥✐♥❣ ❝❛♥ ❜❡

❣❡♥❡r❛t❡❞✳

P♦❧✐❝② ●r❛❞✐❡♥ts✳ ❲❤❡♥ ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ Lθ(θ′) t❤❛t ❞❡✜♥❡s t❤❡ ❧♦✇❡r

❜♦✉♥❞ ♦♥ t❤❡ ❡①♣❡❝t❡❞ r❡t✉r♥✱ ✇❡ ❞✐r❡❝t❧② ♦❜t❛✐♥

∂θ′Lθ(θ′) =
´

T
pθ(τ )R(τ )∂θ′ log pθ′(τ )dτ = E

n“

PT
t=1∂θ′ log π(at|st, t)

”

R(τ )
o

, ✭✷✮



✻

✇❤❡r❡

∂θ′ log pθ′ (τ ) =
PT

t=1∂θ′ log π (at|st, t)

❞❡♥♦t❡s t❤❡ ❧♦❣✲❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣❛t❤ ❞✐str✐❜✉t✐♦♥✳ ❆s t❤✐s ❧♦❣✲❞❡r✐✈❛t✐✈❡ ❞❡♣❡♥❞s ♦♥❧②

♦♥ t❤❡ ♣♦❧✐❝② ✇❡ ❝❛♥ ❡st✐♠❛t❡ ❛ ❣r❛❞✐❡♥t ❢r♦♠ r♦❧❧♦✉ts✱ ✇✐t❤♦✉t ❤❛✈✐♥❣ ❛ ♠♦❞❡❧✱ ❜②

s✐♠♣❧② r❡♣❧❛❝✐♥❣ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❜② ❛ s✉♠✳ ❲❤❡♥ θ′ ✐s ❝❧♦s❡ t♦ θ✱ ✇❡ ❤❛✈❡ t❤❡ ♣♦❧✐❝②

❣r❛❞✐❡♥t ❡st✐♠❛t♦r✱ ✇❤✐❝❤ ✐s ✇✐❞❡❧② ❦♥♦✇♥ ❛s ❡♣✐s♦❞✐❝ ❘❊■◆❋❖❘❈❊ ✭❲✐❧❧✐❛♠s✱ ✶✾✾✷✮

limθ′
→θ ∂θ′Lθ(θ′) = ∂θJ(θ).

❙❡❡ ❆❧❣♦r✐t❤♠ ✶ ❢♦r ❛♥ ❡①❛♠♣❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ❛♥❞ ❆♣♣❡♥❞✐① ❆✳✶

❢♦r t❤❡ ❞❡t❛✐❧❡❞ st❡♣s ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥✳ ❆ ▼❆❚▲❆❇➋ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠

✐s ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳r♦❜♦t✲❧❡❛r♥✐♥❣✳❞❡✴▼❡♠❜❡r✴❏❡♥s❑♦❜❡r✳

❆ r❡✇❛r❞✱ ✇❤✐❝❤ ♣r❡❝❡❞❡s ❛♥ ❛❝t✐♦♥ ✐♥ ❛ r♦❧❧♦✉t✱ ❝❛♥ ♥❡✐t❤❡r ❜❡ ❝❛✉s❡❞ ❜② t❤❡

❛❝t✐♦♥ ♥♦r ❝❛✉s❡ ❛♥ ❛❝t✐♦♥ ✐♥ t❤❡ s❛♠❡ r♦❧❧♦✉t✳ ❚❤✉s✱ ✇❤❡♥ ✐♥s❡rt✐♥❣ ❊q✉❛t✐♦♥ ✭✶✮ ✐♥t♦

❊q✉❛t✐♦♥ ✭✷✮✱ ❛❧❧ ❝r♦ss✲♣r♦❞✉❝ts ❜❡t✇❡❡♥ rt ❛♥❞ ∂θ′ log π(at+δt|st+δt, t+ δt) ❢♦r δt > 0

❜❡❝♦♠❡ ③❡r♦ ✐♥ ❡①♣❡❝t❛t✐♦♥ ✭P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ♦♠✐t t❤❡s❡

t❡r♠s ❛♥❞ r❡✇r✐t❡ t❤❡ ❡st✐♠❛t♦r ❛s

∂θ′Lθ

`

θ
′
´

= E
n

PT
t=1∂θ′ log π (at|st, t)Q

π(s,a, t)
o

, ✭✸✮

✇❤❡r❡

Qπ (s,a, t) = E
n

PT
t̃=tr

`

st̃,at̃, st̃+1, t̃
´

|st = s,at = a
o

❆❧❣♦r✐t❤♠ ✶ ❵❱❛♥✐❧❧❛✬ P♦❧✐❝② ●r❛❞✐❡♥ts ✭❱P●✮

■♥♣✉t✿ ✐♥✐t✐❛❧ ♣♦❧✐❝② ♣❛r❛♠❡t❡rs θ0

r❡♣❡❛t

❙❛♠♣❧❡✿ P❡r❢♦r♠ h = {1, . . . , H} r♦❧❧♦✉ts ✉s✐♥❣ a = θTφ(s, t) + εt ✇✐t❤ [εn
t ] ∼

N (0, (σh,n)2) ❛s st♦❝❤❛st✐❝ ♣♦❧✐❝② ❛♥❞ ❝♦❧❧❡❝t ❛❧❧ (t, sh
t ,a

h
t , s

h
t+1,ε

h
t , r

h
t+1) ❢♦r t =

{1, 2, . . . , T + 1}.

❈♦♠♣✉t❡✿ ❘❡t✉r♥ Rh =
PT+1

t=1 rh
t , ❡❧✐❣✐❜✐❧✐t②

ψh,n =
∂ log p

`

τh
´

∂θn
=

T
X

t=1

∂ log π
`

ah
t |sh

t , t
´

∂θn
=

T
X

t=1

εh,n
t

`

σn
h

´2
φn
“

sh,n
t , t

”

❛♥❞ ❜❛s❡❧✐♥❡

bn =

PH
h=1

`

ψh,n
´2
Rh

PH
h=1

`

ψh,n
´2

❢♦r ❡❛❝❤ ♣❛r❛♠❡t❡r n = {1, . . . , N} ❢r♦♠ r♦❧❧♦✉ts✳

❈♦♠♣✉t❡ ●r❛❞✐❡♥t ✿

gn
❱P = E



∂ log p(τh)

∂θn

“

R(τh) − bn
”

ff

= 1
H

H
X

h=1

ψh,n(Rh − bn).

❯♣❞❛t❡ ♣♦❧✐❝② ✉s✐♥❣

θk+1 = θk + αg❱P.

✉♥t✐❧ ❈♦♥✈❡r❣❡♥❝❡ θk+1 ≈ θk.



✼

✐s ❝❛❧❧❡❞ t❤❡ st❛t❡✲❛❝t✐♦♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✭❙✉tt♦♥ ❛♥❞ ❇❛rt♦✱ ✶✾✾✽✮✳ ❊q✉❛t✐♦♥ ✭✸✮ ✐s

❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣♦❧✐❝② ❣r❛❞✐❡♥t t❤❡♦r❡♠ ✭❙✉tt♦♥ ❡t ❛❧✱ ✷✵✵✵✮ ❢♦r θ′ → θ ✐♥ t❤❡ ✐♥✜♥✐t❡

❤♦r✐③♦♥ ❝❛s❡✱ ✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t✐♠❡ t ❝❛♥ ❜❡ ❞r♦♣♣❡❞✳

❚❤❡ ❞❡r✐✈❛t✐♦♥ r❡s✉❧ts ✐♥ t❤❡ ❡♣✐s♦❞✐❝ ◆❛t✉r❛❧ ❆❝t♦r ❈r✐t✐❝ ❛s ❞✐s❝✉ss❡❞ ✐♥ ✭P❡t❡rs

❡t ❛❧✱ ✷✵✵✸✱ ✷✵✵✺✮ ✇❤❡♥ ❛❞❞✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦st ✐♥ ❊q✉❛t✐♦♥ ✭✷✮ t♦ ♣❡♥❛❧✐③❡ ❧❛r❣❡ st❡♣s

❛✇❛② ❢r♦♠ t❤❡ ♦❜s❡r✈❡❞ ♣❛t❤ ❞✐str✐❜✉t✐♦♥✳ ❙✉❝❤ ❛ r❡❣✉❧❛r✐③❛t✐♦♥ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜②

r❡str✐❝t✐♥❣ t❤❡ ❛♠♦✉♥t ♦❢ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣❛t❤ ❞✐str✐❜✉t✐♦♥ ❛♥❞ s✉❜s❡q✉❡♥t❧②✱ ❞❡t❡r♠✐♥✐♥❣

t❤❡ st❡❡♣❡st ❞❡s❝❡♥t ❢♦r ❛ ✜①❡❞ st❡♣ ❛✇❛② ❢r♦♠ t❤❡ ♦❜s❡r✈❡❞ tr❛❥❡❝t♦r✐❡s✳ ❈❤❛♥❣❡ ✐♥

♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ✐s ♥❛t✉r❛❧❧② ♠❡❛s✉r❡❞ ✉s✐♥❣ t❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❞✐✈❡r❣❡♥❝❡✱

t❤✉s ❛❢t❡r ❛❞❞✐♥❣ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ♦❢

D (pθ (τ ) ‖pθ′ (τ )) ≈ 0.5
`

θ
′ − θ

´T
F (θ)

`

θ
′ − θ

´

= δ

✉s✐♥❣ ❛ s❡❝♦♥❞✲♦r❞❡r ❡①♣❛♥s✐♦♥ ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❤❡r❡ F(θ) ❞❡♥♦t❡s t❤❡ ❋✐s❤❡r

✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① ✭❇❛❣♥❡❧❧ ❛♥❞ ❙❝❤♥❡✐❞❡r✱ ✷✵✵✸❀ P❡t❡rs ❡t ❛❧✱ ✷✵✵✸✱ ✷✵✵✺✮✳ ❙❡❡ ❆❧✲

❣♦r✐t❤♠ ✷ ❢♦r ❛♥ ❡①❛♠♣❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡♣✐s♦❞✐❝ ◆❛t✉r❛❧ ❆❝t♦r ❈r✐t✐❝✳ ❆

▼❆❚▲❆❇➋ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s ❛✈❛✐❧❛❜❧❡ ❛t

❤tt♣✿✴✴✇✇✇✳r♦❜♦t✲❧❡❛r♥✐♥❣✳❞❡✴▼❡♠❜❡r✴❏❡♥s❑♦❜❡r✳

P♦❧✐❝② ❙❡❛r❝❤ ✈✐❛ ❊①♣❡❝t❛t✐♦♥ ▼❛①✐♠✐③❛t✐♦♥✳ ❖♥❡ ♠❛❥♦r ❞r❛✇❜❛❝❦ ♦❢ ❣r❛❞✐❡♥t✲❜❛s❡❞

❛♣♣r♦❛❝❤❡s ✐s t❤❡ ❧❡❛r♥✐♥❣ r❛t❡✱ ✇❤✐❝❤ ✐s ❛♥ ♦♣❡♥ ♣❛r❛♠❡t❡r t❤❛t ❝❛♥ ❜❡ ❤❛r❞ t♦ t✉♥❡

✐♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❜✉t ✐s ❡ss❡♥t✐❛❧ ❢♦r ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡✳ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥

❛❧❣♦r✐t❤♠s ❛r❡ ✇❡❧❧✲❦♥♦✇♥ t♦ ❛✈♦✐❞ t❤✐s ♣r♦❜❧❡♠ ✐♥ s✉♣❡r✈✐s❡❞ ❧❡❛r♥✐♥❣ ✇❤✐❧❡ ❡✈❡♥

②✐❡❧❞✐♥❣ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ ✭▼❝▲❛❝❤❛♥ ❛♥❞ ❑r✐s❤♥❛♥✱ ✶✾✾✼✮✳ Pr❡✈✐♦✉s❧②✱ s✐♠✐❧❛r ✐❞❡❛s

❤❛✈❡ ❜❡❡♥ ❡①♣❧♦r❡❞ ✐♥ ✐♠♠❡❞✐❛t❡ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ✭❉❛②❛♥ ❛♥❞ ❍✐♥t♦♥✱ ✶✾✾✼❀ P❡✲

t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✼✮✳ ■♥ ❣❡♥❡r❛❧✱ ❛♥ ❊▼✲❛❧❣♦r✐t❤♠ ❝❤♦♦s❡s t❤❡ ♥❡①t ♣♦❧✐❝② ♣❛r❛♠❡t❡rs

θn+1 s✉❝❤ t❤❛t

θn+1 = argmaxθ′ Lθ

`

θ
′
´

.

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ π(at|st, t) ❜❡❧♦♥❣s t♦ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢❛♠✐❧②✱ t❤❡ ♥❡①t ♣♦❧✐❝② ❝❛♥ ❜❡

❞❡t❡r♠✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ❜② s❡tt✐♥❣ ❊q✉❛t✐♦♥ ✭✷✮ ♦r ❊q✉❛t✐♦♥ ✭✸✮ t♦ ③❡r♦

E
n

PT
t=1∂θ′ log π (at|st, t)Q (s,a, t)

o

= 0, ✭✹✮

❆❧❣♦r✐t❤♠ ✷ ❡♣✐s♦❞✐❝ ◆❛t✉r❛❧ ❆❝t♦r ❈r✐t✐❝ ✭❡◆❆❈✮

■♥♣✉t✿ ✐♥✐t✐❛❧ ♣♦❧✐❝② ♣❛r❛♠❡t❡rs θ0

r❡♣❡❛t

❙❛♠♣❧❡✿ P❡r❢♦r♠ h = {1, . . . , H} r♦❧❧♦✉ts ✉s✐♥❣ a = θTφ(s, t) + εt ✇✐t❤ [εn
t ] ∼

N (0, (σh,n)2) ❛s st♦❝❤❛st✐❝ ♣♦❧✐❝② ❛♥❞ ❝♦❧❧❡❝t ❛❧❧ (t, sh
t ,a

h
t , s

h
t+1,ε

h
t , r

h
t+1) ❢♦r t =

{1, 2, . . . , T + 1}.

❈♦♠♣✉t❡✿ ❘❡t✉r♥ Rh =
PT+1

t=1 rh
t ❛♥❞ ❡❧✐❣✐❜✐❧✐t② ψh,n =

PT
t=1(σn

h )−2εh,n
t φn(sh,n

t , t) ❢♦r
❡❛❝❤ ♣❛r❛♠❡t❡r n = {1, . . . , N} ❢r♦♠ r♦❧❧♦✉ts✳

❈♦♠♣✉t❡ ●r❛❞✐❡♥t ✿
h

gT
❡◆❆❈, Rr❡❢

iT
=
“

ΨTΨ
”

−1
ΨTR

✇✐t❤ R =
ˆ

R1, . . . , RH
˜T

❛♥❞ Ψ =

»

ψ1, . . . ,ψH

1, . . . , 1

–T

✇❤❡r❡ ψh =
ˆ

ψh,1, . . . , ψh,N
˜T
.

❯♣❞❛t❡ ♣♦❧✐❝② ✉s✐♥❣
θk+1 = θk + αg❡◆❆❈.

✉♥t✐❧ ❈♦♥✈❡r❣❡♥❝❡ θk+1 ≈ θk.



✽

❛♥❞ s♦❧✈✐♥❣ ❢♦r θ′✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ st♦❝❤❛st✐❝ ♣♦❧✐❝②✱ ✇❡ ✇✐❧❧ ♦❜t❛✐♥ ❞✐✛❡r✲

❡♥t s♦❧✉t✐♦♥s ❛♥❞ ❞✐✛❡r❡♥t ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠s✳ ■t ❛❧❧♦✇s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ r❡✇❛r❞✲

✇❡✐❣❤t❡❞ r❡❣r❡ss✐♦♥ t♦ ❧♦♥❣❡r ❤♦r✐③♦♥s ❛s ✇❡❧❧ ❛s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ P♦❧✐❝② ❧❡❛r♥✐♥❣

❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮ ❛❧❣♦r✐t❤♠✳

✷✳✸ P♦❧✐❝② ❧❡❛r♥✐♥❣ ❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮

■♥ ♠♦st ❧❡❛r♥✐♥❣ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✱ ✇❡ ❛tt❡♠♣t t♦ ❤❛✈❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛♥ ♣♦❧✐❝②

ā = θTφ(s, t) ✇✐t❤ ♣❛r❛♠❡t❡rs θ ❛♥❞ ❜❛s✐s ❢✉♥❝t✐♦♥s φ✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡

❛ ♣❛rt✐❝✉❧❛r t②♣❡ ♦❢ ❜❛s✐s ❢✉♥❝t✐♦♥ ✇❡❧❧✲s✉✐t❡❞ ❢♦r r♦❜♦t✐❝s✳ ❚❤❡s❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❞❡r✐✈❡

❢r♦♠ t❤❡ ♠♦t♦r ♣r✐♠✐t✐✈❡ ❢♦r♠✉❧❛t✐♦♥✳ ●✐✈❡♥ s✉❝❤ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛♥ ♣♦❧✐❝② ā =

θTφ(s, t)✱ ✇❡ ❣❡♥❡r❛t❡ ❛ st♦❝❤❛st✐❝ ♣♦❧✐❝② ✉s✐♥❣ ❛❞❞✐t✐✈❡ ❡①♣❧♦r❛t✐♦♥ ε(s, t) ✐♥ ♦r❞❡r t♦

♠❛❦❡ ♠♦❞❡❧✲❢r❡❡ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ♣♦ss✐❜❧❡✳ ❲❡ ❤❛✈❡ ❛ ♣♦❧✐❝② π(at|st, t) t❤❛t ❝❛♥

❜❡ ❜r♦✉❣❤t ✐♥t♦ t❤❡ ❢♦r♠

a = θ
T

φ (s, t) + ǫ (φ (s, t)) .

Pr❡✈✐♦✉s ✇♦r❦ ✐♥ t❤✐s s❡tt✐♥❣ ✭❲✐❧❧✐❛♠s✱ ✶✾✾✷❀ ●✉❡♥t❡r ❡t ❛❧✱ ✷✵✵✼❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱

✷✵✵✻✱ ✷✵✵✼✮✱ ✇✐t❤ t❤❡ ♥♦t❛❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢ ✭❘ü❝❦st✐❡ÿ ❡t ❛❧✱ ✷✵✵✽✮✱ ❤❛s ❢♦❝✉s❡❞ ♦♥

st❛t❡✲✐♥❞❡♣❡♥❞❡♥t✱ ✇❤✐t❡ ●❛✉ss✐❛♥ ❡①♣❧♦r❛t✐♦♥✱ ♥❛♠❡❧② ǫ(φ(s, t)) ∼ N (ǫ|0,Σ)✳ ■t ✐s

str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥ t❤❡ ❘❡✇❛r❞✲❲❡✐❣❤t❡❞ ❘❡❣r❡ss✐♦♥ ❢♦r ❡♣✐s♦❞✐❝ ❘▲ ❜② s♦❧✈✲

✐♥❣ ❊q✉❛t✐♦♥ ✭✹✮ ❢♦r θ′✱ ✇❤✐❝❤ ♥❛t✉r❛❧❧② ②✐❡❧❞s ❛ ✇❡✐❣❤t❡❞ r❡❣r❡ss✐♦♥ ♠❡t❤♦❞ ✇✐t❤ t❤❡

st❛t❡✲❛❝t✐♦♥ ✈❛❧✉❡s Qπ(s,a, t) ❛s ✇❡✐❣❤ts✳ ❙❡❡ ❆❧❣♦r✐t❤♠ ✸ ❢♦r ❛♥ ❡①❡♠♣❧❛r② ✐♠♣❧❡♠❡♥✲

t❛t✐♦♥ ❛♥❞ ❆♣♣❡♥❞✐① ❆✳✷ ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥✳ ❆♥ ♦♣t✐♠✐③❡❞ ▼❆❚▲❆❇➋ ✐♠♣❧❡♠❡♥t❛t✐♦♥

♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳r♦❜♦t✲❧❡❛r♥✐♥❣✳❞❡✴▼❡♠❜❡r✴❏❡♥s❑♦❜❡r✳

❆❧❣♦r✐t❤♠ ✸ ❡♣✐s♦❞✐❝ ❘❡✇❛r❞ ❲❡✐❣❤t❡❞ ❘❡❣r❡ss✐♦♥ ✭❡❘❲❘✮

■♥♣✉t✿ ✐♥✐t✐❛❧ ♣♦❧✐❝② ♣❛r❛♠❡t❡rs θ0

r❡♣❡❛t

❙❛♠♣❧❡✿ P❡r❢♦r♠ h = {1, . . . , H} r♦❧❧♦✉ts ✉s✐♥❣ a = θTφ(s, t) + εt ✇✐t❤ [εn
t ] ∼

N (0, (σh,n)2) ❛s st♦❝❤❛st✐❝ ♣♦❧✐❝② ❛♥❞ ❝♦❧❧❡❝t ❛❧❧ (t, sh
t ,a

h
t , s

h
t+1,ε

h
t , r

h
t+1) ❢♦r t =

{1, 2, . . . , T + 1}.

❈♦♠♣✉t❡✿ ❙t❛t❡✲❛❝t✐♦♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ Qπ,h
t =

PT
t̃=t

rh
t̃
❢r♦♠ r♦❧❧♦✉ts✳

❯♣❞❛t❡ ♣♦❧✐❝② ✉s✐♥❣

θn
k+1 =

“

(Φn)T QπΦn
”

−1
(Φn)T QπAn

✇✐t❤ ❜❛s✐s ❢✉♥❝t✐♦♥s

Φn =
h

φ
1,n
1 , . . . ,φ1,n

T ,φ2,n
1 , . . . ,φH,n

1 , . . . ,φH,n
T

iT
,

✇❤❡r❡ φh,n
t ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥ ♦❢ r♦❧❧♦✉t h ❛♥❞ ♣❛r❛♠❡t❡r n ❛t t✐♠❡ t✱

❛❝t✐♦♥s

An =
h

a1,n
1 , . . . , a1,n

T , a2,n
1 , . . . , aH,n

1 , . . . , aH,n
T

iT
,

❛♥❞ r❡t✉r♥s
Qπ = diag

“

Qπ,1
1 , . . . , Qπ,1

T , Qπ,2
1 , . . . , Qπ,H

1 , . . . , Qπ,H
T

”

✉♥t✐❧ ❈♦♥✈❡r❣❡♥❝❡ θk+1 ≈ θk.



✾

❚❤✐s ❢♦r♠ ♦❢ ❡①♣❧♦r❛t✐♦♥ ❤❛s r❡s✉❧t❡❞ ✐♥ ✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ r♦❜♦t✐❝s s✉❝❤ ❛s ❚✲❇❛❧❧

❜❛tt✐♥❣ ✭P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮✱ P❡❣✲■♥✲❍♦❧❡ ✭●✉❧❧❛♣❛❧❧✐ ❡t ❛❧✱ ✶✾✾✹✮✱ ❝♦♥str❛✐♥❡❞

r❡❛❝❤✐♥❣ ♠♦✈❡♠❡♥ts ✭●✉❡♥t❡r ❡t ❛❧✱ ✷✵✵✼✮ ❛♥❞ ♦♣❡r❛t✐♦♥❛❧ s♣❛❝❡ ❝♦♥tr♦❧ ✭P❡t❡rs ❛♥❞

❙❝❤❛❛❧✱ ✷✵✵✼✮✳

❍♦✇❡✈❡r✱ s✉❝❤ ✉♥str✉❝t✉r❡❞ ❡①♣❧♦r❛t✐♦♥ ❛t ❡✈❡r② st❡♣ ❤❛s s❡✈❡r❛❧ ❞✐s❛❞✈❛♥t❛❣❡s✿

✭✐✮ ✐t ❝❛✉s❡s ❛ ❧❛r❣❡ ✈❛r✐❛♥❝❡ ✐♥ ♣❛r❛♠❡t❡r ✉♣❞❛t❡s t❤❛t ❣r♦✇s ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢

t✐♠❡✲st❡♣s ✭❘ü❝❦st✐❡ÿ ❡t ❛❧✱ ✷✵✵✽❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮✱ ✭✐✐✮ ✐t ♣❡rt✉r❜s ❛❝t✐♦♥s

t♦♦ ❢r❡q✉❡♥t❧② ❛s t❤❡ s②st❡♠ ❛❝ts ❛s ❛ ❧♦✇ ♣❛ss ✜❧t❡r✱ ❛♥❞ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ❛✈❡r❛❣❡

♦✉t✱ t❤✉s t❤❡✐r ❡✛❡❝t ✐s ✇❛s❤❡❞ ♦✉t✱ ❛♥❞ ✭✐✐✐✮ ✐t ❝❛♥ ❞❛♠❛❣❡ t❤❡ s②st❡♠ ❡①❡❝✉t✐♥❣ t❤❡

tr❛❥❡❝t♦r②✳ ❆s t❤❡ ❛❝t✐♦♥ ✐s ♣❡rt✉r❜❡❞ ✐♥ ❡✈❡r② t✐♠❡✲st❡♣ t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛ tr✐❛❧ ❝❛♥

❝❤❛♥❣❡ ❞r❛st✐❝❛❧❧②✳ ❚❤✐s ❡✛❡❝t ❛❝❝✉♠✉❧❛t❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ tr✐❛❧s ❛♥❞ t❤❡ ❡①♣❧♦✲

r❛t✐♦♥ ✐s ♥♦t ❡q✉❛❧ ♦✈❡r t❤❡ ♣r♦❣r❡ss ♦❢ t❤❡ tr✐❛❧✳ ❚❤✐s ❜❡❤❛✈✐♦r ❧❡❛❞s t♦ ❛ ❧❛r❣❡ ✈❛r✐❛♥❝❡

✐♥ ♣❛r❛♠❡t❡r ✉♣❞❛t❡s✳ ❘❛♥❞♦♠ ❡①♣❧♦r❛t✐♦♥ ✐♥ ❡✈❡r② t✐♠❡✲st❡♣ ❧❡❛❞s t♦ ❥✉♠♣s ✐♥ t❤❡

❛❝t✐♦♥s✳ ❆ ♣❤②s✐❝❛❧ r♦❜♦t ❝❛♥ ♥♦t ❡①❡❝✉t❡ ✐♥st❛♥t❛♥❡♦✉s ❝❤❛♥❣❡s ✐♥ ❛❝t✐♦♥s ❛s ❡✐t❤❡r

t❤❡ ❝♦♥tr♦❧❧❡r ♥❡❡❞s t✐♠❡ t♦ r❡❛❝t ♦r t❤❡ ♠♦t♦r ❛♥❞ t❤❡ ❧✐♥❦s ♦❢ t❤❡ r♦❜♦t ❤❛✈❡ ✐♥❡rt✐❛

t❤❛t ❢♦r❝❡s t❤❡ r♦❜♦t t♦ ❝♦♥t✐♥✉❡ t❤❡ ♠♦t✐♦♥ ✐♥❞✉❝❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ❛❝t✐♦♥s✳ ●❧♦❜❛❧❧②

s♣❡❛❦✐♥❣✱ t❤❡ s②st❡♠ ❛❝ts ❛s ❛ ❧♦✇ ♣❛ss ✜❧t❡r✳ ■❢ t❤❡ r♦❜♦t tr✐❡s t♦ ❢♦❧❧♦✇ t❤❡ ❞❡s✐r❡❞

❤✐❣❤ ❢r❡q✉❡♥❝② ❛❝t✐♦♥ ❝❤❛♥❣❡s✱ ❛ ❧♦t ♦❢ str❛✐♥ ✐s ♣❧❛❝❡❞ ♦♥ t❤❡ ♠❡❝❤❛♥✐❝s ♦❢ t❤❡ r♦❜♦t

❛♥❞ ❝❛♥ ❧❡❛❞ t♦ ♦s❝✐❧❧❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❛❝❝✉♠✉❧❛t✐♥❣ ❡✛❡❝t ♦❢ t❤❡ ❡①♣❧♦r❛t✐♦♥

❝❛♥ ❧❡❛❞ t❤❡ r♦❜♦t ❢❛r ❢r♦♠ ♣r❡✈✐♦✉s❧② s❡❡♥ st❛t❡s✱ ✇❤✐❝❤ ✐s ♣♦t❡♥t✐❛❧❧② ❞❛♥❣❡r♦✉s✳

❆s ❛ r❡s✉❧t✱ ❛❧❧ ♠❡t❤♦❞s r❡❧②✐♥❣ ♦♥ t❤✐s st❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❡①♣❧♦r❛t✐♦♥ ❤❛✈❡ ♣r♦✈❡♥

t♦♦ ❢r❛❣✐❧❡ ❢♦r ❧❡❛r♥✐♥❣ t❛s❦s s✉❝❤ ❛s t❤❡ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✼✮ ♦♥ ❛ r❡❛❧ r♦❜♦t

s②st❡♠✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ✭❘ü❝❦st✐❡ÿ ❡t ❛❧✱ ✷✵✵✽✮✱ ♦♥❡ ❝♦✉❧❞ ❣❡♥❡r❛t❡ ❛

❢♦r♠ ♦❢ str✉❝t✉r❡❞✱ st❛t❡✲❞❡♣❡♥❞❡♥t ❡①♣❧♦r❛t✐♦♥✳ ❲❡ ✉s❡

ǫ (φ (s, t)) = ε
T
t φ (s, t)

✇✐t❤ εt ∼ N (0, Σ̂)✱ ✇❤❡r❡ Σ̂ ✐s ❛ ♠❡t❛✲♣❛r❛♠❡t❡r ♦❢ t❤❡ ❡①♣❧♦r❛t✐♦♥ t❤❛t ❝❛♥ ❜❡

♦♣t✐♠✐③❡❞ ✐♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r ✭s❡❡ ❆♣♣❡♥❞✐① ❆✳✸✮✳ ❚❤✐s ❛r❣✉♠❡♥t r❡s✉❧ts ✐♥ t❤❡ ♣♦❧✐❝②

a ∼ π (at|st, t) = N
“

a|θT
φ (s, t) ,φ(s, t)TΣ̂φ(s, t)

”

.

■♥s❡rt✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ♣♦❧✐❝② ✐♥t♦ ❊q✉❛t✐♦♥ ✭✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥

✉♣❞❛t❡ ❛♥❞ ❝❛♥ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ r✉❧❡

θ
′ = θ + E

n

PT
t=1W (s, t)Qπ (s,a, t)

o

−1
E

n

PT
t=1W (s, t) εtQ

π (s,a, t)
o

✇✐t❤ W(s, t) = φ(s, t)φ(s, t)T(φ(s, t)TΣ̂φ(s, t))−1✳

■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ r♦❧❧♦✉ts ✐♥ t❤✐s ♦♥✲♣♦❧✐❝② s❝❡♥❛r✐♦✱ ✇❡ r❡✉s❡ t❤❡

r♦❧❧♦✉ts t❤r♦✉❣❤ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛s ❞❡s❝r✐❜❡❞✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ r❡✐♥❢♦r❝❡♠❡♥t

❧❡❛r♥✐♥❣✱ ✐♥ ✭❆♥❞r✐❡✉ ❡t ❛❧✱ ✷✵✵✸❀ ❙✉tt♦♥ ❛♥❞ ❇❛rt♦✱ ✶✾✾✽✮✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥s E{·}
❛r❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧❡r ❞❡♥♦t❡❞ ❜② 〈·〉w(τ )✳ ❚♦ ❛✈♦✐❞ t❤❡ ❢r❛❣✐❧✐t②

s♦♠❡t✐♠❡s r❡s✉❧t✐♥❣ ❢r♦♠ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ✐♥ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✱ s❛♠♣❧❡s ✇✐t❤

✈❡r② s♠❛❧❧ ✐♠♣♦rt❛♥❝❡ ✇❡✐❣❤ts ❛r❡ ❞✐s❝❛r❞❡❞✳ ❚❤✐s st❡♣ ✐s ♥❡❝❡ss❛r② ❛s ❛ ❧♦t ♦❢ r♦❧❧♦✉ts

✇✐t❤ ❛ ❧♦✇ r❡t✉r♥ ❛❝❝✉♠✉❧❛t❡ ♠❛ss ❛♥❞ ❝❛♥ ❜✐❛s t❤❡ ✉♣❞❛t❡✳ ❆ s✐♠♣❧❡ ❤❡✉r✐st✐❝ t❤❛t

✇♦r❦s ✇❡❧❧ ✐♥ ♣r❛❝t✐❝❡ ✐s t♦ ❞✐s❝❛r❞ ❛❧❧ ❜✉t t❤❡ j ❜❡st r♦❧❧♦✉ts✱ ✇❤❡r❡ j ✐s ❝❤♦s❡♥ ✐♥ t❤❡

s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs N ✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ✐s s❤♦✇♥ ✐♥

❆♣♣❡♥❞✐① ❆✳✸ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠ ✐♥ ❆❧❣♦r✐t❤♠ ✹✳ ◆♦t❡ t❤❛t ❢♦r ♦✉r ♠♦t♦r

♣r✐♠✐t✐✈❡s✱ s♦♠❡ s✐♠♣❧✐✜❝❛t✐♦♥s ♦❢ W ❛r❡ ♣♦ss✐❜❧❡✳ ❚❤❡s❡ ❛♥❞ ♦t❤❡r s✐♠♣❧✐✜❝❛t✐♦♥s

❛r❡ s❤♦✇♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✸✳ ❆ ▼❆❚▲❆❇➋ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐♥ s❡✈❡r❛❧



✶✵

✈❛r✐❛♥ts ✐s ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳r♦❜♦t✲❧❡❛r♥✐♥❣✳❞❡✴▼❡♠❜❡r✴❏❡♥s❑♦❜❡r✳ ❆s ✇❡ ✇✐❧❧

s❡❡ ✐♥ ❙❡❝t✐♦♥ ✸✱ t❤✐s P♦❲❊❘ ♠❡t❤♦❞ s✐❣♥✐✜❝❛♥t❧② ♦✉t♣❡r❢♦r♠s ❛❧❧ ♦t❤❡r ❞❡s❝r✐❜❡❞

♠❡t❤♦❞s✳

P♦❲❊❘ ✐s ✈❡r② r♦❜✉st ✇✐t❤ r❡s♣❡❝t t♦ r❡✇❛r❞ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❦❡② ❝♦♥str❛✐♥t ✐s t❤❛t

✐t ❤❛s t♦ ❜❡ ❛♥ ✐♠♣r♦♣❡r ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ r❡✇❛r❞s ❤❛✈❡

t♦ ❜❡ ♣♦s✐t✐✈❡✳ ■t ❝❛♥ ❜❡ ❜❡♥❡✜❝✐❛❧ ❢♦r ❧❡❛r♥✐♥❣ s♣❡❡❞ ✐❢ t❤❡ r❡✇❛r❞ ❢✉♥❝t✐♦♥ s✉♠s ✉♣

t♦ ♦♥❡ ❛s ❛ ♣r♦♣❡r ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✳

▲✐❦❡ ♠♦st ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠s✱ P♦❲❊❘ ❛❝❤✐❡✈❡s ❝♦♥✈❡r❣❡♥❝❡ ❢❛st❡r ❢♦r ❧♦✇❡r ♥✉♠✲

❜❡rs ♦❢ ♣❛r❛♠❡t❡rs✳ ❍♦✇❡✈❡r✱ ❛s ✐t ✐s ❛♥ ❊▼✲✐♥s♣✐r❡❞ ❛♣♣r♦❛❝❤✱ ✐t s✉✛❡rs s✐❣♥✐✜❝❛♥t❧②

❧❡ss ❢r♦♠ t❤✐s ♣r♦❜❧❡♠ t❤❛♥ ❣r❛❞✐❡♥t ❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✳ ■♥❝❧✉❞✐♥❣ ♠♦r❡ ♣r✐♦r ❦♥♦✇❧✲

❡❞❣❡✱ ❡✐t❤❡r ✐♥ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦r t❤❡ ✐♥✐t✐❛❧ ♣♦❧✐❝②✱ ❧❡❛❞s t♦ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡✳ ❆s

❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ❝❤❛♥❣✐♥❣ ❡①♣❧♦r❛t✐♦♥ ❛t ❡✈❡r② t✐♠❡✲st❡♣ ❤❛s ❛ ♥✉♠❜❡r ♦❢ ❞✐s❛❞✈❛♥✲

t❛❣❡s✳ ❋✐①✐♥❣ t❤❡ ❡①♣❧♦r❛t✐♦♥ ❢♦r t❤❡ ✇❤♦❧❡ ❡♣✐s♦❞❡ ✭✐❢ ❡❛❝❤ ❜❛s✐s ❢✉♥❝t✐♦♥ ✐s ♦♥❧② ❛❝t✐✈❡

❢♦r ❛ s❤♦rt t✐♠❡✮ ♦r ✉s✐♥❣ ❛ s❧♦✇❧② ✈❛r②✐♥❣ ❡①♣❧♦r❛t✐♦♥ ✭❢♦r ❡①❛♠♣❧❡ ❜❛s❡❞ ♦♥ r❛♥❞♦♠

✇❛❧❦s✮ ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡✳ ❆❧❧ ❛❧❣♦r✐t❤♠s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ♣❛♣❡r ♦♣t✐♠✐③❡

❧♦❝❛❧❧② ❛♥❞ ❝❛♥ ❣❡t st✉❝❦ ✐♥ ❧♦❝❛❧ ♦♣t✐♠❛✳ ❆♥ ✐♥✐t✐❛❧ ♣♦❧✐❝② s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ t♦ ❛✈♦✐❞

❧♦❝❛❧ ♦♣t✐♠❛ ♦♥ t❤❡ ♣r♦❣r❡ss t♦✇❛r❞s t❤❡ ❞❡s✐r❡❞ ✜♥❛❧ s♦❧✉t✐♦♥✳

✸ ❇❡♥❝❤♠❛r❦ ❊✈❛❧✉❛t✐♦♥ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥ ✐♥ ❘♦❜♦t✐❝s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝✲

t✐♦♥ ✷✳✸ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠♦t♦r ♣r✐♠✐t✐✈❡ ❧❡❛r♥✐♥❣ ❢♦r r♦❜♦t✐❝s✳ ❲❡ ✇✐❧❧ ✜rst ❣✐✈❡ ❛ q✉✐❝❦

♦✈❡r✈✐❡✇ ♦❢ ❤♦✇ t❤❡ ♠♦t♦r ♣r✐♠✐t✐✈❡s ✭■❥s♣❡❡rt ❡t ❛❧✱ ✷✵✵✷✱ ✷✵✵✸❀ ❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✸✱

✷✵✵✼✮ ✇♦r❦ ❛♥❞ ❤♦✇ ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛❞❛♣t t❤❡♠✳ ❙✉❜s❡q✉❡♥t❧②✱

✇❡ ✇✐❧❧ ❞✐s❝✉ss ❤♦✇ ✇❡ ❝❛♥ t✉r♥ t❤❡ ♣❛r❛♠❡tr✐③❡❞ ♠♦t♦r ♣r✐♠✐t✐✈❡s ✭■❥s♣❡❡rt ❡t ❛❧✱

✷✵✵✷✱ ✷✵✵✸❀ ❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✸✱ ✷✵✵✼✮ ✐♥t♦ ❡①♣❧♦r❛t✐✈❡✱ st♦❝❤❛st✐❝ ♣♦❧✐❝✐❡s ✭❘ü❝❦st✐❡ÿ

❡t ❛❧✱ ✷✵✵✽✮✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♥♦✈❡❧ P♦❲❊❘ ❛❧❣♦r✐t❤♠ ♦✉t♣❡r❢♦r♠s ♠❛♥② ♣r❡✈✐♦✉s

❆❧❣♦r✐t❤♠ ✹ ❊▼ P♦❧✐❝② ❧❡❛r♥✐♥❣ ❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s

✭P♦❲❊❘✮

■♥♣✉t✿ ✐♥✐t✐❛❧ ♣♦❧✐❝② ♣❛r❛♠❡t❡rs θ0

r❡♣❡❛t

❙❛♠♣❧❡✿ P❡r❢♦r♠ r♦❧❧♦✉t✭s✮ ✉s✐♥❣ a = (θ + εt)Tφ(s, t) ✇✐t❤ εTt φ (s, t) ∼
N (0,φ(s, t)TΣ̂φ(s, t)) ❛s st♦❝❤❛st✐❝ ♣♦❧✐❝② ❛♥❞ ❝♦❧❧❡❝t ❛❧❧ (t, st,at, st+1,εt, rt+1) ❢♦r
t = {1, 2, . . . , T + 1}.
❊st✐♠❛t❡✿ ❯s❡ ✉♥❜✐❛s❡❞ ❡st✐♠❛t❡

Q̂π (s,a, t) =
PT

t̃=t
r
`

st̃,at̃, st̃+1, t̃
´

.

❘❡✇❡✐❣❤t ✿ ❈♦♠♣✉t❡ ✐♠♣♦rt❛♥❝❡ ✇❡✐❣❤ts ❛♥❞ r❡✇❡✐❣❤t r♦❧❧♦✉ts✱ ❞✐s❝❛r❞ ❧♦✇✲✐♠♣♦rt❛♥❝❡
r♦❧❧♦✉ts✳

❯♣❞❛t❡ ♣♦❧✐❝② ✉s✐♥❣

θk+1 = θk +
D

PT
t=1W (s, t)Qπ (s,a, t)

E

−1

w(τ )

D

PT
t=1W (s, t)εtQ

π (s,a, t)
E

w(τ )

✇✐t❤ W(s, t) = φ(s, t)φ(s, t)T(φ(s, t)TΣ̂φ(s, t))−1✳

✉♥t✐❧ ❈♦♥✈❡r❣❡♥❝❡ θk+1 ≈ θk.



✶✶

❖♣❡♥ P❛r❛♠❡t❡rs ❉♦❋ ❘♦❧❧♦✉ts P♦❧✐❝② P❧❛t❢♦r♠ ❆❧❣♦r✐t❤♠s

✸✳✷ ✶✵ ✭s❤❛♣❡✮ ✶ ✹✹✵✵ ▼P s✐♠✉❧❛t✐♦♥ ❋❉●✱ ❱P●✱ ❡◆❆❈✱
❡❘❲❘✱ P♦❲❊❘

✸✳✸ ✷ ✭s✇✐t❝❤✐♥❣✮ ✶ ✽✵ ❜❛♥❣✲
❜❛♥❣

s✐♠✉❧❛t✐♦♥ ❋❉●✱ P♦❲❊❘✱
k◆◆✲❚❉✭λ✮

✸✳✹ ✻ ✭♣♦s✐t✐♦♥s✮ ✶ ✷✵✵ r❤②t❤♠✐❝ s✐♠✉❧❛t✐♦♥ ❋❉●✱ P♦❲❊❘
✸✳✺ ✶✵ ✭❣♦❛❧ ✫ s❤❛♣❡✮ ✶ ✷✵✵✴✶✵✵ ▼P s✐♠✉✴r♦❜♦t ❋❉●✱ ❱P●✱ ❡◆❆❈✱

❡❘❲❘✱ P♦❲❊❘
✸✳✻ ✶✵ ✭s❤❛♣❡✮ ✷ ✷✵✵ ▼P s✐♠✉❧❛t✐♦♥ ❡◆❆❈✱ P♦❲❊❘
✸✳✼ ✷✶✼ ✭s❤❛♣❡✮ ✼ ✶✵✵ ▼P r♦❜♦t P♦❲❊❘

❚❛❜❧❡ ✶✿ ❖✈❡r✈✐❡✇ ♦❢ t❤❡ ❊①♣❡r✐♠❡♥ts✿ ✸✳✷ ❇❛s✐❝ ▼♦t♦r ▲❡❛r♥✐♥❣✱ ✸✳✸ ▼♦✉♥t❛✐♥✲❈❛r✱ ✸✳✹ ❚❡t❤✲
❡r❜❛❧❧ ❚❛r❣❡t ❍✐tt✐♥❣✱ ✸✳✺ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣✱ ✸✳✻ ❈❛st✐♥❣✱ ❛♥❞ ✸✳✼ ❇❛❧❧✲✐♥✲❛✲❈✉♣

✇❡❧❧✲❦♥♦✇♥ ♠❡t❤♦❞s✱ ♣❛rt✐❝✉❧❛r❧② ❵❱❛♥✐❧❧❛✬ P♦❧✐❝② ●r❛❞✐❡♥ts ✭❲✐❧❧✐❛♠s✱ ✶✾✾✷❀ ❙✉tt♦♥

❡t ❛❧✱ ✷✵✵✵❀ ▲❛✇r❡♥❝❡ ❡t ❛❧✱ ✷✵✵✸❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮✱ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ●r❛❞✐✲

❡♥ts ✭❙❡❤♥❦❡ ❡t ❛❧✱ ✷✵✶✵❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮✱ t❤❡ ❡♣✐s♦❞✐❝ ◆❛t✉r❛❧ ❆❝t♦r ❈r✐t✐❝

✭P❡t❡rs ❡t ❛❧✱ ✷✵✵✸✱ ✷✵✵✺✮✱ ❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❘❡✇❛r❞✲❲❡✐❣❤t❡❞ ❘❡❣r❡ss✐♦♥ ✭P❡t❡rs

❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✼✮ ♦♥ t❤❡ t✇♦ s✐♠✉❧❛t❡❞ ❜❡♥❝❤♠❛r❦ ♣r♦❜❧❡♠s s✉❣❣❡st❡❞ ❜② P❡t❡rs ❛♥❞

❙❝❤❛❛❧ ✭✷✵✵✻✮ ❛♥❞ t❤❡ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣ ✭❆t❦❡s♦♥✱ ✶✾✾✹✮✳ ❲❡ ❝♦♠♣❛r❡ ♣♦❧✐❝②

s❡❛r❝❤ ❜❛s❡❞ ❛❧❣♦r✐t❤♠s t♦ ❛ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❜❛s❡❞ ♦♥❡ ♦♥ t❤❡ ♠♦✉♥t❛✐♥✲❝❛r ❜❡♥❝❤♠❛r❦✳

❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❡✈❛❧✉❛t❡ ♣♦❧✐❝② s❡❛r❝❤ ♠❡t❤♦❞s ♦♥ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ r♦❜♦t✐❝ t❛s❦s

❚❡t❤❡r❜❛❧❧ ❚❛r❣❡t ❍✐tt✐♥❣ ❛♥❞ ❈❛st✐♥❣✳ ❆s ❛ s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❝♦♠♣❧❡① ♠♦t♦r ❧❡❛r♥✲

✐♥❣ t❛s❦✱ ✇❡ ✇✐❧❧ s❤♦✇ ❤♦✇ t❤❡ r♦❜♦t ❝❛♥ ❧❡❛r♥ ❛ ❤✐❣❤✲s♣❡❡❞ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ♠♦✈❡♠❡♥t

✭❙✉♠♥❡rs✱ ✶✾✾✼✮ ✇✐t❤ ♠♦t♦r ♣r✐♠✐t✐✈❡s ❢♦r ❛❧❧ s❡✈❡♥ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ ♦✉r ❇❛rr❡tt

❲❆▼➋ r♦❜♦t ❛r♠✳ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ✐s ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✶✳

✸✳✶ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s ▼♦t♦r Pr✐♠✐t✐✈❡s

■♥ t❤❡ ❛♥❛❧②t✐❝❛❧❧② tr❛❝t❛❜❧❡ ❝❛s❡s✱ ❡♣✐s♦❞✐❝ ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣ ✭❘▲✮ ♣r♦❜❧❡♠s

❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❞❡❡♣❧② ✐♥ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❝♦♠♠✉♥✐t②✳ ■♥ t❤✐s ✜❡❧❞ ✐t ✐s ✇❡❧❧✲

❦♥♦✇♥ t❤❛t ❢♦r ❛ ✜♥✐t❡ ❤♦r✐③♦♥ ♣r♦❜❧❡♠✱ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s ♥♦♥✲st❛t✐♦♥❛r② ✭❑✐r❦✱

✶✾✼✵✮ ❛♥❞✱ ✐♥ ❣❡♥❡r❛❧✱ ❝❛♥♥♦t ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♣♦❧✐❝②✳ ❚❤❡ ♠♦t♦r

♣r✐♠✐t✐✈❡s ❜❛s❡❞ ♦♥ ❞②♥❛♠✐❝❛❧ s②st❡♠s ✭■❥s♣❡❡rt ❡t ❛❧✱ ✷✵✵✷✱ ✷✵✵✸❀ ❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✸✱

✷✵✵✼✮ r❡♣r❡s❡♥t ❛ ♣❛rt✐❝✉❧❛r t②♣❡ ♦❢ t✐♠❡✲✈❛r✐❛♥t ♣♦❧✐❝② t❤❛t ❤❛s ❛♥ ✐♥t❡r♥❛❧ ♣❤❛s❡✱

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝❧♦❝❦ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ✢❡①✐❜✐❧✐t② ✭❢♦r ❡①❛♠♣❧❡✱ ❢♦r ✐♥❝♦r♣♦r❛t✐♥❣

❝♦✉♣❧✐♥❣ ❡✛❡❝ts✱ ♣❡r❝❡♣t✉❛❧ ✐♥✢✉❡♥❝❡s✱ ❡t❝✳✮✳ ❚❤✉s✱ t❤❡② ❝❛♥ r❡♣r❡s❡♥t ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s

❢♦r ✜♥✐t❡ ❤♦r✐③♦♥s✳ ❲❡ ❡♠❜❡❞ t❤✐s ✐♥t❡r♥❛❧ ❝❧♦❝❦ ♦r ♠♦✈❡♠❡♥t ♣❤❛s❡ ✐♥t♦ ♦✉r st❛t❡ ❛♥❞

❢r♦♠ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣❡rs♣❡❝t✐✈❡ ❤❛✈❡ ❡♥s✉r❡❞ t❤❛t t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❝❛♥ ❜❡

r❡♣r❡s❡♥t❡❞✳

❚❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ♠♦t♦r ♣r✐♠✐t✐✈❡s ✐♥ ✭■❥s♣❡❡rt

❡t ❛❧✱ ✷✵✵✸✮ ✇❛s ❛ ♠❛❥♦r ❜r❡❛❦t❤r♦✉❣❤ ❛s t❤❡ ❝❤♦✐❝❡ ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❛❧❧♦✇s t❤❡

❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♠♦✈❡♠❡♥t✱ ❝❤♦♦s✐♥❣ ❜❡t✇❡❡♥ ❛ r❤②t❤♠✐❝ ❛♥❞ ❛

❞✐s❝r❡t❡ ♠♦✈❡♠❡♥t✱ ❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r r❡s❝❛❧✐♥❣ ✐♥ ❜♦t❤ t✐♠❡ ❛♥❞

♠♦✈❡♠❡♥t ❛♠♣❧✐t✉❞❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❝✉s ♦♥ s✐♥❣❧❡ str♦❦❡ ♠♦✈❡♠❡♥ts ❛s t❤❡② ❢r❡✲

q✉❡♥t❧② ❛♣♣❡❛r ✐♥ ❤✉♠❛♥ ♠♦t♦r ❝♦♥tr♦❧ ✭❲✉❧❢✱ ✷✵✵✼❀ ❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✼✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡

✇✐❧❧ ❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ♣♦✐♥t ❛ttr❛❝t♦r ✈❡rs✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ♠♦t♦r ♣r✐♠✲

✐t✐✈❡s✳ ❲❡ ✉s❡ t❤❡ ♠♦st r❡❝❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s ♠♦t♦r

♣r✐♠✐t✐✈❡s ✭❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✼✮ ✇❤❡r❡ t❤❡ ♣❤❛s❡ z ♦❢ t❤❡ ♠♦✈❡♠❡♥t ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛



✶✷

s✐♥❣❧❡ ✜rst ♦r❞❡r s②st❡♠

ż = −ταzz. ✭✺✮

❚❤✐s ❝❛♥♦♥✐❝❛❧ s②st❡♠ ❤❛s t❤❡ t✐♠❡ ❝♦♥st❛♥t τ = 1/T ✇❤❡r❡ T ✐s t❤❡ ❞✉r❛t✐♦♥ ♦❢

t❤❡ ♠♦t♦r ♣r✐♠✐t✐✈❡ ❛♥❞ ❛ ♣❛r❛♠❡t❡r αz ✱ ✇❤✐❝❤ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t z ≈ 0 ❛t T ✳

❙✉❜s❡q✉❡♥t❧②✱ t❤❡ ✐♥t❡r♥❛❧ st❛t❡ x ♦❢ ❛ s❡❝♦♥❞ s②st❡♠ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t ♣♦s✐t✐♦♥s q

♦❢ ❛❧❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛r❡ ❣✐✈❡♥ ❜② q = x1✱ t❤❡ ✈❡❧♦❝✐t✐❡s ❜② q̇ = τx2 = ẋ1✱ ❛♥❞ t❤❡

❛❝❝❡❧❡r❛t✐♦♥s ❜② q̈ = τ ẋ2✳ ❚❤❡ ❧❡❛r♥❡❞ ❞②♥❛♠✐❝s ♦❢ ■❥s♣❡❡rt ♠♦t♦r ♣r✐♠✐t✐✈❡s ❝❛♥ ❜❡

❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

ẋ2 = ταx (βx (g − x1) − x2) + τAf (z) , ✭✻✮

ẋ1 = τx2.

❚❤✐s s❡t ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❤❛s t❤❡ s❛♠❡ t✐♠❡ ❝♦♥st❛♥t τ ❛s t❤❡ ❝❛♥♦♥✐❝❛❧ s②st❡♠✱

♣❛r❛♠❡t❡rs αx✱ βx ❛r❡ s❡t s✉❝❤ t❤❛t t❤❡ s②st❡♠ ✐s ❝r✐t✐❝❛❧❧② ❞❛♠♣❡❞✱ ❛ ❣♦❛❧ ♣❛r❛♠❡t❡r g✱

❛ tr❛♥s❢♦r♠❛t✐♦♥ ❢✉♥❝t✐♦♥ f ✱ ❛♥❞ ❛♥ ❛♠♣❧✐t✉❞❡ ♠❛tr✐① A = diag (a1, a2, . . . , aI)✱ ✇✐t❤

t❤❡ ❛♠♣❧✐t✉❞❡ ♠♦❞✐✜❡r a = [a1, a2, . . . , aI ]✳ ❙❝❤❛❛❧ ❡t ❛❧ ✭✷✵✵✼✮ ✉s❡ a = g−x0
1✱ ✇✐t❤ t❤❡

✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ x0
1✱ ✇❤✐❝❤ ❡♥s✉r❡s ❧✐♥❡❛r s❝❛❧✐♥❣✳ ❖t❤❡r ❝❤♦✐❝❡s ❛r❡ ♣♦ss✐❜❧② ❜❡tt❡r s✉✐t❡❞

❢♦r s♣❡❝✐✜❝ t❛s❦s✱ ❛s s❤♦✇♥ ✐♥ ✭P❛r❦ ❡t ❛❧✱ ✷✵✵✽✮✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢✉♥❝t✐♦♥ f (z)

❛❧t❡rs t❤❡ ♦✉t♣✉t ♦❢ t❤❡ s②st❡♠ ✐♥ ❊q✉❛t✐♦♥ ✭✺✮ s♦ t❤❛t t❤❡ s②st❡♠ ✐♥ ❊q✉❛t✐♦♥ ✭✻✮ ❝❛♥

r❡♣r❡s❡♥t ❝♦♠♣❧❡① ♥♦♥❧✐♥❡❛r ♣❛tt❡r♥s✳ ■t ✐s ❣✐✈❡♥ ❜②

f (z) =
PN

n=1ϕn (z) θnz. ✭✼✮

❍❡r❡ θn ❝♦♥t❛✐♥s t❤❡ nt❤ ❛❞❥✉st❛❜❧❡ ♣❛r❛♠❡t❡r ♦❢ ❛❧❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭❉♦❋✮✱ N ✐s

t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ♣❡r ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✱ ❛♥❞ ϕn(z) ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

✇❡✐❣❤t✐♥❣ ❢✉♥❝t✐♦♥s ✭❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✼✮✳ ◆♦r♠❛❧✐③❡❞ ●❛✉ss✐❛♥ ❦❡r♥❡❧s ❛r❡ ✉s❡❞ ❛s

✇❡✐❣❤t✐♥❣ ❢✉♥❝t✐♦♥s✱ ❣✐✈❡♥ ❜②

ϕn =
exp

“

−hn (z − cn)2
”

PN
m=1 exp

“

−hm (z − cm)2
” . ✭✽✮

❚❤❡s❡ ✇❡✐❣❤t✐♥❣ ❢✉♥❝t✐♦♥s ❧♦❝❛❧✐③❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✐♥ ♣❤❛s❡ s♣❛❝❡ ✉s✐♥❣ t❤❡ ❝❡♥t❡rs cn
❛♥❞ ✇✐❞t❤s hn✳ ❆s z ≈ 0 ❛t T ✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢✉♥❝t✐♦♥ f (z) ✐♥

❊q✉❛t✐♦♥ ✭✼✮ ✈❛♥✐s❤❡s ❛♥❞ t❤❡ s②st❡♠ st❛②s ❛t t❤❡ ❣♦❛❧ ♣♦s✐t✐♦♥ g✳ ◆♦t❡ t❤❛t t❤❡ ❉♦❋

❛r❡ ✉s✉❛❧❧② ❛❧❧ ♠♦❞❡❧❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ t❤❡ s②st❡♠ ✐♥ ❊q✉❛t✐♦♥ ✭✻✮✳ ❚❤❡ ♠♦✈❡♠❡♥t

♦❢ ❛❧❧ ❉♦❋s ✐s s②♥❝❤r♦♥✐③❡❞ ❛s t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❢♦r ❛❧❧ ❉♦❋s st❛rt ❛t t❤❡ s❛♠❡

t✐♠❡ ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡ ❞✉r❛t✐♦♥✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡ ♠♦✈❡♠❡♥t ✐s ❣❡♥❡r❛t❡❞ ✉s✐♥❣ t❤❡

tr❛♥s❢♦r♠❛t✐♦♥ f (z) ✐♥ ❊q✉❛t✐♦♥ ✭✼✮✱ ✇❤✐❝❤ ✐s ❧❡❛r♥❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❤❛r❡❞

❝❛♥♦♥✐❝❛❧ s②st❡♠ ✐♥ ❊q✉❛t✐♦♥ ✭✺✮✳ ❆❞❞✐t✐♦♥❛❧ ❢❡❡❞❜❛❝❦ t❡r♠s ❝❛♥ ❜❡ ❛❞❞❡❞ ❛s s❤♦✇♥

✐♥ ✭■❥s♣❡❡rt ❡t ❛❧✱ ✷✵✵✸❀ ❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✼❀ ❑♦❜❡r ❡t ❛❧✱ ✷✵✵✽❀ P❛r❦ ❡t ❛❧✱ ✷✵✵✽✮✳

❖♥❡ ♦❢ t❤❡ ❜✐❣❣❡st ❛❞✈❛♥t❛❣❡s ♦❢ t❤✐s ♠♦t♦r ♣r✐♠✐t✐✈❡ ❢r❛♠❡✇♦r❦ ✭■❥s♣❡❡rt ❡t ❛❧✱

✷✵✵✷✱ ✷✵✵✸❀ ❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✸✱ ✷✵✵✼✮ ✐s t❤❛t t❤❡ s❡❝♦♥❞ s②st❡♠✱ ✐♥ ❊q✉❛t✐♦♥ ✭✻✮✱ ✐s ❧✐♥❡❛r

✐♥ t❤❡ ♣♦❧✐❝② ♣❛r❛♠❡t❡rs θ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ✇❡❧❧✲s✉✐t❡❞ ❢♦r ❜♦t❤ ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ❛s

✇❡❧❧ ❛s ❢♦r t❤❡ ♣r❡s❡♥t❡❞ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ ✇♦✉❧❞

❤❛✈❡ t♦ ❧❡❛r♥ ♦♥❧② ❛ ♠♦t♦r ♣r✐♠✐t✐✈❡ ❢♦r ❛ s✐♥❣❧❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ qi✱ t❤❡♥ ✇❡ ❝♦✉❧❞

✉s❡ ❛ ♠♦t♦r ♣r✐♠✐t✐✈❡ ✐♥ t❤❡ ❢♦r♠ ¨̄qi = φ(s)Tθ ✇❤❡r❡ s = [qi, q̇i, z] ✐s t❤❡ st❛t❡ ❛♥❞

✇❤❡r❡ t✐♠❡ ✐s ✐♠♣❧✐❝✐t❧② ❡♠❜❡❞❞❡❞ ✐♥ z✳ ❲❡ ✉s❡ t❤❡ ♦✉t♣✉t ♦❢ ¨̄qi = φ(s)Tθ = ā ❛s t❤❡

♣♦❧✐❝② ♠❡❛♥✳ ❚❤❡ ♣❡rt✉r❜❡❞ ❛❝❝❡❧❡r❛t✐♦♥s q̈i = a = ā+ ε ❛r❡ ❣✐✈❡♥ t♦ t❤❡ s②st❡♠✳
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initialization learned solution intermediate point

❋✐❣✳ ✶✿ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❡ ✐♥✐t✐❛❧ ❛♥❞ t❤❡ ✜♥❛❧ tr❛❥❡❝t♦r✐❡s ❢♦r t❤❡ t✇♦ ♠♦t♦r
❝♦♥tr♦❧ t❛s❦s✳ ❇♦t❤ st❛rt ❛t 0 ❛♥❞ ❤❛✈❡ t♦ ❣♦ t♦ 1 ✇✐t❤ ♠✐♥✐♠❛❧ ❛❝❝❡❧❡r❛t✐♦♥s✳ ❋r♦♠ T/2 = 0.75
♦♥ t❤❡ tr❛❥❡❝t♦r② ❤❛s t♦ ❜❡ ❛s ❝❧♦s❡ t♦ 1 ❛s ♣♦ss✐❜❧❡✳ ❋♦r t❤❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❛s❦ t❤❡ tr❛❥❡❝t♦r②
❛❞❞✐t✐♦♥❛❧❧② ❤❛s t♦ ♣❛ss t❤r♦✉❣❤ pM = 0.5 ❛t t✐♠❡ M = 7/40T ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❝✐r❝❧❡✳

■♥ ❙❡❝t✐♦♥s ✸✳✺ ❛♥❞ ✸✳✼✱ ✇❡ ✉s❡ ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ❢r♦♠ ❛ s✐♥❣❧❡ ❡①❛♠♣❧❡ t♦ ❣❡♥❡r❛t❡

❛ s❡♥s✐❜❧❡ ✐♥✐t✐❛❧ ♣♦❧✐❝②✳ ❚❤✐s st❡♣ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❡✣❝✐❡♥t❧② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❞②♥❛♠✲

✐❝❛❧ s②st❡♠s ♠♦t♦r ♣r✐♠✐t✐✈❡s ❛s t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢✉♥❝t✐♦♥ ❊q✉❛t✐♦♥ ✭✼✮ ✐s ❧✐♥❡❛r ✐♥

✐ts ♣❛r❛♠❡t❡rs✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ t❤❡ ✇❡✐❣❤t❡❞ sq✉❛r❡❞ ❡rr♦r ✭❲❙❊✮

WSEn =
PT

t=1ϕ
n
t

“

f r❡❢
t − ztθ

n
”2

✭✾✮

❛s ❝♦st ❢✉♥❝t✐♦♥ ❛♥❞ ♠✐♥✐♠✐③❡ ✐t ❢♦r ❛❧❧ ♣❛r❛♠❡t❡r ✈❡❝t♦rs θn ✇✐t❤ n ∈ {1, 2, . . . , N}✳
❍❡r❡✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤t✐♥❣ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡♥♦t❡❞ ❜② ψn

t ❛♥❞ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥

❜② zt✳ ❚❤❡ r❡❢❡r❡♥❝❡ ♦r t❛r❣❡t s✐❣♥❛❧ f r❡❢
t ✐s t❤❡ ❞❡s✐r❡❞ tr❛♥s❢♦r♠❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ t

✐♥❞✐❝❛t❡s t❤❡ t✐♠❡✲st❡♣ ♦❢ t❤❡ s❛♠♣❧❡✳ ❚❤❡ ❡rr♦r ✐♥ ❊q✉❛t✐♦♥ ✭✾✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥

♠❛tr✐① ❢♦r♠ ❛s

WSEn =
“

f r❡❢ − Zθn
”T

Φ
“

f r❡❢ − Zθn
”

✇✐t❤ f r❡❢ ❝♦♥t❛✐♥✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ f r❡❢
t ❢♦r ❛❧❧ t✐♠❡✲st❡♣s t✱Φ = ❞✐❛❣ (ϕn

1 , . . . , ϕ
n
t , . . . , ϕ

n
T )✱

❛♥❞ [Z]t = zt✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❤❛✈❡ ❛ st❛♥❞❛r❞ ❧♦❝❛❧❧②✲✇❡✐❣❤t❡❞ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♣r♦❜✲

❧❡♠ t❤❛t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s♦❧✈❡ ❛♥❞ ②✐❡❧❞s t❤❡ ✉♥❜✐❛s❡❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t♦r

θn =
“

ZTΨZ
”

−1
ZTΦf r❡❢.

❚❤✐s ❛♣♣r♦❛❝❤ ✇❛s ♦r✐❣✐♥❛❧❧② s✉❣❣❡st❡❞ ❢♦r ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ❜② ■❥s♣❡❡rt ❡t ❛❧ ✭✷✵✵✸✮✳

❊st✐♠❛t✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✐s s❧✐❣❤t❧② ♠♦r❡ ❞✐✣❝✉❧t❀ t❤❡ ❞✉✲

r❛t✐♦♥ ♦❢ t❤❡ ♠♦✈❡♠❡♥t ✐s ❡①tr❛❝t❡❞ ✉s✐♥❣ ♠♦t✐♦♥ ❞❡t❡❝t✐♦♥ ❛♥❞ t❤❡ t✐♠❡✲❝♦♥st❛♥t ✐s

s❡t ❛❝❝♦r❞✐♥❣❧②✳

✸✳✷ ❇❡♥❝❤♠❛r❦ ❈♦♠♣❛r✐s♦♥ ■✿ ❇❛s✐❝ ▼♦t♦r ▲❡❛r♥✐♥❣ ❊①❛♠♣❧❡s

❆s ❛ ❜❡♥❝❤♠❛r❦ ❝♦♠♣❛r✐s♦♥✱ ✇❡ ❢♦❧❧♦✇ ❛ ♣r❡✈✐♦✉s❧② st✉❞✐❡❞ s❝❡♥❛r✐♦ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✲

✉❛t❡✱ ✇❤✐❝❤ ♠❡t❤♦❞ ✐s ❜❡st✲s✉✐t❡❞ ❢♦r ♦✉r ♣r♦❜❧❡♠ ❝❧❛ss✳ ❲❡ ♣❡r❢♦r♠ ♦✉r ❡✈❛❧✉❛t✐♦♥s

♦♥ ❡①❛❝t❧② t❤❡ s❛♠❡ ❜❡♥❝❤♠❛r❦ ♣r♦❜❧❡♠s ❛s ✐♥ ✭P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮ ❛♥❞ ✉s❡

t✇♦ t❛s❦s ❝♦♠♠♦♥❧② st✉❞✐❡❞ ✐♥ ♠♦t♦r ❝♦♥tr♦❧ ❧✐t❡r❛t✉r❡ ❢♦r ✇❤✐❝❤ t❤❡ ❛♥❛❧②t✐❝ s♦❧✉✲

t✐♦♥s ❛r❡ ❦♥♦✇♥✳ ❚❤❡ ✜rst t❛s❦ ✐s ❛ r❡❛❝❤✐♥❣ t❛s❦✱ ✇❤❡r❡✐♥ ❛ ❣♦❛❧ ❤❛s t♦ ❜❡ r❡❛❝❤❡❞

❛t ❛ ❝❡rt❛✐♥ t✐♠❡✱ ✇❤✐❧❡ t❤❡ ✉s❡❞ ♠♦t♦r ❝♦♠♠❛♥❞s ❤❛✈❡ t♦ ❜❡ ♠✐♥✐♠✐③❡❞✳ ❚❤❡ s❡❝♦♥❞

t❛s❦ ✐s ❛ r❡❛❝❤✐♥❣ t❛s❦ ♦❢ t❤❡ s❛♠❡ st②❧❡ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✈✐❛✲♣♦✐♥t✳ ❚❤❡ t❛s❦ ✐s ✐❧✲

❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❚❤✐s ❝♦♠♣❛r✐s♦♥ ♠❛✐♥❧② s❤♦✇s t❤❡ s✉✐t❛❜✐❧✐t② ♦❢ ♦✉r ❛❧❣♦r✐t❤♠
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❋✐❣✳ ✷✿ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❡ ♠❡❛♥ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛❧❧ ❝♦♠♣❛r❡❞ ♠❡t❤♦❞s ✐♥
t✇♦ ❜❡♥❝❤♠❛r❦ t❛s❦s ❛✈❡r❛❣❡❞ ♦✈❡r t✇❡♥t② ❧❡❛r♥✐♥❣ r✉♥s ✇✐t❤ t❤❡ ❡rr♦r ❜❛rs ✐♥❞✐❝❛t✐♥❣ t❤❡
st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ P♦❧✐❝② ❧❡❛r♥✐♥❣ ❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮
❝❧❡❛r❧② ♦✉t♣❡r❢♦r♠s ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ●r❛❞✐❡♥ts ✭❋❉●✮✱ ❵❱❛♥✐❧❧❛✬ P♦❧✐❝② ●r❛❞✐❡♥ts ✭❱P●✮✱ t❤❡
❡♣✐s♦❞✐❝ ◆❛t✉r❛❧ ❆❝t♦r ❈r✐t✐❝ ✭❡◆❆❈✮✱ ❛♥❞ t❤❡ ❛❞❛♣t❡❞ ❘❡✇❛r❞✲❲❡✐❣❤t❡❞ ❘❡❣r❡ss✐♦♥ ✭❡❘❲❘✮
❢♦r ❜♦t❤ t❛s❦s✳ ◆♦t❡ t❤❛t t❤✐s ♣❧♦t ❤❛s ❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡s ♦♥ ❜♦t❤ ❛①❡s✱ t❤✉s ❛ ✉♥✐t ❞✐✛❡r❡♥❝❡
❝♦rr❡s♣♦♥❞s t♦ ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✳ ❚❤❡ ♦♠✐ss✐♦♥ ♦❢ t❤❡ ✜rst t✇❡♥t② r♦❧❧♦✉ts ✇❛s ♥❡❝❡ss❛r②
t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ❧♦❣✲❧♦❣ ♣r❡s❡♥t❛t✐♦♥✳

✭❆❧❣♦r✐t❤♠ ✹✮ ❛♥❞ t❤❛t ✐t ♦✉t♣❡r❢♦r♠s ♣r❡✈✐♦✉s ♠❡t❤♦❞s s✉❝❤ ❛s ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ●r❛✲

❞✐❡♥t ✭❋❉●✮ ♠❡t❤♦❞s ✭❙❡❤♥❦❡ ❡t ❛❧✱ ✷✵✶✵❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮✱ s❡❡ ❆❧❣♦r✐t❤♠ ✺✱

❵❱❛♥✐❧❧❛✬ P♦❧✐❝② ●r❛❞✐❡♥ts ✭❱P●✮ ✇✐t❤ ♦♣t✐♠❛❧ ❜❛s❡❧✐♥❡s ✭❲✐❧❧✐❛♠s✱ ✶✾✾✷❀ ❙✉tt♦♥ ❡t ❛❧✱

✷✵✵✵❀ ▲❛✇r❡♥❝❡ ❡t ❛❧✱ ✷✵✵✸❀ P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮✱ s❡❡ ❆❧❣♦r✐t❤♠ ✶✱ t❤❡ ❡♣✐s♦❞✐❝

◆❛t✉r❛❧ ❆❝t♦r ❈r✐t✐❝ ✭❡◆❆❈✮ ✭P❡t❡rs ❡t ❛❧✱ ✷✵✵✸✱ ✷✵✵✺✮✱ s❡❡ ❆❧❣♦r✐t❤♠ ✷✱ ❛♥❞ t❤❡ ♥❡✇

❡♣✐s♦❞✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ❘❡✇❛r❞✲❲❡✐❣❤t❡❞ ❘❡❣r❡ss✐♦♥ ✭❡❘❲❘✮ ❛❧❣♦r✐t❤♠ ✭P❡t❡rs ❛♥❞

❙❝❤❛❛❧✱ ✷✵✵✼✮✱ s❡❡ ❆❧❣♦r✐t❤♠ ✸✳ ▼❆❚▲❆❇➋ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ❛❧❧ ❛❧❣♦r✐t❤♠s ❛r❡ ❛✈❛✐❧✲

❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳r♦❜♦t✲❧❡❛r♥✐♥❣✳❞❡✴▼❡♠❜❡r✴❏❡♥s❑♦❜❡r✳ ❋♦r ❛❧❧ ❛❧❣♦r✐t❤♠s ❡①❝❡♣t

P♦❲❊❘✱ ✇❡ ✉s❡❞ ❜❛t❝❤❡s t♦ ✉♣❞❛t❡ t❤❡ ♣♦❧✐❝②✳ ❆ s❧✐❞✐♥❣✲✇✐♥❞♦✇ ❜❛s❡❞ ❛♣♣r♦❛❝❤ ✐s

❛❧s♦ ♣♦ss✐❜❧❡✳ ❋♦r ❱P●✱ ❡◆❆❈✱ ❛♥❞ ❡❘❲❘ ❛ ❜❛t❝❤ s✐③❡ ♦❢ H = 2N ❛♥❞ ❢♦r ❋❉● ❛

❜❛t❝❤ s✐③❡ ♦❢ H = N+1 ❛r❡ t②♣✐❝❛❧✳ ❋♦r P♦❲❊❘✱ ✇❡ ❡♠♣❧♦②❡❞ ❛♥ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣

❜❛s❡❞ ❛♣♣r♦❛❝❤✱ ❛❧t❤♦✉❣❤ ❛ ❜❛t❝❤ ❜❛s❡❞ ✉♣❞❛t❡ ✐s ❛❧s♦ ♣♦ss✐❜❧❡✳

❲❡ ❝♦♥s✐❞❡r t✇♦ st❛♥❞❛r❞ t❛s❦s t❛❦❡♥ ❢r♦♠ ✭P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✻✮✱ ❜✉t ✇❡ ✉s❡

t❤❡ ♥❡✇❡r ❢♦r♠ ♦❢ t❤❡ ♠♦t♦r ♣r✐♠✐t✐✈❡s ❢r♦♠ ✭❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✼✮✳ ❚❤❡ ✜rst t❛s❦ ✐s t♦

❛❝❤✐❡✈❡ ❛ ❣♦❛❧ ✇✐t❤ ❛ ♠✐♥✐♠✉♠✲sq✉❛r❡❞ ♠♦✈❡♠❡♥t ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ ❛ ❣✐✈❡♥ ♠♦✈❡♠❡♥t

❞✉r❛t✐♦♥✱ t❤❛t ❣✐✈❡s ❛ r❡t✉r♥ ♦❢

R (τ ) = −

T/2
X

t=0

c1q̈
2
t −

T
X

t=T/2+1

c2

“

(qt − g)2 + q̇2t

”

❢♦r ♦♣t✐♠✐③❛t✐♦♥✱ ✇❤❡r❡ T = 1.5✱ c1 = 1/100 ✐s t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ tr❛♥s✐❡♥t r❡✇❛r❞s ❢♦r

t❤❡ ♠♦✈❡♠❡♥t ❞✉r❛t✐♦♥ T/2✱ ✇❤✐❧❡ c2 = 1000 ✐s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ✜♥❛❧ r❡✇❛r❞✱

❡①t❡♥❞❡❞ ♦✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [T/2 + 1, T ] ✇❤✐❝❤ ✐♥s✉r❡s t❤❛t t❤❡ ❣♦❛❧ st❛t❡ g = 1.0

✐s r❡❛❝❤❡❞ ❛♥❞ ♠❛✐♥t❛✐♥❡❞ ♣r♦♣❡r❧②✳ ❚❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡ ♠♦t♦r ♣r✐♠✐t✐✈❡ ✐s ❛❧✇❛②s

③❡r♦ ✐♥ t❤✐s ❡✈❛❧✉❛t✐♦♥✳

❚❤❡ s❡❝♦♥❞ t❛s❦ ✐♥✈♦❧✈❡s ♣❛ss✐♥❣ t❤r♦✉❣❤ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ♣♦✐♥t ❞✉r✐♥❣ t❤❡ tr❛❥❡❝✲

t♦r②✱ ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ sq✉❛r❡❞ ❛❝❝❡❧❡r❛t✐♦♥s✱ t❤❛t ✐s✱ ✇❡ ❤❛✈❡ ❛ s✐♠✐❧❛r r❡t✉r♥ ✇✐t❤

❛♥ ❛❞❞✐t✐♦♥❛❧ ♣✉♥✐s❤♠❡♥t t❡r♠ ❢♦r ♠✐ss✐♥❣ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♣♦✐♥t pM ❛t t✐♠❡M ❣✐✈❡♥



✶✺

❜②

R (τ ) = −

T/2
X

t=0

ec1q̈
2
t −

T
X

t=T/2+1

ec2

“

(qt − g)2 + q̇2t

”

− ec3 (qM − pM )2

✇❤❡r❡ ec1 = 1/10000✱ ec2 = 200✱ ec3 = 20000✳ ❚❤❡ ❣♦❛❧ ✐s ❣✐✈❡♥ ❜② g = 1.0✱ t❤❡ ✐♥t❡r♠❡❞✐✲

❛t❡ ♣♦✐♥t ❛ ✈❛❧✉❡ ♦❢ pM = 0.5 ❛t t✐♠❡ M = 7/40T ✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✇❛s ③❡r♦✳ ❚❤✐s

r❡t✉r♥ ②✐❡❧❞s ❛ s♠♦♦t❤ ♠♦✈❡♠❡♥t✱ ✇❤✐❝❤ ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♣♦✐♥t ❜❡❢♦r❡

r❡❛❝❤✐♥❣ t❤❡ ❣♦❛❧✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s ♥♦t ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❛♥❛❧②t✐❝

s♦❧✉t✐♦♥ ✇✐t❤ ❤❛r❞ ❝♦♥str❛✐♥ts✳

❆❧❧ ♦♣❡♥ ♣❛r❛♠❡t❡rs ✇❡r❡ ♠❛♥✉❛❧❧② ♦♣t✐♠✐③❡❞ ❢♦r ❡❛❝❤ ❛❧❣♦r✐t❤♠ ✐♥ ♦r❞❡r t♦ ♠❛①✲

✐♠✐③❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✇❤✐❧❡ ♥♦t ❞❡st❛❜✐❧✐③✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❡❛r♥✐♥❣ ♣r♦❝❡ss✳

❲❤❡♥ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❡♣✐s♦❞✐❝ s❝❡♥❛r✐♦✱ P♦❧✐❝② ❧❡❛r♥✐♥❣ ❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤

t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮ ❝❧❡❛r❧② ♦✉t♣❡r❢♦r♠❡❞ t❤❡ ❡♣✐s♦❞✐❝ ◆❛t✉r❛❧ ❆❝t♦r ❈r✐t✐❝ ✭❡◆❆❈✮✱

❵❱❛♥✐❧❧❛✬ P♦❧✐❝② ●r❛❞✐❡♥t ✭❱P●✮✱ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ●r❛❞✐❡♥t ✭❋❉●✮✱ ❛♥❞ t❤❡ ❡♣✐s♦❞✐❝

❘❡✇❛r❞✲❲❡✐❣❤t❡❞ ❘❡❣r❡ss✐♦♥ ✭❡❘❲❘✮ ❢♦r ❜♦t❤ t❛s❦s✳ ❚❤❡ ❡♣✐s♦❞✐❝ ❘❡✇❛r❞✲❲❡✐❣❤t❡❞

❘❡❣r❡ss✐♦♥ ✭❡❘❲❘✮ ✐s ♦✉t♣❡r❢♦r♠❡❞ ❜② ❛❧❧ ♦t❤❡r ❛❧❣♦r✐t❤♠s s✉❣❣❡st✐♥❣ t❤❛t t❤✐s ❛❧❣♦✲

r✐t❤♠ ❞♦❡s ♥♦t ❣❡♥❡r❛❧✐③❡ ✇❡❧❧ ❢r♦♠ t❤❡ ✐♠♠❡❞✐❛t❡ r❡✇❛r❞ ❝❛s❡✳ ❲❤✐❧❡ ❋❉● ❣❡ts st✉❝❦

♦♥ ❛ ♣❧❛t❡❛✉✱ ❜♦t❤ ❡◆❆❈ ❛♥❞ ❱P● ❝♦♥✈❡r❣❡ t♦ t❤❡ s❛♠❡ ❣♦♦❞ ✜♥❛❧ s♦❧✉t✐♦♥✳ P♦❲❊❘

✜♥❞s t❤❡ ❛ s❧✐❣❤t❧② ❜❡tt❡r s♦❧✉t✐♦♥ ✇❤✐❧❡ ❝♦♥✈❡r❣✐♥❣ ♥♦t✐❝❡❛❜❧② ❢❛st❡r✳ ❚❤❡ r❡s✉❧ts ❛r❡

♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳

✸✳✸ ❇❡♥❝❤♠❛r❦ ❈♦♠♣❛r✐s♦♥ ■■✿ ▼♦✉♥t❛✐♥✲❈❛r

❆s ❛ t②♣✐❝❛❧ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❜❡♥❝❤♠❛r❦ ✇❡ ❝❤♦s❡ t❤❡ ♠♦✉♥t❛✐♥✲❝❛r t❛s❦ ✭❙✉tt♦♥

❛♥❞ ❇❛rt♦✱ ✶✾✾✽✮ ❛s ✐t ❝❛♥ ❜❡ tr❡❛t❡❞ ✇✐t❤ ❡♣✐s♦❞✐❝ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✳ ■♥ t❤✐s

♣r♦❜❧❡♠ ✇❡ ❤❛✈❡ ❛ ❝❛r ♣❧❛❝❡❞ ✐♥ ❛ ✈❛❧❧❡②✱ ❛♥❞ ✐t ✐s s✉♣♣♦s❡❞ t♦ ❣♦ ♦♥ t❤❡ t♦♣ ♦❢ t❤❡

♠♦✉♥t❛✐♥ ✐♥ ❢r♦♥t ♦❢ ✐t✱ ❜✉t ❞♦❡s ♥♦t ❤❛✈❡ t❤❡ ♥❡❝❡ss❛r② ❝❛♣❛❜✐❧✐t✐❡s ♦❢ ❛❝❝❡❧❡r❛t✐♦♥ t♦

❞♦ s♦ ❞✐r❡❝t❧②✳ ❚❤✉s✱ t❤❡ ❝❛r ❤❛s t♦ ✜rst ❞r✐✈❡ ✉♣ t❤❡ ♠♦✉♥t❛✐♥ ♦♥ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡

♦❢ t❤❡ ✈❛❧❧❡② t♦ ❣❛✐♥ s✉✣❝✐❡♥t ❡♥❡r❣②✳ ❚❤❡ ❞②♥❛♠✐❝s ❛r❡ ❣✐✈❡♥ ✐♥ ✭❙✉tt♦♥ ❛♥❞ ❇❛rt♦✱

❆❧❣♦r✐t❤♠ ✺ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ●r❛❞✐❡♥ts ✭❋❉●✮

■♥♣✉t✿ ✐♥✐t✐❛❧ ♣♦❧✐❝② ♣❛r❛♠❡t❡rs θ0

r❡♣❡❛t

●❡♥❡r❛t❡ ♣♦❧✐❝② ✈❛r✐❛t✐♦♥s✿ ∆θh ∼ U[−∆θ♠✐♥,∆θ♠❛①] ❢♦r h = {1, . . . , H} r♦❧❧♦✉ts✳

❙❛♠♣❧❡✿ P❡r❢♦r♠ h = {1, . . . , H} r♦❧❧♦✉ts ✉s✐♥❣ a = (θ + ∆θh)Tφ(s, t) ❛s ♣♦❧✐❝② ❛♥❞
❝♦❧❧❡❝t ❛❧❧ (t, sh

t ,a
h
t , s

h
t+1,ε

h
t , r

h
t+1) ❢♦r t = {1, 2, . . . , T + 1}.

❈♦♠♣✉t❡✿ ❘❡t✉r♥ Rh(θ+ ∆θh) =
PT+1

t=1 rh
t ❢r♦♠ r♦❧❧♦✉ts✳

❈♦♠♣✉t❡ ●r❛❞✐❡♥t ✿
h

gT
❋❉, Rr❡❢

iT
=
“

∆Θ❚∆Θ
”

−1
∆ΘTR

✇✐t❤ ∆Θ =

»

∆θ1, . . . ,∆θH

1, . . . , 1

–T

❛♥❞ R =
ˆ

R1, . . . , RH
˜T

✳

❯♣❞❛t❡ ♣♦❧✐❝② ✉s✐♥❣
θk+1 = θk + αg❋❉.

✉♥t✐❧ ❈♦♥✈❡r❣❡♥❝❡ θk+1 ≈ θk.
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✭❜✮ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❡ ♠❡❛♥ ❛❝❝✉♠✉❧❛t❡❞ r❡t✉r♥s ♦❢
t❤❡ ♠❡t❤♦❞s ❝♦♠♣❛r❡❞ ♦♥ t❤❡ ♠♦✉♥t❛✐♥ ❝❛r ❜❡♥❝❤♠❛r❦✳
❚❤❡ r❡s✉❧ts ❛r❡ ❛✈❡r❛❣❡❞ ♦✈❡r ✜❢t② ❧❡❛r♥✐♥❣ r✉♥s ✇✐t❤ ❡r✲
r♦r ❜❛rs ✐♥✐❞✐❝❛t✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ P♦❧✐❝② ❧❡❛r♥✲
✐♥❣ ❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮
❛♥❞ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ●r❛❞✐❡♥ts ✭❋❉●✮ ❝❧❡❛r❧② ♦✉t♣❡r❢♦r♠
k◆◆✲❚❉✭λ✮✳ ❆❧❧ ♠❡t❤♦❞s ❝♦♥✈❡r❣❡ t♦ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳

❋✐❣✳ ✸✿ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❚❤✐s ✜❣✉r❡ s❤♦✇s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♠♦✉♥t❛✐♥✲❝❛r t❛s❦ ❛♥❞ t❤❡ ♠❡❛♥
❛❝❝✉♠✉❧❛t❡❞ r❡t✉r♥s ♦❢ t❤❡ ❝♦♠♣❛r❡❞ ♠❡t❤♦❞s✳

✶✾✾✽✮ ❛s

ẋt+1 = ẋt + 0.001at − 0.0025 cos (3xt) ,

xt+1 = xt + ẋt+1,

✇✐t❤ ♣♦s✐t✐♦♥ −1.2 ≤ xt+1 ≤ 0.5 ❛♥❞ ✈❡❧♦❝✐t② −0.07 ≤ ẋt+1 ≤ 0.07✳ ■❢ t❤❡ ❣♦❛❧

xt+1 ≥ 0.5 ✐s r❡❛❝❤❡❞ t❤❡ ❡♣✐s♦❞❡ ✐s t❡r♠✐♥❛t❡❞✳ ■❢ t❤❡ ❧❡❢t ❜♦✉♥❞ ✐s r❡❛❝❤❡❞ t❤❡ ✈❡✲

❧♦❝✐t② ✐s r❡s❡t t♦ ③❡r♦✳ ❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❝❛r ✐s x0 = −0.5 ❛♥❞ ẋ0 = 0✳ ❚❤❡

r❡✇❛r❞ ✐s rt = −1 ❢♦r ❛❧❧ t✐♠❡✲st❡♣s ✉♥t✐❧ t❤❡ ❝❛r r❡❛❝❤❡s t❤❡ ❣♦❛❧✳ ❲❡ ❡♠♣❧♦②❡❞ ❛♥

✉♥❞✐s❝♦✉♥t❡❞ r❡t✉r♥✳ ❚❤❡ s❡t ♦❢ ❛❝t✐♦♥s at ✐s s❧✐❣❤t❧② ❞✐✛❡r❡♥t t♦ t❤❡ s❡t✉♣ ♣r♦♣♦s❡❞ ❜②

❙✉tt♦♥ ❛♥❞ ❇❛rt♦ ✭✶✾✾✽✮✳ ❲❡ ♦♥❧② ❤❛✈❡ t✇♦ ❛❝t✐♦♥s✱ t❤❡ ❢✉❧❧ t❤r♦tt❧❡ ❢♦r✇❛r❞ ✭at = +1✮

❛♥❞ t❤❡ ❢✉❧❧ t❤r♦tt❧❡ r❡✈❡rs❡ ✭at = −1✮✳ ❋r♦♠ ❛ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱

✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t ❛ ❜❛♥❣✲❜❛♥❣ ❝♦♥tr♦❧❧❡r ❝❛♥ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳ ❆s ❛♥

✐♥✐t✐❛❧ ♣♦❧✐❝② ✇❡ ❝❤♦s❡ ❛ ♣♦❧✐❝② t❤❛t ❛❝❝❡❧❡r❛t❡s ❢♦r✇❛r❞ ✉♥t✐❧ t❤❡ ❝❛r ❝❛♥♥♦t ❝❧✐♠❜ t❤❡

♠♦✉♥t❛✐♥ ❢✉rt❤❡r✱ ❛❝❝❡❧❡r❛t❡s r❡✈❡rs❡ ✉♥t✐❧ t❤❡ ❝❛r ❝❛♥♥♦t ❝❧✐♠❜ t❤❡ ♦♣♣♦s✐t❡ s❧♦♣❡ ❢✉r✲

t❤❡r✱ ❛♥❞ ✜♥❛❧❧② ❛❝❝❡❧❡r❛t❡s ❢♦r✇❛r❞ ✉♥t✐❧ t❤❡ ❝❛r r❡❛❝❤❡s t❤❡ ❣♦❛❧✳ ❚❤✐s ♣♦❧✐❝② r❡❛❝❤❡s

t❤❡ ❣♦❛❧ ❜✉t ✐s ♥♦t ♦♣t✐♠❛❧ ❛s t❤❡ ❝❛r ❝❛♥ st✐❧❧ ❛❝❝✉♠✉❧❛t❡ ❡♥♦✉❣❤ ❡♥❡r❣② ✐❢ ✐t r❡✈❡rs❡s

t❤❡ ❞✐r❡❝t✐♦♥ s❧✐❣❤t❧② ❡❛r❧✐❡r✳ ❆s ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ ❢♦r t❤❡ ♣♦❧✐❝② s❡❛r❝❤ ❛♣♣r♦❛❝❤❡s ✇❡

❝❤♦s❡ t♦ ❡♥❝♦❞❡ t❤❡ s✇✐t❝❤✐♥❣ ♣♦✐♥ts ♦❢ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥✳ ❚❤❡ t✇♦ ♣❛r❛♠❡t❡rs ♦❢ t❤❡

♣♦❧✐❝② ✐♥❞✐❝❛t❡ ❛t ✇❤✐❝❤ t✐♠❡st❡♣ t t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ✐s r❡✈❡rs❡❞✳ ❋♦r t❤✐s ❦✐♥❞ ♦❢ ♣♦❧✐❝②

♦♥❧② ❛❧❣♦r✐t❤♠s t❤❛t ♣❡rt✉r❜ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ❛♣♣❧✐❝❛❜❧❡ ❛♥❞ ✇❡ ❝♦♠♣❛r❡ ❛ ❋✐♥✐t❡

❉✐✛❡r❡♥❝❡ ●r❛❞✐❡♥t ❛♣♣r♦❛❝❤ t♦ P♦❲❊❘✳ ❚❤✐s ♣❛r❛♠❡tr✐③❡❞ ♣♦❧✐❝② ✐s ❡♥t✐r❡❧② ❞✐✛❡r❡♥t

t♦ ♠♦t♦r ♣r✐♠✐t✐✈❡s✳ ❆❞❞✐t✐♦♥❛❧❧② ✇❡ ✐♥❝❧✉❞❡❞ ❛ ❝♦♠♣❛r✐s♦♥ t♦ ❛ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❜❛s❡❞

♠❡t❤♦❞✳ ❚❤❡ ◗✲❢✉♥❝t✐♦♥ ✇❛s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ ♦✉r ✐♥✐t✐❛❧ ♣♦❧✐❝②✳ ❆s t❤❡ k◆◆✲❚❉✭λ✮

❛❧❣♦r✐t❤♠ ✭▼❛rtí♥ ❍✳ ❡t ❛❧✱ ✷✵✵✾✮ ✇♦♥ t❤❡ ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣ ❈♦♠♣❡t✐t✐♦♥s ✐♥

✷✵✵✽ ❛♥❞ ✷✵✵✾✱ ✇❡ s❡❧❡❝t❡❞ ✐t ❢♦r t❤✐s ❝♦♠♣❛r✐s♦♥✳ ❚❤✐s ❝♦♠♣❛r✐s♦♥ ✐s ❝♦♥tr✐✈❡❞ ❛s ♦✉r
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✭❜✮ ❚❤❡ r❡t✉r♥s ❛r❡ ❛✈❡r❛❣❡❞ ♦✈❡r ✷✵ ❧❡❛r♥✐♥❣ r✉♥s ✇✐t❤
❡rr♦r ❜❛rs ✐♥❞✐❝❛t✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ P♦❧✐❝② ❧❡❛r♥✲
✐♥❣ ❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮
❝❧❡❛r❧② ♦✉t♣❡r❢♦r♠s ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ●r❛❞✐❡♥ts ✭❋❉●✮✳

❋✐❣✳ ✹✿ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❚❤✐s ✜❣✉r❡ s❤♦✇s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❚❡t❤❡r❜❛❧❧ ❚❛r❣❡t ❍✐tt✐♥❣ t❛s❦
❛♥❞ t❤❡ ♠❡❛♥ r❡t✉r♥s ♦❢ t❤❡ ❝♦♠♣❛r❡❞ ♠❡t❤♦❞s✳

s✇✐t❝❤✐♥❣ ♣♦❧✐❝② ❛❧✇❛②s st❛rts ✐♥ ❛ s✐♠✐❧❛r ✐♥✐t✐❛❧ st❛t❡ ✇❤✐❧❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❜❛s❡❞

♣♦❧✐❝② ❝❛♥ st❛rt ✐♥ ❛ ✇✐❞❡r r❛♥❣❡ ♦❢ st❛t❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣♦❧✐❝② s❡❛r❝❤ ❛♣♣r♦❛❝❤❡s

♠❛② ❜❡ s♣❡❞ ✉♣ ❜② t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥✱ ✇❤✐❧❡ k◆◆✲❚❉✭λ✮ ✇✐❧❧ ❧❡❛r♥ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝②

✇✐t❤♦✉t ♣r✐♦r ❦♥♦✇❧❡❞❣❡ ❛♥❞ ❞♦❡s ♥♦t ❜❡♥❡✜t ♠✉❝❤ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥✳ ❍♦✇❡✈❡r✱

t❤❡ ✉s❡ ♦❢ ❛ ❣❧♦❜❛❧ ❛♣♣r♦❛❝❤✱ s✉❝❤ ❛s k◆◆✲❚❉✭λ✮ r❡q✉✐r❡s ❛ ❣❧♦❜❛❧ s❡❛r❝❤ ♦❢ t❤❡ st❛t❡

s♣❛❝❡✳ ❙✉❝❤ ❛ ❣❧♦❜❛❧ s❡❛r❝❤ ❧✐♠✐ts t❤❡ s❝❛❧❛❜✐❧✐t② ♦❢ t❤❡s❡ ❛♣♣r♦❛❝❤❡s✳ ❚❤❡ ♠♦r❡ ❧♦❝❛❧

❛♣♣r♦❛❝❤❡s ♦❢ ♣♦❧✐❝② s❡❛r❝❤ ❛r❡ ❧❡ss ❛✛❡❝t❡❞ ❜② t❤❡s❡ s❝❛❧❛❜✐❧✐t② ♣r♦❜❧❡♠s✳ ❋✐❣✉r❡ ✸❜

s❤♦✇s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s✳ ❆s k◆◆✲❚❉✭λ✮ ✐♥✐t✐❛❧❧② ❡①♣❧♦r❡s t❤❡ ✉♥✲

s❡❡♥ ♣❛rts ♦❢ t❤❡ ◗✲❢✉♥❝t✐♦♥✱ t❤❡ ♣♦❧✐❝② s❡❛r❝❤ ❛♣♣r♦❛❝❤❡s ❝♦♥✈❡r❣❡ ❢❛st❡r✳ ❆❧❧ ♠❡t❤♦❞s

✜♥❞ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳

✸✳✹ ❇❡♥❝❤♠❛r❦ ❈♦♠♣❛r✐s♦♥ ■■■✿ ❚❡t❤❡r❜❛❧❧ ❚❛r❣❡t ❍✐tt✐♥❣

■♥ t❤✐s t❛s❦✱ ❛ t❛❜❧❡ t❡♥♥✐s ❜❛❧❧ ✐s ❤❛♥❣✐♥❣ ♦♥ ❛♥ ❡❧❛st✐❝ str✐♥❣ ❢r♦♠ t❤❡ ❝❡✐❧✐♥❣✳ ❚❤❡

t❛s❦ ❝♦♥s✐sts ♦❢ ❤✐tt✐♥❣ t❤❡ ❜❛❧❧ ✇✐t❤ ❛ t❛❜❧❡ t❡♥♥✐s r❛❝❦❡t s♦ t❤❛t ✐t ❤✐ts ❛ ✜①❡❞ t❛r❣❡t✳

❚❤❡ t❛s❦ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹❛✳ ❚❤❡ r❡t✉r♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡

❜❡t✇❡❡♥ t❤❡ ❜❛❧❧ ❛♥❞ t❤❡ t❛r❣❡t ❞✉r✐♥❣ ♦♥❡ ❡♣✐s♦❞❡ tr❛♥s❢♦r♠❡❞ ❜② ❛♥ ❡①♣♦♥❡♥t✐❛❧✳

❚❤❡ ♣♦❧✐❝② ✐s ♣❛r❛♠❡tr✐③❡❞ ❛s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s✐① ❧♦✇❡r ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡

❇❛rr❡tt ❲❆▼➋✳ ❖♥❧② t❤❡ ✜rst ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✭s❤♦✉❧❞❡r r♦t❛t✐♦♥✮ ✐s ♠♦✈❡❞ ❞✉r✐♥❣

❛♥ ❡♣✐s♦❞❡✳ ❚❤❡ ♠♦✈❡♠❡♥t ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ r❤②t❤♠✐❝ ♣♦❧✐❝② ✇✐t❤ ❛ ✜①❡❞ ❛♠♣❧✐t✉❞❡

❛♥❞ ♣❡r✐♦❞✳ ❉✉❡ t♦ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ t❛s❦ ♦♥❧② P♦❲❊❘ ❛♥❞ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡

●r❛❞✐❡♥ts ❛r❡ ❛♣♣❧✐❝❛❜❧❡✳ ❲❡ ♦❜s❡r✈❡❞ r❡❧✐❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ ✐❢ t❤❡ ✐♥✐t✐❛❧ ♣♦❧✐❝② ❞✐❞

♥♦t ♠✐ss t❤❡ t❛r❣❡t ❜② ♠♦r❡ t❤❛♥ ❛♣♣r♦①✐♠❛t❡❧② 50cm✳ ■♥ t❤✐s ❡①♣❡r✐♠❡♥t ✐t t♦♦❦

s✐❣♥✐✜❝❛♥t❧② ❧❡ss ✐t❡r❛t✐♦♥s t♦ ✜♥❞ ❛ ❣♦♦❞ ✐♥✐t✐❛❧ ♣♦❧✐❝② t❤❛♥ t♦ t✉♥❡ t❤❡ ❧❡❛r♥✐♥❣ r❛t❡

♦❢ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ●r❛❞✐❡♥ts✱ ❛ ♣r♦❜❧❡♠ ❢r♦♠ ✇❤✐❝❤ P♦❲❊❘ ❞✐❞ ♥♦t s✉✛❡r ❛s ✐t ✐s

❛♥ ❊▼✲❧✐❦❡ ❛❧❣♦r✐t❤♠✳ ❋✐❣✉r❡ ✹❜ ✐❧❧✉str❛t❡s t❤❡ r❡s✉❧ts✳ P♦❲❊❘ ❝♦♥✈❡r❣❡s s✐❣♥✐✜❝❛♥t❧②

❢❛st❡r✳



✶✽

❋✐❣✳ ✺✿ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❡ t✐♠❡ s❡r✐❡s ♦❢ t❤❡ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣ ✇❤❡r❡ ♦♥❧② ❛ s✐♥✲
❣❧❡ ❥♦✐♥t ♦❢ t❤❡ r♦❜♦t ✐s ♠♦✈❡❞ ✇✐t❤ ❛ t♦rq✉❡ ❧✐♠✐t ❡♥s✉r❡❞ ❜② ❧✐♠✐t✐♥❣ t❤❡ ♠❛①✐♠❛❧ ♠♦t♦r
❝✉rr❡♥t ♦❢ t❤❛t ❥♦✐♥t✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠♦t✐♦♥ r❡q✉✐r❡s t❤❡ r♦❜♦t t♦ ✭✐✐✮ ✜rst ♠♦✈❡ ❛✇❛② ❢r♦♠
t❤❡ t❛r❣❡t t♦ ❧✐♠✐t t❤❡ ♠❛①✐♠❛❧ r❡q✉✐r❡❞ t♦rq✉❡ ❞✉r✐♥❣ t❤❡ s✇✐♥❣✲✉♣ ✐♥ ✭✐✐✐✲✈✮ ❛♥❞ s✉❜s❡q✉❡♥t
st❛❜✐❧✐③❛t✐♦♥ ✭✈✐✮✳

✸✳✺ ❇❡♥❝❤♠❛r❦ ❈♦♠♣❛r✐s♦♥ ■❱✿ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣

❆s ❛♥ ❛❞❞✐t✐♦♥❛❧ s✐♠✉❧❛t❡❞ ❜❡♥❝❤♠❛r❦ ❛♥❞ ❢♦r t❤❡ r❡❛❧✲r♦❜♦t ❡✈❛❧✉❛t✐♦♥s✱ ✇❡ ❡♠♣❧♦②❡❞

t❤❡ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣ ✭❆t❦❡s♦♥✱ ✶✾✾✹✮✳ ❍❡r❡✱ ♦♥❧② ❛ s✐♥❣❧❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✐s

r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♠♦t♦r ♣r✐♠✐t✐✈❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ♠♦✈❡ ❛

❤❛♥❣✐♥❣ ❤❡❛✈② ♣❡♥❞✉❧✉♠ t♦ ❛♥ ✉♣r✐❣❤t ♣♦s✐t✐♦♥ ❛♥❞ t♦ st❛❜✐❧✐③❡ ✐t t❤❡r❡✳ ❚❤❡ ♦❜❥❡❝t✐✈❡

✐s t❤r❡❡❢♦❧❞✿ t❤❡ ♣❡♥❞✉❧✉♠ ❤❛s t♦ ❜❡ s✇✉♥❣ ✉♣ ✐♥ ❛ ♠✐♥✐♠❛❧ ❛♠♦✉♥t ♦❢ t✐♠❡✱ ❤❛s t♦ ❜❡

st❛❜✐❧✐③❡❞ ✐♥ t❤❡ ✉♣r✐❣❤t ♣♦s✐t✐♦♥✱ ❛♥❞ ❛❝❤✐❡✈❡ t❤❡s❡ ❣♦❛❧s ✇✐t❤ ♠✐♥✐♠❛❧ ♠♦t♦r t♦rq✉❡s✳

❇② ❧✐♠✐t✐♥❣ t❤❡ ♠♦t♦r ❝✉rr❡♥t ❢♦r t❤✐s ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✱ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❛t t❤❡ t♦rq✉❡

❧✐♠✐ts ❞❡s❝r✐❜❡❞ ✐♥ ✭❆t❦❡s♦♥✱ ✶✾✾✹✮ ❛r❡ ♠❛✐♥t❛✐♥❡❞ ❛♥❞ ❞✐r❡❝t❧② ♠♦✈✐♥❣ t❤❡ ❥♦✐♥t t♦ t❤❡

r✐❣❤t ♣♦s✐t✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❯♥❞❡r t❤❡s❡ t♦rq✉❡ ❧✐♠✐ts✱ t❤❡ r♦❜♦t ♥❡❡❞s t♦ ✜rst ♠♦✈❡

❛✇❛② ❢r♦♠ t❤❡ t❛r❣❡t t♦ r❡❞✉❝❡ t❤❡ ♠❛①✐♠❛❧ r❡q✉✐r❡❞ t♦rq✉❡ ❞✉r✐♥❣ t❤❡ s✇✐♥❣✲✉♣✱

s❡❡ ❋✐❣✉r❡ ✺✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s s✐♠✐❧❛r t♦ t❤❡ ♠♦✉♥t❛✐♥✲❝❛r ♣r♦❜❧❡♠ ✭❙❡❝t✐♦♥ ✸✳✸✮✳ ❚❤❡

st❛♥❞❛r❞ ♠♦✉♥t❛✐♥✲❝❛r ♣r♦❜❧❡♠ ✐s ❞❡s✐❣♥❡❞ t♦ ❣❡t t❤❡ ❝❛r t♦ t❤❡ t♦♣ ♦❢ t❤❡ ♠♦✉♥t❛✐♥

✐♥ ♠✐♥✐♠✉♠ t✐♠❡✳ ■t ❞♦❡s ♥♦t ♠❛tt❡r ✐❢ ✐t st♦♣s ❛t t❤✐s ♣♦✐♥t ♦r ❞r✐✈❡s ❛t ❛ ❤✐❣❤

s♣❡❡❞ ❛s ✉s❛❣❡ ♦❢ t❤❡ ❛❝❝❡❧❡r❛t♦r ❛♥❞ ❜r❛❦❡ ✐s ♥♦t ♣✉♥✐s❤❡❞✳ ❆❞❞✐♥❣ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢

st❛❜✐❧✐③✐♥❣ t❤❡ ❝❛r ❛t t❤❡ t♦♣ ♦❢ t❤❡ ♠♦✉♥t❛✐♥ ♠❛❦❡s t❤❡ ♣r♦❜❧❡♠ s✐❣♥✐✜❝❛♥t❧② ❤❛r❞❡r✳

❚❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥ts ❡①✐st ✐♥ t❤❡ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣ t❛s❦ ✇❤❡r❡ ✐t ✐s
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❋✐❣✳ ✻✿ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛❧❧ ❝♦♠♣❛r❡❞ ♠❡t❤♦❞s ❢♦r t❤❡
s✇✐♥❣✲✉♣ ✐♥ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ♠❡❛♥ ♣❡r❢♦r♠❛♥❝❡ ❛✈❡r❛❣❡❞ ♦✈❡r ✷✵ ❧❡❛r♥✐♥❣ r✉♥s ✇✐t❤ t❤❡
❡rr♦r ❜❛rs ✐♥❞✐❝❛t✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ P♦❲❊❘ ♦✉t♣❡r❢♦r♠s t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s ❢r♦♠
✺✵ r♦❧❧♦✉ts ♦♥ ❛♥❞ ✜♥❞s ❛ s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r ♣♦❧✐❝②✳



✶✾

❋✐❣✳ ✼✿ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣♦❧✐❝② ♦✈❡r r♦❧❧♦✉ts✳ ❚❤❡ s♥❛♣s❤♦ts ❢r♦♠
t❤❡ ✈✐❞❡♦ s❤♦✇ t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥s✳ ✭✵✮ ■♥✐t✐❛❧ ♣♦❧✐❝② ❛❢t❡r ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ✭✇✐t❤♦✉t t♦rq✉❡
❧✐♠✐t✮✳ ✭✶✮ ■♥✐t✐❛❧ ♣♦❧✐❝② ❛❢t❡r ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ✭✇✐t❤ ❛❝t✐✈❡ t♦rq✉❡ ❧✐♠✐t✮✳ ✭✷✵✮ P♦❧✐❝② ❛❢t❡r
✷✵ r♦❧❧♦✉ts✱ ❣♦✐♥❣ ❢✉rt❤❡r ✉♣✳ ✭✸✵✮ P♦❧✐❝② ❛❢t❡r ✸✵ r♦❧❧♦✉ts✱ ❣♦✐♥❣ t♦♦ ❢❛r✳ ✭✹✵✮ P♦❧✐❝② ❛❢t❡r ✹✵
r♦❧❧♦✉ts✱ ❣♦✐♥❣ ♦♥❧② ❛ ❜✐t t♦♦ ❢❛r✳ ✭✻✺✮ ❋✐♥❛❧ ♣♦❧✐❝② ❛❢t❡r ✻✺ r♦❧❧♦✉ts✳

r❡q✉✐r❡❞ t❤❛t t❤❡ ♣❡♥❞✉❧✉♠ ✭t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ❝❛r✮ st♦♣s ❛t t❤❡ t♦♣ t♦ ❢✉❧✜❧❧ t❤❡

t❛s❦✳ ❚❤❡ ❛♣♣❧✐❡❞ t♦rq✉❡ ❧✐♠✐ts ✇❡r❡ t❤❡ s❛♠❡ ❛s ✐♥ ✭❆t❦❡s♦♥✱ ✶✾✾✹✮ ❛♥❞ s♦ ✇❛s t❤❡

r❡✇❛r❞ ❢✉♥❝t✐♦♥✱ ❡①❝❡♣t t❤❛t t❤❡ ❝♦♠♣❧❡t❡ r❡t✉r♥ ♦❢ t❤❡ tr❛❥❡❝t♦r② ✇❛s tr❛♥s❢♦r♠❡❞ ❜②

❛♥ exp(·) t♦ ❡♥s✉r❡ ♣♦s✐t✐✈✐t②✳ ❚❤❡ r❡✇❛r❞ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

r (t) = −c1q (t)2 + c2 log cos

„

c3
u (t)

umax

«

,

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts ❛r❡ c1 = 5/π2 ≈ 0.507✱ c2 = (2/π)2 ≈ 0.405✱ ❛♥❞ c3 = π/2 ≈
1.571✳ P❧❡❛s❡ ♥♦t❡ t❤❛t π r❡❢❡rs t♦ t❤❡ ♠❛t❤❡♠❛t✐❝s ❝♦♥st❛♥t ❤❡r❡✱ ❛♥❞ ♥♦t t♦ t❤❡ ♣♦❧✐❝②✳

❚❤❡ ✜rst t❡r♠ ♦❢ t❤❡ s✉♠ ✐s ♣✉♥✐s❤✐♥❣ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❞❡s✐r❡❞ ✉♣r✐❣❤t ♣♦s✐t✐♦♥ q = 0✱

❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ♣✉♥✐s❤✐♥❣ t❤❡ ✉s❛❣❡ ♦❢ ♠♦t♦r t♦rq✉❡s u✳ ❆ ❞✐✛❡r❡♥t tr❛❞❡✲♦✛

❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦r t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ r❡✇❛r❞ ❢✉♥❝t✐♦♥✱ ❛s

❧♦♥❣ ❛s ✐t r❡♠❛✐♥s ❛♥ ✐♠♣r♦♣❡r ♣r♦❜❛❜✐❧✐t② ❢✉♥❝t✐♦♥✳ ❆❣❛✐♥ ❛❧❧ ♦♣❡♥ ♣❛r❛♠❡t❡rs ♦❢ ❛❧❧

❛❧❣♦r✐t❤♠s ✇❡r❡ ♠❛♥✉❛❧❧② ♦♣t✐♠✐③❡❞✳ ❚❤❡ ♠♦t♦r ♣r✐♠✐t✐✈❡ ✇✐t❤ ♥✐♥❡ s❤❛♣❡ ♣❛r❛♠❡t❡rs

❛♥❞ ♦♥❡ ❣♦❛❧ ♣❛r❛♠❡t❡r ✇❛s ✐♥✐t✐❛❧✐③❡❞ ❜② ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ❢r♦♠ ❛ ❦✐♥❡st❤❡t✐❝ t❡❛❝❤✲

✐♥✳ ❑✐♥❡st❤❡t✐❝ t❡❛❝❤✲✐♥ ♠❡❛♥s ✏t❛❦✐♥❣ t❤❡ r♦❜♦t ❜② t❤❡ ❤❛♥❞✑✱ ♣❡r❢♦r♠✐♥❣ t❤❡ t❛s❦ ❜②

♠♦✈✐♥❣ t❤❡ r♦❜♦t ✇❤✐❧❡ ✐t ✐s ✐♥ ❣r❛✈✐t②✲❝♦♠♣❡♥s❛t✐♦♥ ♠♦❞❡✱ ❛♥❞ r❡❝♦r❞✐♥❣ t❤❡ ❥♦✐♥t

❛♥❣❧❡s✱ ✈❡❧♦❝✐t✐❡s✱ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥s✳ ❚❤✐s ✐♥✐t✐❛❧ ❞❡♠♦♥str❛t✐♦♥ ♥❡❡❞s t♦ ✐♥❝❧✉❞❡ ❛❧❧ t❤❡
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❋✐❣✳ ✽✿ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛❧❧ ❝♦♠♣❛r❡❞ ♠❡t❤♦❞s ❢♦r t❤❡
s✇✐♥❣✲✉♣ ♦♥ t❤❡ r❡❛❧ r♦❜♦t ❛♥❞ t❤❡ ♠❡❛♥ ♣❡r❢♦r♠❛♥❝❡ ❛✈❡r❛❣❡❞ ♦✈❡r ✸ ❧❡❛r♥✐♥❣ r✉♥s ✇✐t❤ t❤❡
❡rr♦r ❜❛rs ✐♥❞✐❝❛t✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ P♦❲❊❘ ♦✉t♣❡r❢♦r♠s t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s ❛♥❞
✜♥❞s ❛ s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r ♣♦❧✐❝②✳
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✭❛✮ ❚❤❡ t❛s❦s ❝♦♥s✐sts ♦❢ ♣❧❛❝✲
✐♥❣ t❤❡ ❜❧✉❡ ❜❛❧❧ ✐♥ t❤❡ ❜r♦✇♥
❝✉♣✳
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✭❜✮ ❚❤❡ r❡t✉r♥s ❛r❡ ❛✈❡r❛❣❡❞ ♦✈❡r ✷✵ ❧❡❛r♥✐♥❣ r✉♥s
✇✐t❤ ❡rr♦r ❜❛rs ✐♥❞✐❝❛t✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ P♦❧✲
✐❝② ❧❡❛r♥✐♥❣ ❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s
✭P♦❲❊❘✮ ❝❧❡❛r❧② ♦✉t♣❡r❢♦r♠s ❡♣✐s♦❞✐❝ ◆❛t✉r❛❧ ❆❝t♦r
❈r✐t✐❝ ✭❡◆❆❈✮✳

❋✐❣✳ ✾✿ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❚❤✐s ✜❣✉r❡ ✐❧❧✉str❛t❡s t❤❡ ❈❛st✐♥❣ t❛s❦ ❛♥❞ s❤♦✇s t❤❡ ♠❡❛♥ r❡t✉r♥s ♦❢
t❤❡ ❝♦♠♣❛r❡❞ ♠❡t❤♦❞s✳

r❡❧❡✈❛♥t ❢❡❛t✉r❡s ♦❢ t❤❡ ♠♦✈❡♠❡♥t✱ ❡✳❣✳✱ ✐t s❤♦✉❧❞ ✜rst ♠♦✈❡ ❛✇❛② ❢r♦♠ t❤❡ t❛r❣❡t ❛♥❞

t❤❡♥ t♦✇❛r❞s t❤❡ ✉♣r✐❣❤t ♣♦s✐t✐♦♥✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ✐s ✈❡r② r♦❜✉st✱ ❛s

❧♦♥❣ ❛s t❤❡ ✐♥✐t✐❛❧ ♣♦❧✐❝② ✇✐t❤ ❛❝t✐✈❡ t♦rq✉❡ ❧✐♠✐ts ♠♦✈❡s t❤❡ ♣❡♥❞✉❧✉♠ ❛♣♣r♦①✐♠❛t❡❧②

❛❜♦✈❡ t❤❡ ❤♦r✐③♦♥t❛❧ ♦r✐❡♥t❛t✐♦♥✳

❆s t❤❡ ❜❛t❝❤ s✐③❡✱ ❛♥❞✱ t❤✉s t❤❡ ❧❡❛r♥✐♥❣ s♣❡❡❞✱ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❜❛s❡❞ ❛♣♣r♦❛❝❤❡s

❞❡♣❡♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✮✱ ✇❡ tr✐❡❞ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♥✉♠❜❡r

♦❢ ♣❛r❛♠❡t❡rs✳ ❯s✐♥❣ ♠♦r❡ ♣❛r❛♠❡t❡rs ✇♦✉❧❞ ❛❧❧♦✇ ✉s t♦ ❝♦♥tr♦❧ ♠♦r❡ ❞❡t❛✐❧s ♦❢ t❤❡

♣♦❧✐❝② ✇❤✐❝❤ ❝♦✉❧❞ r❡s✉❧t ✐♥ ❛ ❜❡tt❡r ✜♥❛❧ ♣♦❧✐❝②✱ ❜✉t ✇♦✉❧❞ ❤❛✈❡ s✐❣♥✐✜❝❛♥t❧② s❧♦✇❡❞

❞♦✇♥ ❝♦♥✈❡r❣❡♥❝❡✳ ❆t ❧❡❛st ♥✐♥❡ s❤❛♣❡ ♣❛r❛♠❡t❡rs ✇❡r❡ ♥❡❡❞❡❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ✐♠✐✲

t❛t✐♦♥ ❝❛♥ ❝❛♣t✉r❡ t❤❡ ♠♦✈❡♠❡♥t ❛✇❛② ❢r♦♠ t❤❡ t❛r❣❡t✱ ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧ t♦ ❛❝❝♦♠♣❧✐s❤

t❤❡ t❛s❦✳ ❲❡ ❝♦♠♣❛r❡❞ ❛❧❧ ❛❧❣♦r✐t❤♠s ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❛♥❞ ❝♦✉❧❞ s❤♦✇ t❤❛t

P♦❲❊❘ ✇♦✉❧❞ ❛❣❛✐♥ ♦✉t♣❡r❢♦r♠ t❤❡ ♦t❤❡rs✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛ ❧♦t ❢❛st❡r t❤❛♥ ✐♥

t❤❡ ❜❛s✐❝ ♠♦t♦r ❧❡❛r♥✐♥❣ ❡①❛♠♣❧❡s ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✮✱ ❛s ✇❡ ❞♦ ♥♦t st❛rt ❢r♦♠ s❝r❛t❝❤

❜✉t r❛t❤❡r ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥ t❤❛t ❛❧❧♦✇s s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥ts ✐♥ ❡❛❝❤ st❡♣

❢♦r ❡❛❝❤ ❛❧❣♦r✐t❤♠✳ ❚❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳ ❙❡❡ ❋✐❣✉r❡ ✼ ❛♥❞ ❋✐❣✉r❡ ✽

❢♦r t❤❡ r❡s✉❧t✐♥❣ r❡❛❧✲r♦❜♦t ♣❡r❢♦r♠❛♥❝❡✳

✸✳✻ ❇❡♥❝❤♠❛r❦ ❈♦♠♣❛r✐s♦♥ ❱✿ ❈❛st✐♥❣

■♥ t❤✐s t❛s❦ ❛ ❜❛❧❧ ✐s ❛tt❛❝❤❡❞ t♦ t❤❡ ❡♥❞❡✛❡❝t♦r ♦❢ t❤❡ ❇❛rr❡tt ❲❆▼➋ ❜② ❛ str✐♥❣✳ ❚❤❡

t❛s❦ ✐s t♦ ♣❧❛❝❡ t❤❡ ❜❛❧❧ ✐♥t♦ ❛ s♠❛❧❧ ❝✉♣ ✐♥ ❢r♦♥t ♦❢ t❤❡ r♦❜♦t✳ ❚❤❡ t❛s❦ ✐s ✐❧❧✉str❛t❡❞ ✐♥

❋✐❣✉r❡ ✾❛✳ ❚❤❡ r❡t✉r♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ s✉♠ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❜❛❧❧

❛♥❞ t❤❡ t♦♣✱ t❤❡ ❝❡♥t❡r✱ ❛♥❞ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❝✉♣ r❡s♣❡❝t✐✈❡❧② ❞✉r✐♥❣ ♦♥❡ ❡♣✐s♦❞❡✳

❯s✐♥❣ ♦♥❧② ❛ s✐♥❣❧❡ ❞✐st❛♥❝❡✱ t❤❡ r❡t✉r♥ ❝♦✉❧❞ ❜❡ s✉❝❝❡ss❢✉❧❧② ♦♣t✐♠✐③❡❞✱ ❜✉t t❤❡ ✜♥❛❧

❜❡❤❛✈✐♦r ♦❢t❡♥ ❝♦rr❡s♣♦♥❞❡❞ t♦ ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ✭❢♦r ❡①❛♠♣❧❡ ❤✐tt✐♥❣ t❤❡ ❝✉♣ ❢r♦♠ t❤❡

s✐❞❡✮✳ ❚❤❡ ♠♦✈❡♠❡♥t ✐s ✐♥ ❛ ♣❧❛♥❡ ❛♥❞ ♦♥❧② ♦♥❡ s❤♦✉❧❞❡r ❉♦❋ ❛♥❞ t❤❡ ❡❧❜♦✇ ❛r❡ ♠♦✈❡❞✳
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❋✐❣✳ ✶✵✿ ❚❤✐s ✜❣✉r❡ ✐❧❧✉str❛t❡s ❤♦✇ t❤❡ r❡✇❛r❞ ✐s ❝❛❧❝✉❧❛t❡❞✳ ❚❤❡ ♣❧❛♥❡ r❡♣r❡s❡♥ts t❤❡ ❧❡✈❡❧
♦❢ t❤❡ ✉♣♣❡r r✐♠ ♦❢ t❤❡ ❝✉♣✳ ❋♦r ❛ s✉❝❝❡ss❢✉❧ r♦❧❧♦✉t t❤❡ ❜❛❧❧ ❤❛s t♦ ❜❡ ♠♦✈❡❞ ❛❜♦✈❡ t❤❡ ❝✉♣
✜rst ❛♥❞ ✐s t❤❡♥ ✢②✐♥❣ ✐♥ ❛ ❞♦✇♥✇❛r❞ ❞✐r❡❝t✐♦♥ ✐♥t♦ t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ ❝✉♣✳ ❚❤❡ r❡✇❛r❞ ✐s
❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ ❞✐st❛♥❝❡ d ♦❢ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❝✉♣ ❛♥❞ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❜❛❧❧ ♦♥ t❤❡ ♣❧❛♥❡ ❛t
t❤❡ ♠♦♠❡♥t t❤❡ ❜❛❧❧ ✐s ♣❛ss✐♥❣ t❤❡ ♣❧❛♥❡ ✐♥ ❛ ❞♦✇♥✇❛r❞ ❞✐r❡❝t✐♦♥✳ ■❢ t❤❡ ❜❛❧❧ ✐s ✢②✐♥❣ ❞✐r❡❝t❧②
✐♥t♦ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❝✉♣✱ t❤❡ ❞✐st❛♥❝❡ ✐s 0 ❛♥❞ t❤r♦✉❣❤ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ exp(−d2) ②✐❡❧❞s
t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ r❡✇❛r❞ ♦❢ 1✳ ❚❤❡ ❢✉rt❤❡r t❤❡ ❜❛❧❧ ♣❛ss❡s t❤❡ ♣❧❛♥❡ ❢r♦♠ t❤❡ ❝✉♣✱ t❤❡ ❧❛r❣❡r
t❤❡ ❞✐st❛♥❝❡ ❛♥❞ t❤✉s t❤❡ s♠❛❧❧❡r t❤❡ r❡s✉❧t✐♥❣ r❡✇❛r❞✳

❚❤❡ ♣♦❧✐❝② ✐s ♣❛r❛♠❡tr✐③❡❞ ✉s✐♥❣ ♠♦t♦r ♣r✐♠✐t✐✈❡s ✇✐t❤ ✜✈❡ s❤❛♣❡ ♣❛r❛♠❡t❡rs ♣❡r ❛❝t✐✈❡

❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✳ ❚❤❡ ♣♦❧✐❝② ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ ❛ ♠♦✈❡♠❡♥t t❤❛t r❡s✉❧ts ✐♥ ❤✐tt✐♥❣ t❤❡

❝✉♣ ❢r♦♠ t❤❡ s✐❞❡ ✐♥ t❤❡ ✉♣♣❡r q✉❛rt❡r ♦❢ t❤❡ ❝✉♣✳ ■❢ t❤❡ ❜❛❧❧ ❤✐ts t❤❡ ❝✉♣ ❜❡❧♦✇ t❤❡

♠✐❞❞❧❡✱ ❛♣♣r♦①✐♠❛t❡❧② ✸✵✵ r♦❧❧♦✉ts ✇❡r❡ r❡q✉✐r❡❞ ❢♦r P♦❲❊❘ ❛♥❞ ✇❡ ❞✐❞ ♥♦t ❛❝❤✐❡✈❡

r❡❧✐❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤❡ ❡♣✐s♦❞✐❝ ◆❛t✉r❛❧ ❆❝t♦r ❈r✐t✐❝✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ t✇♦ ❜❡st

♣❡r❢♦r♠✐♥❣ ❛❧❣♦r✐t❤♠s ❢r♦♠ t❤❡ ❜❛s✐❝ ♠♦t♦r ❧❡❛r♥✐♥❣ ❡①❛♠♣❧❡s ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✮ ❛♥❞

t❤❡ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✺✮✱ ♥❛♠❡❧② ❡◆❆❈ ❛♥❞ P♦❲❊❘✳ ❋✐❣✉r❡ ✾❜

✐❧❧✉str❛t❡s t❤❡ r❡s✉❧ts✳ P♦❲❊❘ ❛❣❛✐♥ ❝♦♥✈❡r❣❡s s✐❣♥✐✜❝❛♥t❧② ❢❛st❡r✳

✸✳✼ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ♦♥ ❛ ❇❛rr❡tt ❲❆▼➋

❚❤❡ ❝❤✐❧❞r❡♥✬s ♠♦t♦r s❦✐❧❧ ❣❛♠❡ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ✭❙✉♠♥❡rs✱ ✶✾✾✼✮✱ ❛❧s♦ ❦♥♦✇♥ ❛s ❇❛❧❡r♦✱

❇✐❧❜♦q✉❡t✱ ❛♥❞ ❑❡♥❞❛♠❛✱ ✐s ❝❤❛❧❧❡♥❣✐♥❣ ❡✈❡♥ ❢♦r ❛❞✉❧ts✳ ❚❤❡ t♦② ❤❛s ❛ s♠❛❧❧ ❝✉♣ ✇❤✐❝❤

✐s ❤❡❧❞ ✐♥ ♦♥❡ ❤❛♥❞ ✭♦r✱ ✐♥ ♦✉r ❝❛s❡✱ ✐s ❛tt❛❝❤❡❞ t♦ t❤❡ ❡♥❞✲❡✛❡❝t♦r ♦❢ t❤❡ r♦❜♦t✮ ❛♥❞

t❤❡ ❝✉♣ ❤❛s ❛ s♠❛❧❧ ❜❛❧❧ ❤❛♥❣✐♥❣ ❞♦✇♥ ♦♥ ❛ str✐♥❣ ✭t❤❡ str✐♥❣ ❤❛s ❛ ❧❡♥❣t❤ ♦❢ 40cm ✐♥

♦✉r s❡t✉♣✮✳ ■♥✐t✐❛❧❧②✱ t❤❡ ❜❛❧❧ ✐s ❤❛♥❣✐♥❣ ❞♦✇♥ ✈❡rt✐❝❛❧❧② ✐♥ ❛ r❡st ♣♦s✐t✐♦♥✳ ❚❤❡ ♣❧❛②❡r

♥❡❡❞s t♦ ♠♦✈❡ ❢❛st ✐♥ ♦r❞❡r t♦ ✐♥❞✉❝❡ ❛ ♠♦t✐♦♥ ✐♥ t❤❡ ❜❛❧❧ t❤r♦✉❣❤ t❤❡ str✐♥❣✱ t♦ss ✐t

✉♣✱ ❛♥❞ ❝❛t❝❤ ✐t ✇✐t❤ t❤❡ ❝✉♣✳ ❆ ♣♦ss✐❜❧❡ ♠♦✈❡♠❡♥t ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✶ ✐♥ t❤❡

t♦♣ r♦✇✳

◆♦t❡ t❤❛t ❧❡❛r♥✐♥❣ ♦❢ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ❛♥❞ ❑❡♥❞❛♠❛ ❤❛s ♣r❡✈✐♦✉s❧② ❜❡❡♥ st✉❞✐❡❞

✐♥ r♦❜♦t✐❝s✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❝♦♥tr❛st ❛ ❢❡✇ ♦❢ t❤❡ ❛♣♣r♦❛❝❤❡s ❤❡r❡✳ ❲❤✐❧❡ ✇❡ ❧❡❛r♥

❞✐r❡❝t❧② ✐♥ t❤❡ ❥♦✐♥t s♣❛❝❡ ♦❢ t❤❡ r♦❜♦t✱ ❚❛❦❡♥❛❦❛ ✭✶✾✽✹✮ r❡❝♦r❞❡❞ ♣❧❛♥❛r ❤✉♠❛♥ ❝✉♣

♠♦✈❡♠❡♥ts ❛♥❞ ❞❡t❡r♠✐♥❡❞ t❤❡ r❡q✉✐r❡❞ ❥♦✐♥t ♠♦✈❡♠❡♥ts ❢♦r ❛ ♣❧❛♥❛r✱ t❤r❡❡ ❞❡❣r❡❡

♦❢ ❢r❡❡❞♦♠ ✭❉♦❋✮ r♦❜♦t✱ s♦ t❤❛t ✐t ❝♦✉❧❞ ❢♦❧❧♦✇ t❤❡ tr❛❥❡❝t♦r✐❡s ✇❤✐❧❡ ✈✐s✉❛❧ ❢❡❡❞❜❛❝❦

✇❛s ✉s❡❞ ❢♦r ❡rr♦r ❝♦♠♣❡♥s❛t✐♦♥✳ ❇♦t❤ ❙❛t♦ ❡t ❛❧ ✭✶✾✾✸✮ ❛♥❞ ❙❤♦♥❡ ❡t ❛❧ ✭✷✵✵✵✮ ✉s❡❞

♠♦t✐♦♥ ♣❧❛♥♥✐♥❣ ❛♣♣r♦❛❝❤❡s ✇❤✐❝❤ r❡❧✐❡❞ ♦♥ ✈❡r② ❛❝❝✉r❛t❡ ♠♦❞❡❧s ♦❢ t❤❡ ❜❛❧❧ ❛♥❞ t❤❡

str✐♥❣ ✇❤✐❧❡ ❡♠♣❧♦②✐♥❣ ♦♥❧② ♦♥❡ ❉♦❋ ✐♥ ✭❙❤♦♥❡ ❡t ❛❧✱ ✷✵✵✵✮ ♦r t✇♦ ❉♦❋ ✐♥ ✭❙❛t♦ ❡t ❛❧✱

✶✾✾✸✮ s♦ t❤❛t t❤❡ ❝♦♠♣❧❡t❡ st❛t❡✲s♣❛❝❡ ❝♦✉❧❞ ❜❡ s❡❛r❝❤❡❞ ❡①❤❛✉st✐✈❡❧②✳ ■♥t❡r❡st✐♥❣❧②✱

❡①♣❧♦r❛t♦r② r♦❜♦t ♠♦✈❡s ✇❡r❡ ✉s❡❞ ✐♥ ✭❙❛t♦ ❡t ❛❧✱ ✶✾✾✸✮ t♦ ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢

t❤❡ ❡♠♣❧♦②❡❞ ♠♦❞❡❧✳ Pr♦❜❛❜❧② t❤❡ ♠♦st ❛❞✈❛♥❝❡❞ ♣r❡❝❡❞✐♥❣ ✇♦r❦ ♦♥ ❧❡❛r♥✐♥❣ ❑❡♥❞❛♠❛

✇❛s ❝❛rr✐❡❞ ♦✉t ❜② ▼✐②❛♠♦t♦ ❡t ❛❧ ✭✶✾✾✻✮ ✇❤♦ ✉s❡❞ ❛ s❡✈❡♥ ❉♦❋ ❛♥t❤r♦♣♦♠♦r♣❤✐❝

❛r♠ ❛♥❞ r❡❝♦r❞❡❞ ❤✉♠❛♥ ♠♦t✐♦♥s t♦ tr❛✐♥ ❛ ♥❡✉r❛❧ ♥❡t✇♦r❦ t♦ r❡❝♦♥str✉❝t ✈✐❛✲♣♦✐♥ts✳

❊♠♣❧♦②✐♥❣ ❢✉❧❧ ❦✐♥❡♠❛t✐❝ ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❛✉t❤♦rs ♦♣t✐♠✐③❡ ❛ ❞❡s✐r❡❞ tr❛❥❡❝t♦r②✳



✷✷

✭❛✮ ❙❝❤❡♠❛t✐❝ ❉r❛✇✐♥❣s ♦❢ t❤❡ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ▼♦t✐♦♥

✭❜✮ ❑✐♥❡st❤❡t✐❝ ❚❡❛❝❤✲■♥

✭❝✮ ❋✐♥❛❧ ❧❡❛r♥❡❞ ❘♦❜♦t ▼♦t✐♦♥

❋✐❣✳ ✶✶✿ ❚❤✐s ✜❣✉r❡ s❤♦✇s s❝❤❡♠❛t✐❝ ❞r❛✇✐♥❣s ♦❢ t❤❡ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ♠♦t✐♦♥ ✭❛✮✱ t❤❡ ✜♥❛❧ ❧❡❛r♥❡❞
r♦❜♦t ♠♦t✐♦♥ ✭❝✮✱ ❛s ✇❡❧❧ ❛s ❛ ❦✐♥❡st❤❡t✐❝ t❡❛❝❤✲✐♥ ✭❜✮✳ ❚❤❡ ❛rr♦✇s s❤♦✇ t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡
❝✉rr❡♥t ♠♦✈❡♠❡♥ts ✐♥ t❤❛t ❢r❛♠❡✳ ❚❤❡ ❤✉♠❛♥ ❝✉♣ ♠♦t✐♦♥ ✇❛s t❛✉❣❤t t♦ t❤❡ r♦❜♦t ❜② ✐♠✐t❛t✐♦♥
❧❡❛r♥✐♥❣ ✇✐t❤ ✸✶ ♣❛r❛♠❡t❡rs ♣❡r ❥♦✐♥t ❢♦r ❛♥ ❛♣♣r♦①✐♠❛t❡❧② ✸ s❡❝♦♥❞s ❧♦♥❣ tr❛❥❡❝t♦r②✳ ❚❤❡ r♦❜♦t
♠❛♥❛❣❡s t♦ r❡♣r♦❞✉❝❡ t❤❡ ✐♠✐t❛t❡❞ ♠♦t✐♦♥ q✉✐t❡ ❛❝❝✉r❛t❡❧②✱ ❜✉t t❤❡ ❜❛❧❧ ♠✐ss❡s t❤❡ ❝✉♣ ❜②
s❡✈❡r❛❧ ❝❡♥t✐♠❡t❡rs✳ ❆❢t❡r ❛♣♣r♦①✐♠❛t❡❧② ✼✺ ✐t❡r❛t✐♦♥s ♦❢ ♦✉r P♦❧✐❝② ❧❡❛r♥✐♥❣ ❜② ❲❡✐❣❤t✐♥❣
❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮ ❛❧❣♦r✐t❤♠ t❤❡ r♦❜♦t ❤❛s ✐♠♣r♦✈❡❞ ✐ts ♠♦t✐♦♥ s♦ t❤❛t
t❤❡ ❜❛❧❧ ❣♦❡s ✐♥ t❤❡ ❝✉♣✳ ❆❧s♦ s❡❡ ❋✐❣✉r❡ ✶✷✳ ✭❈♦❧♦r ♦♥❧✐♥❡✮

❚❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❥♦✐♥t ❛♥❣❧❡s ❛♥❞ ❥♦✐♥t ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡

r♦❜♦t ❛s ✇❡❧❧ ❛s t❤❡ t❤❡ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s ❛♥❞ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡ ❜❛❧❧✳ ❚❤❡ ❛❝t✐♦♥s

❛r❡ t❤❡ ❥♦✐♥t s♣❛❝❡ ❛❝❝❡❧❡r❛t✐♦♥s ✇❤❡r❡ ❡❛❝❤ ♦❢ t❤❡ s❡✈❡♥ ❥♦✐♥ts ✐s ❞r✐✈❡♥ ❜② ❛ s❡♣❛r❛t❡

♠♦t♦r ♣r✐♠✐t✐✈❡✱ ❜✉t ✇✐t❤ ♦♥❡ ❝♦♠♠♦♥ ❝❛♥♦♥✐❝❛❧ s②st❡♠✳ ❚❤❡ ♠♦✈❡♠❡♥t ✉s❡s ❛❧❧ s❡✈❡♥

❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛♥❞ ✐s ♥♦t ✐♥ ❛ ♣❧❛♥❡✳ ❆❧❧ ♠♦t♦r ♣r✐♠✐t✐✈❡s ❛r❡ ♣❡rt✉r❜❡❞ s❡♣❛r❛t❡❧②

❜✉t ❡♠♣❧♦② t❤❡ s❛♠❡ ❥♦✐♥t ✜♥❛❧ r❡✇❛r❞ ❣✐✈❡♥ ❜②

r (t) =

8

<

:

exp
“

−α (xc − xb)
2 − α (yc − yb)

2
”

✐❢ t = tc,

0 ♦t❤❡r✇✐s❡✱

✇❤❡r❡ ✇❡ ❞❡♥♦t❡ t❤❡ ♠♦♠❡♥t ✇❤❡♥ t❤❡ ❜❛❧❧ ♣❛ss❡s t❤❡ r✐♠ ♦❢ t❤❡ ❝✉♣ ✇✐t❤ ❛ ❞♦✇♥✇❛r❞

❞✐r❡❝t✐♦♥ ❜② tc✱ t❤❡ ❝✉♣ ♣♦s✐t✐♦♥ ❜② [xc, yc, zc] ∈ R
3✱ t❤❡ ❜❛❧❧ ♣♦s✐t✐♦♥ ❜② [xb, yb, zb] ∈

R
3✱ ❛♥❞ ❛ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r ❜② α = 100 ✭s❡❡ ❛❧s♦ ❋✐❣✉r❡ ✶✵✮✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐s r♦❜✉st t♦

❝❤❛♥❣❡s ♦❢ t❤✐s ♣❛r❛♠❡t❡r ❛s ❧♦♥❣ ❛s t❤❡ r❡✇❛r❞ ❝❧❡❛r❧② ❞✐s❝r✐♠✐♥❛t❡s ❣♦♦❞ ❛♥❞ s✉❜♦♣✲

t✐♠❛❧ tr✐❛❧s✳ ❚❤❡ ❞✐r❡❝t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥❡❝❡ss❛r② ❛s t❤❡ ❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ♦t❤❡r✇✐s❡

❧❡❛r♥ t♦ ❤✐t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❝✉♣ ✇✐t❤ t❤❡ ❜❛❧❧✳ ❚❤✐s s♦❧✉t✐♦♥ ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ❛

❧♦❝❛❧ ♠❛①✐♠✉♠ ✇❤♦s❡ r❡✇❛r❞ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ♦♣t✐♠❛❧ ♦♥❡✱ ❜✉t t❤❡ ♣♦❧✐❝② ✈❡r② ❢❛r

❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ♦♥❡✳ ❚❤❡ r❡✇❛r❞ ♥❡❡❞s t♦ ✐♥❝❧✉❞❡ ❛ t❡r♠ ❛✈♦✐❞✐♥❣ t❤✐s ❧♦❝❛❧ ♠❛①✐♠✉♠✳

P♦❲❊❘ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ ♦❢ ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡✇❛r❞ ❛s ❛♥ ✐♠♣r♦♣❡r ♣r♦❜❛❜✐❧✐t② ❞✐s✲

tr✐❜✉t✐♦♥✳ ❚r❛♥s❢♦r♠✐♥❣ t❤❡ r❡✇❛r❞ ✉s✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❡♥❢♦r❝❡s t❤✐s ❝♦♥str❛✐♥t✳ ❚❤❡
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❋✐❣✳ ✶✷✿ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❡ ❡①♣❡❝t❡❞ r❡t✉r♥ ♦❢ t❤❡ ❧❡❛r♥❡❞ ♣♦❧✐❝② ✐♥ t❤❡ ❇❛❧❧✲✐♥✲❛✲❈✉♣
❡✈❛❧✉❛t✐♦♥ ❛✈❡r❛❣❡❞ ♦✈❡r ✷✵ r✉♥s✳

r❡✇❛r❞ ✐s ♥♦t ♦♥❧② ❛✛❡❝t❡❞ ❜② t❤❡ ♠♦✈❡♠❡♥ts ♦❢ t❤❡ ❝✉♣ ❜✉t ❢♦r❡♠♦st ❜② t❤❡ ♠♦✈❡✲

♠❡♥ts ♦❢ t❤❡ ❜❛❧❧✱ ✇❤✐❝❤ ❛r❡ s❡♥s✐t✐✈❡ t♦ s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝✉♣✬s ♠♦✈❡♠❡♥t✳ ❆ s♠❛❧❧

♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦r ❞✉r✐♥❣ t❤❡ tr❛❥❡❝t♦r② ❝❛♥ ❝❤❛♥❣❡ t❤❡ ♠♦✈❡♠❡♥t

♦❢ t❤❡ ❜❛❧❧ ❛♥❞ ❤❡♥❝❡ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ♠♦✈❡♠❡♥t✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜❛❧❧

✐s ❡st✐♠❛t❡❞ ✉s✐♥❣ ❛ st❡r❡♦ ✈✐s✐♦♥ s②st❡♠ ❛♥❞ ✐s ♥❡❡❞❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ r❡✇❛r❞✳

❉✉❡ t♦ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ t❛s❦✱ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ✐s ❛ ❤❛r❞ ♠♦t♦r ❧❡❛r♥✐♥❣ t❛s❦

❢♦r ❝❤✐❧❞r❡♥✱ ✇❤♦ ✉s✉❛❧❧② ♦♥❧② s✉❝❝❡❡❞ ❛t ✐t ❜② ♦❜s❡r✈✐♥❣ ❛♥♦t❤❡r ♣❡rs♦♥ ♣❧❛②✐♥❣ ❝♦♠✲

❜✐♥❡❞ ✇✐t❤ ❛ ❧♦t ♦❢ ✐♠♣r♦✈❡♠❡♥t ❜② tr✐❛❧✲❛♥❞✲❡rr♦r✳ ▼✐♠✐❝❦✐♥❣ ❤♦✇ ❝❤✐❧❞r❡♥ ❧❡❛r♥ t♦

♣❧❛② ❇❛❧❧✲✐♥✲❛✲❈✉♣✱ ✇❡ ✜rst ✐♥✐t✐❛❧✐③❡ t❤❡ ♠♦t♦r ♣r✐♠✐t✐✈❡s ❜② ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ❛♥❞✱

s✉❜s❡q✉❡♥t❧②✱ ✐♠♣r♦✈❡ t❤❡♠ ❜② r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✳ ❲❡ r❡❝♦r❞❡❞ t❤❡ ♠♦t✐♦♥s ♦❢

❛ ❤✉♠❛♥ ♣❧❛②❡r ❜② ❦✐♥❡st❤❡t✐❝ t❡❛❝❤✲✐♥ t♦ ♦❜t❛✐♥ ❛♥ ❡①❛♠♣❧❡ ❢♦r ✐♠✐t❛t✐♦♥ ❛s s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✶✶❜✳ ❆ s✐♥❣❧❡ ❞❡♠♦♥str❛t✐♦♥ ✇❛s ✉s❡❞ ❢♦r ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣✳ ▲❡❛r♥✐♥❣ ❢r♦♠

♠✉❧t✐♣❧❡ ❞❡♠♦♥str❛t✐♦♥s ❞✐❞ ♥♦t ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛s t❤❡ t❛s❦ ✐s s❡♥s✐t✐✈❡ t♦

s♠❛❧❧ ❞✐✛❡r❡♥❝❡s✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ r♦❜♦t ❢❛✐❧s t♦ r❡♣r♦❞✉❝❡ t❤❡ ♣r❡s❡♥t❡❞ ❜❡❤❛✈✐♦r

❡✈❡♥ ✐❢ ✇❡ ✉s❡ ❛❧❧ t❤❡ r❡❝♦r❞❡❞ ❞❡t❛✐❧s ❢♦r t❤❡ ✐♠✐t❛t✐♦♥✳ ❚❤✉s✱ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣

✐s ♥❡❡❞❡❞ ❢♦r s❡❧❢✲✐♠♣r♦✈❡♠❡♥t✳ ❚❤❡ ♠♦r❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤❡ ❧❡❛r♥✐♥❣✱ t❤❡ s❧♦✇❡r

t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s✳ ❉✉❡ t♦ t❤❡ ✐♠✐t❛t✐♦♥✱ t❤❡ ❜❛❧❧ ♠✉st ❣♦ ❛❜♦✈❡ t❤❡ r✐♠ ♦❢ t❤❡ ❝✉♣

s✉❝❤ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❣❡ts ❛t ❧❡❛st ❛ s♠❛❧❧ ♣♦s✐t✐✈❡ r❡✇❛r❞ ❢♦r ❛❧❧ r♦❧❧♦✉ts✳ ❚❤✐s ✇❛②

❡①❤❛✉st✐✈❡ ❡①♣❧♦r❛t✐♦♥ ✐s ❛✈♦✐❞❡❞ ❛s t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢

t❤❡ ❞✐✛❡r❡♥t r♦❧❧♦✉ts✳ ❲❡ ❞❡t❡r♠✐♥❡❞ t❤❛t ✸✶ s❤❛♣❡✲♣❛r❛♠❡t❡rs ♣❡r ♠♦t♦r ♣r✐♠✐t✐✈❡

❛r❡ ♥❡❡❞❡❞✳ ❲✐t❤ ❧❡ss ♣❛r❛♠❡t❡rs t❤❡ ❜❛❧❧ ❞♦❡s ♥♦t ❣♦ ❛❜♦✈❡ t❤❡ r✐♠ ♦❢ t❤❡ ❝✉♣ ✐♥

t❤❡ ✐♥✐t✐❛❧ tr✐❛❧ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t r❡❝❡✐✈❡ ❛♥② ♠❡❛♥✐♥❣❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t

t❤❡ tr✐❛❧ ✉s✐♥❣ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ r❡✇❛r❞ ❢✉♥❝t✐♦♥✳ ▼♦r❡ s❤❛♣❡✲♣❛r❛♠❡t❡rs ✇✐❧❧ ❧❡❛❞

t♦ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ r❡♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❞❡♠♦♥str❛t❡❞ ♠♦✈❡♠❡♥t ❛♥❞✱ t❤✉s✱ t♦ ❛ ❜❡t✲

t❡r ✐♥✐t✐❛❧ ♣♦❧✐❝②✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤✐s ❜❡tt❡r ✐♥✐t✐❛❧ ♣♦❧✐❝② ❛♥❞ ❛

♣♦t❡♥t✐❛❧❧② ❧♦✇❡r ❧❡❛r♥✐♥❣ s♣❡❡❞✳ ❯s✐♥❣ t❤r❡❡ t✐♠❡s ❛s ♠❛♥② ♣❛r❛♠❡t❡rs t❤❡ ❛❧❣♦r✐t❤♠

❝♦♥✈❡r❣❡❞ ❛t r♦✉❣❤❧② t❤❡ s❛♠❡ t✐♠❡✳ ❚❤❡ ♠❡t❛✲♣❛r❛♠❡t❡rs σij ❛r❡ ✐♥✐t✐❛❧❧② s❡t ✐♥ t❤❡

s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s t❤❡ ♠❡❞✐❛♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r ❡❛❝❤ ♠♦t♦r ♣r✐♠✐t✐✈❡

❛♥❞ ❛r❡ t❤❡♥ ♦♣t✐♠✐③❡❞ ❛❧♦♥❣s✐❞❡ t❤❡ s❤❛♣❡✲♣❛r❛♠❡t❡rs ❜② P♦❲❊❘✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡

♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❢❛✐r❧② r♦❜✉st ❢♦r ✈❛❧✉❡s ❝❤♦s❡♥ ✐♥ t❤✐s r❛♥❣❡✳ ❋✐❣✉r❡ ✶✷ s❤♦✇s t❤❡

❡①♣❡❝t❡❞ r❡t✉r♥ ♦✈❡r t❤❡ ♥✉♠❜❡r ♦❢ r♦❧❧♦✉ts ✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❛ ♠❛①✐♠✉♠ ✐s ❝❧❡❛r❧②

r❡❝♦❣♥✐③❛❜❧❡✳ ❚❤❡ r♦❜♦t r❡❣✉❧❛r❧② s✉❝❝❡❡❞s ❛t ❜r✐♥❣✐♥❣ t❤❡ ❜❛❧❧ ✐♥t♦ t❤❡ ❝✉♣ ❛❢t❡r ❛♣✲

♣r♦①✐♠❛t❡❧② ✼✺ ✐t❡r❛t✐♦♥s✳ ❋✐❣✉r❡ ✶✸ s❤♦✇s t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣♦❧✐❝② ♦✈❡r t❤❡

r♦❧❧♦✉ts✳ ❋r♦♠ ♦✉r ❡①♣❡r✐❡♥❝❡✱ ♥✐♥❡ ②❡❛r ♦❧❞ ❝❤✐❧❞r❡♥ ❣❡t t❤❡ ❜❛❧❧ ✐♥ t❤❡ ❝✉♣ ❢♦r t❤❡ ✜rst

t✐♠❡ ❛❢t❡r ❛❜♦✉t ✸✺ tr✐❛❧s ✇❤✐❧❡ t❤❡ r♦❜♦t ❣❡ts t❤❡ ❜❛❧❧ ✐♥ ❢♦r t❤❡ ✜rst t✐♠❡ ❛❢t❡r ✹✷✲✹✺
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❋✐❣✳ ✶✸✿ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣♦❧✐❝② ♦✈❡r r♦❧❧♦✉ts✳ ❚❤❡ s♥❛♣s❤♦ts ❢r♦♠ t❤❡
✈✐❞❡♦ s❤♦✇ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜❛❧❧ ❝❧♦s❡st t♦ t❤❡ ❝✉♣ ❞✉r✐♥❣ ❛ r♦❧❧♦✉t✳ ✭✶✮ ■♥✐t✐❛❧ ♣♦❧✐❝② ❛❢t❡r
✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣✳ ✭✶✺✮ P♦❧✐❝② ❛❢t❡r ✶✺ r♦❧❧♦✉ts✱ ❛❧r❡❛❞② ❝❧♦s❡r✳ ✭✷✺✮ P♦❧✐❝② ❛❢t❡r ✷✺ r♦❧❧♦✉ts✱
❣♦✐♥❣ t♦♦ ❢❛r✳ ✭✹✺✮ P♦❧✐❝② ❛❢t❡r ✹✺ r♦❧❧♦✉ts✱ ❤✐tt✐♥❣ t❤❡ ♥❡❛r r✐♠✳ ✭✻✵✮ P♦❧✐❝② ❛❢t❡r ✻✵ r♦❧❧♦✉ts✱
❤✐tt✐♥❣ t❤❡ ❢❛r r✐♠✳ ✭✶✵✵✮ ❋✐♥❛❧ ♣♦❧✐❝② ❛❢t❡r ✶✵✵ r♦❧❧♦✉ts✳

r♦❧❧♦✉ts✳ ❍♦✇❡✈❡r✱ ❛❢t❡r ✶✵✵ tr✐❛❧s✱ t❤❡ r♦❜♦t ❡①❤✐❜✐ts ♣❡r❢❡❝t r✉♥s ✐♥ ❡✈❡r② s✐♥❣❧❡ tr✐❛❧

✇❤✐❧❡ ❝❤✐❧❞r❡♥ ❞♦ ♥♦t ❤❛✈❡ ❛ ❝♦♠♣❛r❛❜❧❡ s✉❝❝❡ss r❛t❡✳ ❖❢ ❝♦✉rs❡✱ s✉❝❤ ❛ ❝♦♠♣❛r✐s♦♥

✇✐t❤ ❝❤✐❧❞r❡♥ ✐s ❝♦♥tr✐✈❡❞ ❛s ❛ r♦❜♦t ❝❛♥ ♣r❡❝✐s❡❧② r❡♣r♦❞✉❝❡ ♠♦✈❡♠❡♥ts ✉♥❧✐❦❡ ❛♥②

❤✉♠❛♥ ❜❡✐♥❣✱ ❛♥❞ ❝❤✐❧❞r❡♥ ❝❛♥ ♠♦st ❧✐❦❡❧② ❛❞❛♣t ❢❛st❡r t♦ ❝❤❛♥❣❡s ✐♥ t❤❡ s❡t✉♣✳

✹ ❉✐s❝✉ss✐♦♥ ✫ ❈♦♥❝❧✉s✐♦♥

■♥ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss r♦❜♦t✐❝s ❛s ❛ ❜❡♥❝❤♠❛r❦ ❢♦r r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✱ ✐♥

❙❡❝t✐♦♥ ✹✳✷ ✇❡ ❞✐s❝✉ss ❞✐✛❡r❡♥t s✐♠✉❧❛t✐♦♥ t♦ r♦❜♦t tr❛♥s❢❡r s❝❡♥❛r✐♦s✱ ❛♥❞ ✇❡ ✇✐❧❧ ❞r❛✇

♦✉r ❝♦♥❝❧✉s✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳

✹✳✶ ❉✐s❝✉ss✐♦♥✿ ❘♦❜♦t✐❝s ❛s ❇❡♥❝❤♠❛r❦ ❢♦r ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣❄

▼♦st r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠s ❛r❡ ❡✈❛❧✉❛t❡❞ ♦♥ s②♥t❤❡t✐❝ ❜❡♥❝❤♠❛r❦s✱ ♦❢t❡♥

✐♥✈♦❧✈✐♥❣ ❞✐s❝r❡t❡ st❛t❡s ❛♥❞ ❛❝t✐♦♥s✳ ❆❣❡♥ts ✐♥ ♠❛♥② s✐♠♣❧❡ ❣r✐❞ ✇♦r❧❞s t❛❦❡ ♠✐❧❧✐♦♥s

♦❢ ❛❝t✐♦♥s ❛♥❞ ❡♣✐s♦❞❡s ❜❡❢♦r❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❆s ❛ r❡s✉❧t✱ ♠❛♥② ♠❡t❤♦❞s ❤❛✈❡ ❢♦❝✉s❡❞

t♦♦ str♦♥❣❧② ♦♥ s✉❝❤ ♣r♦❜❧❡♠ ❞♦♠❛✐♥s✳ ■♥ ❝♦♥tr❛st✱ ♠❛♥② r❡❛❧ ✇♦r❧❞ ♣r♦❜❧❡♠s s✉❝❤

❛s r♦❜♦t✐❝s ❛r❡ ❜❡st r❡♣r❡s❡♥t❡❞ ✇✐t❤ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♥t✐♥✉♦✉s st❛t❡s ❛♥❞ ❛❝t✐♦♥s✳

❊✈❡r② s✐♥❣❧❡ tr✐❛❧ r✉♥ ✐s ❝♦st❧② ❛♥❞ ❛s ❛ r❡s✉❧t s✉❝❤ ❛♣♣❧✐❝❛t✐♦♥s ❢♦r❝❡ ✉s t♦ ❢♦❝✉s ♦♥

♣r♦❜❧❡♠s t❤❛t ✇✐❧❧ ♦❢t❡♥ ❜❡ ♦✈❡r❧♦♦❦❡❞ ❛❝❝✐❞❡♥t❛❧❧② ✐♥ s②♥t❤❡t✐❝ ❡①❛♠♣❧❡s✳ ❙✐♠✉❧❛t✐♦♥s

❛r❡ ❛ ❤❡❧♣❢✉❧ t❡st❜❡❞ ❢♦r ❞❡❜✉❣❣✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❈♦♥t✐♥✉♦✉s st❛t❡s ❛♥❞ ❛❝t✐♦♥s ❛s ✇❡❧❧ ❛s

♥♦✐s❡ ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞✱ ❤♦✇❡✈❡r s✐♠✉❧❛t✐♦♥s ♣♦s❡ t❤❡ t❡♠♣t❛t✐♦♥ ♦❢ ✉s✐♥❣ ✉♥r❡❛❧✐st✐❝❛❧❧②

♠❛♥② ✐t❡r❛t✐♦♥s ❛♥❞ ❛❧s♦ ❛❧❧♦✇ ✉s t♦ ❡①♣❧♦✐t t❤❡ ♣❡r❢❡❝t ♠♦❞❡❧s✳

❖✉r t②♣✐❝❛❧ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ♦❢ t❡st✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❛ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ r♦❜♦t

❛♥❞ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❖♥❝❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐s s❛t✐s❢❛❝t♦r② ✇❡ r❡♣❧❛❝❡ ❡✐t❤❡r t❤❡ r♦❜♦t

♦r t❤❡ ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ✐ts r❡❛❧ ❝♦✉♥t❡r♣❛rt ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣♦t❡♥t✐❛❧ ❤❛③❛r❞s✳ ❘❡✲

♣❧❛❝✐♥❣ t❤❡ r♦❜♦t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ ❛s ✇❡ ❝❛♥ st✐❧❧ s✐♠✉❧❛t❡ t❤❡ ❡♥✈✐r♦♥♠❡♥t t❛❦✐♥❣

✐♥t♦ ❛❝❝♦✉♥t t❤❡ st❛t❡ ♦❢ t❤❡ r❡❛❧ r♦❜♦t✳ ▲❡❛r♥✐♥❣ ✇✐t❤ ❛ s✐♠✉❧❛t❡❞ r♦❜♦t ✐♥ t❤❡ r❡❛❧

❡♥✈✐r♦♥♠❡♥t ✐s ♥♦t ❛❧✇❛②s ❛ ♣♦ss✐❜✐❧✐t② ❡s♣❡❝✐❛❧❧② ✐❢ t❤❡ r♦❜♦t ✐♥✢✉❡♥❝❡s t❤❡ ♦❜s❡r✈❡❞

❡♥✈✐r♦♥♠❡♥t✱ s✉❝❤ ❛s ✐♥ t❤❡ ❇❛❧❧✲✐♥✲❛✲❈✉♣ t❛s❦✳ ❚❤❡ ✜♥❛❧ ❡✈❛❧✉❛t✐♦♥s ❛r❡ ❞♦♥❡ ♦♥ t❤❡

r❡❛❧ r♦❜♦t ✐♥ t❤❡ r❡❛❧ ❡♥✈✐r♦♥♠❡♥t✳

❖✉r ❡①♣❡r✐❡♥❝❡ ✐♥ r♦❜♦t✐❝s s❤♦✇ t❤❛t t❤❡ ♣❧❛♥t ❛♥❞ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❝❛♥ ♦❢t❡♥ ♥♦t

❜❡ r❡♣r❡s❡♥t❡❞ ❛❝❝✉r❛t❡❧② ❡♥♦✉❣❤ ❜② ❛ ♣❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ t❤❛t t❤❡ ❧❡❛r♥❡❞ ♣♦❧✐❝✐❡s ❛r❡

t❤✉s ♥♦t ❡♥t✐r❡❧② tr❛♥s❢❡r❛❜❧❡✳ ■❢ s✉✣❝✐❡♥t❧② ❛❝❝✉r❛t❡ ♠♦❞❡❧s ✇❡r❡ ❛✈❛✐❧❛❜❧❡✱ ✇❡ ❝♦✉❧❞

r❡s♦rt t♦ t❤❡ ❧❛r❣❡ ❜♦❞② ♦❢ ✇♦r❦ ♦♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ✭❑✐r❦✱ ✶✾✼✵✮✱ ✇❤✐❝❤ ♦✛❡rs ❛❧t❡r♥❛✲

t✐✈❡s t♦ ❞❛t❛ ❞r✐✈❡♥ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❛ ♠♦❞❡❧ ✇✐t❤ ❧❛r❣❡ ❡rr♦rs ✐s
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✉s❡❞✱ t❤❡ s♦❧✉t✐♦♥ s✉✛❡rs s❡✈❡r❡❧② ❢r♦♠ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ❜✐❛s ❛s ❛❧r❡❛❞② ❡①♣❡r✐❡♥❝❡❞ ❜②

❆t❦❡s♦♥ ✭✶✾✾✹✮✳ ❍❡r❡✱ t❤❡ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠ ❡①♣❧♦✐ts t❤❡ ✐♠♣❡r❢❡❝t✐♦♥s

♦❢ t❤❡ s✐♠✉❧❛t♦r r❛t❤❡r t❤❛♥ ②✐❡❧❞✐♥❣ ❛♥ ♦♣t✐♠❛❧ ♣♦❧✐❝②✳

◆♦♥❡ ♦❢ ♦✉r ❧❡❛r♥❡❞ ♣♦❧✐❝✐❡s ❝♦✉❧❞ ❜❡ tr❛♥s❢❡rr❡❞ ❢r♦♠ ❛ s✐♠✉❧❛t♦r t♦ t❤❡ r❡❛❧

s②st❡♠ ✇✐t❤♦✉t ❝❤❛♥❣❡s ❞❡s♣✐t❡ t❤❛t t❤❡ ✐♠♠❡❞✐❛t❡ ❡rr♦rs ♦❢ t❤❡ s✐♠✉❧❛t♦r ❤❛✈❡ ❜❡❡♥

s♠❛❧❧❡r t❤❛♥ t❤❡ ♠❡❛s✉r❡♠❡♥t ♥♦✐s❡✳ ▼❡t❤♦❞s ✇❤✐❝❤ ❥♦✐♥t❧② ❧❡❛r♥ t❤❡ ♠♦❞❡❧s ❛♥❞ t❤❡

♣♦❧✐❝② ❛s ✇❡❧❧ ❛s ♣❡r❢♦r♠ s♦♠❡ ♦❢ t❤❡ ❡✈❛❧✉❛t✐♦♥s ❛♥❞ ✉♣❞❛t❡s ✐♥ s✐♠✉❧❛t✐♦♥ ✭s✉❝❤ ❛s

❉②♥❛✲❧✐❦❡ ❛r❝❤✐t❡❝t✉r❡s ❛s ✐♥ ✭❙✉tt♦♥✱ ✶✾✾✵✮✮ ♠❛② ❛❧❧❡✈✐❛t❡ t❤✐s ♣r♦❜❧❡♠✳ ■♥ t❤❡♦r②✱ ❛

s✐♠✉❧❛t✐♦♥ ❝♦✉❧❞ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❡❧✐♠✐♥❛t❡ ♦❜✈✐♦✉s❧② ❜❛❞ s♦❧✉t✐♦♥s q✉✐❝❦❧②✳ ❍♦✇❡✈❡r✱ t❤❡

❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ r❡❛❧ r♦❜♦t ❞♦ ❛❝❝✉♠✉❧❛t❡ ♦✈❡r t✐♠❡ ❛♥❞ t❤✐s

❛♣♣r♦❛❝❤ ✐s ♦♥❧② ❢❡❛s✐❜❧❡ ✐❢ t❤❡ ❤♦r✐③♦♥ ✐s s❤♦rt ♦r t❤❡ s✐♠✉❧❛t✐♦♥ ✈❡r② ❛❝❝✉r❛t❡✳ Pr✐♠✐♥❣

t❤❡ ❧❡❛r♥✐♥❣ ♣r♦❝❡ss ❜② ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ❛♥❞ ♦♣t✐♠✐③✐♥❣ ✐♥ ✐ts ✈✐❝✐♥✐t② ❛❝❤✐❡✈❡s t❤❡

❞❡s✐r❡❞ ❡✛❡❝t ❜❡tt❡r ❛♥❞ ❤❛s t❤✉s ❜❡❡♥ ❡♠♣❧♦②❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

P❛r❛♠❡tr✐③❡❞ ♣♦❧✐❝✐❡s ❣r❡❛t❧② r❡❞✉❝❡ t❤❡ ♥❡❡❞ ♦❢ s❛♠♣❧❡s ❛♥❞ ❡✈❛❧✉❛t✐♦♥s✳ ❈❤♦♦s✐♥❣

❛♥ ❛♣♣r♦♣r✐❛t❡ r❡♣r❡s❡♥t❛t✐♦♥ ❧✐❦❡ ♠♦t♦r ♣r✐♠✐t✐✈❡s r❡♥❞❡rs t❤❡ ❧❡❛r♥✐♥❣ ♣r♦❝❡ss ❡✈❡♥

♠♦r❡ ❡✣❝✐❡♥t✳

❖♥❡ ♠❛❥♦r ♣r♦❜❧❡♠ ✇✐t❤ r♦❜♦t✐❝s ❜❡♥❝❤♠❛r❦s ✐s t❤❡ r❡♣❡❛t❛❜✐❧✐t② ♦❢ t❤❡ ❡①♣❡r✐✲

♠❡♥ts✳ ❚❤❡ r❡s✉❧ts ❛r❡ t✐❡❞ t♦ t❤❡ s♣❡❝✐✜❝ ❤❛r❞✇❛r❡ ❛♥❞ s❡t✉♣ ✉s❡❞✳ ❊✈❡♥ ❛ ❝♦♠♣❛r✐s♦♥

✇✐t❤ s✐♠✉❧❛t❡❞ r♦❜♦ts ✐s ♦❢t❡♥ ♥♦t ♣♦ss✐❜❧❡ ❛s ♠❛♥② ❣r♦✉♣s r❡❧② ♦♥ ♣r♦♣r✐❡t❛r② s✐♠✲

✉❧❛t♦rs t❤❛t ❛r❡ ♥♦t ❢r❡❡❧② ❛✈❛✐❧❛❜❧❡✳ ▼♦st ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r

r❡❧② ♦♥ ✐♥✐t✐❛❧ ❞❡♠♦♥str❛t✐♦♥s t♦ s♣❡❡❞ ✉♣ t❤❡ ❧❡❛r♥✐♥❣ ♣r♦❝❡ss✳ ❚❤❡s❡ ❞❡♠♦♥str❛t✐♦♥s

♣❧❛② ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ✐♥ t❤❡ ❧❡❛r♥✐♥❣ ♣r♦❝❡ss✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ✐♥✐t✐❛❧ ❞❡♠♦♥str❛t✐♦♥s

❛r❡ ❛❧s♦ t✐❡❞ t♦ t❤❡ ❤❛r❞✇❛r❡ ♦r t❤❡ s✐♠✉❧❛t♦r ❛♥❞ ❛r❡✱ t❤✉s✱ ♥♦t str❛✐❣❤t❢♦r✇❛r❞ t♦

s❤❛r❡✳ ❈♦♠♣❛r✐♥❣ ♥❡✇ ❛❧❣♦r✐t❤♠s t♦ r❡s✉❧ts ❢r♦♠ ❞✐✛❡r❡♥t ❛✉t❤♦rs ✉s✉❛❧❧② r❡q✉✐r❡s t❤❡

r❡✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡✐r ❛❧❣♦r✐t❤♠s t♦ ❤❛✈❡ ❛ ❢❛✐r ❝♦♠♣❛r✐s♦♥✳

❘❡♣r♦❞✉❝✐❜✐❧✐t② ✐s ❛ ❦❡② r❡q✉✐r❡♠❡♥t ❢♦r ❜❡♥❝❤♠❛r❦✐♥❣ ❜✉t ❛❧s♦ ❛ ♠❛❥♦r ❝❤❛❧❧❡♥❣❡

❢♦r r♦❜♦t r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠ t❤❡r❡ ❛r❡ t✇♦ ♦rt❤♦❣♦♥❛❧

❛♣♣r♦❛❝❤❡s✿ ✭✐✮ ❛ ❝❡♥tr❛❧ ♦r❣❛♥✐③❡r ♣r♦✈✐❞❡s ❛♥ ✐❞❡♥t✐❝❛❧ s❡t✉♣ ❢♦r ❛❧❧ ♣❛rt✐❝✐♣❛♥ts ❛♥❞

✭✐✐✮ ❛❧❧ ♣❛rt✐❝✐♣❛♥ts s❤❛r❡ t❤❡ s❛♠❡ s❡t✉♣ ✐♥ ❛ ❜❡♥❝❤♠❛r❦✐♥❣ ❧❛❜✳ ❚❤❡ ✜rst ❛♣♣r♦❛❝❤ ❤❛s

❜❡❡♥ ♠❛❥♦r❧② ♣✉s❤❡❞ ❜② ❢✉♥❞✐♥❣ ❛❣❡♥❝✐❡s ✐♥ t❤❡ ❯❙❆ ❛♥❞ ❊✉r♦♣❡✳ ■♥ t❤❡ ❯❙❆✱ t❤❡r❡

❤❛✈❡ ❜❡❡♥ s♣❡❝✐❛❧ ♣r♦❣r❛♠s ♦♥ r♦❜♦t ❧❡❛r♥✐♥❣ s✉❝❤ ❛s ❉❆❘P❆ ▲❡❛r♥✐♥❣ ▲♦❝♦♠♦t✐♦♥

✭▲✷✮✱ ▲❡❛r♥✐♥❣ ❆♣♣❧✐❡❞ t♦ ●r♦✉♥❞ ❘♦❜♦t✐❝s ✭▲❆●❘✮ ❛♥❞ t❤❡ ❉❆❘P❆ ❆✉t♦♥♦♠♦✉s

❘♦❜♦t ▼❛♥✐♣✉❧❛t✐♦♥ ✭❆❘▼✮ ✭❉❆❘P❆✱ ✷✵✶✵❝✱❜✱❛✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❤✉r❞❧❡s ✐♥✈♦❧✈❡❞ ✐♥

❣❡tt✐♥❣ t❤❡s❡ r♦❜♦ts t♦ ✇♦r❦ ❤❛✈❡ ❧✐♠✐t❡❞ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ t♦ str♦♥❣ r♦❜♦t✐❝s ❣r♦✉♣s

✐♥st❡❛❞ ♦❢ ♦♣❡♥✐♥❣ t❤❡ r♦❜♦t r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❞♦♠❛✐♥ t♦ ♠♦r❡ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣

r❡s❡❛r❝❤❡rs✳ ❆❧t❡r♥❛t✐✈❡ ✇❛②s ♦❢ ♣r♦✈✐❞✐♥❣ ✐❞❡♥t✐❝❛❧ s❡t✉♣s ❛r❡ ❧♦✇ ❝♦st st❛♥❞❛r❞✐③❡❞

❤❛r❞✇❛r❡ ♦r ❛ s②st❡♠ ❝♦♠♣♦s❡❞ ♣✉r❡❧② ♦❢ ❝♦♠♠❡r❝✐❛❧❧② ❛✈❛✐❧❛❜❧❡ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ✜rst

s✉✛❡rs ❢r♦♠ r❡♣r♦❞✉❝✐❜✐❧✐t② ❛♥❞ r❡❧✐❛❜✐❧✐t② ✐ss✉❡s ✇❤✐❧❡ t❤❡ ❧❛tt❡r r❡s✉❧ts ✐♥ s✐❣♥✐✜❝❛♥t

s②st❡♠ ✐♥t❡❣r❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❍❡♥❝❡✱ ✐t ♠❛② ❜❡ ♠♦r❡ s✉✐t❛❜❧❡ ❢♦r ❛ r♦❜♦t r❡✐♥❢♦r❝❡♠❡♥t

❧❡❛r♥✐♥❣ ❝❤❛❧❧❡♥❣❡ t♦ ❜❡ ❤♦st❡❞ ❜② ❛ r♦❜♦t ❧❡❛r♥✐♥❣ ❣r♦✉♣ ✇✐t❤ s✐❣♥✐✜❝❛♥t ❡①♣❡r✐❡♥❝❡

✐♥ ❜♦t❤ ❞♦♠❛✐♥s✳ ❚❤❡ ❤♦st ❧❛❜ s♣❡❝✐✜❡s t❛s❦s t❤❛t t❤❡② ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ❛❝❝♦♠♣❧✐s❤

♦♥ ❛ r❡❛❧ r♦❜♦t s②st❡♠✳ ❚❤❡ ❤♦sts ❛❧s♦ ♥❡❡❞ t♦ ❞❡✈✐s❡ ❛ ✈✐rt✉❛❧ r♦❜♦t ❧❛❜♦r❛t♦r② ❢♦r

❛❧❧♦✇✐♥❣ t❤❡ ❝❤❛❧❧❡♥❣❡ ♣❛rt✐❝✐♣❛♥ts t♦ ♣r♦❣r❛♠✱ t❡st ❛♥❞ ❞❡❜✉❣ t❤❡✐r ❛❧❣♦r✐t❤♠s✳ ❚♦

❧✐♠✐t t❤❡ ✇♦r❦❧♦❛❞ ❛♥❞ t❤❡ r✐s❦ ♦❢ t❤❡ ♦r❣❛♥✐③❡rs✱ ❛ ✜rst ❜❡♥❝❤♠❛r❦✐♥❣ r♦✉♥❞ ✇♦✉❧❞ ❜❡

❝♦♥❞✉❝t❡❞ ✉s✐♥❣ t❤✐s s✐♠✉❧❛t❡❞ s❡t✉♣ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣r♦♠✐s✐♥❣ ❛♣♣r♦❛❝❤❡s✳ ❙✉❝❝❡ss❢✉❧

♣❛rt✐❝✐♣❛♥ts ✇✐❧❧ ❜❡ ✐♥✈✐t❡❞ ❜② t❤❡ ❤♦st ❧❛❜ ✐♥ ♦r❞❡r t♦ t❡st t❤❡s❡ ❛❧❣♦r✐t❤♠s ✐♥ ❧❡❛r♥✐♥❣

♦♥ t❤❡ r❡❛❧ s②st❡♠ ✇❤❡r❡ t❤❡ ❤♦st ❧❛❜ ♥❡❡❞s t♦ ♣r♦✈✐❞❡ s✐❣♥✐✜❝❛♥t ❣✉✐❞❛♥❝❡✳ ❚♦ ♦✉r

❦♥♦✇❧❡❞❣❡✱ ♥♦ ❜❡♥❝❤♠❛r❦ ❜❛s❡❞ ♦♥ t❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ②❡t✳ ❚❤❡ ❛✉t❤♦rs



✷✻

♦❢ t❤✐s ♣❛♣❡r ❛r❡ ❝✉rr❡♥t❧② ❡✈❛❧✉❛t✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s t♦ ♦r❣❛♥✐③❡ ❛ ❝❤❛❧❧❡♥❣❡ ✉s✐♥❣ s✉❝❤ ❛

s❤❛r❡❞ s❡t✉♣ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ P❆❙❈❆▲✷ ❈❤❛❧❧❡♥❣❡ Pr♦❣r❛♠ ✭P❆❙❈❆▲✷✱ ✷✵✶✵✮✳

❚♦ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧② r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ t♦ r♦❜♦t✐❝s✱ ❛ ❢❛✐r ❧❡✈❡❧ ♦❢ ❦♥♦✇❧❡❞❣❡ ♦♥

t❤❡ ❧✐♠✐t❛t✐♦♥s ❛♥❞ ♠❛✐♥t❡♥❛♥❝❡ ♦❢ t❤❡ r♦❜♦t ❤❛r❞✇❛r❡ ✐s ♥❡❝❡ss❛r②✳ ❚❤❡s❡ ❧✐♠✐t❛t✐♦♥s

✐♥❝❧✉❞❡ ❢❡❛s✐❜❧❡ ❛❝t✐♦♥s✱ ❢❡❛s✐❜❧❡ r✉♥✲t✐♠❡✱ ❛s ✇❡❧❧ ❛s ♠❡❛s✉r❡♠❡♥t ❞❡❧❛② ❛♥❞ ♥♦✐s❡✳

❈♦♦♣❡r❛t✐♦♥ ✇✐t❤ ❛ str♦♥❣ r♦❜♦t✐❝s ❣r♦✉♣ ✐s st✐❧❧ ❡①tr❡♠❡❧② ✐♠♣♦rt❛♥t ✐♥ ♦r❞❡r t♦ ❛♣♣❧②

♥♦✈❡❧ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ♠❡t❤♦❞s ✐♥ r♦❜♦t✐❝s✳

✹✳✷ ❉✐s❝✉ss✐♦♥ ♦♥ ❙✐♠✉❧❛t✐♦♥ t♦ ❘♦❜♦t ❚r❛♥s❢❡r ❙❝❡♥❛r✐♦s

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❢♦r r❡❛❧ r♦❜♦ts ✇✐t❤ ❤✐❣❤❧②

❞②♥❛♠✐❝ t❛s❦s✳ ❚❤❡ ♦♣♣♦s✐t❡ ❡①tr❡♠❡ ✐♥ r♦❜♦t✐❝s ✇♦✉❧❞ ❜❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❛ ♠❛③❡ ♥❛✈✐✲

❣❛t✐♦♥ ♣r♦❜❧❡♠ ✇❤❡r❡ ❛ ♠♦❜✐❧❡ r♦❜♦t t❤❛t ❤❛s ♠❛❝r♦✲❛❝t✐♦♥s s✉❝❤ ❛s ✏❣♦ ❧❡❢t✑ ❛♥❞ t❤❡

❧♦✇❡r ❧❡✈❡❧ ❝♦♥tr♦❧ ♠♦✈❡s t❤❡ r♦❜♦t ❡①❛❝t❧② ❜② ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❞✐st❛♥❝❡ t♦ t❤❡ ❧❡❢t✳ ■♥

t❤✐s s❝❡♥❛r✐♦✱ ✐t ✇♦✉❧❞ ♣r♦❜❛❜❧② ❜❡ ❡❛s✐❡r t♦ tr❛♥s❢❡r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts t♦ r❡❛❧ s②st❡♠s✳

❋♦r ❤✐❣❤❧② ❞②♥❛♠✐❝ t❛s❦s ♦r ❡♥✈✐r♦♥♠❡♥ts✱ ❛❝❝✉r❛t❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ❣❡♥❡r✐❝❛❧❧② ❞✐✣✲

❝✉❧t✳ ❇❡s✐❞❡s ❢❛st ♠♦✈✐♥❣ ♦❜❥❡❝ts ❛♥❞ ♠❛♥② ✐♥t❡r❛❝t✐♥❣ ♦❜❥❡❝ts ❛s ✇❡❧❧ ❛s ❞❡❢♦r♠❛❜❧❡

♦❜❥❡❝ts ✭♦❢t❡♥ ❝❛❧❧❡❞ s♦❢t ❜♦❞✐❡s✮✱ ❧✐❦❡ ❝❧♦t❤✱ str✐♥❣✱ ✢✉✐❞s✱ ❤②❞r❛✉❧✐❝ t✉❜❡s ❛♥❞ ♦t❤❡r

❡❧❛st✐❝ ♠❛t❡r✐❛❧s ❛r❡ ❤❛r❞ t♦ s✐♠✉❧❛t❡ r❡❧✐❛❜❧② ❛♥❞✱ t❤✉s✱ ❤❛✈❡ ❛♥ ❡♥♦r♠♦✉s ✐♠♣❛❝t ♦♥

tr❛♥s❢❡r❛❜✐❧✐t②✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❧❡✈❡❧ ❛♥❞ q✉❛❧✐t② ♦❢ ♠❡❛s✉r❡♠❡♥t ♥♦✐s❡ ❤❛s ❛ ❞✐r❡❝t

✐♠♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ❞✐✣❝✉❧t② ❛♥❞ t❤❡ tr❛♥s❢❡r❛❜✐❧✐t② ♦❢ t❤❡ ❧❡❛r♥✐♥❣ t❛s❦✳

❇❡tt❡r s✐♠✉❧❛t✐♦♥s ♦❢t❡♥ ❛❧❧❡✈✐❛t❡ s♦♠❡ ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛❧✇❛②s

❛ tr❛❞❡✲♦✛ ❛s ♠♦r❡ ❞❡t❛✐❧❡❞ s✐♠✉❧❛t✐♦♥s ❛❧s♦ r❡q✉✐r❡ ♠♦r❡ ♣r❡❝✐s❡ ♠♦❞❡❧ ✐❞❡♥t✐✜❝❛t✐♦♥✱

❤✐❣❤❡r t❡♠♣♦r❛❧ r❡s♦❧✉t✐♦♥✱ ❛♥❞✱ ❢r❡q✉❡♥t❧② ❡✈❡♥ ✜♥✐t❡ ❡❧❡♠❡♥ts ❜❛s❡❞ s✐♠✉❧❛t✐♦♥s✳ ❙✉❝❤

❞❡t❛✐❧❡❞ s✐♠✉❧❛t✐♦♥s ♠❛② ❡✈❡♥ ❜❡ ♠✉❝❤ s❧♦✇❡r t❤❛♥ r❡❛❧✲t✐♠❡✱ t❤✉s ❞❡❢❡❛t✐♥❣ ♦♥❡ ♦❢ t❤❡

♠❛❥♦r ❛❞✈❛♥t❛❣❡s ♦❢ s✐♠✉❧❛t✐♦♥s✳

❆s✐❞❡ ❢r♦♠ t❤❡s❡ ❝❧❡❛r ❞✐✣❝✉❧t✐❡s ✐♥ ❝r❡❛t✐♥❣ s✐♠✉❧❛t✐♦♥s t❤❛t ❛❧❧♦✇ t❤❡ tr❛♥s❢❡r

t♦ r❡❛❧ s②st❡♠s✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤r❡❡ ❝r✐t✐❝❛❧❧② ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s ❢♦r r❡✐♥❢♦r❝❡♠❡♥t

❧❡❛r♥✐♥❣ ✐♥ r♦❜♦t✐❝s✳ ❚❤❡s❡ s❝❡♥❛r✐♦s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❡♥❡r❣② ✢♦✇ ❜❡t✇❡❡♥ t❤❡

♣♦❧✐❝② ❛♥❞ t❤❡ s②st❡♠✳ ■♥ t❤❡ ❡♥❡r❣②✲❛❜s♦r❜✐♥❣ s❝❡♥❛r✐♦✱ t❤❡ t❛s❦ ❤❛s ♣❛ss✐✈❡ ❞②♥❛♠✐❝s

❛♥❞✱ ❤❡♥❝❡✱ ✐t ✐s s❛❢❡r ❛♥❞ ❡❛s✐❡r t♦ ❧❡❛r♥ ♦♥ ❛ r❡❛❧ r♦❜♦t✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❞✐s❝✉ss t❤❡

❡①❛♠♣❧❡s ♦❢ ❇❛❧❧✲P❛❞❞❧✐♥❣✱ ❢♦♦t❤♦❧❞ s❡❧❡❝t✐♦♥ ✐♥ ❧❡❣❣❡❞ ❧♦❝♦♠♦t✐♦♥✱ ❛♥❞ ❣r❛s♣✐♥❣ ✭s❡❡

❙❡❝t✐♦♥ ✹✳✷✳✶✮✳ ❚❤❡ s❡❝♦♥❞ s❝❡♥❛r✐♦ ❤❛s ❛ ❜♦r❞❡r✲❧✐♥❡ ❜❡❤❛✈✐♦r✿ t❤❡ s②st❡♠ ❝♦♥s❡r✈❡s

♠♦st ♦❢ t❤❡ ❡♥❡r❣② ❜✉t t❤❡ ♣♦❧✐❝② ❛❧s♦ ♦♥❧② ♥❡❡❞s t♦ ✐♥❥❡❝t ❡♥❡r❣② ✐♥t♦ t❤❡ s②st❡♠ ❢♦r ❛

❧✐♠✐t❡❞ t✐♠❡✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss ❇❛❧❧✲✐♥✲❛✲❈✉♣✱ ❚❡t❤❡r❜❛❧❧ ❚❛r❣❡t ❍✐tt✐♥❣✱ ❛♥❞ ▼♦✉♥t❛✐♥✲

❈❛r ❛s ❡①❛♠♣❧❡s ❢♦r t❤✐s s❝❡♥❛r✐♦ ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✷✳✷✮✳ ■♥ t❤❡ ❡♥❡r❣②✲❡♠✐tt✐♥❣ s❝❡♥❛r✐♦

❡♥❡r❣② ✐s ✐♥s❡rt❡❞ ❞✉❡ t♦ t❤❡ s②st❡♠ ❞②♥❛♠✐❝s ❡✈❡♥ ✐❢ t❤❡ ♣♦❧✐❝② ❞♦❡s ♥♦t tr❛♥s❢❡r

❡♥❡r❣② ✐♥t♦ t❤❡ s②st❡♠✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡s ❛r❡ ❈❛rt✲P♦❧❡ ❛♥❞ ✐♥✈❡rt❡❞ ❤❡❧✐❝♦♣t❡rs✱

❛♥❞ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣ ✇❤✐❝❤ ❤❛s t♦ st❛❜✐❧✐③❡ ❛t t❤❡ t♦♣ ✭s❡❡

❙❡❝t✐♦♥ ✹✳✷✳✸✮✳ ❚❤❡s❡ ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s ❤❛✈❡ ✐♠♣❧✐❝❛t✐♦♥s ♦♥ t❤❡ r❡❧❛t✐✈❡ ✉t✐❧✐t② ♦❢

s✐♠✉❧❛t✐♦♥s ❛♥❞ r❡❛❧ r♦❜♦ts✳

❆s ✇❡ ❛r❡ ❞✐s❝✉ss✐♥❣ ♦✉r ❡①♣❡r✐❡♥❝❡ ✐♥ ♣❡r❢♦r♠✐♥❣ s✉❝❤ ❡①♣❡r✐♠❡♥ts✱ ✐t ♠❛② ❛t

t✐♠❡s ❛♣♣❡❛r ❛♥❡❝❞♦t❛❧✳ ❲❡ ❤♦♣❡ t❤❡ r❡❛❞❡r ❜❡♥❡✜ts ❢r♦♠ ♦✉r ✐♥s✐❣❤ts ♥❡✈❡rt❤❡❧❡ss✳

❍♦✇❡✈❡r✱ t❤❡ r❡s✉❧t✐♥❣ ❝❧❛ss✐✜❝❛t✐♦♥ ❜❡❛rs s✐♠✐❧❛r✐t✐❡s ✇✐t❤ ✐♥s✐❣❤ts ♦♥ ❝♦♥tr♦❧ ❧❛✇

❞❡r✐✈❛t✐♦♥ ✭❋❛♥t♦♥✐ ❛♥❞ ▲♦③❛♥♦✱ ✷✵✵✶✮✳



✷✼

✭❛✮ ❘❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ r❡q✉✐r❡❞ ✉♥r❡✲
❛❧✐st✐❝❛❧❧② ♠❛♥② tr✐❛❧s ✐♥ s✐♠✉❧❛t✐♦♥✳

✭❜✮ ■♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ♦♥❧② ✇❛s s✉✣❝✐❡♥t
♦♥ t❤❡ r❡❛❧ r♦❜♦t✳

❋✐❣✳ ✶✹✿ ❚❤✐s ✜❣✉r❡ ✐❧❧✉str❛t❡s t❤❡ ❇❛❧❧✲P❛❞❞❧✐♥❣ t❛s❦ ✐♥ s✐♠✉❧❛t✐♦♥ ❛♥❞ ♦♥ t❤❡ r❡❛❧ r♦❜♦t✳ ❚❤❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥ ❛♥❞ r♦❜♦t✐❝s ❝❛♥ ❜❡ ♣❛rt✐❝✉❧❛r❧② ❡♠♣❤❛s✐③❡❞ ✐♥ t❤✐s ♣r♦❜❧❡♠
✇❤❡r❡ ✉♥r❡❛❧✐st✐❝❛❧❧② ♠❛♥② tr✐❛❧s ✇❡r❡ ♥❡❡❞❡❞ ♦♥ t❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣
✇❤✐❧❡ t❤❡ r❡❛❧ ✇♦r❧❞ ❜❡❤❛✈✐♦r ❝♦✉❧❞ ❜❡ ❧❡❛r♥❡❞ ❜② ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣✳ ■t ✐❧❧✉str❛t❡s t❤❡ ❡♥❡r❣②✲
❝♦♥s✉♠✐♥❣ s❝❡♥❛r✐♦ ❛♥❞ t❤❡ ❞✐✣❝✉❧t✐❡s ♦❢ r❡❛❧✐st✐❝ ❧❡❛r♥✐♥❣ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝♦♥t❛❝t ❢♦r❝❡s✳

✹✳✷✳✶ ❊♥❡r❣②✲❆❜s♦r❜✐♥❣ ❙❝❡♥❛r✐♦

■♥ t❤✐s s❝❡♥❛r✐♦✱ t❤❡ s②st❡♠ ❛❜s♦r❜s ❡♥❡r❣② ❢r♦♠ t❤❡ ❛❝t✐♦♥s✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✹✱

✇❡ ❧❡❛r♥❡❞ ❛ ❇❛❧❧✲P❛❞❞❧✐♥❣ t❛s❦ ✇❤❡r❡ ❛ ♣✐♥❣✲♣♦♥❣ ❜❛❧❧ ✐s ❛tt❛❝❤❡❞ t♦ ❛ ♣❛❞❞❧❡ ❜②

❛♥ ❡❧❛st✐❝ str✐♥❣ ❛♥❞ t❤❡ ❜❛❧❧ ❤❛s t♦ ❜❡ ❦❡♣t ✐♥ t❤❡ ❛✐r ❜② r❡♣❡❛t❡❞❧② ❤✐tt✐♥❣ ✐t ❢r♦♠

❜❡❧♦✇✳ ■♥ t❤✐s s❡t✉♣✱ t❤❡ ❡❧❛st✐❝ str✐♥❣ ♣✉❧❧s t❤❡ ❜❛❧❧ ❜❛❝❦ t♦✇❛r❞s t❤❡ ❝❡♥t❡r ♦❢ t❤❡

♣❛❞❞❧❡ ❛♥❞ t❤❡ ❝♦♥t❛❝t ❢♦r❝❡s ❜❡t✇❡❡♥ t❤❡ ❜❛❧❧ ❛♥❞ t❤❡ ♣❛❞❞❧❡ ❛r❡ ✈❡r② ❝♦♠♣❧❡①✳ ❲❡

♠♦❞❡❧❡❞ t❤❡ s②st❡♠ ✐♥ ❛s ♠✉❝❤ ❞❡t❛✐❧ ❛s ♣♦ss✐❜❧❡✱ ✐♥❝❧✉❞✐♥❣ ❢r✐❝t✐♦♥ ♠♦❞❡❧s✱ r❡st✐t✉t✐♦♥

♠♦❞❡❧s✱ ❞❛♠♣❡♥✐♥❣ ♠♦❞❡❧s✱ ♠♦❞❡❧s ❢♦r t❤❡ ❡❧❛st✐❝ str✐♥❣✱ ❛♥❞ ❛✐r ❞r❛❣✳ ❍♦✇❡✈❡r✱ ✐♥

s✐♠✉❧❛t✐♦♥ t❤❡ ♣❛❞❞❧✐♥❣ ❜❡❤❛✈✐♦r ✇❛s st✐❧❧ ❤✐❣❤❧② ✉♥♣r❡❞✐❝t❛❜❧❡ ❛♥❞ ✇❡ ♥❡❡❞❡❞ ❛ ❢❡✇

t❤♦✉s❛♥❞ ✐t❡r❛t✐♦♥s t♦ ❧❡❛r♥ ❛♥ ♦♣t✐♠❛❧ ❢r❡q✉❡♥❝②✱ ❛♠♣❧✐t✉❞❡✱ ❛♥❞ ♠♦✈❡♠❡♥t s❤❛♣❡✳

❚❤❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t❡❞ tr✐❛❧s ❡①❝❡❡❞❡❞ t❤❡ ❢❡❛s✐❜❧❡ ❛♠♦✉♥t ♦♥ ❛ r❡❛❧ s②st❡♠✳ ■♥

❝♦♥tr❛st✱ ✇❤❡♥ ❧❡❛r♥✐♥❣ ♦♥ t❤❡ r❡❛❧ s②st❡♠✱ ✇❡ ♦❜t❛✐♥❡❞ ❛ st❛❜❧❡ ♣❛❞❞❧✐♥❣ ❜❡❤❛✈✐♦r ❜②

✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣ ✉s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❡♠♦♥str❛t✐♦♥ ♦♥❧② ❛♥❞ ♥♦ ❢✉rt❤❡r r❡✐♥❢♦r❝❡♠❡♥t

❧❡❛r♥✐♥❣ ✇❛s ♥❡❡❞❡❞✳

■♥ ❣❡♥❡r❛❧✱ s❝❡♥❛r✐♦s ✇✐t❤ ❝♦♠♣❧❡① ❝♦♥t❛❝t ❢♦r❝❡s ♦❢t❡♥ ✇♦r❦ ❜❡tt❡r ✐♥ ❛ r❡❛❧✲✇♦r❧❞

❡①♣❡r✐♠❡♥t✳ ❚❤✐s ♣r♦❜❧❡♠ ✇❛s ♣❛rt✐❝✉❧❛r❧② ❞r❛st✐❝ ✐♥ ❧♦❝♦♠♦t✐♦♥ ❡①♣❡r✐♠❡♥ts ♦♥ r♦✉❣❤

t❡rr❛✐♥ ✇❤❡r❡ t❤❡ r❡❛❧ ✇♦r❧❞ ✇❛s ❛♥ ❡❛s✐❡r ❧❡❛r♥✐♥❣ ❡♥✈✐r♦♥♠❡♥t ❞✉❡ t♦ ❢❛✈♦r❛❜❧❡ ❢r✐❝✲

t✐♦♥ ♣r♦♣❡rt✐❡s ❞✉r✐♥❣ ❢♦♦t ❝♦♥t❛❝t ✭P❡t❡rs✱ ✷✵✵✼✮✳ ■♥ t❤✐s ❡①♣❡r✐♠❡♥t✱ ❧❡❛r♥✐♥❣ ✇❛s

s✐❣♥✐✜❝❛♥t❧② ❤❛r❞❡r ✐♥ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❧❡❛r♥❡❞ ♣♦❧✐❝② ❝♦✉❧❞ ♥♦t ❜❡ tr❛♥s❢❡rr❡❞✳ ❚❤❡

s❛♠❡ ❡✛❡❝t ♦❝❝✉rs ✐♥ ❣r❛s♣✐♥❣ ✇❤❡♥ ♦❜❥❡❝ts ♦❢t❡♥ ❝❛♥♥♦t ❜❡ ❣r❛s♣❡❞ ✐♥ s✐♠✉❧❛t✐♦♥ ❞✉❡

t♦ s❧✐♣ ❜✉t t❤❡ r❡❛❧ ✇♦r❧❞ ❢r✐❝t✐♦♥ st✐❧❧ ❛❧❧♦✇s t❤❡♠ t♦ ❜❡ ♣✐❝❦❡❞ ✉♣✳ ❍❡♥❝❡✱ ✐♥ t❤✐s s❝❡✲

♥❛r✐♦✱ ♣♦❧✐❝✐❡s ❢r♦♠ s✐♠✉❧❛t✐♦♥s ❛r❡ ❢r❡q✉❡♥t❧② ♥♦t ❤❡❧♣❢✉❧ ❛♥❞ ❧❡❛r♥✐♥❣ ✐♥ s✐♠✉❧❛t✐♦♥ ✐s

❤❛r❞❡r t❤❛♥ ♦♥ t❤❡ r❡❛❧ s②st❡♠✳ ❚❤❡ r❡s✉❧ts ♦♥❧② tr❛♥s❢❡r ✐♥ ❛ ❢❡✇ ❝❛s❡s✳ ❆ s✐♠✉❧❛t✐♦♥

✐s t❤❡r❡❢♦r❡ ♦♥❧② r❡❝♦♠♠❡♥❞❡❞ ❛s ❛ ❢❡❛s✐❜✐❧✐t② st✉❞② ❛♥❞ ❢♦r s♦❢t✇❛r❡ ❞❡❜✉❣❣✐♥❣✳ ❆s

♠♦st ❝♦♥t❛❝ts ❞✐✛❡r s✐❣♥✐✜❝❛♥t❧② ❞✉❡ t♦ t❤❡ ❝✉rr❡♥t ♣r♦♣❡rt✐❡s ✭✇❤✐❝❤ ✈❛r② ✇✐t❤ t✐♠❡

❛♥❞ t❡♠♣❡r❛t✉r❡✮ ♦❢ t❤❡ t✇♦ ✐♥t❡r❛❝t✐♥❣ ♦❜❥❡❝ts✱ ♦♥❧② ❛ ❧❡❛r♥❡❞ s✐♠✉❧❛t♦r ✐s ❧✐❦❡❧② t♦

❣r❛s♣ ❛❧❧ r❡❧❡✈❛♥t ❞❡t❛✐❧s✳



✷✽

✹✳✷✳✷ ❇♦r❞❡r✲▲✐♥❡ ❙❝❡♥❛r✐♦

■♥ t❤✐s s❝❡♥❛r✐♦✱ ❛❞❞✐♥❣ t♦♦ ♠✉❝❤ ❡♥❡r❣② t♦ ❛ s②st❡♠ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❧❡❛❞ t♦ ❛

♥❡❣❛t✐✈❡ ♦✉t❝♦♠❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ▼♦✉♥t❛✐♥✲❈❛r ♣r♦❜❧❡♠ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✸✮✱ ✐♥s❡rt✲

✐♥❣ ♠♦r❡ ❡♥❡r❣② ❛♥❞ ❞r✐✈✐♥❣ t❤r♦✉❣❤ t❤❡ ❣♦❛❧ ❛t ❛ ❤✐❣❤❡r ✈❡❧♦❝✐t② ❞♦❡s ♥♦t ❛✛❡❝t t❛s❦

❛❝❤✐❡✈❡♠❡♥t✳ ■♥ ❝♦♥tr❛st ♥♦t ✐♥s❡rt✐♥❣ ❡♥♦✉❣❤ ❡♥❡r❣② ✇✐❧❧ r❡s✉❧t ✐♥ ❛ ❢❛✐❧✉r❡ ❛s t❤❡ ❝❛r

❝❛♥♥♦t r❡❛❝❤ t❤❡ t♦♣ ♦❢ t❤❡ ♠♦✉♥t❛✐♥✳ ❚❤❡ ❚❡t❤❡r❜❛❧❧ ❚❛r❣❡t ❍✐tt✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ♣r❡✲

s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹ ❡①❤✐❜✐ts ❛ ✈❡r② s✐♠✐❧❛r ❜❡❤❛✈✐♦r✳ ❚❤❡ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ❡①♣❡r✐♠❡♥t

✭s❡❡ ❙❡❝t✐♦♥ ✸✳✼✮ ❤✐❣❤❧✐❣❤ts t❤❡ r❡s✉❧t✐♥❣ s✐♠✐❧❛r✐t✐❡s ❜❡t✇❡❡♥ ❧❡❛r♥✐♥❣ ✐♥ ❣♦♦❞ s✐♠✉❧❛✲

t✐♦♥s ❛♥❞ t❤❡ r❡❛❧ ✇♦r❧❞ ❢♦r t❤✐s s❝❡♥❛r✐♦✳ ❙✉❝❝❡ss ✐s ♣♦ss✐❜❧❡ ✐❢ ♠♦r❡ ❡♥❡r❣② ✐s ✐♥s❡rt❡❞

❛♥❞ t❤❡ ❜❛❧❧ ✢✐❡s ❤✐❣❤❡r✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✉s✐♥❣ t♦♦ ❧✐tt❧❡ ❡♥❡r❣② t❤❡ ❜❛❧❧ ✇✐❧❧ st❛② ❜❡❧♦✇

t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ ❝✉♣✳ ■♥ t❤✐s ❢❛✈♦r❛❜❧❡ s❝❡♥❛r✐♦ t❤❡ ✏❝❧❛ss✐❝❛❧✑ str❛t❡❣② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✿

❧❡❛r♥ ❤♦✇ t♦ ❧❡❛r♥ ✐♥ s✐♠✉❧❛t✐♦♥✳ ❚❤❡ ♣♦❧✐❝② ❧❡❛r♥❡❞ ✐♥ s✐♠✉❧❛t✐♦♥ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧②

tr❛♥s❢❡r t♦ t❤❡ r❡❛❧ ✇♦r❧❞ ❛♥❞ t❤❡ r❡❛❧✲✇♦r❧❞ s❝❡♥❛r✐♦ ❝❛♥ ❜❡ ❤✐❣❤❧② ❞✐✛❡r❡♥t ❜✉t t❤❡

❧❡❛r♥✐♥❣ s♣❡❡❞ ❛♥❞ ❜❡❤❛✈✐♦r ❛r❡ s✐♠✐❧❛r✳ ❍❡♥❝❡✱ ♠❡t❛ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s ❧❡❛r♥✐♥❣ ❛♥❞

❡①♣❧♦r❛t✐♦♥ r❛t❡s ❝❛♥ ❜❡ t✉♥❡❞ ✐♥ s✐♠✉❧❛t✐♦♥✳ ❚❤❡ ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠ ♠❛② t❛❦❡ ❧♦♥❣❡r

❞✉❡ t♦ ✐♥❝r❡❛s❡❞ ❡rr♦rs✱ ♠♦❞❡❧✐♥❣ ♣r♦❜❧❡♠s ❛♥❞ ✉♥❝❡rt❛✐♥t②✳ ❙t✐❧❧✱ ❣♦♦❞ ♣r❛❝t✐❝❡ ✐s t♦

❝r❡❛t❡ ❛ s✉✣❝✐❡♥t❧② ❛❝❝✉r❛t❡ s✐♠✉❧❛t♦r ❛♥❞ t♦ ❛❞❛♣t t❤❡ ❧❡❛r♥✐♥❣ str❛t❡❣② s✉❜s❡q✉❡♥t❧②

t♦ t❤❡ r❡❛❧ s②st❡♠✳

✹✳✷✳✸ ❊♥❡r❣②✲❊♠✐tt✐♥❣ ❙❝❡♥❛r✐♦

❊♥❡r❣② ❡♠✐ss✐♦♥ ❝❛✉s❡s ✈❡r② ❞✐✛❡r❡♥t ♣r♦❜❧❡♠s✳ ❯♥❝❡rt❛✐♥t② ✐♥ st❛t❡s ✇✐❧❧ ❝❛✉s❡ ♦✈❡r✲

r❡❛❝t✐♦♥s✱ ❤❡♥❝❡✱ ❞r❛st✐❝ ❢❛✐❧✉r❡s ❛r❡ ❧✐❦❡❧② t♦ ♦❝❝✉r ✇❤❡♥ t❤❡ s②st❡♠ ❜❡❝♦♠❡s ✉♥st❛❜❧❡

✐♥ ❛ ❝♦♥tr♦❧ t❤❡♦r② s❡♥s❡✳ ❚❤✐s s②st❡♠ ❡①❝✐t❛❜✐❧✐t② ♦❢t❡♥ ♠❛❦❡s t❤❡ t❛s❦ s✐❣♥✐✜❝❛♥t❧②

❤❛r❞❡r t♦ ❧❡❛r♥ ♦♥ ❛ r❡❛❧ r♦❜♦t ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ❛ s✐♠✉❧❛t❡❞ s❡t✉♣✳ ❍❡r❡✱ ♣r❡✲st✉❞✐❡s

✐♥ s✐♠✉❧❛t✐♦♥s ❛r❡ ❛ ♥❡❝❡ss❛r② ❜✉t ♥♦t s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✳ ❉✉❡ t♦ ✉♥♠♦❞❡❧❡❞ ♥♦♥❧✐♥✲

❡❛r✐t✐❡s✱ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✇✐❧❧ ❛✛❡❝t ✈❛r✐♦✉s ❛❧❣♦r✐t❤♠s ❞✐✛❡r❡♥t❧②✳ ❈❧❛ss✐❝❛❧ ❡①❛♠♣❧❡s

❛r❡ ❤❡❧✐❝♦♣t❡rs ✐♥ ✐♥✈❡rt❡❞ ✢✐❣❤t ✭◆❣ ❡t ❛❧✱ ✷✵✵✹✮ ❛♥❞ t❤❡ ♣❡♥❞✉❧✉♠ ✐♥ ❛ ❈❛rt✲P♦❧❡

t❛s❦ ✐♥ ❛♥ ✉♣r✐❣❤t ♣♦s✐t✐♦♥ ✭❙✉tt♦♥ ❛♥❞ ❇❛rt♦✱ ✶✾✾✽✮ ❛s t❤❡s❡ ❤❛✈❡ t♦ ❜❡ ❝♦♥st❛♥t❧②

st❛❜✐❧✐③❡❞✳ ❆❞❞✐t✐♦♥❛❧❧② t❤❡ ♣❡♥❞✉❧✉♠ ✐♥ t❤❡ ❙✇✐♥❣✲❯♣ ❤❛s t♦ ❜❡ st❛❜✐❧✐③❡❞ ✐♥ t❤❡ ✜♥❛❧

♣♦s✐t✐♦♥ ♦r ✐t ✇✐❧❧ ❢❛❧❧ ♦✈❡r ❛♥❞ ❝❛✉s❡ ❛ ❢❛✐❧✉r❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ t❛❦❡ t❤❡ ❡①❛♠♣❧❡

♦❢ t❤❡ ❙✇✐♥❣✲❯♣ t♦ ✐❧❧✉str❛t❡ ❤♦✇ s♦♠❡ ♠❡t❤♦❞s ✉♥❡①♣❡❝t❡❞❧② ❞♦ ❜❡tt❡r ✐♥ t❤❡ r❡❛❧

✇♦r❧❞ ❛s ❡①❤✐❜✐t❡❞ ❜② ❋✐❣✉r❡s ✻ ❛♥❞ ✽✳ ❚❤❡ ❧❡❛r♥✐♥❣ ♣r♦❣r❡ss ♦❢ ❛❧❧ ❛❧❣♦r✐t❤♠s ✐s ♥♦✐s✐❡r

❛♥❞ t❤❡ ❡❘❲❘ ♣❡r❢♦r♠s ❜❡tt❡r ♦♥ t❤❡ r❡❛❧ r♦❜♦t✳ ❚❤❡ ❢♦r♠ ♦❢ ❡①♣❧♦r❛t✐♦♥ ❡♠♣❧♦②❡❞

❜② P♦❲❊❘ s❡❡♠s t♦ ❣✐✈❡ ✐t ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ ✐♥ t❤❡ ✜rst ✷✵ r♦❧❧♦✉ts ❛s ❞✐r❡❝t

❡①♣❧♦r❛t✐♦♥ ♦♥ t❤❡ ❛❝t✐♦♥s ✐s ♣❛rt✐❛❧❧② ♦❜s❝✉r❡❞ ❜② ♠❡❛s✉r❡♠❡♥t ♥♦✐s❡✳ ■♥ ♦r❞❡r t♦ ❝♦♣❡

✇✐t❤ ❞✐✛❡r❡♥❝❡s t♦ t❤❡ r❡❛❧✲✇♦r❧❞✱ s✐♠✉❧❛t✐♦♥s ♥❡❡❞ t♦ ❜❡ ♠♦r❡ st♦❝❤❛st✐❝ t❤❛♥ t❤❡ r❡❛❧

s②st❡♠ ✭❛s s✉❣❣❡st❡❞ ❜② ◆❣ ❡t ❛❧ ✭✷✵✵✹✮✮ ❛♥❞ s❤♦✉❧❞ ❜❡ ❧❡❛r♥❡❞ t♦ ♠❛❦❡ tr❛♥s❢❡rr✐♥❣

t❤❡ r❡s✉❧ts ❡❛s✐❡r ✭❛s ❢♦r ❡①❛♠♣❧❡ ✐♥ ✭❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✷✮✮✳

✹✳✸ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❞❡r✐✈✐♥❣ s❡✈❡r❛❧ ♣♦❧✐❝② ❧❡❛r♥✐♥❣ ♠❡t❤✲

♦❞s t❤❛t ❛r❡ ❛♣♣❧✐❝❛❜❧❡ ✐♥ r♦❜♦t✐❝s ❛♥❞ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛ ❤✐❣❤❧② ❝♦♠♣❧❡① ♠♦t♦r ❧❡❛r♥✲

✐♥❣ t❛s❦ ♦♥ ❛ r❡❛❧ ❇❛rr❡tt ❲❆▼➋ r♦❜♦t ❛r♠✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♣♦❧✐❝② ❣r❛❞✐❡♥t

♠❡t❤♦❞s ❛r❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤✐s ❢r❛♠❡✇♦r❦✳ ❉✉r✐♥❣ ✐♥✐t✐❛❧ ❡①♣❡r✐♠❡♥ts✱ ✇❡ r❡❛❧✐③❡❞

t❤❛t t❤❡ ❢♦r♠ ♦❢ ❡①♣❧♦r❛t✐♦♥ ❤✐❣❤❧② ✐♥✢✉❡♥❝❡s t❤❡ s♣❡❡❞ ♦❢ t❤❡ ♣♦❧✐❝② ❧❡❛r♥✐♥❣ ♠❡t❤♦❞✳



✷✾

❚❤✐s ❡♠♣✐r✐❝❛❧ ✐♥s✐❣❤t r❡s✉❧t❡❞ ✐♥ ❛ ♥♦✈❡❧ ♣♦❧✐❝② ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠✱ P♦❧✐❝② ❧❡❛r♥✐♥❣

❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮✱ ❛♥ ❊▼✲✐♥s♣✐r❡❞ ❛❧❣♦r✐t❤♠ t❤❛t

♦✉t♣❡r❢♦r♠s s❡✈❡r❛❧ ♦t❤❡r ♣♦❧✐❝② s❡❛r❝❤ ♠❡t❤♦❞s ❜♦t❤ ♦♥ st❛♥❞❛r❞ ❜❡♥❝❤♠❛r❦s ❛s ✇❡❧❧

❛s ♦♥ ❛ s✐♠✉❧❛t❡❞ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣✳

❲❡ ❤❛✈❡ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t❤✐s ♥♦✈❡❧ P♦❲❊❘ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❧❡❛r♥✐♥❣

t✇♦ t❛s❦s ♦♥ ❛ ♣❤②s✐❝❛❧ r♦❜♦t✱ ♥❛♠❡❧② t❤❡ ❯♥❞❡r❛❝t❡❞ ❙✇✐♥❣✲❯♣ ❛♥❞ ❇❛❧❧✲✐♥✲❛✲❈✉♣✳

❉✉❡ t♦ t❤❡ ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②✱ ✇❡ ❝❛♥♥♦t st❛rt ✇✐t❤ ❛♥ ❛r❜✐tr❛r② s♦❧✉t✐♦♥✳ ■♥st❡❛❞✱

✇❡ ♠✐♠✐❝ t❤❡ ✇❛② ❝❤✐❧❞r❡♥ ❧❡❛r♥ ❇❛❧❧✲✐♥✲❛✲❈✉♣ ❛♥❞ ✜rst ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ♠♦✈❡♠❡♥t

❢♦r ✐♠✐t❛t✐♦♥ ❧❡❛r♥✐♥❣✱ ✇❤✐❝❤ ✐s r❡❝♦r❞❡❞ ✉s✐♥❣ ❦✐♥❡st❤❡t✐❝ t❡❛❝❤✲✐♥✳ ❙✉❜s❡q✉❡♥t❧②✱ ♦✉r

r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠ ❧❡❛r♥s ❤♦✇ t♦ ♠♦✈❡ t❤❡ ❜❛❧❧ ✐♥t♦ t❤❡ ❝✉♣ r❡❧✐❛❜❧②✳

❆❢t❡r ♦♥❧② r❡❛❧✐st✐❝❛❧❧② ❢❡✇ ❡♣✐s♦❞❡s✱ t❤❡ t❛s❦ ❝❛♥ ❜❡ r❡❣✉❧❛r❧② ❢✉❧✜❧❧❡❞ ❛♥❞ t❤❡ r♦❜♦t

s❤♦✇s ✈❡r② ❣♦♦❞ ❛✈❡r❛❣❡ ♣❡r❢♦r♠❛♥❝❡✳ ❆❢t❡r ✶✵✵ r♦❧❧♦✉ts✱ t❤❡ ♠❡t❛ ♣❛r❛♠❡t❡rs✱ s✉❝❤

❛s t❤❡ ❡①♣❧♦r❛t✐♦♥ r❛t❡✱ ❤❛✈❡ ❝♦♥✈❡r❣❡❞ t♦ ♥❡❣❧✐❣✐❜❧❡ s✐③❡ ❛♥❞ ❞♦ ♥♦t ✐♥✢✉❡♥❝❡ t❤❡

♦✉t❝♦♠❡ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ❛♥② ❢✉rt❤❡r✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ✐♥ t❤✐s ♣❛♣❡r ✉s❡ t❤❡ ♦r✐❣✐♥❛❧

✈❛r✐❛♥t ♦❢ t❤❡ ♠♦t♦r ♣r✐♠✐t✐✈❡s ✇❤✐❝❤ ❝❛♥♥♦t ❞❡❛❧ ✇✐t❤ ❧❛r❣❡ ♣❡rt✉r❜❛t✐♦♥s✳ ❍♦✇❡✈❡r✱

t❤❡ ❡①t❡♥❞❡❞ ✈❛r✐❛❜❧❡✲❢❡❡❞❜❛❝❦ ✈❛r✐❛♥t ♣r❡s❡♥t❡❞ ✐♥ ✭❑♦❜❡r ❡t ❛❧✱ ✷✵✵✽✮ ❝❛♥ ❞❡❛❧ ✇✐t❤ ❛

✈❛r✐❡t② ♦❢ ❝❤❛♥❣❡s ❞✐r❡❝t❧② ✭❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ str✐♥❣ ♦r t❤❡ s✐③❡ ♦r ✇❡✐❣❤t

♦❢ t❤❡ ❜❛❧❧✮ ✇❤✐❧❡ t❤❡ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ✇✐❧❧ r❡❝♦✈❡r q✉✐❝❦❧② ❜② ❧❡❛r♥✐♥❣

❛♥ ❛❞❥✉st❡❞ ♣♦❧✐❝② ✐♥ ❛ ❢❡✇ r♦❧❧✲♦✉ts✳ ■♥ ✭❑♦❜❡r ❡t ❛❧✱ ✷✵✵✽✮✱ ✇❡ ❤❛✈❡ ❛❧s♦ s❤♦✇♥ t❤❛t

❧❡❛r♥✐♥❣ ❛ str❛t❡❣② ♦❢ ♣✉❧❧✐♥❣ t❤❡ ❜❛❧❧ ✉♣ ❛♥❞ ♠♦✈✐♥❣ t❤❡ ❝✉♣ ✉♥❞❡r t❤❡ ❜❛❧❧ ✭❛s ✐♥

❑❡♥❞❛♠❛✮ ✐s ♣♦ss✐❜❧❡ ✐♥ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ tr✐❛❧s✳ ❲❡ ❤❛✈❡ ❞✐s❝♦✈❡r❡❞

❛ ✈❛r✐❡t② ♦❢ ❞✐✛❡r❡♥t ❤✉♠❛♥ str❛t❡❣✐❡s ❢♦r ❇❛❧❧✲✐♥✲❛✲❈✉♣ ✐♥ ♠♦✈❡♠❡♥t r❡❝♦r❞✐♥❣s✱ s❡❡

✭❈❤✐❛♣♣❛ ❡t ❛❧✱ ✷✵✵✾✮✳

❆ ♣r❡❧✐♠✐♥❛r② ✈❡rs✐♦♥ ♦❢ s♦♠❡ ♦❢ t❤❡ ✇♦r❦ ✐♥ t❤✐s ♣❛♣❡r ✇❛s s❤♦✇♥ ✐♥ ✭❑♦❜❡r

❡t ❛❧✱ ✷✵✵✽❀ ❑♦❜❡r ❛♥❞ P❡t❡rs✱ ✷✵✵✾❜✱❛✮✳ ■t ❞✐❞ ♥♦t ②❡t ✐♥❝❧✉❞❡ t❤❡ r❡❛❧ r♦❜♦t ❝♦♠✲

♣❛r✐s♦♥s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ♦♥ t❤❡ ❯♥❞❡r❛❝t✉❛t❡❞ ❙✇✐♥❣✲❯♣ ❜❡♥❝❤♠❛r❦ ❛s ✇❡❧❧ ❛s t❤❡

❚❡t❤❡r❜❛❧❧ ❚❛r❣❡t ❍✐tt✐♥❣ ❛♥❞ t❤❡ ❈❛st✐♥❣ ❜❡♥❝❤♠❛r❦s✳ ❲❡ ❛❧s♦ ❞✐s❝✉ss ♦✉r ❡①♣❡r✐❡♥❝❡

✇✐t❤ tr❛♥s❢❡r ❢r♦♠ s✐♠✉❧❛t✐♦♥ t♦ r❡❛❧ r♦❜♦t s②st❡♠s✳ ❖✉r ❛♣♣r♦❛❝❤ ❤❛s ❛❧r❡❛❞② ❣✐✈❡♥

r✐s❡ t♦ ❢♦❧❧♦✇✲✉♣ ✇♦r❦ ✐♥ ♦t❤❡r ❝♦♥t❡①ts✱ ❢♦r ❡①❛♠♣❧❡✱ ✭❱❧❛ss✐s ❡t ❛❧✱ ✷✵✵✾❀ ❑♦r♠✉s❤❡✈

❡t ❛❧✱ ✷✵✶✵✮✳ ❚❤❡♦❞♦r♦✉ ❡t ❛❧ ✭✷✵✶✵✮ ❤❛✈❡ s❤♦✇♥ t❤❛t ❛♥ ❛❧❣♦r✐t❤♠ ✈❡r② s✐♠✐❧❛r t♦

P♦❲❊❘ ❝❛♥ ❛❧s♦ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ♣❡rs♣❡❝t✐✈❡✱ t❤❛t ✐s✱ t❤❡ ♣❛t❤

✐♥t❡❣r❛❧ ❛♣♣r♦❛❝❤✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ❲❡ t❤❛♥❦ t❤❡ ❛♥♦♥②♠♦✉s r❡✈✐❡✇❡rs ❢♦r t❤❡✐r ✈❛❧✉❛❜❧❡ s✉❣❣❡st✐♦♥s t❤❛t
❤❡❧♣❡❞ ✉s t♦ s✐❣♥✐✜❝❛♥t❧② ❡①t❡♥❞ ❛♥❞ ✐♠♣r♦✈❡ t❤❡ ❞✐s❝✉ss✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✹✳

❆ ❉❡r✐✈❛t✐♦♥s

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ❞❡r✐✈❛t✐♦♥s ♦❢ ✈❛r✐♦✉s ❛❧❣♦r✐t❤♠s ✐♥ ♠♦r❡ ❞❡t❛✐❧s t❤❛♥ ✐♥ t❤❡
♠❛✐♥ t❡①t✳ ❲❡ ✜rst ♣r❡s❡♥t✱ ❤♦✇ t❤❡ ❡♣✐s♦❞✐❝ ❘❊■◆❋❖❘❈❊ ✭❲✐❧❧✐❛♠s✱ ✶✾✾✷✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
✭❙❡❝t✐♦♥ ❆✳✶✮✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇❡ s❤♦✇ ❤♦✇ t❤❡ ❡♣✐s♦❞✐❝ ❘❡✇❛r❞ ❲❡✐❣❤t❡❞ ❘❡❣r❡ss✐♦♥ ✭❡❘❲❘✮
✭P❡t❡rs ❛♥❞ ❙❝❤❛❛❧✱ ✷✵✵✼✮ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r t❤❡ ❡♣✐s♦❞✐❝ ❝❛s❡ ✭❙❡❝t✐♦♥ ❆✳✷✮✱ ❛♥❞ ✜♥❛❧❧②
✇❡ ❞❡r✐✈❡ ❊▼ P♦❧✐❝② ❧❡❛r♥✐♥❣ ❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮ ❛♥❞ s❤♦✇
❛ ♥✉♠❜❡r ♦❢ s✐♠♣❧✐✜❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ❆✳✸✮✳
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❆✳✶ ❘❊■◆❋❖❘❈❊

■❢ ✇❡ ❝❤♦♦s❡ ❛ st♦❝❤❛st✐❝ ♣♦❧✐❝② ✐♥ t❤❡ ❢♦r♠ a = θTφ (s, t) + εt ✇✐t❤ εt ∼ N
`

0, σ2
´

✱ ✇❡ ❤❛✈❡

π (at|st, t) =
1

σ
√

2π
exp

„

− 1

2σ2

“

a− θTφ
”2
«

,

❛♥❞✱ t❤✉s✱

∂θ log π = σ−2
“

a− θTφ
”

φT.

❚❤❡r❡❢♦r❡✱ t❤❡ ❣r❛❞✐❡♥t✱ ✐♥ ❊q✉❛t✐♦♥ ✭✷✮✱ ❜❡❝♦♠❡s

∂θ′Lθ (θ′) = E
n

PT
t=1σ

−2
“

a− θ′Tφ
”

φTR
o

= E
n

PT
t=1σ

−2εtφ
TR
o

, ✭✶✵✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡♣✐s♦❞✐❝ ❘❊■◆❋❖❘❈❊ ❛❧❣♦r✐t❤♠ ✭❲✐❧❧✐❛♠s✱ ✶✾✾✷✮✳

❆✳✷ ❊♣✐s♦❞✐❝ ❘❡✇❛r❞ ❲❡✐❣❤t❡❞ ❘❡❣r❡ss✐♦♥ ✭❡❘❲❘✮

❙❡tt✐♥❣ ❊q✉❛t✐♦♥ ✭✶✵✮ t♦ ③❡r♦

∂θ′Lθ (θ′) = E
n

PT
t=1σ

−2
“

a− θ′Tφ
”

φTR
o

= 0,

✇❡ ♦❜t❛✐♥
E
n

PT
t=1σ

−2aRφT
o

= E
n

PT
t=1σ

−2
“

θ′Tφ
”

RφT
o

.

❙✐♥❝❡ σ ✐s ❝♦♥st❛♥t✱ ✇❡ ❤❛✈❡ E{PT
t=1 aRφ

T} = θ′TE{PT
t=1 φRφ

T}✳ ❚❤❡ θ′ ♠✐♥✐♠✐③✐♥❣ t❤❡
❧❡❛st sq✉❛r❡s ❡rr♦r ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② ❧♦❝❛❧❧② ✇❡✐❣❤t❡❞ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ✭R ❛s ✇❡✐❣❤ts ❛♥❞ φ ❛s
❜❛s✐s ❢✉♥❝t✐♦♥s✮ ❝♦♥s✐❞❡r✐♥❣ ❡❛❝❤ t✐♠❡✲st❡♣ ❛♥❞ r♦❧❧♦✉t s❡♣❛r❛t❡❧②

θ′ =
“

ΦTRΦ
”

−1
ΦTRA,

✇✐t❤ Φ = [φ1
1, . . . ,φ

1
T ,φ

2
1, . . . ,φ

H
1 , . . . ,φ

H
T ]T ✱ R = diag(R1, . . . , R1, R2, . . . , RH , . . . , RH)✱

❛♥❞ A = [a1
1, . . . , a

1
T , a

2
1, . . . , a

H
1 , . . . , a

H
T ]T ❢♦r H r♦❧❧♦✉ts✳

❚❤❡ s❛♠❡ ❞❡r✐✈❛t✐♦♥ ❤♦❧❞s ✐❢ ✇❡ ✉s❡ ❊q✉❛t✐♦♥ ✭✸✮ ✐♥st❡❛❞ ♦❢ ❊q✉❛t✐♦♥ ✭✷✮✳ ❚❤❡♥ R ✐♥

t❤❡ r❡❣r❡ss✐♦♥ ✐s r❡♣❧❛❝❡❞ ❜② Qπ = diag(Qπ,1
1 , . . . , Qπ,1

T , Qπ,2
1 , . . . , Qπ,H

1 , . . . , Qπ,H
T )✳ ❯s✐♥❣ t❤❡

st❛t❡✲❛❝t✐♦♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ Qπ ②✐❡❧❞s s❧✐❣❤t❧② ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ t❤❛♥ ✉s✐♥❣ t❤❡ r❡t✉r♥ R✳

❆✳✸ ❊▼ P♦❧✐❝② ❧❡❛r♥✐♥❣ ❜② ❲❡✐❣❤t✐♥❣ ❊①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❘❡t✉r♥s ✭P♦❲❊❘✮

■❢ ✇❡ ❝❤♦♦s❡ ❛ st♦❝❤❛st✐❝ ♣♦❧✐❝② ✐♥ t❤❡ ❢♦r♠ a = (θ+ εt)
T φ (s, t) ✇✐t❤ εt ∼ N (0, Σ̂)✱ ✇❡ ❤❛✈❡

π (at|st, t) = N
“

a|θTφ (s, t) ,φ(s, t)TΣ̂φ(s, t)
”

=
“

2πφTΣ̂φ
”

−1/2
exp

 

−
`

a− θTφ
´2

2φTΣ̂φ

!

,

❛♥❞✱ t❤✉s✱ ∂θ log π =
`

a− θTφ
´

φT/
`

σTφ
´2
. ❚❤❡r❡❢♦r❡ ❊q✉❛t✐♦♥ ✭✸✮ ❜❡❝♦♠❡s

∂θ′Lθ (θ′) = E

(

T
X

t=1

`

a− θ′Tφ
´

φT

φTΣ̂φ
Qπ

)

.

❙❡tt✐♥❣ t❤✐s ❡q✉❛t✐♦♥ t♦ ③❡r♦ ✐s ❡q✉✐✈❛❧❡♥t t♦

E

(

T
X

t=1

aφT

φTΣ̂φ
Qπ

)

≡ E

8

<

:

T
X

t=1

“

(θ+ εt)
T φ
”

φT

φTΣ̂φ
Qπ

9

=

;

= E

(

T
X

t=1

`

θ′Tφ
´

φT

φTΣ̂φ
Qπ

)

.
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❚❤✐s ❡q✉❛t✐♦♥ ②✐❡❧❞s

θ′T = E

8

<

:

T
X

t=1

“

(θ+ εt)
T φ
”

φT

φTΣ̂φ
Qπ

9

=

;

E

(

T
X

t=1

φφT

φTΣ̂φ
Qπ

)−1

= θT + E

(

T
X

t=1

εTt φφ
T

φTΣ̂φ
Qπ

)

E

(

T
X

t=1

φφT

φTΣ̂φ
Qπ

)−1

❛♥❞ ✜♥❛❧❧② ✇✐t❤ W = φφT(φTΣ̂φ)−1 ✇❡ ❣❡t

θ′ = θ+ E
n

PT
t=1WQπ

o

−1
E
n

PT
t=1WεtQ

π
o

. ✭✶✶✮

■❢ Σ̂ ✐s ❞✐❛❣♦♥❛❧✱ t❤❛t ✐s✱ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✐s ♣❛✐r✇✐s❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❛❧❧ ♣❛r❛♠✲
❡t❡rs ❡♠♣❧♦② t❤❡ s❛♠❡ ❡①♣❧♦r❛t✐♦♥✱ ❛♥❞ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✐s ❝♦♥st❛♥t ♦✈❡r r♦❧❧♦✉ts✱ W s✐♠♣❧✐✜❡s
t♦ W = φφT(φTφ)−1✳ ◆♦r♠❛❧✐③❡❞ ❜❛s✐s ❢✉♥❝t✐♦♥s φ ❢✉rt❤❡r s✐♠♣❧✐❢② W t♦ W (s, t) = φφT✳

■❢ ♦♥❧② ♦♥❡ ♣❛r❛♠❡t❡r ✐s ❛❝t✐✈❡ ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ W (s, t) ✐s ❞✐❛❣♦♥❛❧ ❛♥❞ ❊q✉❛t✐♦♥ ✭✶✶✮
s✐♠♣❧✐✜❡s t♦

θ′i = θi +
E
n

PT
t=1 φ

2
i /
“

φTΣ̂φ
”

εi,tQ
π
o

E
n

PT
t=1 φ

2
i /
“

φTΣ̂φ
”

Qπ
o ✭✶✷✮

= θi +
E
n

PT
t=1 σ

−1
i εi,tQ

π
o

E
n

PT
t=1 σ

−1
i Qπ

o , ✭✶✸✮

✇❤❡r❡ θ′i ✐s ♦♥❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡r✱ φi ❛♥❞ εi,t ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡♠❡♥ts ♦❢ φ ❛♥❞ εt✱

❛♥❞ σi ✐s t❤❡ r❡s♣❡❝t✐✈❡ ❡♥tr② ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ Σ̂✳ ■❢ t❤❡ σi ❛r❡ ❝♦♥st❛♥t ♦✈❡r t❤❡ r♦❧❧♦✉ts ✇❡ ❣❡t
θ′i = θi + E{PT

t=1 εi,tQ
π}/E{PT

t=1Q
π}✳ ❚❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ s✐♠♣❧✐✜❝❛t✐♦♥ ✐♥ ❊q✉❛t✐♦♥s ✭✶✷✱

✶✸✮ ✇♦r❦s ✇❡❧❧ ✐♥ ♣r❛❝t✐❝❡✱ ❡✈❡♥ ✐❢ t❤❡r❡ ✐s s♦♠❡ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ ❛❝t✐✈❛t✐♦♥s✱ s✉❝❤ ❛s ✐♥
t❤❡ ❝❛s❡ ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠ ♠♦t♦r ♣r✐♠✐t✐✈❡s ✭■❥s♣❡❡rt ❡t ❛❧✱ ✷✵✵✷✱ ✷✵✵✸❀ ❙❝❤❛❛❧ ❡t ❛❧✱ ✷✵✵✸✱
✷✵✵✼✮✳ ❲❡✐❣❤t✐♥❣ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✇✐t❤ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✱ ❛s ✐♥ ❊q✉❛t✐♦♥ ✭✶✷✮✱ ②✐❡❧❞s s❧✐❣❤t❧②
❜❡tt❡r r❡s✉❧ts t❤❛♥ ❝♦♠♣❧❡t❡❧② ✐❣♥♦r✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥s✱ ❛s ✐♥ ❊q✉❛t✐♦♥ ✭✶✸✮✳

❚❤❡ ♣♦❧✐❝② ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ❡①♣r❡ss❡❞ ❛s

π (at|st, t) = p (at|st, t,εt) p (εt|st, t) = p (at|st, t,εt)N
“

εt|0, Σ̂
”

.

❆♣♣❧②✐♥❣ ❊q✉❛t✐♦♥ ✭✸✮ t♦ t❤❡ ✈❛r✐❛♥❝❡ Σ̂ ✇❡ ❣❡t

∂
Σ̂

′L
Σ̂

“

Σ̂
′
”

= E
n

PT
t=1∂Σ̂′ logN

“

εt|0, Σ̂′
”

Qπ
o

,

❛s p (at|st, t,εt) ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ✈❛r✐❛♥❝❡✳ ❙❡tt✐♥❣ t❤✐s ❡q✉❛t✐♦♥ t♦ ③❡r♦ ❛♥❞ s♦❧✈✐♥❣

❢♦r Σ̂
′

②✐❡❧❞s

Σ̂
′

=
E
n

PT
t=1 εtε

T
t Q

π
o

E
n

PT
t=1Q

π
o ,

✇❤✐❝❤ ✐s t❤❡ s❛♠❡ s♦❧✉t✐♦♥ ❛s ✇❡ ❣❡t ✐♥ st❛♥❞❛r❞ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ♣r♦❜❧❡♠s✳
❚❤❡ s❛♠❡ ❞❡r✐✈❛t✐♦♥ ❤♦❧❞s ✐❢ ✇❡ ✉s❡ ❊q✉❛t✐♦♥ ✭✷✮ ✐♥st❡❛❞ ♦❢ ❊q✉❛t✐♦♥ ✭✸✮✳ ❚❤❡♥✱ t❤❡

st❛t❡✲❛❝t✐♦♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ Qπ ✐s r❡♣❧❛❝❡❞ ❡✈❡r②✇❤❡r❡ ❜② t❤❡ r❡t✉r♥ R✳

❘❡❢❡r❡♥❝❡s

❆♥❞r✐❡✉ ❈✱ ❞❡ ❋r❡✐t❛s ◆✱ ❉♦✉❝❡t ❆✱ ❏♦r❞❛♥ ▼■ ✭✷✵✵✸✮ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ▼❈▼❈ ❢♦r ♠❛❝❤✐♥❡
❧❡❛r♥✐♥❣✳ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣ ✺✵✭✶✮✿✺✕✹✸
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❆t❦❡s♦♥ ❈● ✭✶✾✾✹✮ ❯s✐♥❣ ❧♦❝❛❧ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❡rs t♦ s♣❡❡❞ ✉♣ ❣❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✐♥ ❞②✲
♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ■♥✿ ❆❞✈❛♥❝❡s ✐♥ ◆❡✉r❛❧ ■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣ ❙②st❡♠s ✻ ✭◆■P❙✮✱
❉❡♥✈❡r✱ ❈❖✱ ❯❙❆✱ ♣♣ ✺✵✸✕✺✷✶
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