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Polynomial Filtering of Discrete-Time Stochastic
Linear Systems with Multiplicative State Noise

Francesco Carravetta, Alfredo Germani, and Massimo Raimondi

Abstract— In this paper, the problem of finding an optimal
polynomial state estimate for the class of stochastic linear mod-
els with a multiplicative state noise term is studied. For such
models, a technique of state augmentation is used, leading to the
definition of a general polynomial filter. The theory is developed
for time-varying systems with nonstationary and non-Gaussian
noises. Moreover, the steady-state polynomial filter for stationary
systems is also studied. Numerical simulations show the high
performances of the proposed method with respect to the classical
linear filtering techniques.

Index Terms— Kalman filter, Kronecker algebra, polynomial
filter, stochastic bilinear systems, stochastic stability.

1. INTRODUCTION

YSTEMS with multiplicative state noise, also known in

literature as bilinear stochastic systems (BLSS’s), have
been widely studied since the 1960’s because, from an en-
gineering point of view, they constitute a more adequate
mathematical model for the analysis and control of some im-
portant physical processes. In particular, we stress that bilinear
models are often derived from basic principles in chemistry,
biology, ecology, economics, physics, and engineering [3].
Moreover, the well-known bilinear systems (BLS’s) become
BLSS’s when the input is affected by additive noise.

In control engineering, BLS’s are appealing for their better
controllability with respect to the linear ones [2]. In this
framework, considerable importance is devoted to control and
stabilization problems, as shown in [S]-[11]. The problem of
parameter estimation for BLS’s and BLSS’s was considered
in [12]-[15].

The state estimation problem for BLSS’s constitutes an
important topic in all those cases in which the state itself is not
available directly. In [4], the filtering problem for linear control
systems is considered. In [16], the same problem, for a class of
nonlinear systems including the bilinear ones, is studied, and
a linear filter is obtained by considering the nonlinear term as
an additive noise. BLSS’s can be considered as linear systems
whose dynamic matrices are a random process and vice versa
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[26]-[31]. In [17] and [18], following this interpretation, a
linear filtering technique for the state estimation of BLSS’s is
proposed.

In this paper we consider the following class of BLSS’s:
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B(k, x(k), &'(k)) +&(k) (1)
y(k) = C(k)x(k) +n(k) 2)

where (k) € R"™, y(k) € R™, and &'(k), £&(k), n(k) are
white sequences (not necessarily Gaussian) in IR”, IR?, and
IR", respectively, A and C' are matrices of suitable dimen-
sions, whereas B(k, -, -) : R" x R’ — IR"™ is a bilin-
ear map. Moreover, we will assume the independence of
2(0), {&(k)}, {€'(K)}, and {n(k)}.

The problem we would like to face is the filtering of the
state z(k), given the measurement process {y(7), j < k}. It
is well known that when B = 0, this problem is solved by
the famous Kalman filter which yields the linear minimum
variance optimal state estimate (actually optimal among all
filters in the Gaussian case) [32]. The general case is, until
now, unsolved. As mentioned above, a suboptimal solution
can be obtained by substituting the stochastic forcing term in
(1), namely

g(k) = B(k, z(k), £'(k)) + £(k) 3)

by a process having the same first- and second-order prop-
erties. Indeed, it is readily proved that {g(k)} is a white
sequence so that the Kalman filter can be implemented in order
to have the optimal linear estimate. Of course, the stochastic
sequence given by (3) is not Gaussian so that the Kalman filter
does not give the optimal estimate. Recently, the problem of
finding nonlinear filters for non-Gaussian linear models has
been considered. In particular, a quadratic filter is proposed in
[19], and its extension to a more general polynomial case is
considered in [20].

In this paper, we are able to define a filter for a BLSS
such as (1) and (2), which is optimal in a class of polynomial
transformations. We also stress that a Gaussian-noise setting
is meaningful in the present case. The theory developed here
includes, as a particular case, the one described in [20],
which can be simply obtained by setting to zero the bilinear
form in (1). It should also be noted that a converse point
of view could be adopted in that a way of constructing
a polynomial filter for BLSS’s could be to compute all
moments of the stochastic forcing term (3) and then using
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the polynomial filter for linear non-Gaussian systems defined
in [20]. However, this way is not convenient at all. Indeed, the
computation of the moments of (3) requires the computation of
the state moments. The application of the procedure described
in [20] for state-moments computation leads, in this case,
to a very cumbersome nonlinear equation, giving very hard
implementation problems that are difficult to analyze as far
as its convergence properties are concerned. In the general
polynomial case, it is much more convenient to assume
as a starting point for the development of the theory, the
representation (just used in [17] and [18]) of the BLSS (1),
(2) as a linear system with a stochastic dynamical matrix. In
this framework, in order to obtain a self-contained general
solution of the polynomial filtering problem for the class of
the BLSS, here we will adopt just the basic strategy described
in [20]. The resulting algorithm will be sufficiently general to
include as a very particular case the polynomial filter for the
linear non-Gaussian systems.

Roughly speaking, the method used here consists of defining
a linear system whose state and output processes include
Kronecker powers and products of the original state and
output processes so that it is amenable to be treated with
Kalman filtering theory. For this purpose, the main tool is
the Kronecker algebra. Some important formulas about this
subject are also deduced (e.g., the expression of the Kronecker
power of a vector polynomial).

We stress that, in the present case, the existence of a stable
solution for the polynomial filter is not guaranteed simply by
the stability of the dynamic matrix as in the linear case.

The paper is organized as follows: in Section II, we recall
some notions in estimation theory which are essential to better
understanding the meaning of polynomial estimate. In this
framework, we define the class of polynomial estimators and
recursive algorithms which we will use later. In Section III,
we make precise the problem statement, and Sections IV
and V explain how to build up the augmented system. In
Section VI, the way to implement the filter on the augmented
system is described. In Section VII, we present the stationary
case and the steady-state theory. Section VIII contains some
remarks about the computer implementation of the algorithm.
In Section IX, numerical simulations are presented showing
the high performance of polynomial filtering with respect to
the standard linear methods. Two appendixes are included:
Appendix A, containing the proof of the main theorem of the
paper defining the augmented system, and Appendix B, where
the main definitions and properties about Kronecker algebra
are reported together with some new results.

II. POLYNOMIAL ESTIMATES

Our aim is to improve the performance of standard linear
filtering for the class of the BLSS (1), (2). For this purpose we
will look for the optimal filter among the class of estimators
constituted by all the fixed-degree causal polynomial transfor-
mations of the measurements. We now clarify this point by
giving some definitions which will be useful in the following.

Let (2, F, P) be a probability space. For any given sub-
o algebra G of F and integer p, let us denote by LP(G, n)
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the Banach space of the n-dimensional G-measurable random
variables with finite pth moment as

LP(G,n)= {X : 2 — IR", G — measurable,

| Ix@Irape) < +oo}

where || - || is the euclidean norm in IR"*. Moreover, when G is
the o-algebra generated by a random variable ¥ : Q — IR™,
thatis G = o(Y"), we will use the notation L?(Y, n) to indicate
LP(o(Y), n). Finally, if M is a closed subspace of L2(F, n),
we will use the symbol II{ X/M) to indicate the orthogonal
projection of X € L2(F, n) onto M.

As is well known, the optimal minimum variance estimate
of a random variable X € L?(F, n) with respect to a random
variable Y, that is II(X/L?(Y, n)), is given by the conditional
expectation (C.E.) E(X/Y).If X and Y are jointly Gaussian,
then the C.E. is the following affine transformation of Y:

Y@

E(X/Y)=E(X)+ EBEXY")(BEYYD)
where Y = Y — E(Y).
Moreover, defining

Y’:[ } Y € L*(F, m)

Y
(4) also can be interpreted as the projection on the subspace

LY n)={Z:Q—R"/IA e R"™™D such that
Z =AY'Y Cc LAY, n) = L3(Y, n).

Unfortunately, in the non-Gaussian case, no simple charac-
terization of the C.E. can be achieved. Consequently, it is
worthwhile to consider suboptimal estimates which have a
simpler mathematical structure that allows the treatment of
real data. The simplest suboptimal estimate is the optimal
affine one, that is II{X/L£(Y”, n)), which is still given by
the right-hand side (RHS) of (4). In the following, such an
estimate will be denoted with X and shortly called the optimal
linear estimate. Suboptimal estimates comprised between the
optimal linear and the C.E. can be considered by projecting
onto subspaces, greater than L(Y’, n), like subspaces of
polynomial transformations of Y. We define the ith degree
space of the polynomial transformations of Y € L*(F, m) as
the following (closed) subspace of L*(F, n):

PY,n)={ZeL}F,n): Z=TY + YRl ...
+TY 40, T e R™ b e R}
where the symbol Yl denotes the Kronecker power (see
Appendix B). By defining the vector

1
Vi=|. | elX(F, 1+m+ - +mh) Q)
vl
we have that

Pi(Y, n) = L(Y;, n).
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We define the ith-order polynomial estimate as the random

variable TI(X/L(};, n)). Since
LYV, n) CLY2,n) C o+ CTLDY;,n)

the polynomial estimate improves (in terms of error variance)

the linear one. Let H be the closure in L2(F, n) of

oo

P, m)=|J £ n)

=0

since, in general, for H # L?*(o(Y), n) we cannot assert
that the polynomial estimate “approaches” the optimal one
for increasing polynomial degrees. Nevertheless, the C.E. of
X can be decomposed as

E(X)Y) =1II(X/H) + II(X/H)

where H~ is the orthogonal subspace of 7{. From the pre-
vious relation we infer that the polynomial estimate can be
considered as an approximation of the optimal one only when
|ITL(X/HL)||z= is suitably small. However, the polynomial
estimate always yields an improvement with respect to the
performance of a linear estimator. Moreover, we can calcu-
late it by suitably modifying the space of observed random
variables and using (4)

LCX/PY, m) = B(XVT ) B(PT) i+ EX)
(6)

where
Vi 2y - E(Y).

Now, let us consider a sequence {X;} of random variables in
L?(F, n) and another {Y;} of observed ones in L?(F, m).
The problem of estimating Xy, given {Yg, Y1, -~ -, Y3}, can
be solved by defining the vector

Yo
Y;
Yo = !

Y3

and applying (4) with Y = Y. — E(Y, ) so that the
optimal linear estimate of X} is obtained. When the joint
sequence {X;, Y;} is Gaussian, (4) yields the optimal estimate
E(Xy/Yo, - -+, Y%). Similarly, if the moments E(YJ’%), Jj=
1,---,2h, k=0, 1, ---, are finite and known, the Aith-order
polynomial estimate can be obtained by extending the vector
Y. 1 as in (5). However, such a method is highly inefficient,
because it leads to a fast growth of the dimensions of involved
matrices so that it does not result in being very useful from an
application point of view. A more realistic approach should
consist of searching for a recursive algorithm able to yield
the above estimates. For this purpose, we give the following
definition.
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Definition 2.1: We say that the estimate Xk of X (not
necessarily optimal) is recursive of A order if there exists
a sequence of random variables {Z;} and transformations
R, T, such that the following equations hold:

Zy =Rp(Zr—1, Yo, Yr1, -5 Yron) @)
X =Ti(Z). )

As is well known, in the Gaussian case and when the
sequences {X;}, {¥;} are the state and output evolutions of a
linear discrete-time dynamic system, the optimal estimator of
the state satisfies a recursive equation as in (7), (8), with Ry
given by a suitable linear transformation, 73, = I (I identity
matrix) and A = 0 (the Kalman filter). The same equations
give, in the non-Gaussian case, the optimal linear estimate.

In the next section, we will prove that when {X;.} and {13}
are the state and output processes, respectively, for a BLSS as
in (1), (2), it is possible to find a structure (7), (8) where Ry
has the form

Ri(Zr—1, Yo, Y1, -+ Ya—a)
= Ri(Zi—1, Fx(Ya, Ya1, -+, Yaon))

with R;C linear and F}, polynomial such that (7) and (8) yield
the sequence {X x| of optimal estimates in a certain subclass
of all the polynomial transformations of fixed and finite degree.
In order to define more precisely this subclass of polynomial
estimators, we need to give some preliminary definitions.

Consider the above-defined vector Y, ;, and let > 0 be a
fixed integer; we define the subspace

PV,A(Y;%,kv 7’L) C PV(Y;%,kv 7’L)

as

7)z/, A(Y;%, k> 7’L)

= (e L2(Fon) 6=

2.

0<hi++4h, <v

Ch,l,z‘,j(Y;yili}l @ - ®Y,£’iﬁ)

2.

0<iy, oy ip <k

max |ig—ip|<A
where the ¢, 1 4, ;’s are suitably dimensioned matrices. Since
the subspace P, A(Ye, 1, n) is finite dimensional, and there-
fore closed, we have that for any £, it is possible to orthopro-
ject there the L? random variable X;. Then, we can give the
following definition.

Definition 2.2: The random variable X ,E’" A), given by

X,EV’ A = I( Xy /Py aYe k, 1))

is said to be the (v, A)-order polynomial estimate of Xj.

The random variable X ,E’" A) represents the optimal estimate
of X} among all the p-degree polynomials, including cross
products between observations which lie in a time window of
width A. Since

L"(Y;%,kv 7’L) = Pl,O(Y;%,kv 71)
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and
Po,alYe, ks n) C Pogr, alYe, ks 1)

v=12--- A:(L]_7
PoaYe 1, n) C Py a1 (Ye x, n)
v=12--- A:(L]_7

the result is that the estimate quality had to improve for
increasing » and/or A.

III. THE PROBLEM

The problem we are faced with is the filtering one for the
following class of stochastic discrete-time bilinear systems:

x(k +1) = A(k)x(k) + B(k, z(k), & (k)) + (k)
z(0) == )
y(k) = C(k)x(k) + n(k) (10)
where, for any k
xz(k) e R™,
¢(k) eRY,

y(k) € R™,
(k) € R™.

{(k) e R™

Moreover, A(k) € R"*",C(k) € R™*", whereas B(k, -, -)
is a bilinear form in IR™*“. The random variable Z (the initial
condition) and the random sequences {£(k)}, {&'(k)}, {n(k)}
satisfy the following conditions for any k£ > 0.

1) There exists an integer ¥ > 1 such that

E(J7]*) <00, E(lE®I*) < oo
E(lg' ()I*) <00, E(lln(k)][*) < oo

2) The initial state  forms, together with the sequences

{&(B)}, {€(k)}, {n(k)}, a family of independent ran-
dom variables.

3) All random sequences {&(k)}, {&€'(k)}, {n(k)} are
white.

It should be noted that the vector B(k, xz(k), &'(k)), in (9),
due to the bilinearity hypothesis, can be written in the form

B(k, x(k), §'(k)) = Z Bi(k)a(k)Si(k)

where B;(k) € IR™™" is a suitable matrix and &/(k) denotes
the ith entry of the vector &(k). Then, system (9), (10) can
be rewritten as

w(k+1) =Alk)z(k) + k), z(0)=T  (11)
y(k) = C(k)x(k) +n(k) (12)

where
Ak) = A+ BUHE) 13

System (11), (12) is a linear system with a stochastic dynamic
matrix. It is equivalent to the original bilinear system because it
generates exactly the same state and output processes. Hence,
in order to obtain a state estimate, we can consider this latter
system in place of (9), (10).
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Our goal is the determination of a discrete-time filter, that
is a recursive algorithm in the form (7), (8), which gives at
any time k the optimal polynomial state estimate of (v, A)-
order (see Definition 2.1) for the system (9), (10), given all
the available observations at time % : 3(0), ---, y(k).

In the next sections, it will be shown how to obtain such
a polynomial filter. Moreover, in the constant parameter case,
conditions will be defined assuring the existence of a stationary
polynomial filter.

The approach that follows goes along the same line as in
[20], consisting essentially of the transpose of the originary
problem to a linear filtering one, solvable by means of the
Kalman filter. In order to define a polynomial estimator which
also takes into account cross products between observations at
different times, we need to introduce the following so-called
“extended memory system.”

IV. THE EXTENDED MEMORY SYSTEM

Given the system (9), (10), and having chosen an integer
A > 0, let us define the following vectors:

e 2,
ety = | - Mere =" - emr
y(k = A) y(k - A)

(14)

with ¢ = n +m A and p = (A 4+ 1)m. Taking into account
the equivalent equations (11), (12), we have that z.(k), y.(k)
satisfy the following relations:

ze(k+1) = A (k)z.(k) + FN(k) (15)
ye(k) = Ce(k)xe(k) + GN(k) (16)
where
[AK) 0 v -0 0
c(k) 0 0
Aky=1 0o I (17)
0 I 0
rC(k) 0 0
=19 1 . (18)
0 I
I 0
0 I 0 I
N(/f):ﬁgm, F=1|: 0|, G= 0 0
C 0 0
0 0

We call (15), (16) an extended memory system.

In the next section, which contains the main result of this
paper, we will be able to derive the evolution of the Kronecker
powers of the above-defined extended state and output.
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V. THE AUGMENTED SYSTEM

Let us consider the integer 1 > 1 for which Property 1) of
Section III holds. We define the augmented observation as the

vector Y € R*, p = p+p?>+ -+
y[%(k)
ye (k)
NOEN (19)
(k)
Moreover, we define the augmented state as the vector X' €
IR*, where \ = g+ P+ 4+
z. (k)
X(k)=| . (20)
Ay

Now, for a bilinear system such as (9), (10), satisfying the
Properties 1) and 2) of Section III, let us build up the extended
memory system (15), (16), the augmented observations (19),
and the augmented state (20). Let I(I) and I(«, 3) be the
identity matrix in R’ and in R , respectively. Then, the
following theorem holds.

Theorem 5.1: The processes {V(k)} and {X(k)} defined
in (19) and (20) satisfy the following equations:

X(k+1) = AR)X(E) +UE)+ F(E),  X(0)=2X (1)
V(k) =C(E)X(k) + V(k) + G(k) (22)
where
. FE(N(k))
7 5[21 U - F[Q]E(JZV[Q](k))
7] FUE(NV(k))
GE(N(k))
V(E) = G[21E(]:\7[2](]§))
GIE(NI(k))
[E(Ac(k)) 0 0
A(k) — H2, l(k) E(Aeﬂ(k)) 0
H1 ( k.) ..... H2 ( k} ......... E'(}i E”T( };) )
[ C.(k) 0 0
cly = |L2i®) CER) 0
Ll(k) . L 2 '('/5) ........ . L’;]'('k .)

H; (k) = M{_(q)(F'~1 @ E(AM(K)))
: (E(N[i—”(/c)) ®I, z)

= M (p)(GF~1 e Cll(k))
-(EXPJﬁ_”(k))@DI%l).

L; (k)

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 42, NO. 8, AUGUST 1997

Moreover, {F(k)}, {G(k)} are zero mean uncorrelated se-
quences such that

E(F(k)G* (7)) = 0,

whose auto- and cross-covariance matrices

k#j (23)

have the following block structure:

rQ1.1(k)  Q1,2(k) Q1 .(k)
k) = Q2,1(k)  Q2,2(k) Qo (k)
0o (B) Quak) - Qo)
TR1,1(E) Ri,2(k) R, (k)
R(k) = Ro,1(k)  Ra,2(k) Ra, (k)
[Roi(k) Rualk) - Ruu(k)
T, 1(R) T, o(k) T, (k)
(k) = J2,1(k)  T2,2(k) T2, (k)
i (B) Foa ) o T n(R)

where, for v, s = 1, -+, v, Qp 5(k), Ry s(k), T s(k) are
q" x ¢°, p" X p°,q" X p° matrices, respectively, given by the
following formulas:

Q2 (k) (24)

Qr,S(k) = Qv(,ll(k) +

r—1

=

-1

> M
§=0
. (F[r+s—l—j1 ® E(A[lﬂ'}(k)))
“Tntm, 5= @ Clngmyr=igt, g7)
(I
(

Qv(ll @)st™ 1 (Iq,s—j(g’cgl,qj)

ntm, s—j ®C(n+m)r gt j)
(BN~
— EWNE(k) @ EWNUU(E)) @ I, 145)
<Oyt ) Bl (k) M ()"
(25)

e

. (F[7‘+S—l—ﬂ

Q’$2?9 (((I(LS —J ®CZ qJ)

@ (E(AI(k))
— E(AN (k) © E(AV(K))))
“Tntm, 5= @ Clngmy=tqt, a)
), =5 @ Clupmyr=iqt, o)
(BNE) © BIN-U(8) © 1, 14)
Oy, JEGI )M ()T

(26)
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r—1 s—1
=303 M) (L, oy @ CF )
=0 j=0
(Glrs=t=il @ Ol (1))
( n+m,s—j ®C(n+rn)T iqt, j)
( n+m,s—j ®C(n+m)r tqt, j)
(B(NEH=I(E))

— BWNEI(R) @ B(NUTI(R) © Iy, 145)

O, ) B (k) M2_(p)"

(27)
r—1 s—1
Tr,s(k) = Z Z M_(q)st™( (((Lp, s ®C$,pa‘)
=0 5=0
(Gl o FIr-l @ B(Al(K)) ®Cem(k))
( n+m, s—j ®C(n+rn)r iqt, j)
( ntm, s—j ®C(n+rn)r iqt, j)
(B(NEA== ()

— EWE(k) @ B(NUTU(R) © Ly,145)
Oy, ) B )M (p)"
(28)

Proof: See Appendix A. O
We call system (21), (22) an augmented system. It is
a classical time-varying stochastic linear system. Its state
and observation noises are zero mean uncorrelated sequences
and are also mutually uncorrelated at different times. For
these noises we are able to calculate their auto- and cross
covariances. Hence, for the augmented system the optimal
linear state estimate can be calculated by means of the Kalman
filter equations. In order to proceed along this way, we first
need to determine the quantities E(A(k)) and E(z!(k))
for ¢ = 1, ---, 2, which appear in the augmented system
matrices and in (23)—(28).

The matrices E(ALZ](k)), ¢t =1, -, 2v can be recursively

1111

where Qp ;(k), h > 1,1 > 0 are given by the following
recursive equations:

Qn,i(k) = (CTnu Iy 1) (R)(Cy e @ 1g,1-1)  (30)
Ty, (k)
Qn+1,1-1(k) 0 0
= |C(k) @ Qn,1-1(k) 0 0
0 Itm-(A=1)®@Qpi-1 0
(31
with initial conditions
AN
= E(Ac(K))
A(k) + 32,1 Br(k)E(&(K)) 0 0
= C(k 0 0
0 Ilm-(A-=1)) 0
(32)
Q..0(k) = E(AP(E)),  s=1,2,--- i, (33)

Proof: First of all, note that the matrix A.(k), defined in
(17), can be rewritten in the compact form

A(E) 0 0
Ac(k) = |O(k) 0 0] (34)
0 I(m-(A-1)) 0

where the null blocks are suitably dimensioned, A(k) is
defined in (13), and I(m-(A—1)) denotes as usual the identity
matrix in R™*~ (we conventionally assume that it vanishes
for A = 1). From (34), and for ¢ = 1, ---, 2v, (35) follows,
as shown at the bottom of the page. Moreover, for any pair of
integers h, [, using Theorem B.3 and Property (93c), we have

E(AM(k) @ AB(K))
= BE(AM (k) @ A (k) © Al7H(k))
= E((C] 1 (Ae(k) © AM(R)C,, ) @ ALH(R))

calculated from E(flm(k)) as stated in the following theorem. - E((C’q o @15 121)
fheoremaze b for i () @ APR)C, ) © ABH(R))
Qi(k) £ E(AV(K)) = (CT 0 © 1)
and then we have 'E(A (k) ® A[M(k) Ag_u(/ﬂ))(cq,n“ ® 1 ,l—l)
Qui1(k) 0 0 = (Cg e @ Ig,1-1) T, (k) (C i @ I 1-1) (36)
Q;(F)=|C(k) @ Q;_1 (k) 0 0
0 Im-(A-1)eT k) 0] where
(29) Th,.1(k) 2 B(A(k) @ AP(k) @ Al=Y(k)).
E(A(k) @ AF (k) 0 0
E(AU(k)) = E(A(k) @ AF=H(k)) = | E(C(k) @ AL (k) 0 0
0 Itm-(A-=1)o EA M) o
E(A(k) @ AFH(k)) 0 0
=| Ok @Qi_1(k) 0o 0 (35)
0 Itm-(A=1))@Q;_(k) 0
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Taking into account (34), we have the resulting (37), as shown
at the bottom of the page, where

Qn,i(k) 2 B(AM(k) @ AW (k).

Equation (37) substituted in (36) yields, by exploiting (38) and
(35), (30) and (31). From (38) we have

(38)

Qi1 = E(A(k) @ AF~H(k))
and substituting this in (35), we obtain (29). Finally, note that
from (13) and taking into account (34), the initial condition
(32) follows. Moreover, from (29)-(31) we infer that to
compute (1 ;—1(k) it is enough to know the matrices ¢}, o(k),
for s =1, 2, ---, %, which are given by (33), as immediately
follows from (38). |

Theorem 5.2 allows us to compute recursively the matrices
E(ALZ}(k)) for ¢ = 1,---, 2v, from the initial conditions
(32), (33). Condition (32) is immediately given from the data,
whereas to obtain (33) we use the following result.

Theorem 5.3: The matrices E(AFl(k)) are given by the
following formula:

ho>0 My n

ho+hi++h,=t
(ARl @ (st (B (M) e - @

- (st(Bu(R)) (H & ik ) )

(39)

E@WMF“*G&% mgj

Proof: By applying (106) and Corollary B.8, and by
exploiting (13), we have

B+ BBEE)
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=st71 <D§;‘)nE < <st(A(k))

. ]
+§jawxmmw0

1 . .
=st D’SLZ,)TL ho, -, hy >0 M}ZLo,“',hu
hot+hi+ - +h,=t

((stA® o st BN @ - @

(S6(Bu (k)] (H &Mk )) O

As far as E(JI:LZ1 (k)), i =1, ---, 2u, the vectors appearing
in the expressions of the augmented noise covariances, are
concerned, the following theorem shows that their calculation
is possible by means of a recursive algorithm.

Theorem 5.4: The vector of the expected values My, (k),
defined as

E(z.(k))
MQV(k) = : ]

E(a:g"}(k))

satisfies the following recursive equation:

Moy (k + 1) = Az (k) May (k) + Usy (k)
M2,(0) = M, (40)
where
) SR
ol — E(f”) (b = (: (k))
E(@") FI2 BN ()
[E(Ac(k)) 0 0
.142,,(/6) — H2,1(k) E(A£21(k)) 0
Hy,1(k)  Hay o(k) E(AP (k)
H; (k) = M{_(9)(F~ o E(A(R)))
-@xhﬂw»®ao
Proof: See Appendix A. O

E(AM(k) @ AUk
C(k) @ E(AM(k)
0
[ Qh—]—l, l—l(k)
= |C(k) @ Qn,i1-1(k)
0

Th,i(k) =

I(m- (A

@ Al (k)

0 0
0 0
-1)®Qni-1 0

0 0
0 0
L, a1 @ E(AM(K) @ AFY(R) 0

(37
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VI. POLYNOMIAL FILTERING

Now we are able to apply the Kalman filter to system (21),
(22). It should be highlighted that since the samples of the
augmented state and output noises are in general correlated at
the same time, the system needs to use the Kalman filter in a
version given by [22], which takes into account this nonzero
correlation. The equations to use are the following:

X(k)=X(k/k—1)+K(k)
(V) - e -1) = VR @)
R+ 1/k) = (A(R) = (AR)K(E) + Z(R))C(R))
- X(k/k—-1) 4+ (AR)K(E) + Z(k))
(k) = V(R)) + U(k) 42)
Z(k) = T (k) (CURYP(k/k = DCT (k) + R(K) ™ (43)
Pk +1/k) = A(kYP(k)AT (k)
+Q(k) — Z(k)T T (k) — AGRK(R) T (k)
— TR (k)AT (k) (44)
Pk) =P(k/k —1) - K(E)C(k)P(k/k - 1) (45)
K(k) =P(k/k - 1)CT(k)
(CRYPR/E = )T (k) +R(K) ™ (d6)

where (k) is the filter gain, P(k), P(k/k—1) are the filtering
and one-step prediction errors covariances, respectively, and
the other symbols are defined as in Theorem 5.1. If the matrix
C(kYP(k/k—1)CT (k) +R(k) is singular, it is possible to use
the Moore—Penrose pseudo-inverse.

Equation (41) yields recursively the vector X'(k), that is the
optimal linear estimate of X’(k) with respect to the aggregate
vector of all the augmented observations up to time k:

Y(k)
Y(k—1)

Y(0)
1

(we remind readers that here the unit element allows us to
reduce an affine estimation problem to a strictly linear one).
From Definition (20) of A'(k) and (14) of z.(k), it follows
that the original state, z(k), is the aggregate of the first n
entries of the vector X'(k). Since the optimal linear estimate
with respect to Y, is the L? projection of the random vector
X (k) on the subspace linearly spanned by ), it follows that
we can obtain the optimal linear estimate of x(k) with respect
to Vi, i.e., £(k), by extracting in X'(k) the first n entries

#(k)=[I(n) 0]X(K). @7)

Equation (47) implies that the error covariance of the original
state, namely P(k), is given by

(48)

P =) 0Pm)| ]

where P(k) is given by (45) and hence is the n X n top
left block of P(k). By remembering the structure of the
extended observation (14) and of the augmented one (19), from
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Definition 2.2 we infer that #(k) is the (v, A)-optimal poly-
nomial estimate with respect to the originary measurements
{y(0), y(1), -, y(k)}. As in [20], we call a polynomial
filter the whole set of operations constituted by the recursive
equations (41), (42) and by the extraction of the first n entries
in X (k), resulting in an algorithm having the form (7), (8).

VII. STATIONARITY AND STEADY-STATE BEHAVIOR

Equations (41), (47) allow us the recursive calculation of the
state polynomial estimate for the time-varying bilinear system
(9), (10). However, in the time-varying case the result will be
in general dependent on the initial conditions, whose statistics
are often unknown. Moreover, the gain equations (43)—(46)
need to be implemented simultaneously to the filter equations
(41), (42).

Due to the high complexity of this filter, it assumes great
importance from a practical point of view, to know when there
exists the steady-state version of (44)—(46). Here we will limit
ourselves to examining some important subclasses of bilinear
systems for which we will be able to give necessary conditions
under which a stationary behavior can be achieved.

First of all, let us consider the case when the system
matrices A(k), C(k) and the bilinear form B(k, x, ') of
system (9), (10) are time independent: A(k) = A, C(k) = C,
and B(k, z, &) = B(z, £'). Moreover, let us assume the
noises 7(k), £(k), & (k) are weakly stationary sequences (that
is, their moments are time invariant). This case is modeled by
the following stationary bilinear system:

w(k+1) = —i—ZBa: k) + &k),  2(0)=%
(49)
y(k) = Cx(k) +n(k) (50)

which can be rewritten, as in the time-varying case, in the
linear form with stochastic dynamic matrix

ok +1) = Ak)x(k) +&k), 2(0)=7 (51
y(k) = Ca(k) +n(k) (52)
where
A(k) = A+ Bigi(k) (53)
=1

The corresponding augmented system is
Xk+1)=AXEk) + U+ F(k), X0)=X (54
V(k) =CX (k) +V+ G(k). (55)

As is well known, the Kalman filter implemented on a time-
invariant system such as (54), (55), having second-order
weakly stationary noises, admits a steady-state gain under the
additional hypotheses of stabilizability and detectability [22].
Moreover, from Theorem 5.4, it follows that the extended
state moments, E(a:g](k)), i = 1,---, 2, given by (40),
converge if and only if the matrix Ay, (k) is asymptotically
stable. By observing the structure of A, (k), we infer that
it is asymptotically stable if and only if the eigenvalues of
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all the matrices E(AL,@(k)), for ¢ = 1,---, 2v, belong to
the unit circle of the complex plane. It also follows that
the stability of the matrices E(ALZ](k)), fori =1,---, 2v,
implies the asymptotic stationarity of the augmented noises.
Such a condition is then sufficient to assure the existence of
a stationary filter. Now, the main problem is to give sufficient
conditions for the stability of E(AL@(k)), t=1,---, 2.

We will see that for a strictly bilinear system, even time-
invariant and with stationary noises, the possibility to imple-
ment a stationary polynomial filter is not, in general, assured.
Indeed, we are able to find a counterexample in a particular
but important case, that is when the noises are Gaussian, as
shown in the following theorem.

Theorem 7.1: For the matrices

E(AN(k)) (56)
with A.(k) given by
Ac(k) = A + B.(k)
rA 0 0
c 0 0
Ac=|0 I (57)
0 e e T 0
> By 0
B.(k)=|"=! (58)
L0 0

and under the hypotheses that £’ is Gaussian and tr(A) #
0, tr(B;) # 0, for j = 1, ---, u, it results that there exists
1 < 400 such that (56) is unstable forall I > [.

Proof: Let us suppose, for sake of simplicity, that the
entries of & have unit variance and are mutually independent.
By using Property (93h) and taking into account the structure
of A, (57) and that of B.(k) (58), we have

|tr(E (A (BN = | (tr(A”( D
= [E((tr(Ac(k))] = | E((tr(Ae) + tr(Be (k)|
{
=|E +Z (tx(B
= |B((tr(A

where Y = E?:l tr(Bj)SZ»(k). Hence

l

>

m=0

BRI =| 3 (), ).

Since gj(k)v J = 17 Tty
have

2, are Gaussian and independent, we

my [0, m odd,
E(Y™) = { (m — D)IN(E(Y?)™/2, otherwise;
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and hence

i /2]
[ (EAE RN =

m=0

(o JeCAN=m B2

Note that all the terms of the summation in the right side have
the same sign. Finally, we have

[1/2]
> (o, (a2 )

m=0

u

> min {1, tr(A4)}1 —2)! Z(tr(Bj))Q

Jj=1
where the right side is obtained by calculating the sum for
m = [I/2] and taking into account that

u

> (B

i=1

E(Y?) =

Hence, we have |tr(E(fl£l1(k)))| — +00, for | — +o0, faster
than [I/2]!. Since

tr(E(Al(k))) = zq:)\i <d max (M)

where A; are the eigenvalues of E(flg}(k)), this implies the
existence of at least one eigenvalue greater than one. |

The circumstance that the availability of the steady-state
moments of any order is not assured for a bilinear system
represents a limitation in designing stationary polynomial
filters. In order to be more precise about this limitation, let
us introduce the following definition.

Definition 7.2: For a stochastic bilinear system such as
(49), (50), we define the stochastic stability degree v, as
the maximum order for which the extended state moments
E(z"(k)), i = 1,--+, v, converge to a finite value for
k — +oo, for any initial condition E(a:y(())) < +o0. We
set s = 0 when the first moment is not convergent.

For a stochastic time-invariant linear system having finite
noise moments of all orders, v, can assume only the values
zero or 4-00; that is, if the dynamic matrix is stable (unstable),
vs = +oo(vs = 0). This fact is a trivial reformulation of
the theory developed in [20]. For a bilinear system such as
(49), (50), it is possible to implement a stationary polynomial
filter of (h, A) order, for any A € IN and h < [v5/2] (here
[-] denotes integer part). The determination of the stochastic
stability degree is hence useful for stating in advance the
maximum order for which the state polynomial estimate is
computable by means of a stationary filter. For this purpose,
some results, useful for the determination of the stochastic
stability degree, can be found in [17], [18], [24], and [25].
Here we specialize the above-mentioned results in order to
study the stochastic stability of the Kronecker powers, up to
the vth degree of the extended state or the stationarity of the
extended state moments, which is the same.
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Lemma 7.3: The stochastic system

x(k+1) = A, (k)x(k) (59)
where {A,(k)} is a sequence of independent identically dis-
tributed stochastic matrices, has its /th moment asymptotically

stable if
Mr(EANT ()AL (R) = a < 1

where Ay (B) denotes the maximum eigenvalue of matrix B.
Proof: Taking the [th Kronecker power in (59) we have

2k +1) = Alk)2l(k). (60)

From the hypotheses it follows that
BAL (Al (k) < 1
hence

EAYT (AR —T=—P, P>o0.
The thesis follows by applying [18, Lemma 3.2] to (60). [
It is now possible to determine a sufficient condition for the
stability of (40). In fact, the following theorem holds.
Theorem 7.4: If
EQu(Al” (0) Al (k) < 1 (61)
then Vj < I, E(ALﬂ(k)) is stable.
Proof: Observe that the function Ap; is convex on the
set of symmetric nonnegative matrices. This easily follows by
the property [21]:

Av(Q1 4 Q2) < Am(Q1) + A (Q2)

VQi, Q2 >00Q; = QF, Qy = QF; hence, using the Holder
and Jensen inequality and (61), Vj < I

o = M (EAUT (1) AV(R))) < EOwr (AT () AL (1))

= EQw (AT (k) A, ()W) = E((Aar (AT (R)As(R))))
= (B (AT (R)As (k)Y )M Y
<((BOw (Al ()AL )Y <1
which, using Lemma (7.3), proves the thesis. O

Corollary 7.5: A sufficient condition for the stability of
(40) relative to (49), (50) is

E(tr(AT (k) A (k) < 1.
Proof: The thesis follows from the inequality:

B (AR (1) AR (k))) < E(ix(AT (k) A (k)"

applying Theorem 7.4 with A (k) = A.(k) and taking into
account of the block-triangular structure of As,,. O
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VIII. IMPLEMENTATION REMARKS

Some numerical simulations have been carried out on a
Digital “alpha” workstation by implementing the polynomial
filter equations in order to produce for any pair of integers
v > 0,A > 0, the (v, A)-order optimal polynomial state
estimate of a BLSS.

For this purpose, we have written a C-language program
whose main part is devoted to the efficient implementation of
the algorithms, described in Sections V and VI and Appendix
B, for the computation of the filter parameters. By observing
the formulas which define the augmented system parameters,
in the statement of Theorem 5.1, it becomes evident that the
computational effort of the whole polynomial filter algorithm
quickly grows for increasing v and/or A. Nevertheless, we
point out that even low-order polynomial filters (quadratic or
cubic filters) which do not require a particularly sophisticated
implementation show very high performances with respect to
the classical linear filter. Indeed, as shown in some numerical
simulations of the polynomial filter for linear systems [20], the
error variance of a cubic filter may be 80% smaller than the
Kalman filter. As we will see later, these high performances
are confirmed by low-order polynomial filters for a BLSS. In
the case presented here, the second-degree polynomial filter
yields a signal error variance of 54% less than linear filter. In
the same case we have been able to compute the fourth-degree
polynomial filter (indeed, a high-order filter, in that it requires
a state space of dimension 30 for two-state variables of the
system) which yields an improvement of 75% with respect to
the linear filter. As shown in some pictures, the restoration of
the noisy signal is very impressive.

We would like to stress that the high dimensionality of the
filter is not by itself a true limitation for the implementation.
In fact, by using an efficient implementation scheme for those
data structures which appear in the formulas as matrices of pro-
hibitive dimension, it is possible to overcome such difficulties.
It should be noted that the computational effort is mostly due to
the calculation of the augmented system parameters. In many
cases that are relevant from an application point of view, that
is, time-invariance of system parameters, stationarity of noises,
polynomial degree less than the stochastic stability degree (see
Section VII), we can separate the augmented system matrix
computation from the filter equations (41)—(46) that do not
show relevant computational troubles. In all of these cases,
polynomial filtering is amenable to real-time applications. The
numerical simulations presented here concern the filtering
of time-invariant BLSS’s with stationary noises and degree
less than the stochastic stability degree so that the stationary
polynomial filter is implemented using the steady-state gain,
and the augmented matrices are calculated before filtering.

Among all the algorithms which are necessary for the
computation of the augmented system parameters, the most
burdensome are those involved in the computation of the
extended state moments E(a:LZ1(/€)), ¢t = 1,---, 2v, that
appear in the augmented noise covariance (24)—(28). These are
obtained by running (40) until convergence is achieved. The
dynamical matrix .As, of (40) may be very large and exceed
the available computer memory space. We think that for large
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degrees (i.e., three or more) many tricks can be conceived,
when a larger computer memory is not available, in order to
save memory space (for instance, to save and use only suitably
small blocks of the matrix).

In order to calculate the matrix A5, and the augmented
noises covariances, the computation of the matrix moments
E(ALﬂ(k)), i =1, -+, 2v is needed. These are obtained by
means of the algorithm defined by Theorem 5.2, which in turn
requires the matrices E(Al(k)) given by (39). The matrices
Dgf;)n, t =1, -+, 2r, which appear in (39) (and are defined
in Corollary B.8), are n2* x n?* dimensioned; that is, they may
be too large. In our example, for n = 2,v = 4, A = 0, they
have 2!¢ entries! Nevertheless, this very high dimensionality
is only apparent. In fact, by considering (104) we realize that
D,(fy)n can be viewed as an operator which simply permutes the
entries of a vector (permutation matrix). A permutation matrix
is a zero—one square matrix with one (and only one) unity on
each row and column so that it can be simply implemented
as a string of 2% integers, each one representing the column
index of the unity in a row. Also note that the commutation
matrices, given by B.6, which appears in many formulas, are
permutation matrices.

Finally, the last kind of matrices widely used in the whole
algorithm, which can easily grow toward huge dimensions,
is the binomial matrix Mlh, defined in Theorem B.6, and
the generalization M }’fh sy defined in Theorem B.9. These
are integer matrices with many null entries; for this reason
we have implemented them as integer sparse matrices. In
spite of this expediency, we have observed that the matrices
M, 207 e used in (39) can still exceed the computer memory.
Anytime this happens we adopt the method, mentioned above,
consisting of calculating only small blocks of the matrices
and removing them after their utilization. Thus, we can avoid
overcoming space memory availability, in spite of a growth of
the CPU time. This method surely can be adopted for higher-
polynomial degrees and system orders and always assures that
the computation will be made with the same memory usage.

It should be underlined that, in the most important stationary
case, all the above-mentioned expediences are useful, and
sometimes necessary, in order to treat efficiently the major
critical parts of the whole algorithm, even if they can produce
a great growth of the CPU time needed for the filter parameter
computations. However, they do not affect filter measurement
processing.

IX. SIMULATION EXAMPLE

The example of an application we are going to consider
belongs to the class of the so-called switching systems, widely
used in many research areas such as failure detection, speech
recognition, and, more generally, in the modeling of phys-
ical systems affected by abrupt changes in the parameters
[26]-[31]. In particular, we are interested in the class of
systems described by the following partially observed equation
defined on (02, F, P), evolving in R™:

x(k +1) = A(k)z(k) + £(k)
s(k) =Cx(k)

y(k) = s(k) +n(k) (62)
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where y(k) € R™; {£(k)}, {n(k)} are white sequences and
{A(k)} is a white random matrix sequence taking values in
the finite set {A;, As, -+, A;} with probabilities P(A4;) =
pi, ¢ = 1, ---, q. System (62) can be easily represented as
a BLSS in the following way. Let ¢;, ¢ = 1, ---, ¢q be the
canonical base in IR, and let us define the white sequence
{¢(k)} assuming values in {ei, ---, ¢, } with P(¢'(k) =

€)=mp;, t=1,---,q, k > 0. Then
q
=" Agi(k) (63)
=1
From the above hypotheses, it follows that £ (k) = 1 —
S ¢l(k), and using this in (63) results in
g—1
Ak) = Ag + ) (Ai = A& (k). (64)
=1

By combining (62) and (64), we obtain the BLSS (11), (13)
with A(/{;) = Aq, Bz(k) =A; - Aq, u=q-— 1.

Now, in order to test the filter, let us consider the switching
system (62), withn = ¢ =2, m =1

02 041
Al_{—o.m —0.2}

Ay — [0.8 0.09}

0.15 04
C=[0.7 03]
and P(A;) = P(A) = 0.5. Moreover, let the white random

sequences {£(k)}, {n(k)} be defined as

1(k)
s =[20
&i(k)(w) ==0.48xp (w) +0.12xp, (w)
La(k)(w) =0.02x p, (w) — 0.18x F, (w)
n(k)(w) ==0.168xm, (w) + 0.172x 1, (w) + L.17x o1, (w)

where xg, ¢ € F denotes the characteristic function of ()
and the disjoint events (I, F5), (F3, Fy4), and (H1, Ho, H3)
have probability

P(F)) =02  P(Fy) =08
P(F3) =09  P(F)=
P(H)) =08  P(Hy) = P(Hs) =0.1.

Following the above described procedure, such a switching
system is represented by the following BLSS:

w(k+1) = Ax(k) + Bu(k)§ (k) + ()
s(k) =Cxz(k)
y(k) = s(k) +n(k) (65)

where A = Ay, B = A;j— Az, and {&'(k)} is a white sequence
defined as &'(k) = xg with G € F, P(G) = 0.5.

For this system, we have built the steady-state augmented
system for the polynomial degrees v = 1, 2,3, 4, with
A = 0 and the quadratic and cubic also with A = 1.
To each one of these augmented systems we have applied
(43)—(46) in order to obtain the steady-state gains and error
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Fig. 1. True and measured signal.

covariances. Then, for all these cases, we have used the gains
in the filter equations (41), (42), starting from initial condition
Z(k) = 0. The corresponding estimates for the signal s(k)
are readily obtained by using the relation §(k) = Ciz(k).
Moreover, the signal error variance, namely P, is given by
the relation P, = CTPC, where P is the steady-state value
of the state error covariance given by (48). By denoting
with P10 p2.0) p,0) p(40) the g priori state error
covariances given by the 1, 2, 3, 4th-degree polynomial filters,
respectively (all with A = 0), and with P> P31 the
covariances relative to the A = 1 quadratic and cubic cases,
respectively, the obtained values are the following:

p,o) _ [0.06831 0.00377
~ 1000377 0.00676

[0.03148 0.00074
P29 = 10.00074 0.00645

[0.0027  0.001
P30 = |0.001 0.00634

[ 0.01772 —0.00028
P40 = [-0.00028  0.006 32

[0.02986  0.00083
P@1) = {0.00083 0.00644

[ 0.02208 —0.00039
P31 = [-0.00039  0.00632

where we have the 2 x 2 matrix blocks on the top left side
because they contain in the main diagonal the steady-state esti-
mate error variance of each component of the state. The corre-

35 40 45 50 55 60

Sponding Values’ 0—(1:0)7 0—(2: 0)7 0—(3: 0)7 0—(4: 0)7 0—(2: 1)7 0—(3: 1
for the signal error variances are

19 =0.03566
29 =0.016 31
o@D =0.01556
39 =0.01384
o3 =0.01155
o*9 =0.00913.

As implied by the overall theory described in Section II,
we can see that both signal-error variances and state-error
variances of each component of the state decrease with the
increasing of polynomial degree. In the ¥ = 4, A = 0 case,
the signal-error variance is 75% less than in the linear filtering
case. Also for the error-variance values relative to the quadratic
and cubic cases with A = 1, we observe, as expected, an
improvement with respect to the same cases with A = 0.
However, in our experience, the contribution of the increasing
A is less effective than the increasing of the polynomial
degree.

In Table I, the sampled variances of the state and signal,
obtained with a number N = 100000 iterations, are reported.
As expected, these values are close to the above a priori
variance values. In the same table are also reported the signal
sampled variances for the Monte Carlo run of 60 iterations
relative to Figs. 1-5. Fig. 1 displays the sample paths obtained
for the observed and true signal, whereas Figs. 2—4 display
the same path of the true signal with different polynomial
estimates.

X. CONCLUSIONS

The (v, A)-optimal polynomial filter for the BLSS (1), (2),
given the (v, A)-order polynomial estimate (see Definition
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1.5

T T T T T

signal ---- E
fiitered signal —

B(AM(k)), i = 1, .-, 2v, is not implied by the stability
of E(A.(k)) so that in general the steady-state polynomial
filter can be implemented only up to a certain finite degree.
Corollary 7.6 gives a sufficient condition for the stability of

Even if the computational burden of polynomial filtering
grows when r and/or A increase, many tricks (e.g., as in
Section VIII) can be conceived in order to considerably reduce
computer memory and CPU time utilization. Numerical simu-

0.5 |
1 1 i 1 1 1 1 1 1
10 15 20 25 30 35 40 45 50 55 60
Fig. 2. True and filtered signal with v = 1, A = 0
TABLE 1
y 2
o) e s) s a T (o—#)s
N=60 | N=10° | N=10° | N=10°
v=1 A= 0.01898 0.03531 0.06761 0.00675 the matrix A2u~
v=2 A=0 0.00483 0.01633 0.03143 0.00645
v=2 A=1 0.00554 0.01571 0.03015 0.00645
v=3 A=0 0.00342 0.01362 0.0265 0.00634
v=3, A= 0.00363 0.01137 0.0217 0.00633
v=4, A= 0.0029 0.0905 0.01757 0.00631

2.2) of the state by means of recursive equations in the form
(7), (8), has been defined for any pair of integers v > 1, A >
0. In particular, the polynomial filter equations are (41), (42),
and (47). These need to use, at each step, only powers of the
last A observations so that the computational burden remains
constant over time. The polynomial filter is obtained by means
of the following steps:

1) construction of the extended memory system (15), (16)
(if A = 0 this step is skipped);

2) construction of the augmented system;

3) application of the Kalman filter equations to the aug-
mented system.

Equations (43) and (46) allow the computation of filter
parameters. These need, in general, to be implemented simul-
taneously to the filter equations (41) and (43). Nevertheless, if
the BLSS is time invariant, the noises are stationary sequences
and the matrix A,, (defined in the statement of Theorem 5.4)
is asymptotically stable, then we can adopt the steady-state
approximation of the Kalman filter, thus obtaining a great
reduction of computational effort.

In Section VII, it is shown that the stability of the ma-
trix As,, or equivalently the stability of all the matrices

lations presented in Section IX show the high performance of
polynomial filtering with respect to standard linear filtering.
For a second-order BLSS, we have observed for the (4,0)-
order filter, an error-variance reduction of 75%. It should be
stressed that the (2, 0)-order (quadratic) filter also shows a high
performance (54%). In this case, computer time for executing
steps 1), 2), and 3), has been less than 1 s and practically all
devoted to filter parameter computations.

We think that future research work on polynomial filtering
should concern the following points:

1) reducing the computational burden of the algorithm in
order to actually make very high-order filters imple-
mentable;

investigation of the possible convergence of polynomial

estimators, with respect to » and A increasing, toward

C.E. and evaluation of the convergence error;

3) analysis of the influence of A values on the polynomial
filter performance. We conjecture that, for a stable
BLSS, this influence tends to vanish when A increases
because the observations tend to be uncorrelated when
their mutual distance in time grows;

4) extension of the polynomial filtering to the class of linear
systems with a multiplicative state noise modeled as a
Markov chain or, more in general, as a colored stochastic
sequence.

2

~
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T
signal
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05

filtered signal —

0 -
0.5 | .
1 1 1 1 1 1 1 I 1
10 15 20 25 30 35 40 45 50 85 60
Fig. 3. True and filtered signal with v = 2, A = 0.
T T T T T T T T T
15 signal ---— E
filtered signal —
1F 4
05 E

Fig. 4. True and filtered signal with v = 4, A = 0.

To conclude, we say that this paper represents a first tenta-
tive attack upon nonlinear filtering problems via a polynomial
algorithm. We feel that this could be a way of construct-
ing suboptimal filters for a more general class of nonlinear
systems.

APPENDIX A
AUGMENTED SYSTEM CONSTRUCTION

In this Appendix, the proof of Theorem 5.1, which defines
the structure and the main properties of the augmented system,
is reported. For this purpose we need to state some preliminary

35 40 45 50 55 60

results (Lemma A.1 and Lemma A.2). In particular, Lemma
A.2 will allow us to readily prove Theorem 5.4.

Let v, v, «, § denote positive integers, {['(k)}, {IV(k)}
sequences of random matrices in IR?*% and RY %%, respec-
tively, and {z(k)}, {¢(k)} sequences of random vectors in
IR and R”, respectively. For any £ > 0, let the following
properties be satisfied.

Y
E(LR)*) < oo, E(I'(R)P) < oo
E(llz(0l*) < oo, E([l@(k)][*) < o0
where || - || denotes the Euclidean norm.
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2) I'(k), ¢(k), and the set {z(5), (1), I'(1);j < k, Il < k}

are mutually independent.

3) z(k), ¢(k), and the set {I'(k), I

independent.

In the following the binomial matrices (101), (102) will be
used often, which will be denoted as A} (1), highlighting the
dependence from the dimension [ of the vectors involved in
the Kronecker power; moreover, the symbol I; ; will denote

(k)} are mutually

the identity matrix in IR” .
In order to simplify the notations, let us introduce the
following symbols:

bi(k) 2 oll(k) — E(¢1(k))
Ti(k) = Tll(k) — B (k)
Ti(k) 2 'k — B (k). (66)
Obviously for ¢ = 1, - -+, 2 we have
E@w»:mﬁw»:ﬂﬁw»:a (67)

With the above notations, it is now possible to state the
following two lemmas.

Lemma A.1: Let {T(k)} be a sequence of stochastic ma-
trices in IR®*® and © be a deterministic matrix in R?*".

Moreover, let us define, for + = 1, ---, 2v, the following
functions:
hiso,alk, T, 0, 2, ¢) =h() (k, T, 0, 2, ¢)
+h) Gk, 1,0, 2, ¢)  (68)
with
Ry ok, T, 0, 2, ¢)
= i Mi_y 6yt Te k)
=0
(¢ U () = B(¢VU(R)) @ L, 0)2A(k)  (69)
he) a(/f, T, 0, z, ¢)
= Z Mi_y6)©F e (xfk) — E(YH(K))))
-E(W‘”(/ﬂ)) ® Lo, )21 (k). (70)

Then, for any couple ¥, ¥’ of (deterministic) matrices in
R"*? and IR” *?, respectively, we have that

E(hi7%a(/€, L, 0,z ¢) =0, i=1,--,2v (7D
and furthermore, for r, s = 1, ---, v we have that
! m T
(h’1( )'y a(kv F? \Ijv 25 d)) : h57a,f7a (J7 Flv \Ijlv 2, d)))
=0, ILm=1,2, i#£k (72)
B, o(k. T 0, 2, h, (kT W, 2, )
=1 B T 2 ) 73)
@ 7T
E(hﬁ(‘,')‘/,a(kv F? \Ijv Z? d))hs,r\/’,a (kv Flv \Ijlv Z? ¢))
=0 (74)
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2 €]
E(hD, (b, T, 0, 2 ))pD, " (k, T(k), ¥, 2, ¢))
=0 (75)
2 (2)
B, ok T, 0, 2, 0P, (0 T, W, 2, )
- 1(,25),'y v, «, B(kv F? Flv \Ijv \Ijlv 2, ¢) (76)
where
1;(,15),"/,'*/ a, B(kv F? Flv \Ijv \Ijlv 2, ¢)
r—1 s—1
= > M (st ((Ly,5-5 @ CL )
=0 j=0

(W o ulr e Brl(k) o 'V (k)

“(I5,5-5 @ Cprotat 05) L5, 5—j @ Chimig o3

(BT R) = B(gP(R) @ B(el (k)

@ Lo,14) - Cot, o BT RDM_;(v)" ()
7% (k, T, I, W, W, 2, ¢)

15"/,"/ a, 3

DML

(st~ (L, ey @ CT )

=1 j=1
W g w1 g BTk — ECWR))
o (k) — BV (k)))

) (I,@: s—j @ GﬁT—lal, ozj)(‘[,@, s—j @ CLI;T—ZOJ aj)
A(E(@F(E)) @ B(¢U (k) © La,115)Cas, o)

B ) M2 ()" (78)

Proof: From 3) it follows that for any I, T(k), ¢ld(k),

and zm(k) are mutually independent; hence taking into ac-
count (66), (67) we have

E(hiwa(k I, 2, ¢))
—Z

-(E@

+Z

(B (d)[” (k) @ Lo,
=0.

Nl B((k))

(k) @ Lo, DBV (F))

N o BETy(k))

DE((k))

As far as (72) is concerned, taking j < k, we have

BE(hY) TG T 2 )

TV, &
r—1 s—1

=D D M,

21 =0 i5=0

: (E($1 11( ))®Ia il)

B (k)21 () (i, (1) © Loy iy)T

St e Gy Me ()T
=0

Wk, T, 0, 2, ¢)ht)

’
5, Y,

[r=i] & E(F[ill(k)))

where Condition 2) and (67) have been exploited.
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Similarly, from 2) and (67) again, the result is

T
E(hY), auf L, 0, 2z, )b, G TV, 2 ¢)

s, v,
—ZZM’ il

AE@,_i, () @ L i)
B (k) () E@P1() @ T i)
(R o T, ()M, ()T

=0

\11[7 —i1] g E(l“[hl(k)))

E(h?) TG 2 )

T, Y, Q

(k, T, 0, z, $)n'",

s, v,

= Z Z My_; (7)(¥

i1=1 i3=0

(E(AE)) @ Lo, i)

- B (k)21 () (@i, (1) @ Loy iy)T

(b= o I GHY M, ()T
=0

=il & BT, (k)

LAP .y
(j7r7m7z7¢))

e BT, (k)

E(h®

1'*/0(

—ZZ

A(BGrE) © La,iy)
- B ()R () (B(e R () @ L, 4,)
(Rl o T, ()M, ()T

= 0.

(k, T, T, z, $)n%,

s, v,

T

In order to prove (73), consider (92); the result is

E(®), ok T, 0, 2, )hD, (1,0, 2, 4)

—ZZMZ ((VstTHE P, s(R)))M_;(Y)
=0 5=0

where P, ,(k) is given by

B (k)

(B (k) @ L )T (WP @ DU (k)T

By applying Properties (93c) and (93e) it follows that

st(Pr, o(k) = (WP o TV () (6,_; (k) @ L, )
® (w1
A (k)
_ ((\I/’[S_ﬂ ® F’[j](k) ® wlr=1] ® l—w[l}(k))
(P (B) @ Lo ; @ Py (k) © I 1))
().

(79)

— (W1 & TU(R)) (@, _y (k) © Lo )20 (k)61 ()T

@ LK) (6,1 (k) © L,0))

(80)

1121

By applying Corollary B.4 we obtain
vt o Vg @ vl e rllr)
=Ly . ® C$T7Wj)(ml[s_j1 @ wlr=1
DTV (Ls, oy © Cirmtat, )
Gy O lo, ;@ bp_y(k) @ Lo
= (g,5-j ® Chrmigt i)
(poy(B) @ by _y(k) @ Lo, 115)Crt 5 -

By substituting (82) and (81) in (80) and then the result in (79),
using Property 3) and taking into account (66), we obtain (73).

Equations (74) and (75) easily follow by applying Property
3):

o Tl(k)
(81)

(82)

1 (2)
E(hY), a(k L, W, 2, ¢, (k, ',V 2, $))
S S MBI o T )
11=0 io=1

- (E( 1_“(16))@ a1 ) B ()22 (k)
(B(¢FR(R) @ La,i)T

(PR e 7L ()M, (V)T

=0
€]
E(hZ, (kT W, 2, $)h,, (k, ',V 2, $))
=3 3 ML B o T )
Zl—l 12—0

(B H(R)) © Lo, i ) E( (R) 212 (k)
— T
) (E(d)s—iz (k)) & Ia il)
(@E o Rl M, ()
=0.

It remains to prove (76). For this purpose, note that
h522/ Sk, T, U, 2, ¢) is shown to be formally equal to
hﬂa(/ﬂ, ', T, z, ¢) with the substitution of TU(k) with
Ty(k) and ¢;_;(k) with E(¢l'=U(k)). As a consequence,
noting that with these substitutions, and taking into account
(66), (78) becomes equal to (77), it follows that (76) holds

true too. |
Lemma A.2: Let w(k) €

w(k) = D(k)2(k) + Up(k)

where U € IR"*? is a deterministic matrix and 1 < 1/ < 2v
an integer. Let us consider the augmented vectors

IR” be the vector

(83)

[ Ao
way =" am=|T
_wiv"l(/f) (k)
A,
T(k) =
-‘P[”,1E(¢[”,](/f))
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and the matrix

E(I'(K))
o |021(k)
OV’, l(k)
where
O, (k)=

T e B(CU(r)
(B(P(R) © La,0)

then there exists the following representation:

Wik) =

with A (k) defined as

where by o ot =1,,

O(k)Z(k) + T (k) + N (k)

hu’,"/,a(kv Fa \Ijv Z, d))

v/ are defined as (68).
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of the right side of the previous expression the result is

wll(k) =E (Fm(k)) E(k) + Ti(k) 2 (k)
+ Z V(-1 o BH(k)))
(B (</>“ Uk)) © Lo, )21 (k)

+ Z M (7)1 Ty (k)

(84) (B (</>[” Uk)) @ Lo, )21 (k)
" Z w1 & ¥l )
(85) g (%—l(k) ®1Ia,1) v[”(k)

which can be rewritten as

wll(k) = (Fm(k)) E(k)
(86) Z Mi(y) (i1 o B(IT(K)))

(B <¢[Z UE)) @ Lo, )21 (k) + O E((R))
+ hi,"/,a(kv Fv \Ijv 2 d)) (87)

Proof: Let us consider the ith Kronecker power of both  yhere the hi .. are defined by (68)—(70). By aggregating in
sides of (83) N

wll(k) = (D (k)2 (k) + Tp(k))!]

Using Theorem B.6 and Property (93c) we have

wl (k)

= (L(k)=(
(TR @

=Tl

7[Z

L+ 37 M)
(LR~

+ZMZ

J=1

- (P TE(1)) (oW (k) @ 211 (k)

_F[Z

(Uil rli ))(d)[i_”(k)®Ia,l)zm(k)

i—1
t2 M
0

their expected values, we obtain

By adding and subtracting to I'lI(k) and I'll(k), I

0, ---, 4 — 1, their expected values, in the first two terms y.(k), v = = p, @ = ¢, # = n + m. Hence, (21) holds

wll(k) =

, 2

=Tl

+Z

(B¢ R) @
@ LU(R)) (i1 (k) @

- (wlh=

a vector the wli(k), i = 1, .-, 1/ given by (87) and taking
into account (66), we obtain (85). O

Proof of Theorem 5.1: Let us apply Lemmas A.1 and
A.2 by setting

D(k)=A.(k), I'(k)=Alk), W¥=F ¥=F
o wk)=wc(k),  ¢(k) = N(k)

and with these choices, from Conditions 1) and 2) of
Section III, it follows that Properties 1)-3) are satisfied;
moreover, we have w(k) = z.(k+ 1),y =+ = ¢, a =
q, f = n+m, and then (21) holds true, with F(k) given by

hl:Q:q(k7 ‘{167 F7 Le, N)

h k? A€7 F7 Le, N
Flk) = 2,4 : . (88)

vV =v

hl’z(L(I(k7 Ae? F7 Te, N)

From (88), (72) it follows that the sequence {F(k)} is
uncorrelated. Moreover, from (88) and (73)—(76) follows (24)

and by adding and subtracting to ¢i—4(k), 1 =0, ..., i—1, With

Qg}?s(k) ﬂ(,lg,q,q,q,n-l—m( ’ "2167 Aev F7 F7 Le, N)

k
Qg??s(k) 111(,25),(1,(1,(1,71-1—771(1{;7 "2167 Aev F7 F7 ZLe, N)

V(- @ Tl(k))

ZMZI
=0

Iy )20 (k).

from which (25) and (26) follow, taking into account (77),
(78).
Now, let us apply Lemmas A.1 and A.2 by setting
F(k) :Ce(k)v F/(k) = Ce(k)v v =g, v =a
v =V, Z(k) :xe(k)v d)(k/‘) :N(k)

= Then, Properties 1)-3) are again verified and we have w(k) =
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with G(k) given by

hl:P:(I(kv Cev G7 Le, N)

ka Cev Gv Le, N

g(k) _ 2:1):(1( . )
h’”:P:(I(kv Cev G7 Le, N)

From (89) and (72) the uncorrelation of the sequence {G(k)}
follows. Moreover, since C.(k) = E(C.(k)), from (78) we
have that

(89)

72

8, P, P g, ntm

(k7 Ce? C@? G7 G7 xe,, N) = 0

and then from (88) and (89), (28) follows.
From (51), (52) and applying Lemmas A.1 and A.2 with

Dk) =4c(k),  I'(k)=Ce(k), ¥=F
2(k) = we(k),  ¢(k) = N(k)

(hence v =¢q, v = p, @ = q, B =n +m) (23) follows. With
the same assignments, from (31) we have

V=@

vV =v

7% (k, Ae, Ce, F, G, 2o, N) =0

7, 8,4, P, ¢, n+m

and then from (73)—(77), (28) follows, giving the cross-
correlation matrix between augmented noises. |
Now, we can also prove Theorem 5.4.
Proof of Theorem 5.4: Let us apply Lemma A.2 by set-
ting
V=2

L'(k)
z(k)

A (k), U =F,
ze(k), P(k) = N(k).

These choices yield w(k) = z.(k + 1) and ¥ = p, hence (85)
has in this case the following form:

XQV(k + 1) = AQV(k)XQV(k) +Z/{2V(k') + FQV(k) (90)
where
[ @ (k)
z (k)
Aok = |
_hl,q,q(kv ‘{iev F7 Le, N)
ka Aev Fv Le, N
FQV(k) = 27(17(1( : )
—h2u,q,q(k7 "Zlev F7 Le, N)

By applying Lemma A.l, from (71) it follows that
E(hi g ok, Ac, Fy 2, N)) = 0, 4 = 1,---,2v and
then E(F3,(k)) = 0. Hence, taking the expectations on both
sides of (90), (40) follows. O

APPENDIX B
KRONECKER ALGEBRA

Throughout this paper, we have widely used Kronecker
algebra [21]. Here, for the sake of completeness, we recall
some definitions and properties and also give some new results
on this subject.
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Definition B.1: Let M and N be matrices of dimension 7 X s
and p X g, respectively. Then the Kronecker product M @ N
is defined as the (v - p) x (s - ¢) matrix

where the m;; are the entries of M.
Of course, this kind of product is not commutative.
Definition B.2: Let M be the r x s matrix
M=[m; me ms | 91)
where m; denotes the ith column of M, then the stack of M
is the 7 - s vector
st(M)=[m% ma - ms]". (92)
Observe that a vector such as in (92) can be reduced to a
matrix M as in (91) by considering the inverse operation of
the stack denoted by st~%. With reference to the Kronecker

product and the stack operation, the following properties hold
[21]:

(A+B)@(C+D)=A®C+A®D

+B@C+B@D (93a)
AR(BC)=(ADB)C (93b)
(A-C)e(B-D)=(A®B)-(Ce®D) (93¢)
(Ao BT =AT @ BT (93d)
st(A-B-C)=(CT ® A) -st(B) (93e)

u®v =st(v-u’) (93f)
tr(A®@ B) =tr(A) - tr(B) (93g)

where A, B, C, D are suitably dimensioned matrices, w, v are
vectors, and ¢r(M) denotes the trace of a square matrix M.
The Kronecker power of the matrix M is defined as

MOl =1

M =M e M1 = M- g M, n > 0.

As an easy consequence of (93b) and (93g), it follows that
tr( Ay = (tr(A)". (93h)

It is easy to verify that for v € IR", v € IR®, the ith entry
of u ® v is given by

1—1

(W@v); = Uy Um, l= [ }—i—l, m=i—1];+1

(94)
where [] and | - |5 denote the integer part and s-modulo, re-

spectively. Even if the Kronecker product is not commutative,
the following property holds [20], [23].
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Theorem B.3: For any given pair of matrices A € IR™*?,
B € R™™, we have

where the commutation matrix C,_ , is the (u - v) X (u - v)
matrix such that its (h, ) entry is given by

{Cuvtni= { Loifl= ([ =1f)u+ <{$} + 1);

0, otherwise.

(96)

Observe that C; 1 = 1, hence in the vector case when
a € R" and b € R”, (95) becomes

b@a=Cl,(a@b). 97)

Corollary B.4: For any given matrices A, B, C, D having
dimensions n4 X ma, np X mp, nc X M, np X Mp,
respectively, denoted with I(]), the identity matrix in IR!, we
have

A@B®C®D=I(ny)eCt

TL(,'TLD,TLB)

(A®C®D®B)
: (I(mA) & Cmcmp,mB)-

Proof: By applying Properties (93b) and (93c) and The-
orem B.3 we have

ABoC®D
=(A® (B (C® D))
= (A 3¢ (CT (C RD® B)CmcmmmB))

ncecnp,np

= (I(HA) ® Crr{cnp,ns)
(A®@(C®D@B)Cromp, ms))
= (I(na)® Cf, NA®C®D®B)

ncecnp,np

: (I(mA) @ Cmcmp,mB)-

O

Moreover, let us recall the following recursive formula [20].

Lemma B.5: For any a, b € R™ and forany [ =1, 2---,
let Gy be the n(+1) x n(+D matrix such that

Wea=Gaoil), (98)

Then the sequence {G;} satisfies the following equations:

GlzC;‘Cn

G =1 ©Gi1) - (G1 @ 1), [>1 99)
where I, is the identity matrix in R™.

In [20] can be found the proof of a binomial formula for
the Kronecker power, which generalizes the classical Newton

one, as is asserted by the following theorem.
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Theorem B.6: For any integer i > 0 the matrix coefficients
of the following binomial power formula:

h
(a0 =3 M o 1)
k=0

(100)

constitute a set of matrices {M{', ---, M} such that for

l1<js<h-1

Ml =M} =1, (101)
MP=(M!T o)+ (MM @ L) (1o ® Ghey) (102)

where (; and I; are as in Lemma B.5.

Lemmas B.7 and B.9 and Corollary B.8 constitute new
results about Kronecker algebra.

Lemma B.7: Given A € R™*™, B € IR"*®, there exists a
matrix Dy, , s € R™™ ™) such that

st(A® B) = Dy, m,r, s(st(A) @ st(B))
where

Dn,m,r,s = (I(S : m) @ C?;n)('[(m) ® CT

n,r~s)

and I(1) is the identity in R!, VI € IN.
Proof: Let us express the vector st(A @ B) as

st(A® B)
= [(al @ bl)T (am @ bS)T ]T

(103)

(a/l ® bs)T

where «;, b; are the ¢th column of A and B, respectively.
Using Theorem B.3, (103) can be rewritten as

st(A® B)
= [(bh ®a1)"Cr.n (bs @ am)" Cron ]
st(B) @
:(I(s-m)@CZn) :
st(B) ® am

=I(s-m)® CL ) I(m) @ Cp )
- (st(A) @ st(D))
so that the proof is completed. O

Corollary B.8: Given a matrix A € IR™*™, Vh € IN there
h h
exists a matrix Dgf)m € R X ("™ qych that

st(AM) = D, - (se(A)P (104)
where
D), =
I(n-m), ifh=1;
Dyiet ety - (DIZD @ I(n-m)), it h > 1.
(105)
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Proof: Equation (104) is obviously true for h = 1. Let
h > 1; by supposing (104) true for i — 1 with DSZj;}) as in
(105), we obtain

st(AlM)
=st(A U @ A)
= Dyt it m(56(AP ) @ st(A))
=Dyt it m (DD (s6(ANE) @ st(A))

n,m

= Dn“—l,rn“—l,n,rn(D(h_l) @ I(TL : m))(St(A))[M

n,m

from which the thesis follows. O

We can also generalize formula (100) to the polynomial
case. Obviously, given any polynomial a; + -+ + a;, a; €
R"™ 1 <4¢ < p,p e N, its hth Kronecker power admits a
representation as

(al +as+ - + ap)[h}
, h h. 9
_ Z M}}LI,~~~,hp(a[1 11®a[2 21@ ®a¥?])

By, s hp>0
Byt +hp=h

(106)

where M }’jl ey b, AT€ suitable matrices. We extend the defini-
tion of symbol Mll1 el with [ > 0 when at least one of the
[;’s is negative, such as

I 1
Mlll,~~~,l = 0 c IRn X .

s

(107)

Moreover, we can prove the following statement.
h h
Lemma B.9: The matrices M,’LL1 by € R™ *™ in (106)
satisfy the recursive formula

My =1, for h=1 (108)
M}}LLI, v hy = Z (M}}LL1_717 hi—1, ., hyp @ Il)
1<i<p—1
' (I}L1+"'+hi_1 @ G}Li+l+"'+hp)
+(My o, eh)  for h>L
(109)

Proof: Equation (108) is obvious. In order to prove
(109), let us consider the polynomial power

(ap 4 - + ap)[h}
=(a1+ .. +a)PHe (@ + - +ap)

>

ji+ - +jp=h—1

_Z\fh_1 (a&gl} ® - ® ay})})

Ji,0sdp

i=L it ig=hel
h—1 [71]
(M5, (et ©

Now, let us consider the term

®a1[,fp])) ®ai).

(Mh—l (a&jl} R - ® ayﬂ)) [29) a; .

Ji,sdp

1125

If ¢ = p, it is equal to

(Mﬁjldp ® Il) (CL[lj11 Qe ® a;)jp} ® ap)
- (Mﬁ,_}~,jp @) (a:[{l} Q- ® az[,fp+11)'

If ¢« # p, then

( Jhl_llp (a&m @B a}[pjﬂ)) ® a;
- (Mjhl,_l7jp @ Il) ((a[ljﬂ Qe ® ani})

@ (Giiat sy (i@l @ - @afiel)
(Mjhl,_l,h, @ Il) (Ij1+"'+ji @ Gji+1+"' +jp)

.(a[ljﬂ @ - ®a£jf+l1 @ - ®a£)jp1)

then, taking into account (106) we can write

>

By ooy hp>0
Byt o +hp=h

p—1
=1 jit e +ip=h—1
: ((Mjhl,_l,h, @ Il) (Ij1+"'+ji ® Gji+l+"'+jp)
. (a¥11 ® - ®a£ji+11 @ « - ®a£)jp]))
(M]7E @ L) e - @ dir ),

o

Jit e +ip=h—1

1 h1 ]
M (agL 1<§§>---<§§>a1[0}1’1)

hi, -, hy

(110)

Now, by considering the generic term of the summation on
the left-hand side of (110), that is M, n, @le ... o

az[/,h”), we must look at the RHS for those terms which are
characterized by the indexes hy, - -+, hy,. They are of the form

(Mjhl,_l,h, @ Il)(-[j1+~~~ +i: @ Gji+l+"'+jp)
. (a[ljﬂ ® - ® agjf'i'l} ® - ® ayﬂ)

Wltth = hl,jg = hg, 7Jz = hi—]., 7Jp = hp, for
i=1,---, p—1, whenever h; # 0, and

(Mjhl_ljp el)dMe . @ a][/fﬁﬂ)
with j1 = hy, jo = ho,++ j, = hy — 1. Then, taking into
account (107), (109) is proved. O
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