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Abstract

We deal with the nonlinear Schrédinger equation
—Au+V(z)u = f(u) inRY,

where V' is a (possible) sign changing potential satisfying mild assumptions and the non-
linearity f € C* (R, R) is a subcritical and superlinear function. By combining variational
techniques and the concentration-compactness principle we obtain a positive ground state
solution and also a nodal solution. The proofs rely in localizing the infimum of the associ-
ated functional constrained to Nehari type sets.
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1 Introduction

The existence of stationary solutions of the form v (z,t) = u(:c)e*% for the nonlinear
Schrodinger equation

Loy R i
ih— = —%Az/) + V(x)p — f(|¢|)m

ot
has been extensively studied in the past twenty years involving the use of variational meth-
ods (see for instance [8, 14, 23] and references therein). Substituting in the equation and
making suitable changes of variables leads to the following semilinear elliptic equation

(P) —Au+V(z)u= f(u) inRY.

Works on the existence of positive solutions for (P) when the potential V' is bounded from
below by a positive constant and f has subcritical growth, using mountain pass arguments
are well known ([23, 14, 2]). Existence of standing waves of problem (P) by minimization
of constrained variational problems was shown in [20, 8, 18] among many others. Several
new results concerning sign changing potentials V' have appeared lately (e.g. [24, 11, 13,
15, 16, 17]). Furthermore, nodal solutions of (P) in a bounded domain are proved to exist
in [22] and in unbounded domain in [29, 3], for instance.

In this paper we are concerned with the existence of a positive ground state and addi-
tionally a nodal solution for the problem (P) with V : RY — R being a (possible) sign
changing potential satisfying very mild assumptions and the nonlinearity f : R — R being
a superlinear function of class C'* with subcritical growth.

In order to impose precise conditions on V, let us denote V =V — V= with V* :=
max{=+V,0}. We list below the basic assumptions on V.

(Vo) V € Lt (RYN) for some t > N/2;

loc
(Vl) Vo—g = hmmHoo V(JZ) > 0;

(V) if we denote by S the best constant to the Sobolev embedding, namely
S :=inf { HVU”%z(RN) Tu e DLQ(RN) and ||UHL2* (RN) = 1},

then
||V_ ||LN/2(RN) < S.

After the work of P.L. Lions [20], conditions like (V7 ) have appeared in many works
with positive or sign changing potentials [29, 23, 9, 11, 7]. Some conditions related to (V)
have already appeared in [5, 24, 11, 12, 6] where the authors considered problem (P) or
some of its variants.

Concerning the nonlinearity f, we start by assuming that

(fO) fECl(R,R);
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(f1) thereexist2 < ¢g+1<n+1<2*:=2N/(N — 2) such that
()l . /()]
1 =0 and limsup < 40
|s|—0 |$|q_1 |s]—o0 |3|77—1

Conditions (fy) — (f1) and (V1) — (V) show that problem (P) has a variational struc-
ture. More specifically, the weak solutions of problem (P) are precisely the critical points
of the C'*-functional I : W12(RY) — R given by

I(u) :== %/RN (|IVu]® + V(2)u?) dz — / F(u) dz,

RN

where F(s) := [ f(7)d7. In order to obtain such critical points, we use minimax theo-
rems and the concentration-compactness principle. The main idea is to use (V1) to correctly
localize the infimum of I constrained to Nehari type sets. To achieve this objective, we also
assume that f satisfies the well-known Ambrosetti-Rabinowitz superlinear condition and a
monotonicity condition. More specifically, we shall impose the following

(f2) there exists @ > 2 such that

0<OF(s) <sf(s) forall s 0;

(f3) the function s — f(s)/s is increasing in (0, +00).

We recall that a solution u; of (P) is called ground state solution if it possesses mini-
mum energy among all solutions, that is,

I(uy) = min {I(u) : u # 01is a solution of (P)}.
Our first existence result is

Theorem 1.1 Suppose that f satisfies (fo) — (f3) and V satisfies (Vo) — (Va). Then

problem (P) has a positive ground state solution provided V satisfies
(Va) Vi) <VE forallz e RN, V Z£VE.

In our second result we are interested in the question of multiple solutions for (P). In
order to obtain a solution of (P) which changes sign in R"Y, we need a condition stronger
than (f3), namely

(f3) thereexistn < o < 2* — 1 and C > 0 such that

f'(s)s — f(s) > C|s|”'s, forallscR.

We can state now our multiplicity results as follows.



356 M.F. Furtado, L.A. Maia, E.S. Medeiros

Theorem 1.2 Suppose that f is odd and satisfies (fo) — (f2) and (fs). Suppose also
that V satisfies (Vo) — (Va) and, for some v < Viq/(q+ 1), there holds

(‘//;) V(z) < V5~ Ce " for all z € RV,

Then problem (P) has in addition to a positive ground state solution a solution
which changes sign.

As far as a positive solution is concerned, our result is complementary to previous
results since the potential we consider may change sign and satisfy mild integral conditions.
Moreover, we may have V ¢ L™/2(RN) and therefore Theorem 1.1 also complements the
results of [23, 7].

On the other hand, very little is known about existence of a sign changing solution for
this problem and hence our interest. We notice that, unlike in [24], we do not assume that
V' is bounded from below. Moreover, we do not assume any kind of regularity for V'~ at
the origin and the set {x € RY : V~(z) > 0} has finite measure. Thus, our results are not
contained in [11]. More generally, the potential V. : R — R given by

2
Vo) im %, for x| > 1,
€ L
—ﬁ for |z| <1,

where ¢ > 0 is small and 0 < a < 2, satisfies our hypotheses but the arguments of
[23, 7, 24, 11] do not apply for this potential. Finally, we would like to cite the recent
papers [15, 16], where the authors have considered a singularly perturbed version of (P)
and have obtained some results related, but not comparable, with ours.

As previously said, the proof of the results rely in applying variational methods together
with a concentration-compactness argument, as in [26], in order to overcome the problem
of lack of compactness of Sobolev embeddings in unbounded domains. Some of the ideas
and calculations are inspired by the papers [10, 9, 1].

The paper is organized as follows. In Section 2 we present the variational framework
and a version of the well known ”splitting lemma” which is going to be the main tool in
posterior compactness arguments. The existence of a ground state solution is proved in
Section 3. Finally, Section 4 is devoted to the proof of existence of a solution for (P)
which changes sign.

2 The variational framework

In this section we present the variational framework to deal with problem (P) and also give

some preliminaries which are useful later. Since (J%) implies (f3), throughout the paper

we assume that f satisfies (fo) — (f3) and V satisfies (V) — (V2). We denote by ||ul|, the

LP(RY)-norm of u € LP(RY). If u € L*(RY), we write only [ u instead of [, u(z)dz.
We start with a straightforward consequence of our hypotheses on V.

Lemma 2.1 The quadratic form

U / (IVul]® + VT (z)u?)
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defines a norm in WH2(RN) which is equivalent to the usual one.
Proof. In view of condition (V;) there exists R > 0 such that

v 3V
S X

V= 700 <VT(z) 5o = 3, forall 2 € RY \ Bg(0),

where Br(0) := {z € RN : |z| < R}. This, Hélder’s inequality and the definition of S
provide

/(IVu|2+V+(a:)u2) = /|Vu|2+/BR(O) V+(a:)u2da:+/ VH(z)u*dx

|z|>R

2+ 31// u?dx
lz|>R

IN

J 19 41V vl

(1+C1)/|Vu|2+31//u2

< max{1+0173u}/(|vu‘2+u2)’

IN

with Oy := S™HV* | Lxr2 (B (0))-
On the other hand, we have that

2/2*
/ u?dz < |Bg(0)[*/N / lul? da §C’2/|Vu|27
Br(0) BRr(0)

where Cy := S~!Br(0)]?/N and |Br(0)| denotes the Lebesgue measure of Br(0).

Hence,
/\Vu|2+/ |u|2dx+/ |u|?dz
Br(0) |z|>R

(14 Cs) / |Vu|? + 1/ VT (z)uldz
|z|>R

14

/(\w? L)

IN

IN

max {1 + Cs, 1/71} /(|Vu|2 + V+(:z:)u2)a

and the lemma is proved.
In view of the above result we can set X as being the Hilbert space W 12(R") endowed
with the inner product

(u, vy x := / (Vu-Vo+VF(z)uww), forall u,ve X

and associated norm given by

1/2
llullx = </ |Vul? + V+(a:)u2) , forall ue X.
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Since || - ||x is equivalent to the usual norm of W12(R¥), the embedding X — LP(RY)
is continuous for any 2 < p < 2%,
By (f1), for any given ¢ > 0 there exists C's > 0 such that

[f(s)] < 6|s|?+ Csls|?, forall s €R. (2.1)

Recalling that 2 < g+ 1 < n+ 1 < 2%, we can integrate the above inequality to conclude
that the functional u — [ F(u) is well defined in X. Moreover, since V~ € LY/2(RY),
we have that

J V@@ <V lwallal < STV wallk < (22)

for any v € X. Thus, the functional [ : X — R given by

1) = 3lulf ~ 5 [V - [P (23)

is well defined. By using standard arguments (see [8, Theorem A.VI]) we can show that
I € CY(X,R) with

I'(u)p = /(Vquo + V(x)up) — /f(u)ga, forall u,p € X.

Consequently, critical points of the functional I are precisely the weak solutions of problem
(P).

We now recall a well known compactness condition: we say that [ satisfies the Palais-
Smale condition at level ¢ € R ((PS),. for short) if any sequence (u,,) C X such that
I(u,) — cand I'(u,) — 0 possesses a convergent subsequence.

Lemma 2.2 If (u,) C X is a (PS). sequence for I, then (uy) is bounded in X .

Proof. Since I(u,) — cand I'(u,) — 0, we can use (f2) and (2.2) to get

1
cton(lunlx = I(un) = 51" (un)un

1 1 IV~ vz 9
> - _Z _nr NWAN/2
(2 9) <1 S Huonv

where o0, (1) denotes a quantity approaching zero as n — co. The above inequality implies
that (u,,) is bounded in X.

In order to get compactness, it is important to consider the limit problem associated to
(P), namely the autonomous problem

(Px) —Au+Viu= f(u) in RY,

whose solutions are the critical points of the functional I, : X — R given by

Io(u) == %/(|Vu|2+V;u2)—/F(u).
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Let N5, be the Nehari manifold of I, that is
Noo :i={ue X\ {0} : I’ (u)u =0}
and consider the related minimization problem

o = Inf I (u).
o= L

The proof of the next result can be found in Berestycki-Lions [8].

Proposition 2.1 Problem (Py,) has a positive and radially symmetrical solution © €

X such that I (@) = coo. Moreover, if the function f is odd, for any 0 < § < \/ Vi,
there exists a constant C' = C(J) > 0 such that

a(z) < Ce 0l for all z € RN, (2.4)

In order to prove that the functional I satisfies some compactness condition we shall
need the following version of a result due to Struwe [26] (see also [4]).

Lemma 2.3 (Splitting Lemma) Let (u,,) C X be such that
I(uy) = ¢, I'(up)—0
and u, — ug weakly in X. Then I'(up) = 0 and we have either
(a) un — ug strongly in X, or

(b) there exists k € N, (yJ) € RN with |yl| — oo, j = 1,...,k, and nontrivial

solutions u', ... u* of the problem (Ps,), such that
k .
I(un) = I(ug) + Y Ino(u) (2.5)
j=1
and

k
Un—uo—zuj('—y%) — 0.
j=1 X

The proof of this kind of compactness global lemma is by now standard, and therefore
we only provide a sketch of the proof. Since we are not dealing with homogeneous non-
linearities, we shall need the following technical result, proof of which can be found in [1,
Lemma 3.1].

Lemma 2.4 Let Q C RN be an open set, s > 2 and (g,) C L*(Q) N L*> (Q) be a
sequence bounded in L* (Q) such that g,(z) — 0 a.e in €.
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(i) If f satisfies (f1), then
[P+ w) = Flan) = )l = 0,(1),

for each w € L"1(Q) N LITH(Q).
(ii) If f satisfies (f1) — (f3), then

lﬂﬂ%+ﬂ0—ﬂ%)—ﬂWV=OMD,jmau1<r§z

and w € L*(Q) N L*" (Q).

We present below the main ideas of the proof of Lemma 2.3.

Proof of Lemma 2.3. We follow the proof presented in [28, Section 8.1]. Firstly, the
compactness of the embedding X — L7 (RY), (2.1) and straightforward calculations
show that I’ (ug) = 0.

Step 1: By setting u}, := u,, — ug, we have that
@) bl = lunlk — luoll% +on(1).
(b.1) Io(ul) — ¢ — I(uo),

1) I’ (ul) — 0.

Indeed, (a.1) follows from the weak convergence of (u,,). In order to prove (b.1) we first
notice that, since ug € L*(RY) and u,, — ug in L?, ,(R"), we have that

/Vo'gunuo = /Vggug + 0,(1).
This equality, the weak convergence of (u,,) and Lemma 2.4(i) imply that
1 1 + 2 2
Loo(up,) = I(un) +1(uo) = 5 [ (Voo = V)((un)” = (u0)") + 0n(1). (2.6)

Now, for each ¢ > 0 there exists R > 0 such that |V} — V(x)| < € on RY \ Bg(0).
Setting By, := Bg(0), we can use the boundedness of (u,,) and Holder’s inequality to get

[ =V = )

+ w2 — (un)?
< LRmm VI[(tn)? — (u0)?]

4{/ [(tn)? — (u0)?|
]RN\BR
< C’1||un — u0||L2(BR) + Che = On(l).

The above expression and (2.6) imply that (b.1) holds. For the proof of (c.1) it suffices to
argue as above and use Lemma 2.4(ii). We omit the details.
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Let us define
0 :=limsup sup / lul | dw.
Bi(y)

n—o0 yeRN

If § = 0, it follows from a result due to P.L. Lions [20, Lemma L.1] that u}, — 0in L*(R")
for any 2 < ¢t < 2*. Since I/ (u}) — 0, it follows that u}, — 0 in X and the proof is
complete. If § > 0, we obtain a sequence (y}) C R¥ such that

1)
/ lul|? dz > —.
Bi(y}) 2

We now define a new sequence (v)) C X by setting v} := ul (- + y.). Notice that (v)) is
bounded and therefore we may assume that v} — u' in X and v} — u' a.e on RY. Since

it follows from the Sobolev embedding that u! # 0. Moreover, since u}, — 0in X, we
have that (y;) is unbounded. Hence, going to a subsequence if necessary, we may assume
that |y}| — oo. Furthermore, we can check that I/_(u') = 0.

Step 2: We now define u? := ul — u'(- — yl). As done for (ul), we can check that
@2) 121 = llumllk = ol — e +0n(1),

(b.2) To(u2) — ¢ — I(ug) — Ino(u),

(©2) I'.(u2) — 0.

We now proceed by iteration. Notice that if u is a nontrivial critical point of I, and u
is a ground state of problem (P, ), then we have by ( f3) that

() > L) = [ @f(U)u - F<u>) —5>0,

and therefore it follows from (b.2) above that the iteration must finish at some index k& € N.
This concludes the proof.

We present below the compactness result which will be used in the proofs of our main
theorems.

Corollary 2.1 The functional I satisfies (PS). for any ¢ < ¢x.
Proof. Let (u,) C X be such that
I(up) — ¢ < coo and I'(up) — 0.

Lemma 2.2 implies that (u,,) is bounded in X and therefore, going to a subsequence if
necessary, we can suppose that u,, — u weakly in X. By Lemma 2.3 we have I’ (ug) = 0.
Hence, we conclude from ( f5) that

o) = [ (G oo = Pl 20



362 M.F. Furtado, L.A. Maia, E.S. Medeiros

If u, 4 ug in X, we can invoke Lemma 2.3 again to obtain £ € N and nontrivial solutions
ul, ..., uf of (Py) satisfying
k
lim I(u,) =c=1I(up)+ Zloo(uj) > kCoo = Coos

n—oo
j=1

contrary to the hypothesis. Hence u,, — g strongly in X and the corollary is proved.

3 Positive ground state solution

We devote this section to the proof of Theorem 1.1. As stated before, we are looking for
critical points of the functional I.
We start by introducing the Nehari manifold of I defined as

N:={ue X\{0}: I'(u)u=0}.

Let
€ = ulgj{f](u)

In what follows we present some properties of ¢; and /. For the proofs we refer to [28,
Chapter 4]. First we observe that hypothesis (f3) gives that, for any v € X \ {0}, there
exists a unique ¢, > 0 such that t,u € N. The maximum of the function ¢ — I(tu) for
t > 01is achieved at t = ¢,,.

We now note that, in view of (2.1) and the Sobolev embeddings, the origin is a local
minimum of /. Moreover, condition ( f2) provides C' > 0 such that

F(s)>C|s|’, forall scR.

Without loss of generality, we can assume that 6 € (2,2*). Thus, if u # 0 and ¢t > 0, we
have

t2 t2

I0) < Gtk - 5 [V et [l
and we conclude that I (tu) — —oo as t — oo. These observations show that I has the
Mountain Pass geometry. By using ( f3) and the same arguments presented in the proof of
[28, Theorem 4.2], we can prove that c; is positive, it coincides with the Mountain Pass
level of I and has the following characterization

= inf I(g(t)) = inf I(tu) > 0, 3.1

¢1 = inf max (9(t)) ponf | max (tu) (3.1)

where I := {g € C([0,1], X) : g(0) = 0, I(g(1)) < 0}.
In what follows we use the above remarks to obtain a relation between ¢; and c.

Proposition 3.1 Suppose that V' satisfies (V3). Then

0<c1 <cCoo-
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Proof. Letu € N, be given by Proposition 2.1 and ¢ > 0 be the unique number such
that tzu € N. We claim that ¢z < 1. Indeed, by using condition (V3) we deduce that

[ttt = & [(vap 4 v
& [ (vap + viet) =2 [ s

/(f(tizu) _fELU)) w2 < 0.

This inequality and ( f5) imply that t7 < 1.
It follows from (3.1) and its previous remarks that

1 < max I(0m) = I(tz7) = / <1 F (bt — F(tuu)> .

N

that is

2
By (f3), we have that & : (0,00) — R defined by

ht) :=/<;f(tu)tu—F(tu)>

is strictly increasing. Hence, we conclude that
1
c1 < h(tz) < h(1) = / (2f(u)u F(u)) = Cxo
and the proposition is proved.

We are now ready to prove our first result.

Proof of Theorem 1.1. Since I satisfies the geometry of the Mountain Pass Theorem
there exists a sequence (u,,) C X such that

I(up) — ¢1 and I'(up) — 0.

Proposition 3.1 and Corollary 2.1 imply that the sequence (u,,) strongly converges to a
function v € X such that I(u) = ¢; > 0 and I'(u) = 0. Clearly v # 0 and therefore w is
a ground state solution of (P).

In order to show that u is nonnegative we first note that, since we are interested in

positive solutions, we can suppose that f(s) = 0 for any s < 0. Thus, since I’ (u)u™ = 0,

we get
N
e = [V < g ey

IV [z _
(1= 552 ) i o

from which follows that v~ = 0. Elliptic regularity and the strong maximum principle
imply that v > 0 in R,

and therefore
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Remark 3.1 Let u; € X be the solution given by Theorem 1.1. In view of Propo-
sition 2.1, we can argue as in [19, Theorem 3.1] to conclude that u; has the same

decay of the solution @ of the limit problem, that is, for any 0 < § < / Vs, there
exists C' = C(4) > 0 such that

uy(z) < Ce 1 forall zeR. (3.2)

4 Nodal solution
We start by introducing the closed set
Ny i={weX:u#£0,u #£0, ' ut=0=T"(u")u"}.

Note that any solution of (P) which belongs to N1 changes sign. It is easy to check that T
is bounded from below in N1 and there exists p > 0 such that

|lut|x > p, forall ue Ni. (4.1)
Let us consider the following minimization problem

co = ulerjl\ffi I(u).

In our next result we establish the relation between ¢y and the other minimizers c¢;

and c.. For its proof, we follow the approach of [9]. Since f is nonhomogeneous, the
calculations are more involved.

Proposition 4.1 Suppose that V satisfies (V1) and (1//;) Then
0< ey <er+ Coo (4.2)
Proof. Let 1 be given by Proposition 2.1 and define u, (z) := u(z — z,), where z,, :=

(0, ...0,n). From now on we denote by u; a positive ground state of (P) given by Theorem
1.1. For any «, 3 > 0 we consider the functions

W o) = [ ¥ — )+ V@) — G1)
- [ #l(em = gm) ) - )
Recalling that I’ (u1)u; = 0 and using (f3) we get

[ (9 g2 + v 2?) = [ 12 /2

(4.3)
(A G -
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Analogously,
/<|V(2u1)| + V() (2uy)? /f (2u1)(2uq) (4.4)
Claim 1. For n sufficiently large there holds
J(V@2P v @) - [ 1@ >0 @)
/<|V(2un)| +V(2) (21,)° /f (24,)(2a,) < 0. (4.6)

We only prove (4.5), since the other inequality can be proved in the same way. First, notice
that

/<|V(Hn/2)\2+V(x) (un/2 /f (Tn/2) (Wn/2) =1 + Jn, (4.7)
where
" ::/<|V(un/2)\ + Vi un/2 /f (Un/2) (Wn/2)

and
1

Jn = Z/(V(gc)—vog)ﬂ2

It follows from ( f3) that ; > 0. Thus, it suffices to check that J,, — 0 as n — oc. Given
e > 0 we can use (V1) to obtain R > 0 such that |V (z) — V1| < e for |z| > R. Hence,

/ (V(x) - V)2
RN\BRr(0)

We now recall that, since @ is radially symmetric, by the Radial Lemma (see [25]) there
exists C' > 0 such that

< elfunll2 = elull2. (4.8)

‘ﬂ(l‘” < C|.’L"(I_N)/2||ﬂllwl,2(RN)7 ae. r€RN.

Since |z — x| > |2,| — |2| > n — R on Br(0), we get

[ w@-vhm < V-Vl ( |- xn>>2*>
Br(0) Br(0)
>(N71)(N72)/2N

(N-2)/N

IN

n—R HU”Wl,z(RN)-

< Cl(l

The above estimate and (4.8) imply that J, — 0 as n — oo. This proves (4.5) and
establishes the claim.
Since u(z) — 0 as |z| — oo, it follows from (4.3)-(4.6) that there exists ny > 0 such

that
ht(1/2,8,n) >0
{ Wt (2,8,m) < 0
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forn > ng and B € [1/2,2]. Now, for all & € [1/2,2], we have

{ h=(a,1/2,n) >0
h™(,2,n) <0.

Hence, we can apply a variant of the Mean Value Theorem due to Miranda [21] (see also
[27]), to obtain o, 3* € [1/2,2] such that h* (a*, 3*,n) = 0, for any n > ng. Thus,

o*uy — B*u, € Ny for n > ng.
In view of the definition of ¢z, it suffices to show that

sup  I(au; — ft,) < ¢1 + Coo,
1<a,B<2

for some n > ng.
In order to do this, we compute

Ian —fu) = 5 [ (Ve +[9Em)P) + 5 [ V@) (@) + (6.)?)

faﬂ/ (Vu1 Vi, + V(z)uia,) — / (au; — fu,) + /F(aul).
Since u; is a positive solution of (P) we have that
/(VuNﬂn + V(z)uiu,) >0,

and therefore

I(au; — Bu,) < { auy) /F auy } /(|V(ﬁun)|2+V( )(B,)?)
*/ (aul ﬂun) /Vot(ﬂﬂn)z + F(ﬁﬂn)a
— Hawn) + La(B) 4 5 [ (V) = V) (90 = o
(4.9)
where
Joan = [ (Flawm = pm,) = Flaw) - F(3m,).

Claim 2. For some n > ng, we have

%/(V( ) = V) (Bn) — T < 0. (4.10)

If this is true we can use (4.9) and I (54, ) = I (07) to get

sup  [(auy — fuy,) < sup I(aur) + sup oo (B) = ¢1 + Coo,
+<a,p<2 a>0 820
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which concludes the proof of the lemma.
It remains to prove Claim 2. We start by noting that, in view of (V3) and (2.4), we have

3 [V v emr = 5[ (i) - vime?
< 702/677\“%@(17)2 (4.11)
< —C'ge*V"/e*“””Elﬂ(x)2 = —Cse 7",

On the other hand, it follows from [1, Lemma 2.4] and (2.1) that

gl < / Flaun ), + f(Bn)u

(4.12)
< Oy (/u?un—l—/u;’un—i-/ulu%—i—/uluZ).
Setting A,, := B, /(q+1)(0) we can use Holder’s inequality and (2.4) to write
q/(a+1) 1/(q+1)
/ wiu, < </ u{11+1) (/ U%Hda:)
A, An
1/(q+1)
< C (/ e—6<q+1>|x—xn|dx) _
An
Since |z, — x| > |x,| — || = n — |z|, we get
1/(q+1)
/ ult,de < Cse o (/ 65(q+1)|xdx>
A, An
4.13
n/(a+1) Yty (119
_ 0667677, / 66(q+1)r7,N71d7,
0
We now recall that, for any fixed ¢t > 0 we have
/e”erldr =e!"P(r),
where
N-1
_r (N-1) N-2 (N -1)(N -2) N-3 N+1 (N —1)!

Hence, by taking t := 6(q + 1), we get

n/(g+1)
[ N ar— P/ (g + 1)) = Cre + G,
0
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where C'; and Cg depend only on §. The above estimate and (4.13) provide
/ wiu,dz < Oy (6_5"65"/(‘”‘1) + 6_5") < Cloef‘;n(qqﬁ). (4.14)
AW,

Analogously we have

o/(at1) 1/(g+1)
/ wla, de < / u[{'de </(u(z — o:n))‘Hldo:)
RN\ A, RN\ A,
q/(q+1)

< oy / o—6(a+Dlal g

RN\ A,

o q/(g+1)
= (O </ 6_6(q+1)rrN_1dr>

n/(g+1)
< Cpe (),

This together with (4.14) implies that

q

/u‘{ﬂn < Cppe~(7h), (4.15)

Since g < 1, we can proceed as above to obtain C5 > 0 such that

— -9 _
max{/u?un, /ulﬂ‘,ﬂ, /uluZ} < Cise (),

The above estimate, (4.15), (4.12) and (4.11) imply that

) q
5 / (V(]j) - Vo-g) (WH)Q - Ja,ﬁ,n < _C3€_Vn + 01667§n(ﬁ).

Since v < /Va5q/(q + 1), we can choose 0 < § < / Va5 sufficiently close to v/ V55 in
such way that v < d¢q/(q + 1). It follows for this choice and the above expression that
(4.10) is satisfied for n large enough. This concludes the proof of the proposition.

In the our next result, we adapt some ideas from [10] (see also [29, 9]).
Proposition 4.2 There exists a sequence (u,) in Nt satisfying
I(un) — co and I'(u,) — 0. (4.16)

Proof. Since I is bounded from below on Ay, we can apply the Ekeland variational prin-
ciple to obtain a sequence (u,) C Nz satisfying
1

co < I(up) <cp+ —
n
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and
1 _
I(w) > I(up) — =||Jv — unllx, forall ve Ny. (4.17)
n

For any fixed ¢ € X, n € N, we introduce the C''-functions h : R? — R given by
hE(t, s, 1) = /|V(un +to + su + lu, )E?
+/V(a:)|(un +to + sul + luy, ) E?
—/f((un 4+t + sul 4 Ty )E) (un + to + suft + luy)E.

Note that h:=(0,0,0) = 0, (Oh;t/01)(0,0,0) = 0 and (0h;, /9s)(0,0,0) = 0. Moreover,
recalling that I’ (u;} )u;} = 0 and using (f3), we get
oh;t
0s

0,0,0) = 2 / (Va2 + V(@) (u)?)

- / ) @) + ) (i)
(4.18)

/ Fe) () — f () (wih)?

~c [z,

Claim 1. There exists C; > 0 such that

IN

/|u,f|ff+1 >0y > 0.

In order to prove the claim we first notice that (u,,) is bounded in X. Moreover, for any
given § > 0, we can use (f1), I’ (w7 )u,t = 0 and (2.2) to obtain C > 0 such that

o
(-T2 Y ot <6 i+ s [,

Arguing by contradiction we suppose that, up to a subsequence, | |uf|o*tt — 0. Since
(uy,) isboundedin X and 2 < g+ 1 < n+1 < o+ 1, we can use interpolation to conclude
that the right hand side of the above expression goes to zero, contradicting (4.1). The same
can be done for u,; and therefore the claim holds.

It follows from (4.18) and the above claim that

Oht
0s

(0,0,0) < 0.

Similarly, we can check that
Oh,,

"(0,0,0 0.

5 (0:0,0) <
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Hence, we can apply the Implicit Function Theorem to obtain 6,, > 0 and two C''-functions
Snsln + (—0n,0,) — R such that s,,(0) = 1,,(0) = 0 and

hE(t, 5, (1), L (1)) = 0. (4.19)

Claim 2. There exists C5 > 0 such that
|5, (0)] < Ca, [I,(0)] < Ca.
Indeed, by using (4.19) we get
(0hF/0t) (0,0,0)
(ohit /0s) (0,0,0)
2 [ (Vui Ve + Vihuie) = [t + )y
[ Pty - |

This, (4.19), (f1) and the boundedness of u, in X imply that |s] (0)] < Cs for some
Cy > 0. A similar argument can be applied for the sequence (I/,(0)).
We now note that, by (4.19), we have that

s (0) =

Up + to + sp(t)u) + L, (t)u, € Ny, foranyt € (—6,,0,)

and therefore we can use (4.17) to get
1
I(up +to+ sn(t)u) + L (t)uy, ) — I(uy) > —gHt(p + sp(t)u) + 1, ()uy, ||x, (4.20)

forany t € (—dy,dn).
Claim 3. We have that

I'un)e > ~iglx — (421)
If this is true, it follows that

Cy
I'(u,)]| < =
1)l < 2,

and therefore the second statement in (4.2) holds and the proof is complete.
It remains to prove Claim 3. Let w,, := t@ + s, (t)u,” + 1, (t)u,, and notice that, since
I'(up)ut = I'(uf)ut = 0, we have that

I(up +wp) — Iuy) = I'(up)wy +r(t,n) =t (uy)p + r(t,n), (4.22)

where 7(t,n) = o(|[te + sn(t)ut + 1,,(t)u, ||x) as ¢ — 0. This expression, (4.20), the
boundedness of (u,,) and Claim 2 imply that

I(up)p+ 25 > —Lp|x -1

\%

x (4.23)

Y

1 c
alellx =52
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for any ¢ > 0. By using Claim 2 again we conclude that

r(t,n) r(t,n) l[tsp + s (E)ury + bn(B)uy |1 x
t [t + s (B)un + b (t)un || x t

=o(1),
ast — 0. Letting t — 07 in (4.23) we get (4.21) and therefore the proposition is proved.

In view of the two previous propositions we can argue as in [9] to prove Theorem 1.2.
For the sake of completeness, we present the proof here.

Proof of Theorem 1.2. Let (u,) C N4 be the sequence given by the above proposition.
We can easily check that (u,,) is bounded in X. Hence, up to a subsequence, u,, — ug
weakly in X with I’(ug) = 0. In view of Lemma 2.3 we have either u,, — ug strongly
in X or there exists u', ..., u* nontrivial solutions of (P,,) satisfying the conclusions of
Lemma 2.3(b). Since ¢; < ¢ it follows from (2.5) that £ < 1.

Suppose that ug = 0. In this case, since co > 0, we have that £ = 1 and therefore

lun = ul (- = yn)lx — 0.

Since |y}| — oo and (u,) C Ni, the convergence above and (4.1) imply that (u')* €
N, . Hence,

1 4 Coo > €2 = Ino(u') = Tno(u)h) + Ino ((u')7) > 200

contradicting ¢; < Coo. Thus ug Z 0 and we can use co < ¢ + ¢4 again to conclude
that k£ = 0, that is, u,, — ug strongly in X. It follows from (4.1) that ug € N4 is a sign
changing solution of (P).
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