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FOURTH WESTER SCHOOL (1976) 

POSITIVE DEFINITE FUNCTIONS ON AHRLTAN SmiGROUPS 

by 

Pail RESSEL 

The lecture concerns common work, done in Ktfbenhavn by 

Christian BERG, Jens Peter Reus CHRISTENSEN and myself. 

Let (S,*) be an abelian semigroup with neutral element 0 • 

Def. t: S — y JR is positive definite iff f is boun-

ded and 
étSř 

IV 

Пkf 

2 * ; . < • f(t.* * t , ) 2 0 • V ( c c l f . . . , « ; ) € R' 

v (tlf...ftn) e s1 

V n e W , 

(p : S — > t - l f l l i s a semicharacter: 

*C(1) f>(0) * 1 

i(2) £>(s + t) • <p(s)^>(t) Y s , t € S . 

S:= K(*> : <p is semicharacter on S} S t-lf-0 is a com

pact abelian semigroup in the topology .of pointwise conver

gence . 

Example: S -* N Q:-- $0,lf2f...} with addition. 

t - l f l l - ^ ft0 •• 
is a topol. semigroup isomorphism. 

(n—>..n) 
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& * <P(S):»4:f: f i s positive definite o n S j 

^L :« 4 f « <P : f (0) * l j 

Lemma: f « (P V sup 1f(s) | = f ( 0 ) . In particular 
s S 

we get that (P i s closed and (P-. i s compact. Of course 
S £• {P1# 

Theorem. ?1 i s a Choquet simplex and extr ((P-^) » 

« S. In particular V f & 3*3 I fiadon measure 
A 

^ € M+(S) giving the desintegration 

f(8) a £ J* <»> d<*<£ > V S £ S . 

Def. y : S—* I O,eot i s called negative definite 

i f f 

(Y<*i> • Y<«j> - T ( » i * • j ) i i j . i f . . . , n 

i s pos. semidef. V ( s - ^ , . . . ^ )e S?V V n e N . 

Proposition. Let Y : s — * tO,<.©C .Then the fol lo

wing are equivalent: 

( i ) < q r « ^ 

( i i ) • • * • e # V t > 0 

*tv <~ ' 
( i i i ) Z <*.« 0 >- JZ1 <*•,<. Y ^ i + s,).*0. 

1 * -t ,£ ^ * * « 

Here JC denotes the cone of all neg. def. functions. 

Theorem. Let if € JP • Then there are uniquely de

termined 
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1) c * CO, c o t 

2) h: S—>- C.OfcoC addit ive 

3 ) a non-negative Radon measure *i on S - 4 l ? such 

that 

*f (s ) " c + h ( s ) + • | (1 - <p(s)) d JCC($> ) V s € S . 

Here c * *r (0) and h ( s ) =- l im 
• - « - *• _• 

4<nsi 
n 

Let f: S—>~tOfccZ , a1 , . . . ,aneS. 

Vxf (s; *-,>.* f(s) - f(s + aj) 

V^ts-a^. . . ,^) : - Vn^f(s a1,...,an-1) -

- 7 n- i ( 8 + V » a l » - - - » a n - l ) 

Def. (CH0QUET) 

f is callsd monotone of infinite order: 

* Vnf(3ja1,...fan)£0 

f is called alternating of infinite order: 

Y s, Sx^***8!!6 s and V n € W . 

Theorem, a) Al fi IP f J t i s an extreme subcone of CP. ' 

b) *A & J r t - A » » • « « "-A. 

c) If S is 2-diviaib3e (i.e. V BCS 3 teS: s =- 2t) 

then 

A s ^ and ^ / « i 1 • 



m 
Here JL(Ji) stands for the cone of monotone (alterating) 

functions of infinite order. 

Hie or em. Let njf <- «V* have the representation 

Tp (s) * c + h(s) + J (1- «(a)) d ^ ( 0 > * 

Then njr £ Jb iff £4/ is concentrated on (S -*£!$ ) + •• 

Applications. 

1) The classical lap lace-Transformation. 

Theorem. f: K + —--*• R is l.ap3ace-Transform of a fi

nite non-negative measure on R ^ iff f is continuous and 

positive definite. 

2) The semigroup (CO,ll, A ). 

Proposition, a) f is positive definite "Jf t>0 and 

f is increasing 

b) f is negative definite *fr t>Q and f is decreasing. 

€0 

3) The semigroup (L^tO-lT), • ). 

We mean the unit ball in L00 with multiplication of 

equivalence classes and the tf(L°*,.L ) - topology. It is a 

compact metrizable space, but the semigroup pperation is on

ly separately continuous. 

9 : l£*( 10,11)—*> R f 9(f):» j f(t) dt 

is continuous and pos. def., but the unique representing 

prob. measure on l£* can be shown to be concentrated on 
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a compact subset of the semicharacters, none of which is 

continuous in the neutral element of L? , 

Open Problem: Is this pathology impossible) if the 

semigroup 5s for ex» compact (or locally compact) and the 

addition is jointly continuous ? 


