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POSITIVE INTERMEDIATE CURVATURES AND RICCI FLOW

DAVID GONZALEZ-ALVARO AND MASOUMEH ZAREI

ABSTRACT. We show that, for any n > 2, there exists a homogeneous space of dimension
d = 8n — 4 with metrics of Rng75 > 0 if n # 3 and Ricg > 0 if n = 3 which evolve under
the Ricci flow to metrics whose Ricci tensor is not (d — 4)-positive. Consequently, Ricci
flow does not preserve a range of curvature conditions that interpolate between positive
sectional and positive scalar curvature. This extends a theorem of Béhm and Wilking in
the case of n = 2.

1. INTRODUCTION

Given a Riemannian manifold (M, g), it is a fundamental problem to understand how the
metric g and its curvature properties evolve under the Ricci flow 2¢(t) = —2Ric(g(t))
for g(0) = g, see e.g. [Nil4, BK19, Ba21]. In this note we study the evolution of metrics
satisfying curvature conditions which interpolate between positive sectional and positive
scalar curvature.

Theorem A. For any n > 2 there exists a homogeneous space of dimension d = 8n — 4
with metrics of Rng_5 > 0 if n # 3 and Ricg > 0 if n = 3 which evolve under the Ricci

flow to metrics whose Ricci tensor is not (d — 4)-positive.

Recall that the conditions Ricg > 0 interpolate between positive sectional, when & = 1, and
positive Ricci curvature, when £ = d — 1, where d denotes the dimension of the manifold.
Furthermore, k-positivity of the Ricci tensor, i.e. the sum of its smallest k eigenvalues
being positive, are conditions which interpolate between positive Ricci, when k£ = 1, and
positive scalar curvature, when k = d. An immediate consequence of Theorem [Alis that
the following ranges of curvature conditions are not preserved under the Ricci flow.

Corollary B. (1) There is no curvature condition between Rng_5 > 0 and (d — 4)-

positivity of the Ricci tensor which is invariant under the Ricci flow on closed simply
connected manifolds of dimension d, for any d = 8n —4 > 12 and d # 20.

(2) There is no curvature condition between Ricg > 0 and 16-positivity of the Ricci
tensor which is invariant under the Ricci flow on closed simply connected manifolds
of dimension 20.
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In order to put Theorem [Al and Corollary [Bl into perspective, let us recall that by work
of Hamilton [Ha82], positive scalar curvature is preserved under the Ricci flow in every
dimension. Moreover, both positive sectional and positive Ricci curvature are preserved
in dimension 3. It is then natural to ask whether any other curvature conditions are
preserved in higher dimensions. Now we review some results that provide partial answers
to this question.

There exist examples in infinitely many dimensions where positive Ricci curvature is not
preserved [AN16], as well as examples in dimensions 4, 6,12, 24 where positive sectional
curvature is not preserved [BK23, [ BW07,[CW15|. In this context, the example in dimension
12 is specially relevant to us. Namely, Bchm and Wilking [BWO07] show that there are
metrics of positive sectional curvature on the Wallach space W'? = Sp,/Sp® for which
positive Ricci curvature is not preserved. Indeed, their proof shows that such metrics
evolve to metrics whose Ricci tensor is not 8-positive.

The Wallach space W12 can be seen as the first member in the following infinite family of
spaces. For n > 2 we denote by P, the (8n — 4)-dimensional homogeneous space

Pn = 5p11/(SP—1 X Spy X Spy).
Observe that P, is the projectivized tangent bundle Py7THP" of HP". In [DGM, Theo-
rem G] it is proven that P, admits an Sp,, | ,-invariant metric of Ricy,y > 0 for the following

values of k(n):
k(n) = dn —17, n # 3,
6, n=3.

We can now state a refined version of Theorem [Al which extends the result of Bohm and
Wilking for P, to all of the spaces P,.

Theorem 1.1. For anyn > 2, there exist Sp,, , -invariant metrics of Ricy,) > 0 on P, that
evolve under the Ricci flow to metrics whose Ricci tensor has 8n — 8 negative eigenvalues.

Note that by taking Riemannian products, one can extend Theorem [A] and Corollary [B to
other dimensions, albeit at the expense of covering less curvature conditions relative to the
dimension. For example, products P, x S™ with round spheres of dimension m > 2 carry
metrics of Ricy > 0 with & = max{k(n) 4+ m, 8n — 3} which evolve under the Ricci flow to
metrics whose Ricci tensor is not (8n — 8)-positive. Note that & > %l, where d =8n—4+m
denotes the dimension of P, x S™. The smallest k’s are reached when m is roughly half
of the dimension of P,, in which case k converges to %d as n tends to infinity. Similar
observations can be made for other products like P, x P, or P, x T™, where T™ denotes

the m-torus.

Let us emphasize that for d-dimensional manifolds, the curvature bounds Ricy > 0 with
k< g seem to be significantly stronger than those with k£ > %l. As noted in the case of

P, xS™, the fairly trivial construction of taking Riemannian products produces manifolds
of Ricg > 0 only for £ > g. Recently, Reiser and Wraith have refined in [RW22al, RW22b)]
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surgery and bundle-like techniques to construct a vast number of manifolds of Ric; > 0

for various k > g. In particular, they have shown that Gromov’s Betti number bound

fails in the case of Ric[g} 4o > 0 in any dimension d > 5. Finally, we mention that the
bound k < g also appears in several structural results of manifolds of Ricy > 0, see

[GWL KM, Mo22, [Xi97]. We refer to [Mo] for a collection of publications and preprints
concerning the curvature conditions Ric; > 0.

Lastly, for the convenience of the reader we give the precise definitions of the curvature
conditions considered in this note.

Definition 1.2. Let M be a d-dimensional Riemannian manifold and let k < d — 1. We
say that M is of positive k' -intermediate Ricci curvature, to be denoted by Ric, > 0, if for
every point p € M and every set of k+ 1 orthonormal tangent vectors v,ey,...,e; € T,M,
the sum of the sectional curvatures of the planes spanned by v, e; is positive, i.e.

k
Z sec(v, ;) > 0.
i=1

Definition 1.3. Let M be a d-dimensional Riemannian manifold and let £ < d. We say
that the Ricci tensor of M is k-positive if the sum of the k smallest eigenvalues of the Ricci
tensor is positive at all points.

It is easy to see that Ricy > 0 implies Ricy; > 0, and it follows from the definition that
k-positivity of the Ricci tensor implies (k + 1)-positivity.

Unfortunately, there is no fixed notation nor terminology in the literature for the curvature
conditions above. For example, k-positivity of the Ricci tensor is denoted by Ricy > 0 in
the article [CW]. We refer to [DGM], Section 2.2] or [CW, p. 5] for further information.
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2. PROOF OF THEOREM [I.1]

In this section we first recall various known results about the spaces P, and then we prove
Theorem LTI



4 D. GONZALEZ-ALVARO AND M. ZAREI

2.1. Preliminaries. The homogeneous spaces P, from the introduction belong to a class
of homogeneous spaces called generalized Wallach spaces. These spaces are characterized as
compact homogeneous spaces G/ H whose isotropy representation decomposes into a direct
sum p = p; Bpo @ ps of three Ad(H )-invariant irreducible modules satisfying [p;, p;] C b for
1 =1,2,3, where b is the Lie algebra of H. Generalized Wallach spaces have been recently
classified [Ni16, [Ni21].

From now on we assume that G/H is a generalized Wallach space and that the modules
p; are pairwise inequivalent. Denote by () the bi-invariant inner product on g given by the
negative of the Killing form of G. Any G-invariant metric on G/H is determined by an
Ad(H)-invariant inner product g on p of the form

9= 11Qlp, + 12Q|p, + 13Q,5,

for some x1, x5, x3 > 0. The Ricci tensor of any such metric is given by

Ric(g) = riz1Qlp, + m272Q|p, + r373Qp5,
for certain numbers 1, 79, 73, which can be computed by the formula (see [St22], Section 3.1})
1 i i j
(2.1) rp= (L T )
2x; 2 \xjxy  xiTy; Ty

Here aq, as, az are rational numbers depending on G/H and can be found in [Nil6l Table 1].
By choosing a g-orthonormal basis adapted to the decomposition p = p;BpoPps we see that
the eigenvalues of the Ricci tensor are ri,ry, r3 with multiplicities dy, ds, d3, respectively,
where d; = dim p;.

Note that for the spaces P,, since rank G = rank H, the irreducible modules p; are pairwise
inequivalent. Therefor, the discussion above is applicable to P,. Moreover, we have
dy =dy =4(n—1), ds =4,
and the constants a; are equal to
1 n—1

M= =omr2y BT omra)

2.2. The metrics of Ricy,) > 0. Consider the nested inclusion
SPn_1 X SPy X Sp; <SP,y X SPy < Spp4q-
This leads to a homogeneous fibration
Spy/(Spy X Spy) = P — Spyy1/(SPa—1 X Spy),

where the base space is a quaternionic 2-plane Grassmannian and the fiber is the sphere S*.
A basic method to construct metrics on P, is to start with a normal homogeneous metric
(i.e. a metric with x; = z9 = x3) and rescale it in the direction of the fiber. Such metrics
will be called submersion metrics. Since the tangent space to the fiber S* corresponds to
p3, it follows that submersion metrics correspond to triples (z1, xg, x3) with x1 = z9 # x3.
In [DGM, Section 5] it is proven that any metric on P, with 2y = x5 > x3 is of Ricyg,) > 0.
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2.3. Normalized Ricci flow. The sign of each eigenvalue of the Ricci tensor is preserved
under rescalings of the metric. Thus, for our purposes, it is enough to look at the normalized
Ricci flow equation

%g(t) = —2Ric(g(t)) + 29(t)%>

where Sy(;) denotes the scalar curvature of g(¢). The normalized Ricci flow g(t) of an initial
metric g = ¢(0) preserves its isometry group and hence in our case we have:

(2.2) g(t) = 21(t)Qlp, + 22(t)Qlp, + 3(1)Qlps,

for some functions z;(t),z2(t), x3(t) > 0. Then the normalized Ricci flow reduces to a
system of ordinary differential equations
vy = f(v1,22,23), % = g(x1,09,73), x5 = h(21, 29, 23).

In the case of generalized Wallach spaces G/H the expressions for the functions f, g, h can
be found in [AANSI4] page 27].

The upshot of using the normalized Ricci flow is that the volume V stays constant for all
t, say V = 1. Since the volume V' of a homogeneous metric can be computed as

101 1
— ayl a ag
Vi=uayt 1y xg?,

it follows that x3 can be expressed in terms of x1,x,. In the case of P, we get x3 =
(z129)~ =Y. Thus we are left with a system of just two equations:

2 = [y, 2o, (x122) "7V, 2 = gy, @, (w125) " @7Y).

Altogether, by using the concrete expressions for f and ¢ in the case of P,, we get the
system

xl n._.n— n— n
Ty =-1- 3n+2) <:£1:£2 2—1'1 2 5 — a:’f:zg) + 2B
(2.3) "
Th=—1-— 3n+2) (—x?x?” + :)3?_2:)35‘ — ?Ig) + 29 B,
where
11 gtignt 1 n—1
B=|(2 N — 4 42 "2 ) gngn=2 n-2.n '
< (n+ )<:£1+x2+ n—1 ) 1% SR 2tz ) 2(n+2)(2n — 1)

2.4. Proof of Theorem [I.Tl We follow the strategy of Bohm-Wilking in [BW07] to prove
Theorem [[. Il First we make the following change of coordinates:

P =T+ Tg, Y =x1 — 2.

Note that ¢ > 0 and ¢ > .
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From (2.)) and (2.2)) we can write r;(t) of the metric g(¢) in the new coordinates as follows:
R Gt B

r = + -

ety 4 (n+2) (n+2)(? —p2)n

B S it ad W
(2.4) Ty T T nx2) (et 2) (@ — )
I N e V[ T, o (R )
N N ED) " (n+2)(p? — )

Furthermore, System (2.3]) becomes:

(p2 — p2)n2

/
— 9
7 e -1

(3¢" — (61 — 1)pv?)

4"np n—1 4p?
T @n - D@ -0 -1 (goz —wz)

Y =1 <4n_ffn ; ;b)();:_ 0 ((—4n +5)p* — (2n + 1)9?)

4"n n—1 4o
@D -1 (902 —w2)) |

For each initial condition corresponding to a homogeneous metric there is some 7" € (0, o<
such that System (2.5]) has a solution for all ¢ € [0,77] (see [Sh22, Theorem 3.1] for more
information on the existing time 7).

The first observation is that if (¢, ) is a solution with 1 (t) = 0 for some ¢y € [0, 7], then
Y(t) =0 for all t € [0, T]. In other words, the Ricci flow of a submersion metric on P, stays
within the class of submersion metrics. To show it, take ¥ (¢) = 0, so that System (23]
reduces to the equation

1 3S02n—1 4"n
2.6 QL .
(2.6) 7 T o1 ( Ty " 2(n+2)<p2"_1)

This equation has a solution ¢ for each initial condition. Thus (¢,0) is a solution of
System (2.5]). By uniqueness we are done.

An immediate implication of this observation is that if (o) < 0 for some ¢y € [0, 7], then
P(t) <0 for all t € [0,T].

When ¢ = 0 and ¢(0) is large enough, it follows from (2.6) that ¢'(t) > 1 for all ¢ € [0, T].
Under these conditions it is easy to see that Ricci flow preserves r;(t) > 0 for i = 1,2, 3.
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In order to find metrics for which the Ricci flow does not preserve r; > 0 for some 7, we
consider initial metrics which are perturbations of submersion metrics. More precisely, we
assume p(0) = N is large and ¢(0) < 0 with [¢(0)| very small. These metrics are very
close to submersion metrics and moreover r3 = (xlxg)_("_l) < x1; thus, since Ric, > 0 is
an open condition for any k, such metrics will be of Ricy(,) > 0 as discussed in Section

Now we fix ¢(0) = N sufficiently large and ¥ (0) < 0 with |¢/(0)| very small (to be fixed
later). These conditions imply, by analyzing System (23], that ¢'(t) > 1 and ¢/(t) > 0
for all t € [0,T]. Because 0 < SD%(t) < 1, the equation A/(t) = m with initial condition
h(0) = 0 has a solution h defined for all ¢ € [0,00). We use this map to do the following
reparametrization:

P(t) = (h(t)),  ¥() = p(h()).
This yields a new system for ¢' and ¢/, stated below, whose solutions are reparametrizations
of solutions of System (Z.5). One advantage of this reparametrization is that, even if some

solutions of (2.5 only exist up to a finite time, the corresponding solutions to the new
system are defined for all ¢ € [0, c0).

By abuse of notation we simply write ¢, 1 instead of @, ¢; as only the behavior of these
maps for large ¢ is relevant to us. System (2.5) now reads as:

¢ =1
(2 —p?)" 2 2 2 4mn n—1 4
¢ (4"*1(nf2)(2n—1) ((-471 + 5)@ - (277, + 1)¢ ) + 2(n+2)(2n—1)(g02—1/12)” + 2n—1 (@2:01#2))
-2 4+ (22 (3 3 _ (6n — 1) wz) + 4nnyp 4 nol ( 4p? )
T"-1(nt2)2n-1) 0¥ b 2n12)Cn—D) (@292 | 2n—1 \ g2—¢2

Clearly we have p(t) = t + N. Next we shall obtain an upper bound for ¢’ for large t.
Observe:

W=

/
—4
lim Ve _ 5.
t—o00 'QD 3
Thus, for each n > %2 there is a time t(n) such that

1
¢/ S _n/l?D;’ fOI' all t 2 to(’r/)

We take n = 4?" — 1 and denote the corresponding to(n) simply by ty. By integrating both
sides we get that there is some constant C' > 0 such that

1
v < —C—, for all t > t,.
Spn

Now we fix ¢(0) < 0 with |¢(0)| sufficiently small so that at time ¢ = 0 we have the reverse

inequality ¢(0) > —C'Wé)n. Thus, we may assume that at time ¢y we have an equality
U(ty) = —C W. Hence we get the inequality

w(t) < ¢(t0)§0(t0)n for all ¢ > to.

1
p(t)n’
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By multiplying both sides by ¢()*"~? and noting that 2n —2 —n =2 — 1> 0, we derive
that
(2.7) lim 4()ep(t)"* < lim ¥(to)p(to)"p(t)™" 7" = —o0.

— 00

t—o00

Using the formula (2.4)) for r; we can write

© N 22 0?2 — ? n—2 4n=lep
ety A n+2) \ ¢ (n+2)(p* = 92"
Using (2.7) it clearly follows that lim;_,., r1¢p = —o0. Because ¢ is always positive it follows
that r1(t) is negative for all ¢ sufficiently large. This shows that, for the corresponding
solutions of System (2.3]), m(t) < 0 for ¢ sufficiently close to 7. The same arguments
show that ro(t) < 0 for ¢ sufficiently close to T'. Recall that r1(t) and () are eigenvalues

of the Ricci tensor of g(f) with the same multiplicity dy = do = 4(n — 1). This proves
Theorem [T1]

Y =
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