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Abstract. We present a new, simple way to estimate the rate of exponential growth
(Lyapunov exponent) of solutions of the finite-difference Schrédinger equation:

def
(H—EW)m) = — [+ 1)+ yn—1)]+ [Af (@n + 0)]¢(n).

Here f is a non-constant real-analytic function of period 1 and « is irrational. For
A large we prove that the Lyapunov exponent is positive for every energy E in the
spectrum of H and a.e. 8. In particular, the absolutely continuous spectrum of H
is empty. In the continuum we study the quasi-periodic operator on L*(R)

d2

H=— ——— K?*[cos x + cos(ax + 6)]

dx
for large K and show that for wide intervals of low energies the Lyapunov exponent
is positive. The main idea, which originated from M. Herman’s subharmonic
argument [11], is to deform the phase 6 to the complex plane. This enables us to
avoid small denominator problems by moving them off the axis, making estimates
much easier to perform. We recover the information for real 6 using an elementary
extension of Jensen’s formula (subharmonicity).
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544 E. Sorets and T. Spencer

1. Introduction

In this paper we shall study the operator on L*(R)
H(@)=-D*+V, (1.1)

where D? =d?/dx* with the potential ¥ = — K?[cosx + cos(ax + 6)], and its
discrete analogue on [*(Z)

H@)=-A+V. (1.2)

In the discrete case 4 denotes the finite-difference Laplacian (Ag)(n)dgg(n + 1)+
g(n — 1) and the potential is given by V(n) = Af(an + 6), where f is a real-analytic
function of period 1 with f(IR)=[—1,1]. The coupling constants K and / are
assumed to be real and the parameter 0 is the phase. Notice that if « is rational,
then V in both cases is periodic. It is a standard result in Floquet theory that for
all values of the coupling constants K and A the spectra of the above operators
consist of bands of purely absolutely continuous spectrum with generalized eigen-
functions of the form (a + bx)e**p(x), where p(x) is periodic. In particular, if E is
in the spectrum of H the Lyapunov exponent y(E), which measures the exponential
rate of growth of i, vanishes. For more information see [17].

When « is irrational, the potential V is quasi-periodic and the underlying
dynamical system 0+ 8+ « is ergodic. As a consequence, both absolutely conti-
nuous and point spectrum are independent of 6 for almost all 8 [13]. In 1975
Dinaburg and Sinai [7] used K.A.M. analysis to prove that the behavior observed
for rational « persists for most high energies. More precisely, they showed that if
« is diophantine (poorly approximated by rationals) then for any K, ¢,.(H,) # J
and that there are eigenfunctions of the form e“*gp(x) with gp(x) quasi-periodic.
However, they did not exclude the coexistence of point or singular continuous
spectrum. S. Surace [22] later showed that for small K there is no point spectrum.
Corresponding results for H were proved by Delyon [6]. Recent work concerning
the absence of singular continuous spectrum can be found in {3,8 and 1].

For large 4, Sinai [19] and, independently, Frohlich, Spencer, and Wittwer
[10], proved that for diophantine « the spectrum of H is pure point with exponentially
localized eigenstates. Similar results hold in the continuum at low energies for H,
[10]. The above authors worked with H by analyzing its Green's function G(E) =
(H—E)~!. When the eigenvalues of H come close to E the Green’s function
becomes singular. In order to control these “small divisors” they employed a multi-
scale perturbation scheme of K.A.M. type, which involved difficult induction
arguments.

In this paper we first study H and prove that for large 4 the Lyapunov exponent
y(E, 8) > 0 for every energy E for a.e. 6. This implies, in particular [16], that H
has no absolutely continuous spectrum. We prove a similar result for H_ at low
energies. More precisely, we show that there is a set & composed of intervals of
width K separated by O(K ~2) such that for Ecé&, y(E) ~ K. Moreover, § na(H) # (.
For precise statements see Theorems 2 and 4. In fact, our methods actually can
establish positivity of the Lyapunov exponent for all low energies, for K large
enough, but we do not present details here. \
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We do not assume that « is diophantine — only that it is irrational. The price
we pay for this freedom is that we can only prove the absence of absolutely
continuous spectrum; our methods do not distinguish between point and singular
continuous spectra. In fact, for « Liouville H has purely singular continuous
spectrum when f =cos and 4> 2 [9,20].

Although the results of our method are not as detailed as those in [10] or
[19], and we require analyticity, its advantage lies in its simplicity and it allows
some generalizations which would be difficult with the K.A.M.-type methods. For
example, extension to the case of several frequencies is relatively straightforward
with our method and is quite difficult even for two frequencies [4] using other
techniques. In addition, the range of constants is improved significantly: in the case
of H with V,(0)=2Acos(2n(f + an)) + ef (an + 6) we can prove the absence of
absolutely continuous spectrum for 1> 1 arbitrarily close to 1 provided f is
sufficiently regular and ¢ is small. This is best one can expect [6] since when 1 < 1,
and ¢=0 a duality argument implies that all the spectrum is continuous. By
contrast, the K.A.M.-based methods typically require 4 to be extremely large.

Recently, these methods were extended by 1. Goldsheid and E.S. to potentials
on strips. Those results will be published separately.

Our analysis of these quasi-periodic potentials was inspired by the work of
Michael Herman on diffeomorphisms of the torus [11], where he considered the
case f = cos. We explain his result in Sect. 3 below.

In order to prove that the solutions of (H (6) — Ey} =0 grow we prove that
the Green’s function G(x, y, E, §) decays. To do that we first consider H (6) for 0
complex. The effect of moving 6 into € is to move some of the spectrum of H off
the real axis (see Fig. 1) making G a bounded operator, thereby eliminating the
“small divisors” mentioned above. We can then apply a WKB type argument to
obtain the decay of G for 6 complex. The information about G(E,6) for 8eR is
recovered using a subharmonic argument. See the next section and [11,5].

Some time ago, P. Sarnak [18] studied families of non-self-adjoint operators
closely related to H(0) for complex ¢ and obtained pictures very similar to Fig. 1.
These pictures suggest that localization starts in the middle of the spectrum and
extends outward as 4 (or K)increases. This phenomenon was observed in numerical
studies [12].

The rest of the paper is organized as follows. In the next section we introduce
some background from ergodic theory and describe the subharmonic argument
(an extension of Jensen’s formula) that relates the decay rates of G for real and
complex 0. In Sect. 3 we study H which is technically much simpler — we do not
even need to work with G, but estimate the rate of growth of the solution directly.
Section 4 introduces some more background necessary for the continuum case,
and in Sect. 5 we prove that for complex ¢ the Green’s function decays using
block-resolvent expansion and WKB analysis. Finally, in Sect. 6 we compute a
bound on Arg G, which arises in our version of Jensen’s formula.

o T o G o SRR L SR o S

Fig. 1. The spectrum of H (6) (left) and H (0 + id) at low energies
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2. Background

To analyze the spectra and the Lyapunov exponent of H, we consider the finite-
difference equation for the generalized eigenfunction ¥ corresponding to any E.
Let i be a solution of the equation HY = Ey and let

IPF[%“]. 2.1
Y
Then ¥,=M,¥,_,=P,¥,, where
AV (0 —E —1
M,,(6)=[ ol 1) 0 } and P,=M,-M,. (2.2)

Note that Det M, = 1. We choose V, to be:

Va(0) = Vo [R3(6)], (2.3)
where Vo[R"(0)] is a real-analytic function of period 1, and R,:S'—S' is the
rotation by a:

R()=0+a. (2.4)

Then P,(0) is a product of the values of a matrix-valued function 0+ M ()
evaluated along the orbit of 6 under the action of R,. Note that since « is irrational
R, is ergodic. One consequence of ergodicity is that all the spectrum of H is
essential with no isolated eigenvalues and o,.(H), 0,,(H), and ¢,(H) are independent
of almost every 6.

The Lyapunov exponent y(E, 6) is defined by:

1
Y(E,0)= lim —log|[Py(E,0)]. (2.5)
N N
It measures the average rate of growth of the solution . Existence of y is guaranteed

by the Subadditive Ergodic Theorem:

Theorem 1. (Subadditive Ergodic Theorem) [14]. Let (X,%,m) be a probability
space and let T: X — X be measure-preserving. Let { f,} T be a sequence of measurable
functions f,: X - R {— oo} satisfying the conditions:

(@) £ eL(m),
(b) for each k,n=1f, < f,+ fioT" ae.

Then there exists a measurable function f:X >R U {— o0} such that

frellm), fT=fae, lim Ef,, = fae., (2.6)
n—+o A
and | |
lim | f,dm = inf~ | f,dm = [ f dm. Q.7
n>w n n

We take S* with normalized Lebesque measure and R, as our dynamical system
and f,=log|[P,|. Tt is clear that the hypotheses of the theorem are satisfied.
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Moreover, since R, is ergodic y(E, 0) is constant for a.e. § and
1 1
y(E) = y(E, 0) = j y(E, )d0 = 1nfﬁ [logll Py(E, 6)| db. (2.8)
0

In the sequel we shall prove that for every E the Lyapunov exponent is positive
for ae. 6.

We shall now explain Herman’s result. Let z = ¢*™*

and write

def

) .
V(n,0) = 24 cos 2n(an + 0) = Ae®™*"z + je ™2™ _ = V(n, z). 2.9
z

It follows from (2.2) that

N l:/le~2m’an + ;teZm‘amZZ —Ez —-Z:| (2 10)

NP=
ohw H z 0

n=1

is an entire function of z, and, hence, log| zVPy| is subharmonic. Since |z| =1,
oo
y(E)= nh}fﬁjlog | Px(E,0))1d0 (2.11

1
=inf [log|| ¥ Py(E, 6) ]| d6 (2.12)

_ log]" Py(2)|

1
> =—logA¥ =log /. 2.13
2 N v o8 og (2.13)

z=0

Hence, y > 0 whenever A > 1.

The limitation of Herman’s approach is that it breaks down under perturbations.
If Acos2n(an + 0) is replaced by Acos2n{an + 8) + ecosdn{an + 6), the bound
becomes y > loge. We get around this problem with the help of an extension of
Jensen’s formula. We include a proof for completeness.

Definition 1. By </ (r;,r;) we shall denote the annulus {zeC|r, <|z| <r,}.

Lemma 1. Let g be meromorphic on of = .o/ (r, 1) and continuous on o/ , and let {r;}
and {p;} be the roots and poles of g such that r <|r;|,|p;l £ 1
Then for z = re*™?:

. i
Iloglg(e““’ [d0="} loglp)l+ X logﬁﬂloglg 2”"’)td0+<lfz\lr§g>logr,

ped resd v;
2.14)

where

1
Argg=— | w(z)dz (2.15)
lz| =r 20 |2[=r g

Proof. Let h be the non-vanishing analytic function defined by g(z)=
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I(z — p;)” ' II(z — r))h(2). Then:

1 1
floglg(ez’”")ld(? Z j log|e*™ —r,|d0 — Y {log|e*™ — p,|df + | log|h(e*™%)|d6
pi 0 0

= floglh(ez"w)[d(). (2.16)
4]
In the last equality we used the fact that

1 d
{log|e*™? — aldf = flogl 1 —ae*™|do = ‘.R—— { log(1— az)—Z =0, (2.17)
0 i |z|=1 z

where a =p; or r; and |a| < 1. Similarly,

jloglg(rez’“" [d6= Y loglpjl+ Y. logﬁ—% {log| h(re*™i?)| d6. (2.18)

pjed resd T
Since log h is analytic in the slit annulus, Arg h is constant for tefr, 1], and
lz| =t
1 . 1 .
flog|h(e*™%)|d6 — {log|h(re**%)|dO (2.19)
0 0
1
= in . lAlrgh (lAlrg h>log (Alrg g)log (2.20)

In the last equality we used Argg =ArgII(z—p;)” ' I1(z—r)+ Argh and |p;|,
lrl>r. B

We cannot apply Jensen’s formula to || Py | directly, but we note that

oprela))l®

and that g,(z) is analytic in z in an annulus determined by regularity of f. It is to
gy on that annulus that we apply the Jensen’s formula. Since there are no poles
and contribution from the roots is nonnegative we have an inequality:

1Pyl 2 Z1gx(2)| 2.21)

| loglgyldoz § logIgN|d9+<ArggN>log~ (2.22)

lzl=1 |zl =r

The estimates for the right-hand side are done in the next section.
The treatment of the operator H, is similar, but more complicated. See Sects. 4-6.

3. The Lattice Case

Our first main theorem is:

Theorem 2. Let H= — A+ V with V,(0) = f(an + 0) for f real-analytic with period
1 such that fR)=[—1,1].
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Then, there exists Aq such that for every 1> A,
7(0) >0 (3.1)
for every E and a.e. 6.

We shall first establish this theorem in the special case V() = 24 cos 270 + &£ (6)
with f analytic of period 1 in &/(r,1) as in Lemma 1.

Theorem 3. Let V,, be as above and H be as in (1.2), with « irrational. Given E and
p >0 we assume for {z|=r,
|A+ 422 — Ez| > 1+ 28 +|z|, (3.2)
B

and let ¢o(2) = ———.
T suplf]

Then for |e| < ey(4) the Lyapunov exponent
y =y(E) > log(l + B). 3.3)

Corollary 1. If 1> 1 and 6 >0, then there exist positive r, and ¢, such that for
0<r<ryand |e| <eg,

Y(E) > log(d —9) 34
for all |E| < 2A+ 2. In particular, (3.4) holds for all E€a(H).

Remark 1. Tt follows from the results of Pastur [16] that H has no absolutely
continuous spectrum on any interval of energies where y(E) > 0.

Again, let z = 2™ so that r & |z| = ¢2™%, Let Py, be as in (2.2) and

def ul
Fy(z)= <kl:[1 Zk>PN(Z)> (3.5)

2niak

where z, = ¢*™z so that

N A4+ 1z —E —
Fuyl2) = H [ +AZy 7+ ez, f(2) Zk:l (3.6)
n=1 Zy 0
is analytic on 7. Also let
N
M@=<n20%@ (3.7)
k=1
for gy(z) as in (2.21). From (2.21), (2.16), and (2.22), we get:
[log | Py(e?™%) || dO = [log|gy(e*™*)|d6
= [log|hy(e™")] 46
, 1
2 [log|hy(e*™)1d0 + < Arg hN> log —. (3.8)
lz|=r r

Therefore, in order to prove that y(E) > 0, we need only show that the right-hand
side grows linearly with N. The estimate is the content of Propositions 1 and 2
below.
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Proposition 1. Suppose that f is analytic on o (ry, 1) for some r,e[0, 1) and for some
f>0and relrg, 1),

lzilnzfrlll—i—/lzz—Ez+szf(z)]>1+/3+r. (3.9)
Then for all NeZ
lhy(2) > (1 + )Y (3.10)
for |z{=r.
Proof. For shorthand, let
Ay=A+ 2z} — Ez; + ez, f (z). (3.11)

Then Fy in (3.6) applied to a vector (1,#,) can be written as:

R E e I
ZNn 0 Z4 0 N1

It is easy to prove by induction that (3.12) equals

N 1
[T(A— ka)[ } (3.13)

Hn
where
1
=, 3.14
i+ 1 AJze—n, ( )
If |n,| < 1, then by Egs. (3.9) and (3.14) |5,| < 1 for all k> 1 and
A —zem] Z 1Al =z 2T+ f+r—rz21+ 4. (3.15)

It follows that

>(1+pY. = (3.16)

N
lhy(2) 2 H Ay — z,1]
1

(o)

Proposition 2. Let hy be given by (3.7) and (2.21) and </,4,z,ry, and r be as in
Proposition 1. Then

Arg hy =0. (3.17)

lzl=r

Proof. When ¢ = 0 hy(z) is entire and doesn’t vanish on {|z| < r} by Proposition 1.
It follows that (with ¢ =0)

Arg hy = 0. (3.18)

lz|=r

Since Proposition 1 continues to hold with |¢| < g4, the roots of hy do not cross
|z| =r and thus Arg does not change. B

We are now ready to prove Theorem 3.

Proof of Theorem 3. Note that the hypotheses of Theorem 3 imply that (3.9) holds.
The subadditive ergodic theorem, (2.21), (2.16), and Propositions 1 and 2 imply
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that

i1 .
E)=inf{—1lo e>™%)|do
E) =2 n £N glgn(e™)|
inf} : log| hy(e?*™)|dB
= — e
NN g1y

1y .
> inf [ — log|hy(re®™®)|d0
2in gN glhy( ]

=>log(1+p)>0. A
The argument is essentially the same when the potential is
Val0) = f(oan + 6)
with f real-analytic with period 1 as in Theorem 2.

Proof of Theorem 2. By the analyticity of f we can choose r arbitrarily near 1
such that on {|z|=r}

émo>0,

-2
A

where E and 4 are from Theorem 2. The positive number m, can be seen to depend
on f only. Then |Af — E| > myA and with h defined as in (3.7) we have

gﬂ (| Ayl — 1) > r¥(mgA — DV
1

for 1> ,10d=d3/m0 as in Proposition 1.
Also, for 1> 4,

N N
Arg hy(z) = Arg [ [ (4, — zum) = D, Arg A, = N + N Arg(Af — E).
1 1

[zt=r

It follows that
1
WE)=logrimgd— 1)+ (log -)(1 + Arg(Af —E))
r

1
=log(modA— 1)+ <Iogf) Arg(Af —E)>
r
for A sufficiently large since Arg(Af — E) is independent of 1 > 41,. W

4. Differential Operator H,

In the next three sections we shall prove an equivalent of Theorem 3 for the
operator H,, but we are going to exclude some narrow energy intervals from
consideration. The set & of admissible energies will be composed of intervals of
width K separated by O(K ~2). The precise definition is given in the next section.
See Definition 3.
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Our theorem in the continuum is:

Theorem 4. Let H = H(0)) be as in (1.1) and & as in Definition 3. Then for Ec& and
sufficiently large K
WE)Z K + o(1). 4.1)

Since y(E) is always positive for E¢a(H,), we need to know that our result is
not vacuous.

Proposition 3. Let an interval I < [info(H,),info(H,) + 200K ] be longer than e %',
Then

oc(HYNI # . 4.2)
Proof. See appendix. W

We are going to prove that y(E) > 0 for intervals of energies of length const. K
which by Proposition 3 must contain energies from the spectrum of H,. The basic
idea is still the same — we will use subharmonicity — but the analysis will be different.
The role of Py is now played by the fundamental matrix @ = @, given by

0 v
@;(x)=[ N

The underlying dynamical system is the flow R on the torus T?:

} ®)(x), B(xy) =1 (4.3)

R (u,v) = (u+ x, v + ax). 4.4)
In terms of R the potential

Vo(x) = — K*[cos x + cos{ox + §)] = — K*[cos m,(RZ(0,0)) + cos m,(RX(0,0) ],
4.5)

where 7; denotes the projection onto the i'® coordinate of T?. Lyapunov exponent
y = y(E, 0) is defined as before:

1
y(E, )= lim T log || @,(T)|. 4.6)

T— o

Since « is irrational, R, is ergodic. It follows that for a.c. 8,
1 2z
YE, 0) = y(E)= — [ y(E,0)d0
2n 0
1
= li —log|| @(T) | d6
lim [ log|| (T
1
=inf|—log| @,(T)| db. 4.7
erlfTOgll o(T)l (4.7)
As in the lattice case we shall obtain lower bounds on

1
[ log | @o(T){do. (4.8)

We do that by studying the Green’s function of the deformed operator H..
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Connection between decay of the deformed and the undeformed G is provided, as
before, by Jensen’s formula.
The structure of the argument is the following. Lemmas 2 and 3 below say

that for every ¢, ysdzﬁy(E + ig) is at least the decay rate of G(E + ig). We prove in

Sects. 5 and 6 that for every E€é (to be specified later) for almost every 8,7, = K
for all small ¢ # 0, and, since v, is an infimum of continuous functions of ¢

=72 K.
Lemma 2. Suppose that for all sufficiently large x
|G(XO,X,E+ 18)1 §Ae_b|x-’m|9 (49)

where G is the Green's function of H., and A and b are positive constants independent
of x. Then there is a constant BeR™ such that

| @%(x){| > Be* =, (4.10)

Proof. Let ¢(x)(j=dG(x0,x,E+is) for x> x, and let Y be another solution of
u”" =(V — E)u such that

Py — ¢ P)(x0) = 1. (4.11)
Since
[¢"(O)] = V() — E)p(O)] = 2K? | (&) (4.12)
for all £, expanding ¢(x + 1) to second order in Taylor series about x, we get:
|¢'(x)] < (24 + K*)eblxxol, 4.13)

The Wronskian in {4.11) is independent of x (so long as x > x,), and so

L=y — ¢V SO | +1911¥] S 24+ KHe 70Ny | + ') (4.14)

It follows that

blx — xo|

W+ z

. 4.15
T24+K? *1)

The case when x < x is similar. W

For the remainder of the paper we are going to drop the subscript ¢ in H,,
and we shall frequently emphasize dependence on 0 or z = e*™ by writing H(6)
or H(z). Let the real and imaginary parts of H be given by

def def

RH=—-D>+ RV and JIH=3JV. 4.16)

For any interval I, by H, we shall denote the restriction of H to L*(I) with Dirichlet
boundary conditions and G,(E)d=e{(H ; — E)~!. Throughout the discussion we are

going to make frequent use of the “resolvent identity,” which is the one-dimensional
analogue of the Poisson Integral formula. Let R < A be any two intervals and let
def

GA,R = GA\RC_D GR' Then
Gax, ) =Garl, )+ 3 G3R(x,1GAr, Y), (4.17)

redA\GR
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where G ® is the normal derivative of G with respect to r. Note that if x, yeR then
G 4 r(x%, ¥) = Gg(x, y) and if 0R separates x and y then G, g(x,y)=0.
Lemma 3. For every ¢ #0,

. logiG(0,x, E + ie, 0

lim 0g|G(0, x, E + ie, 0)|

x—+w X

exists for almost every 6.

Proof. Let A, =(—c0,2n(n+ 1)]. Then by the resolvent identity

609 = 6302965, = [] 63,e00- 0,206 26] 2 ] x)
=1 P

[x]
=[] G2 (O, 2n,9+2nan)G<2n|:i ,x>.
n=1 27[
It follows that
1 1 ¥l
lim ~log|G(0,x)|= lim — Y log|G$ (0,2x,6 + 2nan)|
x=>+w X x>+ 0 X ni

exists by Birkoff’s ergodic theorem. M

To estimate the decay of G(E + ie) we first note that it is sufficient to prove that
G (x, y, E + i) decays for x, ye A, where A is an arbitrarily wide finite interval.
We then estimate G, with the help of Jensen’s formula.

The next two lemmas show that Jensen’s formula is applicabie.

Lemma 4. Let G 4(x, y; z) be the Green’s function with Dirichlet boundary conditions
in an interval A for the operator H 4(z) = — D* + V(z), where V is the potential from
(1.1) written in terms of z:

1/ . 1
V(x,z)= —Kz[cosx +2<e‘“"z+e““">]. (4.18)

z

Then z+— G 4(x, y; z) is meromorphic.

Proof. We first prove that the operator GAdzef(H +— E)™' is meromorphic. Let

EeC be given. Since A is a finite interval the spectrum of H , is discrete. Therefore,
H , can be written as H, = F + R, where

w1 Hadt
2mi ¢, Hy(z2) =&

the contour C, enclosing all eigenvalues of H, with absolute value less than

I +2|E|. F, therefore, is a finite-dimensional operator, analytic in z. Since the

spectrum o(R) of R is at least distance 1 +|E| from E,(R— E)~! exists and is
analytic in z. Therefore, we can rewrite H, as

1 1 1 1
H,—E R—E+F R—E1l+(R—E)'F

F(z) (4.19)

(4.20)
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and see that (H, — E)~! is meromorphic in z. Indeed, (R — E)™! is analytic in z
and the only singularities the second factor can produce are the poles at the (finitely

many) values of z for which —leg((R—E)"'F). ®

Lemma 5. G ,(x,y;z)#0 for all x, yelnt A.

Proof. Suppose G 4(x, y;z) =0 for some x < yeR and zeC. Let pe A be less than
x. Then by the resolvent identity we have:

Galp,y) =G (p,X)Glx, y) =0, (4.21)

where A, = An(—o00,x]. That is, if G,(x,y)=0, then G,(p,y)=0 for all p as
above. But this is impossible since G 4(p,*) is a non-trivial solution of the O.D.E.
=V —Euon(p,c). B

We now sketch the proof of Theorem 4.
Sketch of Proof. We shall prove that G, decays on sufficiently wide intervals A.
Lemmas 2 and 3 will then imply that | @| grows exponentially; in other words,
y(E) is positive.

Applying Jensen’s formula to G, we get:

| 2 I .
— [ dB1og|G z(x, y, E; )| = — [ d0log|G 4(x, y, E; re®)| 4.22)
2n 0 2n 0
1
+ Y logl—|+ Y log|pil (4.23)
r<irls1 rj r<|p,|=1
1
; ( Arg GA> log, (424)
lzl=r r

where r; are the roots and p; are the poles of G(x, y, E;*). Lemma 5 says that the
first sum vanishes. The sum over the poles is non-positive, so we are left with the
inequality:

1 2n . 1 27 X ]
— [ d01og|G 4(x, y, E; €°)| £ — [ dBlog|G 4(x, y, E; re®®)} + (Arg GA>log'.
27 % 27 o | r

|z| =r

4.25)

The right-hand side of (4.25) is estimated with the help of the following two
propositions, which are proved in Sects. 5 and 6, respectively. We shall restrict the
values of E to the set & defined in Sect. 5.

Proposition 4. For A, E, x, and y as in Theorem 4, and 1 — K5 =,
[G A(x, , E; re®)| < const.e X171y g, (4.26)
Recall that d =log(1/r).

Proposition 5. There is a constant independent of x,y, and A such that

1
‘(Arg GA)logA
lz|=r r

< const. K?|x — y||logs|. W 4.27)
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The proof of Proposition 4 basically follows from WKB type estimates and
since 6 >0 we can obtain apriori bounds on G (Proposition 7) and this makes
multiscale analysis unnecessary.

5. Decay of G, (x,y)

In this section we prove that the Green’s function with phase 6 + id for § small
decays exponentially fast. Qur plan is to divide the x-axis into 2 kinds of regions:
the wells and the decay regions. The wells W are the neighborhoods of the local
minima of RV which are low enough to reach & - the set of energies that we
consider. (See Definition 3 below.) In the wells the deformation will provide us
with a priori bounds on Gy. (Proposition 7). Qutside the wells — in the decay
regions — RV > sup £ and we can use the WK B expansion to prove that G decays
there (Lemma 10). The information from all these regions is then patched together
in Proposition 8 using block-resolvent expansion which expresses G, in terms of
products of G,, where I is a well or a decay region.
In terms of 8 and ¢ the potential V is:

V{x, 0 +id) = — K?[cos x + cos{ax + 0 + i5)] (5.1)
= — K?[cos x + cosh d cos(ax + 0)] — iKZsinh ésin{ax + ).  (5.2)

A quick comparison with (4.18) yields the relation 6 = —logr. § will be chosen
small, with an additional provison that |§ — | > §/2.

Definition 2. A well W is an interval of width K ~*° centered at 2nk for keZ. Hy,
shall denote the operator H with Dirichlet boundary conditions at oW.

We shall make use of the following fact.

Fact. Let E, be the n™ eigenvalue of Hy, for the well centered at 0. Then for
|6] < K~37, n <100 and K sufficiently large

E () =V(x, ) +(2n+1)

V”(;"’ 9, o, (5.3)

where x, is the critical point of V(-,8) with Rx,e W.

Remark 2. The error term in (5.3) is analytic in # and the formula continues to
hold after 2 formal differentiations. For our potential we get:

. K2(0 + o)’
—_ _ 2
E(0+i8)= ~2K+ = FTIE+ O(K). (5.4)
2 .
E0+i5) =00 o), (5.5)
l+a
2
EN(0+i8) = —— + O(K). (5.6)
1+«

Note that the above implies E,(#) has a unique critical point p, with
|p.| <const. K%,



Positive Lyapunov Exponents for Schrédinger Operators 557

300 -3 — 3D0E - 2

Fig. 2. & lies between the hatched regions I,

Remark 3. If EX(0) is the n™ eigenvalue of Hy, for the k" well, then
EX0) = E, (0 — 2nka). (5.7)

In particular, their critical values are the same. This follows from the fact that the
wells are translates of each other by 2nk and

V(x —2=nk, 8) = V(x, 0 — 2nko). (5.8)

In order to obtain a priori bounds on G, we will need to know that
JE, (0 +i0) # 0 for 6 0. Since

E,(6 +i0) = E,(0) + E/(0)id + O(K?6?) (5.9
we need only avoid the energies near the critical values of E,,.
Definition 3.

def

& ¥ Tinf o(H), inf o(H) + 200K\ U1, (5.10)

where I, is an interval of width 2K~ centered at E,(p,) — the critical value of E,(6).
See Fig. 2. (Recall that since o is irrational o(H(0)) is independent of 6 a.e.)

Proposition 6. For all Ecé,
[EX(0 + id) — E| > const. d. (5.11)
Proof. In view of Remark 3 we may assume that k =0. We have:
E(0) = EL(p,) + EL(E)O — p,) = EL(©(O — p,), (5.12)
where p, is the critical point of E, and &e[6, p,]. It follows from (5.12) that

1
E"(G) - En(pn) = EE:(él)(g - pn)z

L ey i e _3] (O i
= 2En(é])|:E:(é):| —[ Y +O(K™7) [[EO)]". (5.13)
If |[E;(0)] = (1 + «*)~'/2, then (5.9) implies that

|E,(8)— E| = |JE ()] = const. , (5.14)

where $ denotes 0 + ié. If, on the other hand, |E/(6)| < (1 + «?)~ /2, then by (5.13)
and (5.9),

|&®—E@M<; +OK ), (5.15)

KZ
In particular,

1
dist[E,(9),6] > 3K >const.6. M (5.16)
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CL E.

Fig. 3. 6(Hy) and the contour C,

Having established that o(H, ) stays away from E for § > 0 we prove below
that |Gy | £2[dist(c(Hyw), E}]™'. This inequality holds since for & small
H,,(0 + id) is near a self-adjoint operator.

Let RH,, & — D2 + RV be an operator on LA(W). It is self-adjoint, has discrete

spectrum, and its eigenvalues E, are simple. Moreover, they are very clos.e tothe E,s:
Lemma 6. Let E, denote the n'™ eigenvalue of Hy,. Then for 6 <K~ 3,
|E,— E,| <3K26. (5.17)
Proof.
|SH| =|3V|=|K?sinh Jsin(ax + 0)] < 2K?6. (5.18)

In other words, Hy, is a small-norm perturbation of ‘RH,. Equation (5.17) follows
from the standard arguments of perturbation theory. See [17]. B

Let us choose d < K~°. From Lemma 6 we get:
\E,—E,|>K VYn#m nm<100K. (5.19)

This allows us to partition Hy, into 3 parts. Let E, be the eigenvalue of Hy, nearest
E. (If there are 2, we pick the one with smaller real part.) Let

e_l ef —
p.E | dz and PLdzf—l. | _ 4z

201 \z-p)=kia Hy — 2 2ni¢, Hy —z

(5.20)

be the projections onto the subspaces corresponding to E, and to the eigenvalues
lower than E_, respectively. Define Py =1—P, —P,. See Fig.3. P, and P,
commute with Hy, and P, P, =0= P, P,. It follows that Py is also a projection,
commutes with Hy,, and Py P, =P Py=PyP, =P, P,;=0.

def def

Let G, (E)=(P.Hy ~ E)" ! and G (E)=(PyH, — E)"*. Then

Lemma 7.

4
|GL(E)+ Gy(E)} = e (5.21)

Proof. Lemma 6 implies that E, lies in the interior of C, iff E, does. Since RH
is self-adjoint
1 1

P, ll < — - (5.22)
RHy — E| ~ dist(E,e(RHyP,)) K
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Therefore,

1 1

3 - - < 5w
RH, —E 1+ (RH, —E)"'3H,

K

1
PL—]= P
Hy—E

for ¢ sufficiently small. The estimate on Gy(E) is the same. I

Lemma 8. Let ¢e L*(W) be the normalized eigenfunction of Hy, with eigenvalue E,
closest to E and Gy(x, y, E) be the Green’s function. Then, if E¢a(Hy),

GM&yJD=¢§l¥%9+O<%>, (5.24)

where ¢, is the normalized eigenfunction of H* with eigenvalue E*.
Proof. Let f,geL*(W) be any test-functions with unit L? norm. Then
Jdxdyf(x)Gw(x, v, E)g(3) = {f, Gwg) = {f, GwPyg) + {f, Gw(PL+ Py)g).
(5.25)

The second term is bounded by:

IS Gw(PL+ Po)g I 1SN g 1l Gw Pl + |Gy Pyll) £ (5.26)

SRS

and becomes the error term in (5.24). To compute the first term we note that

Pg=<s.9>9. (5.27)
Then

($1:9<1i$)

(5.28)

Since ¢, ¢,, and Gyl(x,y, E) are continuous, letting f tend to J,,9 to &, and
combining (5.25), (5.26), and (5.28) we get (5.24). B

In order for Proposition 8 to be useful we need to bound || ¢|,.

Lemma 9. Let ¢ be as in Proposition 8. Then
ol < 2K*. (5.29)
Proof. Let xeW and wedW. Since ¢(w) =0,

161 < ] 19/ (0)de (5.30)
< lx— Wi, ¢ S (5.31)
<IWIV2C, 9" S 12 = W2, (V — E)p Y| (5.32)
<|WIV2K | |, < 2K (5.33)

since |W|=K™*°and | ¢ll,=1. B

We are now sufficiently armed to bound Gy,.



560 E. Sorets and T. Spencer

Proposition 7. For Ecé,

2

K
|Gw(x, y, E)} < 3 (5.34)
Jor all x, yeW.

Proof. Combining Lemma 9, Lemma 8, and Proposition 6 we get:

8/5 2

<const.? Vx,yeW. R (5.35)

|Gy(x, y, )] < const.
Outside the wells E lies below the minimum of RV and, therefore, the Green’s
function decays. The next lemma contains the precise statement.
Lemma 10. Let A be any interval such that
min RV — max & > K5°3/2, (5.36)
A

Then for all x, ye A with dist({x, y}; 0A) > K~ 1/3,
1
Galx, y)= ~E(V* E)" Y4 (x)(V —E)” 1m()’)“p{ - f] V- E|”2}

{1+ O(K" 3| AD}. (5.37)
Remark 4. If A contains no wells condition (5.36) holds.

Proof. Let p be a point in the middle of A. It is a standard result of WKB theory
(see [15]) that the O.D.E.

W =(V— Eu (5.38)
has 2 solutions

¢, ()=(V- E)'”“(Y)exp{f(V - E)”Z} {1+e.(0} (5.39)
and ’

¢ _(y)=(V —E)" "*(yexp {T —(V- E)”Z}{l +e-())} (5.40)
such that p

lex LIV — E)™12(y)e, (y)] < const. K™ 11| Al (5.41)

Since the Green’s function can be expressed explicitly in terms of these functions
(5.37) foliows from a straightforward computation. B

We have now established the decay and the a priori bounds. It remains to
patch the results together. This will be done in Proposition 8 as soon as we prove
the next lemma.

Lemma 11. Let G be a Green's function in any box A larger than K~ '/2_ finite or
infinite and |G *(x, y)| < const. e " K* 73 Then, for y,edA and |x — yo| > 1,

|G *(x, yo)| < const. K|x — yo|e Xlx—vl (5.42)
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Fig. 4. R;s lic between square brackets and W;s between parentheses

Proof. Let Gg(x,y,E) be the free Green’s function, ie., with ¥ =0. Since
E= —2K?+0(K?),

|Go(x, y, E)| < e B and |G&(x,y, E)| <e K, (5.43)
Differentiating the identity
G(x, y) = Go(x, y) — GV Gy(x, y) (5.44)
with respect to y, we get:
G*x, ) =G3(x,y)—GVG(x,y) (5.45)
=G&(x,y)— [Glx, )V ()G (1, y)dt. (5.46)
Therefore,
|Go(x, W S e K3 4 3K2[|G(x, t)le KN de (5.47)
<const.e X¥7¥ 4 const. Ke X*V|x —y|. W (5.48)

In the following proposition we combine the local information provided by
Proposition 7 and Lemma 10 to prove the decay of G,. This will be done using
block-resolvent expansion, [21], which can be thought of as a random walk
expansion with steps the size of the blocks. (These sizes need not be equal.) For
our blocks we take the wells {W,} and the “decay regions” {R;}. The decay in
{R;} will offset the size of the Green’s function in the wells.

Proposition 8. Let A be a long interval, x, ye A with dist{{x, y}, 0A)> K3, and
|x —y|> K~ 3. Then for Ec&

|G A(x, v, E; 6 + i6)| < const. e XI¥~¥1, (5.49)

Proof. Let the intervals W, = A be the wells and let R; = A be the “decay regions”

satisfying the hypotheses of Lemma 10. Let ¢ d=ef{W,~, R;} be a open cover of A.

(See Fig. 4.) They can be chosen so that

1. uC; oA

2. Every point of A belongs to at most two members of €. In particular, a boundary
point of each member belongs to the interior of exactly one member.

3. If a,beudC; then |a—b|> K ' unless a=b. We also ask that dist({x, y},
{a,b})> K13

In addition we ask that R;s are as long as Lemma 10 allows, i.e., either R; intersects
two wells or dA, or |R;| = const. K'/°.
We are finally ready to start the expansion. For xe A let C(x)e% be any element
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of € containing x. (If xe U %, then C(x) is unique.) By the resolvent identity (4.17)

G (X, y) = Gegylx, y) + ; G &%, P1)GA(P1» Y) (5.50)
p1€3C(x)
=Y G&y(x, PG AP, 3) (5.51)
14}

because y¢C(x). Applying the resolvent identity to G 4(p;, y) and then to G ,(p;.y)
and so on, we get

GA(xs _V)= Z Gc.(x)(xa pl)G(?(pl)(pbpz)"'GA(pnv Y) (552)

Pis...s Pn
so long as y¢C(p,) for k <n. Let us say C(p,)2y. Then after one more step
Galx, y) (5.53)
= Y G&uP)GE, P12 C&y ) (Prm15Pw)Gipm(Pas V) (5.54)
Pn

+ X Gl PG Pr P2 Gy P Pus )CalPrs 1Y) (5:59)
Piyeeey Pn
Continuing in this manner we express G 4(x, y) as a sum of series of products with

the sum having as many terms as visits to C(y). Let us estimate a typical term of
a series:

G(,‘.(x)(xa pl)GC.(m)(pla p2)"'GC.(pn)(pm y) (556)
If C(p;) is a well, we group Gg,, With the next term G, ., which must be a

decay region. (We shall assume for simplicity that y lies in a decay region.) From
Proposition 7, Lemma 10, and Lemma 11 it follows that

K6 Pi+2
lGC.(pi)(piapi+1)GC.(pi+,)(pi+l’pi+2)léconst.~§exp{_ j IV—E|”2}
P+
6
SCOHSt.SE_S/ZK“’HZ_PHH
N é

ée—4/3K|p,+z—P-+1| (5.57)

for K large enough and & not too small (> e~ ¥/*%). Since (5.57) is satisfied by each
Geoy with C(p;) a decay region, and the total measure of the wells is a small
fraction of |x — y|, we see that the expression in (5.56) is smaller than

const, e~ 3/4Klx =y, (5.58)

Moreover, condition 3 assures us that {p;,, — p;+,| > K~ /* and so (5.57) is less
than

const.e X", (5.59)

In other words, if we regard each factor in (5.56) corresponding to a well and its
successor as a single factor, we can say that each factor is bounded by (5.59). Now,

|GAx, , E;20)| £ 1/e x, yeA. (5.60)
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Reinserting the series in (5.53) for each factor with G, until each term containing
G 4 has at least const. K “**log 1/¢ terms we see that indeed

|G 4(x, y)] < const.e ™ KIx»I, (5.61)

where const. is independent of &. W

6. Bound on Arg

In this section G will stand for G,. We are going to prove that Arg G,ul=
O(x — y||log 8]). Recall that & = log(1/r) and ==
G(x, y; 2)
Arg G(x,y) = j dz. 6.1
jz}=r G(x, y;2)
Lemma 12.
d d
Zl—G(x, y;z)= j dtG(x, t;2) V(t 2) v G{t, y; 2). 6.2)
z -
Proof. Recall that G =(H — E)~*. Therefore,
d d d
~G=G<VH>G:G —VIG (6.3)
dz dz dz
as desired. W
It follows that
d
G(x, 1 z)dv V(t, 2)G(t, y; 2)
z
Arg G(x, dz | dt —m8—oomo 6.4
lz| = 5 (3= i ,J ’ _Ioo G(x, y; 2) (64)
We separate the integration with respect to ¢ into 3 regions:
Regionl x<t<y, (6.5)
I t=2x (6.6)
m =y 6.7)

By resolvent identity (4.17), in region 1 G(x,y;z)= G} (x,2)G(t, y; z), where
A, = An(—oo,t]. Also, G(x, t; 2) = G} (x, t; 2)G(t, t; z). Therefore,

Gix,t; z);ld— Vi(t, 2)G(t, y; 2)
| : dt (6.8)

=6 z)d% V(L 2)dt, (6.9)
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which in absolute value does not exceed

y {j f)‘ﬁé)d V(t,z)'+0(K)} (6.10)
W, clx,y]
+RC[ y“j; ttzjz V(t, z)|dt, 6.11)

where we used (5.24) in (6.10). By an argument similar to that of Proposition 8
|G(t, £; 2)] S {Ggr(t, t; 2)| + const. (6.12)

Therefore, by Lemma 10 contribution from the last term is not greater than

d
Y [ 2sup|V(t,z)— E|”Y*|—V(t,z)|dt
i R, z dZ

< Y const. K ™¥3-K*|R;| < const. K*|x — y|. (6.13)

Next we estimate (6.10). Let W = W, be the i" well in [x, y]. Since ¢, (t) = ¢(1),
léll,=1, and |d/dz V|<2K?,

jd far 2020 i v )l (6.14)
E(0)—
1 rdf dé
S| 1dt|p@) 2K2<— E B (6.15)
21tjfE*(0) j -j [E(0)— E|
From formulas (5.4) and (5.5) it follows that |E’'| > 1 when E(6)¢&. Hence,
n n 2]
] 9 <const. | < const.|log 8| (6.16)
2 |E(0)—E| Zel8+id]
Therefore,
const. K?|log 6 (6.17)

is the contribution to (6.10) from a single well W,. Summing over all the wells and
adding the result to (6.13) we see that the contribution to Arg G from Region I is
less than

const.|x — y|(K?|log d| + K?). (6.18)
Next we consider Region II: ¢ < x. We use the identity
G(t, y;2) =G 3 (1, x; 2)G(x, y; 2) (6.19)
to rewrite
. G(x, t; z)d-d; V(t, 2)G(t, y; z)
_fw dt iy 2) (6.20)
as

j dtG(x,1;2)G 3 (1, X; 2) dz V(t, z). (6.21)
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By the results of Sect. 5
|G(x,£;2)|,1G % (1, x; 2)] < const. e ™ ¥I" ™! (6.22)

so that (6.21) converges and is less than const. K2. Integration over the Region I1I
is handled similarly.
Combining bounds (6.18) and (6.21), we conclude that

|Arg G(x, y)| < const.|x — y|(K?|log 8]) + O(K?). (6.23)

Therefore, the second term on the right-hand side in (4.25) is O(K?6]x — y||log é])
and tends to 0 as K — co. This implies that

127 log|Galx, y, E; e
LT gplo8lOaben B gy (6.24)
2 % [x—yl

and y = K + o(1).

A Appendix

Proposition 3. Let an interval I < [inf o(H.), inf 6(H,) + 200K ] be longer than e~ X",
Then

o(H)nlI+# . (A.1)

Proof. Pick Eelinfa(H,),infa(H,) + 200K]. Choose a well W, so that the lowest
eigenvalue ES(6) of the operator H.(6) on L*(2nk — K ~%°, 2rnk + K ~?/*) equals E
for some 8. By standard perturbation theory [17] the harmonic oscillator approxi-
mation yields

V" , 0

EX0) = Vix,, 0) + (;" )+ 001) (A2)
and

|o(x — xg)| < const. K 1/4e ™ K/4lx=xel* (A.3)

2
where " = o We let 8§ =0, and ¢, be the corresponding eigenfunction. Then,
X

I(H — E)pol S 15| +12K> + E| o]
< (|x — xg|? + 3K2)K 4~ Kidlx =il < copgt, o~ KISIx —il?,
Therefore,

I (H — E)¢ |, < const. | e~ KiSlx=xil® gy < const. e TK"/3, (A.4)
|x —xo0| > K~ /5
which implies that

. 1 —K1/5/5
dist(E, o(H,)) < —————~” H B <const.e . n (A.5)
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