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Positive Radial Solutions for Semilinear
Biharmonic Equations in Annular Domains

ROBERT DALMASSO

ABSTRACT. Wc study dic exisíence of positive radial solutions of
112u=g(jx¡)f(u) in an annulus with Dirichlet boundary conditions. We establish
¡bat te equation has at least one positive radially syrnrnetric solution on any an-
nulus iff and g are nonnegative, g~0 and fis superlinear at zero and + ~. Wc
also give a property of positive radial solutions.

1. INTRODUCTION

lii ¡bis paper we consider tbe existence of positive radial solutions of
tbe sernilinear bibarmonic equation

(1.1) z12u=gdxj)f(u) infl(a,b)

au
(1.2) u=—---=O on8fl(a,b)

dv

where 0<a.cb<+ co, fl(a, b) denotes the annulus {xEIJ~”; a<(xjcb}
a(n=2),—u- is ¡be outward normal derivative and y’, g sa¡isfy the following

bypotbeses

(H
1) fEC([0, +a)) andf(u)=0for u>-0.

(~~2) gEC([a, b]), g(r)=0for rG[a, b] and g~0 in [a, b].
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(113) hm f(u)/u=+oc.
u—. +

(114) limf(u)/u=0.
u—*O

The analogous problem for ¡be Laplace equation bas been intensively
studied in recent years (see cg. [1]-[4],[8], [11], [12], [15]) and nearly
optirnal results bave been obtained. In most papers, the sbooting rnethod
was used to establish the existence of positive radial solutions. In con¡rast
¡he result of [1] was ob¡ained by a variational method and ¡be use of a
priori estimates, while in [15] an expansion fixed point theorem was ap-
plied.

Our main result is ¡he following ¡heorern.

Theorem 1.1. Assurne (H,)—(HJ. TIten problern (¡.1), (1.2) pos-
sesses at least one positive radial solution uEC4(fl (a, b)).

In ¡bis paper our method of proof makes use of a priori estimates and
well-known properties of cornpac¡ mappings taking a cone in a Banacb
space into itself (see [7]).

Since we are interested in positive radial solutions, tbe problem under
consideration reduces to the one-dimensional boundary Value problem

(1.3) zl2u(t)=g(t)f(u(t)), tE(a, b)

(1.4) u0(a)=u<’~(b)=0, j0, 1

where ¿1 denotes ¡be polar form of tbe Laplacian, i.e. ¿1 =

Our next result gives a property of nonnegative nontrivial solu¡ions of
(1.3), (1.4) when f and & sa¡isfy sorne monotonicity conditions.

Theorem 1.2. Suppose ¡ha¡ y’ and g in equation (1 .3) satisfy ¡he fol-
lowing assurnptions:

(Ha) 110 + oc)—. JO, +oo) is nondecreasing.

(116) g:[a,b]—*[O,+ oc) is nonincreasing.
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Le¡ u E C4([a, b]) be a nonnegative nontriv ial solution of problem
(1.3), (1.4). TIten Au(a)>zlu(b).

Remark 1.1. Note tba¡ Au(a)=u”(a) (resp. zlu(b)=u”(b)) since
u’(a)=0 (resp. u’(b)=O).

Remark 1.2. Theorems 1.1 and 1.2 can be easily extended ¡o handle
more general nonlineari¡ies of tbe type f( x , u).

Our paper is organized as follows. In Section 2 we give a maximum
principie for fourth order equations and we describe tbe special shape of
nontrivial solu¡ions of (1.3), (1.4) wben f=0 and g=O. In Section 3 we
prove our a priori bounds for positive solu¡ions of (1.3), (1.4).
meorem 1.1 is proved in Section 4. Finally, Section 5 contains ¡he proof
of tbeorem 1.2.

2. PRELIMINARIES

We have ¡he following ¡heorem.

Theorem 2.1. Let uEC4 (Ja, b]) be such ¡hat{U12u=oinÑ¡,) j=O, 1.

Assume ¡hat u~0. TIten:

(i) There exist r, sE (a, b) such that r<s, zlu>O on [a, r)U(s, b]
asid ¿lucO on (r, s).

(u) There exist d,, d
26 (r, s) such tha¡ d,=d2,~zlu)’<O on Ja, d1),

(Zu)’>O on (d2, bJ and (Au)’~O on Jd,, dJ.

(iii) u>O on (a, b). Moreover ¡here exis¡s cE(r, s) such tha¡ u’>O
on (a, c) and u’<O on (c, b).

Proof. We first prove (i). Suppose ¡hat zlu(a)=0 and zlu(b)=O.
Tben ¡he one-dimensional maximum principIe ([14] p. 2) implies that
¿lu=0 on [a, b]. Since u(a)=u’(a)=u(b)=u’(b)=0, ¡he maximum prin-
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ciple and ¡he Hopf boundary lemma ([14] p. 4) imply ¡ha¡ u ~0 on [a, b]
and we reach a contradiction. Tbus Au(a) >0 or ¿1 u(b) >0. Suppose for
instance ¡ha¡ A u(a)>0. If ¿1 u =0on [a, b], we ge¡ a contradiction as be-
fore. mus ¡here exis¡s x E (a, b) such ¡bat A u(x) <0 and we can define
rE(a, b) ¡o be ¡be first zero of ¿lii in (a, b). Since u”(a)Au(a)>0 we
luye u>0 in (a, a+~] for some ,~>0. Using ¡he maximum principIe and
¡he Hopf lemnia we get ¿¡‘>0 on (a, rJ. Now, ifzlu(b)=0, tbe maximum
principle implies Au<0 on (r, b). Since u(r)>0 and u(b)=u’(b)=0, we
again reach a contradiction. Tbus we have proved ¡bat Au(b)>0. Now we
can define sE(r, b) to be ¡he las¡ zero of Au in (a, b). Since Au(x)<0,
¡he maximum principie implies tha¡ A u <0 on (r, s).

We now prove (u). Denoting by m <0 the minimum value of A u in
[a, b], we define E={tE(a, b)/Au(t)=rn}. Suppose first ¡bat E con¡ains
only one poin¡. Tben wi¡b ¡he aid of ¡he Hopf lemma we obtain (u). Now,
if E con¡ains at least two points, the maximum principie and ¡be con¡inuity
of Aa imply ¡bat E=[d,, dj where r<d1<d2<s. Tben, using ¡be Hopf
lenima we obtain (u).

Finally we prove (iii). We bave already seen ¡ba¡ u’ >0 on (a, r]. In
¡be same way we sbow that u’cZO on [s, b). Now le¡ t,~ (resp. t1) be the
first (resp. tbe Iast) zero of u’ in (a, b). ClearIy r<t0St,<s. Suppose
¡hat ¡0Ct1. Then the Hopf lemma implies tbat either u’(t0)>0 or
u’(t1)C0, a contradiction. Thus t0= t, and (iii) IS proved.

3. A PRIORI BOUNDS

Theorem 3.1. Assume (11,) —(113). TIten ¡Itere exists M>O such that

for ah positive solutiotis uEC
4([a, b]) of (1.3), (1.4).

Proof. Wc denote by S dic set of al] positive solutions of (1.3), (1.4)
in C4([a, b]). Let MES. By tbeorem 2.1 thcrc cxist c(u), d

1(u), d2(u),
r(u) and 5(u) in (a, b) sucb that u’>0 on (a, c(u)), u’C0 on (c(u), b),

Au>0 on [a, r(u))U(s(u), b] and zlu<0 on (r(u), s(u)). Morcover we
have a <r(u»cc(u), d1(u), d2(u)<s(u)<b and d1(u)=d2(u).

We shall divide ¡he proof into several steps. Subsequen¡ly C will de-
note various generic cons¡ants which may vary from line ¡o line.
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Step 1. We firs¡ prove tha¡ {gf(u); uES} and {gu; uES} are
bounded in LL(a, b). Define

fora =t=b.

Let q6 C4([a, b]) be ¡he solution of the boundary problem{A4pzg~ in(a,b)
qP(a)qY(b)0, j0, 1.

By ¡heorem 2.1 99>0 in (a, b) and there exis¡ c
1>0 and c2>0 such ¡bat

(3.1) c1Q=¿p=c2Q on [a, b].

By (Ha), ¡here exis¡s 2>cj’ and ¿¡~=Osuch that

(3.2) f(u)=2u foru=u0.

If we multiply equation (1.3) by C’q and integrate by parts feur times we
obtain

b b

(3.3) { r’~f(~4d¡ = ¡~
1~gudt.

a a

From (3.2) and (3.3) we deduce

C’~gud¡ =21t”tpgudt— C=2c,J t~’~gud¡—
o a a

¡ha¡ is

(3.4) 1 tníegudt=
2c,— 1

b

c
(3.5) ¡ t~<~gf(u)dt=

J c,(2c
1 —1)

Thus {gf(¿¡); uES} and {gu; uES} are boundcd in LL~(a, b)

Step 2. Now we prove ¡he following lemma.
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Leinma 3.1. Let A be a s¿¡bset of 5. Then:

(i) Jf {zlu;uEA} is bounded in L’(a, b), tIten diere exists a constant
M>O such that ~u~,,=Mfor al! uEA.

(u) If there exist y>O, ,y>O atid C>O such that y±~=b—aatid
u(tp=CfortEJa, a+y]UJb—>~, b] asid uEA, tIten there exists
a constant M=Csuch that ~u~j..=Mfor al! uEA.

Proof. (i) follows readily from the fac¡ ¡hat u and u’ vanish a¡ least
once in [a, b]. We now prove (u). Setting m = mf g(¡) and using

[a+y. b—nI

(3.5) we ob¡ain

t~’A2udt = ~, = ajyb-.~ j1
a a a a+y b—~

~ c~ 1 C’ egf(u)dt
J rn

a-O-y

b

=C(1 + t~’Qgf(u)dt) =C.

mus {A2¿¡;¿¡EA} is bounded iii L’(a, b). Since u, u’, A¿¡ and (zlu)’ van-
ish at least once in [a, b] ¡be result follows.

Step 3. Finally we prove ¡hat 5 is bounded in L’Na, b). Le¡ y>O,
>ftO and <5>0 be such ¡hat y+~+2<5<b—a and g>0 on [a+y, b—~].
Define a’=a+y+t5 and b’=b—fl—ó. men by (3.4) there exis¡s K>0
sucb that

(3.6) f udt=K.

Let n
0>0 be such tha¡ 1/n0<(b’ —a’)/4. By (3.6) we haVe

1
(3.7) meas {tE[a’,b’];¿¡(t)~n0K}= <

nO 4
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Now define

S+={¿¡ES;c(u)>b’}

= {¿¡ E5; c(u) <a’ }

and

S0={uES~a’ <c(u)=b’}.

mus s=sus0us~. Let a=a’+(b’—a’)/4 and fib’—(b’—a’)14.

Clearly by ¡he shape of u, (3.7) implies
(3.8) u(t)Cn0K for tE[a, fi] and uES~

and

(3.9) u(t)’Cn0K for tE[a, b] and uES.

Lemma 3.2. S~ is bounded in 17(a, b).

Proof. Let u ESQ. From (3.4) we get

C=?íudt = f udt+>I udt
a+y a-O-y 1,

which implies

and we get ¡he conclusion by using lemma 3.1 (u).

Clearly Theorem 3.1 follows from Lemma 3.2 and ¡he next lemma.

Lemnia 3.3. 5 atid 5 are bounded in L’~(a, b).

Proof. We sball sbow ¡hat S is bounded in L~(a, b). We firs¡ prove
¡hatF={uE&; s(u)>fi} is bounded inL’

0(a, b). We claim ¡bat for ¿¡EF
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~u~ICMnK+T(b—a)
wbere T==(2/(B—a))n0K(b/a)~

1. Indeed, suppose tbis is not ¡he case.
men le¡ uEF be such ¡ha¡ u(c(u))>M. We have c(u)Ca. La tG[a, fi]
be arbi¡rary. By ¡he mean value dieorem ¡here exists xE(c(u), ¡) such ¡bat,
by virtue of (3.9)

¿¡(t) —

<—T.
t—c(u)

Since r(u)<c(¡¿)<acfi.cs(u), y~’¿¡’(y) is nonincreasing en [x, it], thus
Wc get

with tG[a, fi]. Tbis and (3.9) imply

u(t)<noK—T( ~ )“Át—a~ for tE[a, fi]

Por ¡E [(a +fi)/2, fi], we deduce

u(t).Cnt,K—T(a) fi—a

and we reach a contradiction. mus our assertion is preved

New we prove that C={¿¡Et; sOO=fi}is bounded in L~(a, b). Le¡
rE[fi, b). We first show ¡bat H={A¿¡(¡); uEG} is bounded. Suppose
n=3.Since Au(s)=Áu(j)=0for sE[t, b], we have

A,

u(t)= ni2 {(( ;)n-2 1)szlu(s)ds=C(t)z1¿¡(t)

wbere C(t)>0 does no¡ depend en u. Thus, if II is not bounded we get a
contradictien wi¡b (3.9). When n 2 the argument is ¡he same.

Now let XECN[fi, b]) be the solution of dic beundary probíem
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Mul¡iplying equatien (1.3) by t~’,~< and in¡egra¡ing by parts feur times we

get

(3.10) + r~’z’(r}4¿¡(t) —

A,

+ t~1(J~)’(t)u(t)± Jsní uds

for alí ¡6W, b). Se¡ting t=/3 in (3.10) we obtain

A, b

(3.11) ,f5itIXgf(u)ds= —fi”’~x%u’%+finí(z1x)~(fi)u<fi) + j’sfl’uds.
A

Since by Theerem 2.1 zlx®>O, we deduce frorn (3.9) and (3.11) ¡hat

{u’Q%;uEG} is bounded. Since z1¿¡>0 en G9, b] wben uEG, we bave
beunded. Frem this, (3.9), (3.10), Theorem 2.1 and tbe fact tha¡
H={Zu(¡);uEG} is bounded for eadi fixed ¡61/3, b) we deduce ¡bat
{(z1¿¡)’(¡); uEG} is bounded for each fixed tEQ9, b). Since for tEQ3, b)
we have

A,

we obtain ¡hat «4 u)’ (b); uF G } is beunded. New let d be sucb tbat
d
1(u) ~d~d2(¿¡). Using ¡he fact ¡ha¡ ¡ní(¿l u)’ is nondecreasing en [a, bJ

we can wri¡e

0= d~’(z1 ¿¡) ‘(d) (LI u) ‘(it) b0
1(Á u)’(b)

fer t6[d, b], from which we deduce ¡hat {(zlu)’(t);uEC, t6[d, b]} is
beunded. Since

A,

¿Iu(b)z JG=lu)’ds

5(u)
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(iv) Finally, using Remark 3.1 and (iii) aboye we can find a constant
R>r such ¡bat F(¿¡, x)*u for alí x=0and uEZ witb ~¿¡~=R.

New we can apply Proposition 2.1 and Remark 2.1 s¡ated in [7] te
cenclude ¡ha¡ « has a nontrivial fixed pein¡. me proof of the ¡beorem is
complete.

5. PROOF OF TREOREM 1.2

me proef of Theorem 1.2 is based en tbe maximum principle and ¡be
tecbnique of moving parallel planes as in [9], [16] for second order equa-
¡ions and [5], [6] for fourtb order equations. Subsequently LI denotes
equally ¡he cartesian form and ¡be polar form of the Laplacian. In the
same way we wri¡e indifferently u(x) or u(¡x¡).

Assume tbat z1¿¡(a)SLI¿¡(b) ter some nonnegative nontrivial solutien
uEC4([a, b]) of problem (1.3), (1.4). Then by meorem 2.1 we ¡uve

u>O in fl(a, b) and LI ¿¡<LI i¿(b) in fI(a, 1,). Let A4 ab , b) and de-

fine 1Q.)=fl(a, b)fl{x=(x,, x’)ED~~; x
1>2}. Let 27(2) denote ¡he re-

flection of 1(2) in ¡he plane T2= {x=(x,, x’)Eli~; x1=2}. Define the
funetion

uftx)=u(22—x,, x’) for xEI’Qj.

We have ¡be following Lemma.

Lemma 5.1. u (resp. LI ¿¡) is s¡rictly increasing (resp. strictly de-
creasing) as one enters $i>(a, b) frorn {xEIV; x~ = b} along any nontan-
gential direction ?, for sorne positive distance d> O mito IVa, b).

Proof. We have u= =0 on 0f1(a, b). Since by meorem 2.1 LIu
0v

is a pesitive cons¡ant en {xER~; ¡x~ = b} ¡be proof is immediate.

From Lemma 5.1 we deduce ¡he existence of ~E (o. a + b) sucb

¡hat, for ¿E[b—~, b), we have
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au{ —u<OinX’(2)and <OinX(2)
(5.1) LI(u1—u)>O ar,

in Z’(¿) and >0 in 2(2).
dr,

Decrease 2 until a critical value ji =(a + b)/2 is reached, beyond wbicb
(5.1) is no longer true. Tben (5.1) holds for ¿E(u, b) wbile for 2=u we
bave by continuity{ -u=OinX’(p)and <OinX(u)

in 27(u) amI >0 in 1(u).

Suppese ¡i>(a±b)/2. We ¡uve u,, ~ it in 27(u) since ¿¡>0 in fl(a, b).
me maximum principle ([10] p. 15) and ¡he Hopf boundary ¡emma ([10]
p. 33) imply ¡hat

8it
<0 en T,,flhl(a, b)(5.2) u,, ~¿¡<0 in ¿“(u) amI dr,

a
where ¡he second inequality fellews from ¡he fact ¡bat ~ — u) =

3u
—2 en T,,flfI(a, b). New (14,) and (~6) iniply ¡bat LI

2(u_ —u)CO indr,
I’(j¿). From eur assumptien we have zl¡¿’cLIu(b) in fha, b). mus
¿1 (u,, — u) ~ O in 27(y). Tbe maximum principie asid tbe Hepf boundary
lemnia imply tbat

OAu
(5.3) LI(u,,—i4>0 in ¿“(u) asid >0 en T,,flfI(a, b)

Ox,

awhere ¡be secosid inequality follows from ¡he fact ¡bat
dr

OLI¿¡
—2 onT,,fl fha, b). (5.2) asid (5.3) sbew ¡bat (5.1) bolds for 2=u.

Ox,

New our definition of ~ implies ¡bat ei¡her tbere is a strictly increasing
sequence (2~) wi¡h hm 2~=gG%~>(a+b)/2 vj) such ¡hat for eachj diere is
a point x~E¿”(¿~) for which
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(5.4) u2(x1)—¿¡(x)=O vj

er tba¡ there is a s¡rictly increasing sequence (u) with hm ¡¡1p
(up(a+b)/2 vj) sucb ¡hat for each j there is a point z1E2

7’(u
1) for

which

In tbe si¡uation (5.4), a subsequence whicb we stiíl cal! x3 will con-
verge ¡o sorne pein¡ xE¿”(p); tben u~(x)—¿¡(x)=O.Since (5.1) holds for

we must bave xEO2”(u); If xEO¿”(u)\T,, then O =u,,(x)<u(x), a
centradiction. merefore xET,,. Using Lemma 5.1, (5.2) and (5.1) witb

we see tbat for sorne s>0 we bave

Bu
(5.6) <0 in fha, b)fl{x=(x1, x’)E R~; x =,u—e}.

Ox,

Re straigh¡ segment joining x1 te its symnietric wi¡b respect te T~ belengs
to fl(a, b) asid by ¡he ¡heorem of ¡be mean it contains a point y1 sucb ¡bat

Bu
__(y-)>O
Ox,

Since timy1=x, we obtain a centradictien te (5.6).

In ¡he si¡ua¡ion (5.5), a subsequence which we stiíl cali z~ will con-
verge te sorne poin¡ z627®; then LI¿¡4z)—LIu(z)=0.Since (5.1) holds
for 2=y we must bave zE&Z’(u); If zEB¿”(u)\T~ ¡ben
LI¿¡(b) =LIu,/z)>LIgz), a contradic¡ion. Rerefore zET,,. Using Lemma
5.1, (5.3) and (5.1) with 2=u WC 5CC ¡hat for some c>0 we bave

OLI ¿
(5.7) >0 in f1(a, b)fl{x=(x,, x’)E R”;x,>p—e}.Ox5

me straigbt segment joining ; to its symmetric with respect te T,, belongs
te fha, b) and by tbe theorem of tbe mean it contains a point t~ such ¡ha¡

OLI u
Ox,

Since hm t1=z, we obtain a contradiction te (5.7).
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Tbus we bave preved ¡bat ji=(a+b)/2 and tba¡ (5.1) bolds for >16

(al- b , b). By continuity we have

Bu
Ox5

asid

- OLIU
z1(u~—u) =0in ¿“(e) and >0 in ¿‘(e)

Ox5

a+bwheree=—. New let x=(a, 0) ¡hen
2

O
8v

asid ¡be Hepf lemma implies ¡hat u ~,— O in 27(a), but ¡bis is imposs-
ible. The proof of ¡he ¡beorem Is comple¡e.
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