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Abstract

We study the existence and nonexistence of positive solutions for a system of

Riemann–Liouville fractional differential equations with p-Laplacian operators,

nonnegative nonlinearities and positive parameters, subject to coupled nonlocal

boundary conditions which contain Riemann–Stieltjes integrals and various fractional

derivatives. We use the Guo–Krasnosel’skii fixed point theorem in the proof of the

main existence results.
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1 Introduction

In this paper we consider the system of nonlinear ordinary fractional differential equations

with ̺1-Laplacian and ̺2-Laplacian operators

⎧
⎨
⎩
D

α1
0+(ϕ̺1 (D

β1
0+x(t))) + λf (t,x(t), y(t)) = 0, t ∈ (0, 1),

D
α2
0+(ϕ̺2 (D

β2
0+y(t))) +μg(t,x(t), y(t)) = 0, t ∈ (0, 1),

(1)

with the coupled nonlocal boundary conditions

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x(j)(0) = 0, j = 0, . . . ,n – 2; D
β1
0+x(0) = 0,

D
γ0
0+x(1) =

∑p
i=1

∫ 1

0
D

γi
0+y(t)dHi(t),

y(j)(0) = 0, j = 0, . . . ,m – 2; D
β2
0+y(0) = 0,

D
δ0
0+y(1) =

∑q
i=1

∫ 1

0
D

δi
0+x(t)dKi(t),

(2)

where α1,α2 ∈ (0, 1], β1 ∈ (n – 1,n], β2 ∈ (m – 1,m], n,m ∈ N, n,m ≥ 3, p,q ∈ N, γi ∈ R

for all i = 0, 1, . . . ,p, 0 ≤ γ1 < γ2 < · · · < γp ≤ δ0 < β2 – 1, δ0 ≥ 1, δi ∈ R for all i = 0, 1, . . . ,q,

0 ≤ δ1 < δ2 < · · · < δq ≤ γ0 < β1 – 1, γ0 ≥ 1, ̺1,̺2 > 1, ϕ̺i (s) = |s|̺i–2s, ϕ–1
̺i

= ϕρi ,
1
̺i
+ 1

ρi
= 1,
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i = 1, 2, λ,μ > 0, the functions f , g ∈ C([0, 1] × R+ × R+,R+) (R+ = [0,∞)), the integrals

from (2) are Riemann–Stieltjes integrals with Hi, i = 1, . . . ,p, and Ki, i = 1, . . . ,q, functions

of bounded variation, and Dk
0+ denotes the Riemann–Liouville derivative of order k (for

k = α1,β1,α2,β2,γi for i = 0, 1, . . . ,p, δi for i = 0, 1, . . . ,q).

We present sufficient conditions on the functions f and g , and intervals for the param-

eters λ and μ such that problem (1), (2) has positive solutions. A positive solution of

problem (1), (2) is a pair of functions (x, y) ∈ (C([0, 1],R+))
2, satisfying (1) and (2) with

x(t) > 0 for all t ∈ (0, 1] or y(t) > 0 for all t ∈ (0, 1]. We also investigate the nonexistence of

positive solutions for this problem. The problem (1), (2) is a generalization of the prob-

lem studied in [30]. Indeed, if p = 1, q = 1, γ0 = p1, γ1 = q1, δ0 = p2, δ1 = q2, H1 is a step

function given by H1(t) = {0, t ∈ [0, ξ1);a1, t ∈ [ξ1, ξ2);a1 + a2, t ∈ [ξ2, ξ3); . . . ;
∑N

i=1 ai, t ∈

[ξN , 1]}, and K1 is a step function given by K1(t) = {0, t ∈ [0,η1);b1, t ∈ [η1,η2);b1 + b2, t ∈

[η2,η3); . . . ;
∑M

i=1 bi, t ∈ [ηM, 1]}, then the boundary conditions (2) become the multi-point

boundary conditions (BC) from [30]. The system (1) with uncoupled multi-point bound-

ary conditions was studied in [29]. Fractional differential equations and systems of frac-

tional differential equations, subject to various multi-point or Riemann–Stieltjes integral

boundary conditions, were studied in the last years in [1–8, 17–25, 28, 31, 37, 39–41].

For various applications of the fractional calculus in several scientific and engineering

fields, the reader may consult the books [10, 11, 26, 27, 34–36], and the papers [9, 12–

15, 32, 33, 38].

In Sect. 2, we study a nonlocal boundary value problem for fractional differential equa-

tions with p-Laplacian operators, and we present some properties of the associated Green

functions. Section 3 is devoted to the main existence theorems for the positive solutions

with respect to a cone for our problem (1), (2), which are based on the Guo–Krasnosel’skii

fixed point theorem (see [16]). In Sect. 4, we present some nonexistence results for the

positive solutions of (1), (2), and in Sect. 5, we give an example which illustrates our re-

sults.

2 Preliminary results

We consider the system of fractional differential equations

⎧
⎨
⎩
D

α1
0+(ϕ̺1 (D

β1
0+x(t))) +ψ(t) = 0, t ∈ (0, 1),

D
α2
0+(ϕ̺2 (D

β2
0+y(t))) + χ (t) = 0, t ∈ (0, 1),

(3)

with the coupled boundary conditions (2), where ψ ,χ ∈ C(0, 1)∩ L1(0, 1).

Wedenote ϕ̺1 (D
β1
0+x(t)) = u(t) and ϕ̺2 (D

β2
0+y(t)) = v(t). Then problem (3), (2) is equivalent

to the following three problems:

⎧
⎨
⎩
D

α1
0+u(t) +ψ(t) = 0, 0 < t < 1,

u(0) = 0,
(4)

⎧
⎨
⎩
D

α2
0+v(t) + χ (t) = 0, 0 < t < 1,

v(0) = 0,
(5)
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and

⎧
⎨
⎩
D

β1
0+x(t) = ϕρ1 (u(t)), t ∈ (0, 1),

D
β2
0+y(t) = ϕρ2 (v(t)), t ∈ (0, 1),

(6)

with the boundary conditions

⎧
⎨
⎩
x(j)(0) = 0, j = 0, . . . ,n – 2; D

γ0
0+x(1) =

∑p
i=1

∫ 1

0
D

γi
0+y(t)dHi(t),

y(j)(0) = 0, j = 0, . . . ,m – 2; D
δ0
0+y(1) =

∑q
i=1

∫ 1

0
D

δi
0+x(t)dKi(t).

(7)

The first two problems (4) and (5) have the unique solutions u ∈ C[0, 1] and v ∈ C[0, 1],

respectively, of the form

u(t) = –I
α1
0+ψ(t) = –

1

Γ (α1)

∫ t

0

(t – ν)α1–1ψ(ν)dν, t ∈ [0, 1], (8)

and

v(t) = –I
α2
0+χ (t) = –

1

Γ (α2)

∫ t

0

(t – ν)α2–1χ (ν)dν, t ∈ [0, 1], (9)

respectively.

For the third problem (6), (7), we denote

� =
Γ (β1)Γ (β2)

Γ (β1 – γ0)Γ (β2 – δ0)
–

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

τ β2–γi–1 dHi(τ )

)

×

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

τ β1–δi–1 dKi(τ )

)
. (10)

Lemma 2.1 If � �= 0, then the unique solution (x, y) ∈ C[0, 1] × C[0, 1] of problem (6), (7)

is given by

x(t) =
1

Γ (β1)

∫ t

0

(t – ν)β1–1ϕρ1

(
u(ν)

)
dν

+
tβ1–1

�

[
–

Γ (β2)

Γ (β1 – γ0)Γ (β2 – δ0)

∫ 1

0

(1 – ν)β1–γ0–1ϕρ1

(
u(ν)

)
dν

+
Γ (β2)

Γ (β2 – δ0)

p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ ν

0

(ν – τ )β2–γi–1ϕρ2

(
v(τ )

)
dτ

)
dHi(ν)

–

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

νβ2–γi–1 dHi(ν)

)

×

(
1

Γ (β2 – δ0)

∫ 1

0

(1 – ν)β2–δ0–1ϕρ2

(
v(ν)

)
dν

)

+

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

νβ2–γi–1 dHi(ν)

)
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×

(
q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ ν

0

(ν – τ )β1–δi–1ϕρ1

(
u(τ )

)
dτ

)
dKi(ν)

)]
,

∀t ∈ [0, 1], (11)

y(t) =
1

Γ (β2)

∫ t

0

(t – ν)β2–1ϕρ2

(
v(ν)

)
dν

+
tβ2–1

�

[
–

Γ (β1)

Γ (β1 – γ0)Γ (β2 – δ0)

∫ 1

0

(1 – ν)β2–δ0–1ϕρ2

(
v(ν)

)
dν

+
Γ (β1)

Γ (β1 – γ0)

q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ ν

0

(ν – τ )β1–δi–1ϕρ1

(
u(τ )

)
dτ

)
dKi(ν)

–

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

νβ1–δi–1 dKi(ν)

)

×

(
1

Γ (β1 – γ0)

∫ 1

0

(1 – ν)β1–γ0–1ϕρ1

(
u(ν)

)
dν

)

+

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

νβ1–δi–1 dKi(ν)

)

×

(
p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ ν

0

(ν – τ )β2–γi–1ϕρ2

(
v(τ )

)
dτ

)
dHi(ν)

)]
,

∀t ∈ [0, 1].

Proof The solutions (x, y) ∈ (C(0, 1)∩ L1(0, 1))2 of system (6) are

x(t) = I
β1
0+ϕρ1

(
u(t)

)
+ a1t

β1–1 + a2t
β1–2 + · · · + ant

β1–n,

y(t) = I
β2
0+ϕρ2

(
v(t)

)
+ b1t

β2–1 + b2t
β2–2 + · · · + bmt

β2–m,

with a1,a2, . . . ,an,b1,b2, . . . ,bm ∈ R. By using the boundary conditions x(0) = x′(0) = · · · =

x(n–2)(0) = 0 and y(0) = y′(0) = · · · = y(m–2) = 0, we obtain a2 = · · · = an = 0 and b2 = · · · =

bm = 0. So the above solutions become

x(t) = I
β1
0+ϕρ1

(
u(t)

)
+ a1t

β1–1 =
1

Γ (β1)

∫ t

0

(t – ν)β1–1ϕρ1

(
u(ν)

)
dν + a1t

β1–1,

y(t) = I
β2
0+ϕρ2

(
v(t)

)
+ b1t

β2–1 =
1

Γ (β2)

∫ t

0

(t – ν)β2–1ϕρ2

(
v(ν)

)
dν + b1t

β2–1.

(12)

For the obtained functions x and y we have

D
γi
0+y(t) = b1

Γ (β2)

Γ (β2 – γi)
tβ2–γi–1 + I

β1–γi
0+ ϕρ2

(
v(t)

)
, i = 1, . . . ,p,

D
γ0
0+x(t) = a1

Γ (β1)

Γ (β1 – γ0)
tβ1–γ0–1 + I

β1–γ0
0+ ϕρ1

(
u(t)

)
,

D
δi
0+x(t) = a1

Γ (β1)

Γ (β1 – δi)
tβ1–δi–1 + I

β1–δi
0+ ϕρ1

(
u(t)

)
, i = 1, . . . ,q,

D
δ0
0+y(t) = b1

Γ (β2)

Γ (β2 – δ0)
tβ2–δ0–1 + I

β2–δ0
0+ ϕρ2

(
v(t)

)
,
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D
γ0
0+x(1) = a1

Γ (β1)

Γ (β1 – γ0)
+ I

β1–γ0
0+ ϕρ1

(
u(t)

)
|t=1

= a1
Γ (β1)

Γ (β1 – γ0)
+

1

Γ (β1 – γ0)

∫ 1

0

(1 – ν)β1–γ0–1ϕρ1

(
u(ν)

)
dν,

D
δ0
0+y(1) = b1

Γ (β2)

Γ (β2 – δ0)
+ I

β2–δ0
0+ ϕρ2

(
v(t)

)
|t=1

= b1
Γ (β2)

Γ (β2 – δ0)
+

1

Γ (β2 – δ0)

∫ 1

0

(1 – ν)β2–δ0–1ϕρ2

(
v(ν)

)
dν.

By imposing the boundary conditions D
γ0
0+x(1) =

∑p
i=1

∫ 1

0
D

γi
0+y(s)dHi(s) and D

δ0
0+y(1) =∑q

i=1

∫ 1

0
D

δi
0+x(s)dKi(s), we deduce the following system in a1 and b1:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1
Γ (β1)

Γ (β1–γ0)
– b1

∑p
i=1

∫ 1

0
Γ (β2)

Γ (β2–γi)
tβ2–γi–1 dHi(t)

= – 1
Γ (β1–γ0)

∫ 1

0
(1 – ν)β1–γ0–1ϕρ1 (u(ν))dν

+
∑p

i=1

∫ 1

0
1

Γ (β2–γi)
(
∫ t

0
(t – ν)β2–γi–1ϕρ2 (v(ν))dν)dHi(t),

b1
Γ (β2)

Γ (β2–δ0)
– a1

∑q
i=1

∫ 1

0
Γ (β1)

Γ (β1–δi)
tβ1–δi–1 dKi(t)

= – 1
Γ (β2–δ0)

∫ 1

0
(1 – ν)β2–δ0–1ϕρ2 (v(ν))dν

+
∑q

i=1

∫ 1

0
1

Γ (β1–δi)
(
∫ t

0
(t – ν)β1–δi–1ϕρ1 (u(ν))dν)dKi(t).

(13)

The above system in the unknowns a1 and b1 has the determinant �, which, by the as-

sumption of the lemma, is nonzero. So the system (13) has the unique solution

a1 = –
Γ (β2)

�Γ (β1 – γ0)Γ (β2 – δ0)

∫ 1

0

(1 – ν)β1–γ0–1ϕρ1

(
u(ν)

)
dν

+
Γ (β2)

�Γ (β2 – δ0)

p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ t

0

(t – ν)β2–γi–1ϕρ2

(
v(ν)

)
dν

)
dHi(t)

–
1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

tβ2–γi–1 dHi(t)

)

×

(
1

Γ (β2 – δ0)

∫ 1

0

(1 – ν)β2–δ0–1ϕρ2

(
v(ν)

)
dν

)

+
1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

tβ2–γi–1 dHi(t)

)

×

(
q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ t

0

(t – ν)β1–δi–1ϕρ1

(
u(ν)

)
dν

)
dKi(t)

)
, (14)

b1 = –
Γ (β1)

�Γ (β1 – γ0)Γ (β2 – δ0)

∫ 1

0

(1 – ν)β2–δ0–1ϕρ2

(
v(ν)

)
dν

+
Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ t

0

(t – ν)β1–δi–1ϕρ1

(
u(ν)

)
dν

)
dKi(t)

–
1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

tβ1–δi–1 dKi(t)

)
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×

(
1

Γ (β1 – γ0)

∫ 1

0

(1 – ν)β1–γ0–1ϕρ1

(
u(ν)

)
dν

)

+
1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

tβ1–δi–1 dKi(t)

)

×

(
p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ t

0

(t – ν)β2–γi–1ϕρ2

(
v(ν)

)
dν

)
dHi(t)

)
.

Now replacing the constants a1 and b1 given by (14) in (12) we find the solution (x, y) ∈

C[0, 1]×C[0, 1] of problem (6), (7) presented in (11). Conversely, we can easily prove that

the functions x, y given by (11) satisfy the problem (6), (7). �

Lemma 2.2 If � �= 0, then the solution (x, y) of problem (6), (7) given by (11) can be written

as

⎧
⎨
⎩
x(t) = –

∫ 1

0
G1(t,ν)ϕρ1 (u(ν))dν –

∫ 1

0
G2(t,ν)ϕρ2 (v(ν))dν, ∀t ∈ [0, 1],

y(t) = –
∫ 1

0
G3(t,ν)ϕρ1 (u(ν))dν –

∫ 1

0
G4(t,ν)ϕρ2 (v(ν))dν, ∀t ∈ [0, 1],

(15)

where

G1(t,ν) = g1(t,ν) +
tβ1–1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)

×

(
q∑

i=1

∫ 1

0

g1i(τ ,ν)dKi(τ )

)
,

G2(t,ν) =
tβ1–1Γ (β2)

�Γ (β2 – δ0)

p∑

i=1

∫ 1

0

g2i(τ ,ν)dHi(τ ),

G3(t,ν) =
tβ2–1Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

∫ 1

0

g1i(τ ,ν)dKi(τ ),

G4(t,ν) = g2(t,ν) +
tβ2–1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×

(
p∑

i=1

∫ 1

0

g2i(τ ,ν)dHi(τ )

)
,

(16)

for all (t,ν) ∈ [0, 1]× [0, 1] and

g1(t, s) =
1

Γ (β1)

⎧
⎨
⎩
tβ1–1(1 – s)β1–γ0–1 – (t – s)β1–1, 0≤ s ≤ t ≤ 1,

tβ1–1(1 – s)β1–γ0–1, 0≤ t ≤ s ≤ 1,

g1i(τ , s) =
1

Γ (β1 – δi)

⎧
⎨
⎩

τ β1–δi–1(1 – s)β1–γ0–1 – (τ – s)β1–δi–1, 0≤ s≤ τ ≤ 1,

τ β1–δi–1(1 – s)β1–γ0–1, 0≤ τ ≤ s≤ 1,
(17)

g2(t, s) =
1

Γ (β2)

⎧
⎨
⎩
tβ2–1(1 – s)β2–δ0–1 – (t – s)β2–1, 0≤ s ≤ t ≤ 1,

tβ2–1(1 – s)β2–δ0–1, 0≤ t ≤ s ≤ 1,
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g2j(τ , s) =
1

Γ (β2 – γj)

⎧
⎨
⎩

τ β2–γj–1(1 – s)β2–δ0–1 – (τ – s)β2–γj–1, 0≤ s ≤ τ ≤ 1,

τ β2–γj–1(1 – s)β2–δ0–1, 0≤ τ ≤ s ≤ 1,

for all i = 1, . . . ,q and j = 1, . . . ,p.

Proof For x(t) from (11) we have

x(t) =
1

Γ (β1)

∫ t

0

(t – s)β1–1ϕρ1

(
u(s)

)
ds

–
tβ1–1Γ (β2)

�Γ (β1 – γ0)Γ (β2 – δ0)

∫ 1

0

(1 – s)β1–γ0–1ϕρ1

(
u(s)

)
ds

+
tβ1 – 1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)

×

(
q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ s

0

(s – τ )β1–δi–1ϕρ1

(
u(τ )

)
dτ

)
dKi(s)

)

+
tβ1–1Γ (β2)

�Γ (β2 – δ0)

p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ s

0

(s – τ )β2–γi–1ϕρ2

(
v(τ )

)
dτ

)
dHi(s)

–
tβ1–1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)

×

(
1

Γ (β2 – δ0)

∫ 1

0

(1 – s)β2–δ0–1ϕρ2

(
v(s)

)
ds

)

= –
1

Γ (β1)

∫ t

0

[
tβ1–1(1 – s)β1–γ0–1 – (t – s)β1–1

]
ϕρ1

(
u(s)

)
ds

–
1

Γ (β1)

∫ 1

t

tβ1–1(1 – s)β1–γ0–1ϕρ1

(
u(s)

)
ds

+
1

Γ (β1)

∫ 1

0

tβ1–1(1 – s)β1–γ0–1ϕρ1

(
u(s)

)
ds

–
tβ1–1Γ (β2)

�Γ (β1 – γ0)Γ (β2 – δ0)

∫ 1

0

(1 – s)β1–γ0–1ϕρ1

(
u(s)

)
ds

+
tβ1–1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)

×

(
q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ s

0

(s – τ )β1–δi–1ϕρ1

(
u(τ )

)
dτ

)
dKi(s)

)

+
tβ1–1Γ (β2)

�Γ (β2 – δ0)

p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ 1

τ

(s – τ )β2–γi–1 dHi(s)

)
ϕρ2

(
v(τ )

)
dτ

–
tβ1–1

�Γ (β2 – δ0)

p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

(∫ 1

0

τ β2–γi–1 dHi(τ )

)

× (1 – s)β2–δ0–1ϕρ2

(
v(s)

)
ds

= –

∫ 1

0

g1(t, s)ϕρ1

(
u(s)

)
ds +

1

Γ (β1)

∫ 1

0

tβ1–1(1 – s)β1–γ0–1ϕρ1

(
u(s)

)
ds
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–
tβ1–1Γ (β2)

�Γ (β1 – γ0)Γ (β2 – δ0)

∫ 1

0

(1 – s)β1–γ0–1ϕρ1

(
u(s)

)
ds

+
tβ1–1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)

×

(
q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ s

0

(s – τ )β1–δi–1ϕρ1

(
u(τ )

)
dτ

)
dKi(s)

)

–
tβ1–1Γ (β2)

�Γ (β2 – δ0)

p∑

i=1

1

Γ (β2 – γi)

[
–

∫ 1

0

(∫ 1

s

(τ – s)β2–γi–1 dHi(τ )

)
ϕρ2

(
v(s)

)
ds

+

∫ 1

0

(∫ 1

0

τ β2–γi–1(1 – s)β2–δ0–1 dHi(τ )

)
ϕρ2

(
v(s)

)
ds

]
, ∀t ∈ [0, 1].

Then we deduce

x(t) = –

∫ 1

0

g1(t, s)ϕρ1

(
u(s)

)
ds

–
1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×
1

Γ (β1)

∫ 1

0

tβ1–1(1 – s)β1–γ0–1ϕρ1

(
u(s)

)
ds

+
tβ1–1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)

×

(
q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ s

0

(s – τ )β1–δi–1ϕρ1

(
u(τ )

)
dτ

)
dKi(s)

)

–
tβ1–1Γ (β2)

�Γ (β2 – δ0)

p∑

i=1

∫ 1

0

(∫ 1

0

g2i(τ , s)dHi(τ )

)
ϕρ2

(
v(s)

)
ds

= –

∫ 1

0

g1(t, s)ϕρ1

(
u(s)

)
ds –

tβ1–1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)

×

[
q∑

i=1

1

Γ (β1 – δi)

(∫ 1

0

τ β1–δi–1 dKi(τ )

)(∫ 1

0

(1 – s)β1–γ0–1ϕρ1

(
u(s)

)
ds

)

–

q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ s

0

(s – τ )β1–δi–1ϕρ1

(
u(τ )

)
dτ

)
dKi(s)

]

–

∫ 1

0

(
tβ1–1Γ (β2)

�Γ (β2 – δ0)

p∑

i=1

∫ 1

0

g2i(τ , s)dHi(τ )

)
ϕρ2

(
v(s)

)
ds

= –

∫ 1

0

g1(t, s)ϕρ1

(
u(s)

)
ds –

tβ1–1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)

×

{
q∑

i=1

1

Γ (β1 – δi)

[∫ 1

0

(∫ 1

0

τ β1–δi–1(1 – s)β1–γ0–1 dKi(τ )

)
ϕρ1

(
u(s)

)
ds

–

∫ 1

0

(∫ 1

s

(τ – s)β1–δi–1 dKi(τ )

)
ϕρ1

(
u(s)

)
ds

]}
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–

∫ 1

0

(
tβ1–1Γ (β2)

�Γ (β2 – δ0)

p∑

i=1

∫ 1

0

g2i(τ , s)dHi(τ )

)
ϕρ2

(
v(s)

)
ds

= –

∫ 1

0

g1(t, s)ϕρ1

(
u(s)

)
ds –

tβ1–1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)

×

[
q∑

i=1

∫ 1

0

(∫ 1

0

g1i(τ , s)dKi(τ )

)
ϕρ1

(
u(s)

)
ds

]

–

∫ 1

0

(
tβ1–1Γ (β2)

�Γ (β2 – δ0)

p∑

i=1

∫ 1

0

g2i(τ , s)dHi(τ )

)
ϕρ2

(
v(s)

)
ds

= –

∫ 1

0

G1(t, s)ϕρ1

(
u(s)

)
ds –

∫ 1

0

G2(t, s)ϕρ2

(
v(s)

)
ds, ∀t ∈ [0, 1],

where g1, g1i, i = 1, . . . ,q, g2i, i = 1, . . . ,p, are given by (17), and G1 and G2 are given by (16).

For y(t) we find

y(t) =
tβ2–1Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ s

0

(s – τ )β1–δi–1ϕρ1

(
u(τ )

)
dτ

)
dKi(s)

–
tβ2–1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×

(
1

Γ (β1 – γ0)

∫ 1

0

(1 – s)β1–γ0–1ϕρ1

(
u(s)

)
ds

)

+
1

Γ (β2)

∫ t

0

(t – s)β2–1ϕρ2

(
v(s)

)
ds

–
tβ2–1Γ (β1)

�Γ (β1 – γ0)Γ (β2 – δ0)

∫ 1

0

(1 – s)β2–δ0–1ϕρ2

(
v(s)

)
ds

+
tβ2–1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×

(
p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ s

0

(s – τ )β2–γi–1ϕρ2

(
v(τ )

)
dτ

)
dHi(s)

)

=
tβ2–1Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ 1

τ

(s – τ )β1–δi–1 dKi(s)

)
ϕρ1

(
u(τ )

)
dτ

–
tβ2–1

�

q∑

i=1

Γ (β1)

Γ (β1 – δi)Γ (β1 – γ0)

×

∫ 1

0

(∫ 1

0

τ β1–δi–1(1 – s)β1–γ0–1 dKi(τ )

)
ϕρ1

(
u(s)

)
ds

–
1

Γ (β2)

∫ t

0

[
tβ2–1(1 – s)β2–δ0–1 – (t – s)β2–1

]
ϕρ2

(
v(s)

)
ds

–
1

Γ (β2)

∫ 1

t

tβ2–1(1 – s)β2–δ0–1ϕρ2

(
v(s)

)
ds

+
1

Γ (β2)

∫ 1

0

tβ2–1(1 – s)β2–δ0–1ϕρ2

(
v(s)

)
ds
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–
tβ2–1Γ (β1)

�Γ (β1 – γ0)Γ (β2 – δ0)

∫ 1

0

(1 – s)β2–δ0–1ϕρ2

(
v(s)

)
ds

+
tβ2–1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×

(
p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ s

0

(s – τ )β2–γi–1ϕρ2

(
v(τ )

)
dτ

)
dHi(s)

)

=
tβ2–1Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

1

Γ (β1 – δi)

∫ 1

0

(∫ 1

s

(τ – s)β1–δi–1 dKi(τ )

)
ϕρ1

(
u(s)

)
ds

–
tβ2–1Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

1

Γ (β1 – δi)

×

∫ 1

0

(∫ 1

0

τ β1–δi–1(1 – s)β1–γ0–1 dKi(τ )

)
ϕρ1

(
u(s)

)
ds

–

∫ 1

0

g2(t, s)ϕρ2

(
v(s)

)
ds +

1

Γ (β2)

∫ 1

0

tβ2–1(1 – s)β2–δ0–1ϕρ2

(
v(s)

)
ds

–
tβ2–1Γ (β1)

�Γ (β1 – γ0)Γ (β2 – δ0)

∫ 1

0

(1 – s)β2–δ0–1ϕρ2

(
v(s)

)
ds

+
tβ2–1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×

(
p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ s

0

(s – τ )β2–γi–1ϕρ2

(
v(τ )

)
dτ

)
dHi(s)

)
, ∀t ∈ [0, 1].

Hence we obtain

y(t) = –
tβ2–1Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

∫ 1

0

(∫ 1

0

g1i(τ , s)dKi(τ )

)
ϕρ1

(
u(s)

)
ds

–

∫ 1

0

g2(t, s)ϕρ2

(
v(s)

)
ds

–
1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×
1

Γ (β2)

∫ 1

0

tβ2–1(1 – s)β2–δ0–1ϕρ2

(
v(s)

)
ds

+
tβ2–1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×

(
p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ s

0

(s – τ )β2–γi–1ϕρ2

(
v(τ )

)
dτ

)
dHi(s)

)

= –
tβ2–1Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

∫ 1

0

(∫ 1

0

g1i(τ , s)dKi(τ )

)
ϕρ1

(
u(s)

)
ds

–

∫ 1

0

g2(t, s)ϕρ2

(
v(s)

)
ds –

tβ2–1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)
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×

[
p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ 1

0

τ β2–γi–1(1 – s)β2–δ0–1 dHi(τ )

)
ϕρ2

(
v(s)

)
ds

–

p∑

i=1

1

Γ (β2 – γi)

∫ 1

0

(∫ 1

τ

(s – τ )β2–γi–1 dHi(s)

)
ϕρ2

(
v(τ )

)
dτ

]

= –
tβ2–1Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

∫ 1

0

(∫ 1

0

g1i(τ , s)dKi(τ )

)
ϕρ1

(
u(s)

)
ds

–

∫ 1

0

g2(t, s)ϕρ2

(
v(s)

)
ds –

tβ2–1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×

{
p∑

i=1

1

Γ (β2 – γi)

[∫ 1

0

(∫ 1

0

τ β2–γi–1(1 – s)β2–δ0–1 dHi(τ )

)
ϕρ2

(
v(s)

)
ds

–

∫ 1

0

(∫ 1

s

(τ – s)β2–γi–1 dHi(τ )

)
ϕρ2

(
v(s)

)
ds

]}

= –
tβ2–1Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

∫ 1

0

(∫ 1

0

g1i(τ , s)dKi(τ )

)
ϕρ1

(
u(s)

)
ds

–

∫ 1

0

g2(t, s)ϕρ2

(
v(s)

)
ds –

tβ2–1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×

[
p∑

i=1

∫ 1

0

(∫ 1

0

g2i(τ , s)dHi(τ )

)
ϕρ2

(
v(s)

)
ds

]

= –

∫ 1

0

G3(t, s)ϕρ1

(
u(s)

)
ds –

∫ 1

0

G4(t, s)ϕρ2

(
v(s)

)
ds, ∀t ∈ [0, 1],

where g1i, i = 1, . . . ,q, g2, g2i, i = 1, . . . ,p, are given by (17), and G3 and G4 are given by (16).�

Therefore, by (8), (9) and (15) we deduce the following lemma.

Lemma 2.3 If � �= 0, then the unique solution (x, y) ∈ C[0, 1] × C[0, 1] of problem (3), (2)

is given by

⎧
⎨
⎩
x(t) =

∫ 1

0
G1(t,ν)ϕρ1 (I

α1
0+ψ(ν))dν +

∫ 1

0
G2(t,ν)ϕρ2 (I

α2
0+χ (ν))dν, ∀t ∈ [0, 1],

y(t) =
∫ 1

0
G3(t,ν)ϕρ1 (I

α1
0+ψ(ν))dν +

∫ 1

0
G4(t,ν)ϕρ2 (I

α2
0+χ (ν))dν, ∀t ∈ [0, 1].

(18)

In the next lemma, we present some properties of the functions g1, g2, g1i, i = 1, . . . ,q,

and g2i, i = 1, . . . ,p.

Lemma 2.4 ([19]) The functions g1, g2, g1i, i = 1, . . . ,q, g2i, i = 1, . . . ,p, given by (17) have

the properties:

(a) The functions g1, g2, g1i, i = 1, . . . ,q, g2i, i = 1, . . . ,p, are continuous on [0, 1]× [0, 1];

g1(t,ν) ≥ 0, g2(t,ν)≥ 0, g1i(t,ν)≥ 0, i = 1, . . . ,q, g2i(t,ν)≥ 0, i = 1, . . . ,p, for all

(t,ν) ∈ [0, 1]× [0, 1]; g1(t,ν) > 0, g2(t,ν) > 0, g1i(t,ν) > 0, i = 1, . . . ,q, g2i(t,ν) > 0,

i = 1, . . . ,p, for all (t,ν) ∈ (0, 1)× (0, 1);

(b) g1(t,ν)≤ h1(ν) for all (t,ν) ∈ [0, 1]× [0, 1], where

h1(ν) =
1

Γ (β1)
(1 – ν)β1–γ0–1(1 – (1 – ν)γ0 ), ∀ν ∈ [0, 1];
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(c) g1(t,ν)≥ tβ1–1h1(ν) for all (t,ν) ∈ [0, 1]× [0, 1];

(d) g2(t,ν)≤ h2(ν) for all (t,ν) ∈ [0, 1]× [0, 1], where

h2(ν) =
1

Γ (β2)
(1 – ν)β2–δ0–1(1 – (1 – ν)δ0 ), ∀ν ∈ [0, 1];

(e) g2(t,ν)≥ tβ2–1h2(ν) for all (t,ν) ∈ [0, 1]× [0, 1];

(f ) g1i(t,ν)≤
1

Γ (β1–δi)
tβ1–δi–1(1 – ν)β1–γ0–1 for all (t,ν) ∈ [0, 1]× [0, 1], i = 1, . . . ,q;

(g) g1i(t,ν)≥ tβ1–δi–1h1i(ν) for all (t,ν) ∈ [0, 1]× [0, 1], where

h1i(ν) =
1

Γ (β1–δi)
(1 – ν)β1–γ0–1(1 – (1 – ν)γ0–δi ), ∀ν ∈ [0, 1], i = 1, . . . ,q;

(h) g2i(t,ν)≤
1

Γ (β2–γi)
tβ2–γi–1(1 – ν)β2–δ0–1 for all (t,ν) ∈ [0, 1]× [0, 1], i = 1, . . . ,p;

(i) g2i(t,ν)≥ tβ2–γi–1h2i(ν) for all (t,ν) ∈ [0, 1]× [0, 1], where

h2i(ν) =
1

Γ (β2–γi)
(1 – ν)β2–δ0–1(1 – (1 – ν)δ0–γi ), ∀ν ∈ [0, 1], i = 1, . . . ,p.

By using Lemma 2.4, we obtain the following properties for the functions Gi, i = 1, . . . , 4.

Lemma2.5 Assume that� > 0,Hi, i = 1, . . . ,p,Ki, i = 1, . . . ,q, are nondecreasing functions.

Then the functions Gi, i = 1, . . . , 4, given by (16) have the properties:

(a) Gi : [0, 1]× [0, 1] → [0,∞), i = 1, . . . , 4, are continuous functions;

(b) G1(t,ν)≤ J1(ν) for all (t,ν) ∈ [0, 1]× [0, 1], where

J1(ν) = h1(ν) +
1

�

(
p∑

i=1

Γ (β2)

Γ (β2 – γi)

∫ 1

0

sβ2–γi–1 dHi(s)

)

×

(
q∑

i=1

∫ 1

0

g1i(τ ,ν)dKi(τ )

)
, ∀ν ∈ [0, 1];

(c) G1(t,ν)≥ tβ1–1J1(ν) for all (t,ν) ∈ [0, 1]× [0, 1];

(d) G2(t,ν)≤ J2(ν), for all (t,ν) ∈ [0, 1]× [0, 1], where

J2(ν) =
Γ (β2)

�Γ (β2 – δ0)

p∑

i=1

∫ 1

0

g2i(τ ,ν)dHi(τ ), ∀ν ∈ [0, 1];

(e) G2(t,ν) = tβ1–1J2(ν) for all (t,ν) ∈ [0, 1]× [0, 1];

(f ) G3(t,ν)≤ J3(ν) for all (t,ν) ∈ [0, 1]× [0, 1], where

J3(ν) =
Γ (β1)

�Γ (β1 – γ0)

q∑

i=1

∫ 1

0

g1i(τ ,ν)dKi(τ ), ∀ν ∈ [0, 1];

(g) G3(t,ν) = tβ2–1J3(ν) for all (t,ν) ∈ [0, 1]× [0, 1];

(h) G4(t,ν)≤ J4(ν) for all (t,ν) ∈ [0, 1]× [0, 1], where

J4(ν) = h2(ν) +
1

�

(
q∑

i=1

Γ (β1)

Γ (β1 – δi)

∫ 1

0

sβ1–δi–1 dKi(s)

)

×

(
p∑

i=1

∫ 1

0

g2i(τ ,ν)dHi(τ )

)
, ∀ν ∈ [0, 1];

(i) G4(t,ν)≥ tβ2–1J4(ν), for all (t,ν) ∈ [0, 1]× [0, 1].
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3 Existence of positive solutions

In this section we present sufficient conditions for the functions f and g , and intervals for

the parameters λ and μ such that problem (1), (2) has at least one positive solution.

We give now the basic assumptions that we will use in the main results.

(I1) α1,α2 ∈ (0, 1], β1 ∈ (n – 1,n], β2 ∈ (m – 1,m], n,m ∈ N, n,m ≥ 3, p,q ∈ N, γi ∈ R

for all i = 0, 1, . . . ,p, 0 ≤ γ1 < γ2 < · · · < γp ≤ δ0 < β2 – 1, δ0 ≥ 1, δi ∈ R for all i =

0, 1, . . . ,q, 0 ≤ δ1 < δ2 < · · · < δq ≤ γ0 < β1 – 1, γ0 ≥ 1, Hi : [0, 1] → R, i = 1, . . . ,p, and

Kj : [0, 1] → R, j = 1, . . . ,q, are nondecreasing functions, ∃i0 ∈ {1, . . . ,p}, such that

Hi0 (1) > Hi0 (0), ∃j0 ∈ {1, . . . ,q}, such that Kj0 (1) > Kj0 (0), λ > 0, μ > 0, � > 0 (� is

given by (10)), ̺i > 1, ϕ̺i (s) = |s|̺i–2s, ϕ–1
̺i

= ϕρi , ρi =
̺i

̺i–1
, i = 1, 2.

(I2) The functions f , g : [0, 1]×R+ ×R+ →R+ are continuous.

For [θ1, θ2]⊂ [0, 1] with 0 < θ1 < θ2 ≤ 1, we introduce the following extreme limits:

fs0 = lim sup
x+y→0+

x,y≥0

max
t∈[0,1]

f (t,x, y)

ϕ̺1 (x + y)
, gs0 = lim sup

x+y→0+

x,y≥0

max
t∈[0,1]

g(t,x, y)

ϕ̺2 (x + y)
,

fi0 = lim inf
x+y→0+

x,y≥0

min
t∈[θ1 ,θ2]

f (t,x, y)

ϕ̺1 (x + y)
, gi0 = lim inf

x+y→0+

x,y≥0

min
t∈[θ1 ,θ2]

g(t,x, y)

ϕ̺2 (x + y)
,

fs∞ = lim sup
x+y→∞
x,y≥0

max
t∈[0,1]

f (t,x, y)

ϕ̺1 (x + y)
, gs∞ = lim sup

x+y→∞
x,y≥0

max
t∈[0,1]

g(t,x, y)

ϕ̺2 (x + y)
,

fi∞ = lim inf
x+y→∞
x,y≥0

min
t∈[θ1 ,θ2]

f (t,x, y)

ϕ̺1 (x + y)
, gi∞ = lim inf

x+y→∞
x,y≥0

min
t∈[θ1 ,θ2]

g(t,x, y)

ϕ̺2 (x + y)
.

By using Lemma 2.3 (Eqs. (18)), (x, y) is a solution of problem (1), (2) if and only if (x, y)

is a solution of the following nonlinear system of integral equations:

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x(t) = λρ1–1
∫ 1

0
G1(t,ν)ϕρ1 (I

α1
0+ f (ν,x(ν), y(ν)))dν

+μρ2–1
∫ 1

0
G2(t,ν)ϕρ2 (I

α2
0+g(ν,x(ν), y(ν)))dν, t ∈ [0, 1],

y(t) = λρ1–1
∫ 1

0
G3(t,ν)ϕρ1 (I

α1
0+ f (ν,x(ν), y(ν)))dν

+μρ2–1
∫ 1

0
G4(t,ν)ϕρ2 (I

α2
0+g(ν,x(ν), y(ν)))dν, t ∈ [0, 1].

We consider the Banach space X = C[0, 1] with the supremum norm

‖x‖ = sup
t∈[0,1]

∣∣x(t)
∣∣,

and the Banach spaceY =X ×X with the norm ‖(x, y)‖Y = ‖x‖+‖y‖.We define the cones

P1 =
{
x ∈X ,x(t)≥ tβ1–1‖x‖,∀t ∈ [0, 1]

}
⊂X ,

P2 =
{
y ∈X , y(t) ≥ tβ2–1‖y‖,∀t ∈ [0, 1]

}
⊂X ,

and P =P1 ×P2 ⊂ Y .
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We also define the operatorsA1,A2 : Y →X and A : Y → Y by

A1(x, y)(t) = λρ1–1

∫ 1

0

G1(t,ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

G2(t,ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν, t ∈ [0, 1],

A2(x, y)(t) = λρ1–1

∫ 1

0

G3(t,ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

G4(t,ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν, t ∈ [0, 1],

and A(x, y) = (A1(x, y),A2(x, y)), (x, y) ∈ Y . The pair (x, y) is a solution of problem (1), (2)

if and only if (x, y) is a fixed point of the operatorA.

Lemma 3.1 If (I1) and (I2) hold, then A :P →P is a completely continuous operator.

Proof Let (x, y) ∈ P be an arbitrary element. Because A1(x, y) and A2(x, y) satisfy the

problem (3), (2) for ψ(t) = λf (t,x(t), y(t)) and χ (t) = μg(t,x(t), y(t)), t ∈ [0, 1], then by

Lemma 2.5 we obtain

A1(x, y)(t)≤ λρ1–1

∫ 1

0

J1(ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

J2(ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν, ∀t ∈ [0, 1],

A2(x, y)(t)≤ λρ1–1

∫ 1

0

J3(ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

J4(ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν, ∀t ∈ [0, 1],

and then

∥∥A1(x, y)
∥∥ ≤ λρ1–1

∫ 1

0

J1(ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

J2(ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν,

∥∥A2(x, y)
∥∥ ≤ λρ1–1

∫ 1

0

J3(ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

J4(ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν.

Hence by using again Lemma 2.5, we deduce

A1(x, y)(t)≥ λρ1–1

∫ 1

0

tβ1–1J1(ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

tβ1–1J2(ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν

≥ tβ1–1
∥∥A1(x, y)

∥∥, ∀t ∈ [0, 1],
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A2(x, y)(t)≥ λ̺1–1

∫ 1

0

tβ2–1J3(ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

tβ2–1J4(ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν

≥ tβ2–1
∥∥A2(x, y)

∥∥, ∀t ∈ [0, 1].

Therefore A(x, y) = (A1(x, y),A2(x, y)) ∈ P , and then A(P) ⊂ P . By using the continu-

ity of the functions f , g,Gi, i = 1, . . . , 4, and the Ascoli–Arzela theorem, we can prove that

A1 and A2 are completely continuous operators (compact operators, that is, they map

bounded sets into relatively compact sets, and continuous), and then A is a completely

continuous operator. �

For [θ1, θ2]⊂ [0, 1] with 0 < θ1 < θ2 ≤ 1, we denote

L1 =
1

(Γ (α1 + 1))ρ1–1

∫ 1

0

να1(ρ1–1)J1(ν)dν,

L2 =
1

(Γ (α2 + 1))ρ2–1

∫ 1

0

να2(ρ2–1)J2(ν)dν,

L3 =
1

(Γ (α1 + 1))ρ1–1

∫ 1

0

να1(ρ1–1)J3(ν)dν,

L4 =
1

(Γ (α2 + 1))ρ2–1

∫ 1

0

να2(ρ2–1)J4(ν)dν,

L̃1 =
1

(Γ (α1 + 1))ρ1–1

∫ θ2

θ1

(ν – θ1)
α1(ρ1–1)J1(ν)dν,

L̃2 =
1

(Γ (α2 + 1))ρ2–1

∫ θ2

θ1

(ν – θ1)
α2(ρ2–1)J2(ν)dν,

L̃3 =
1

(Γ (α1 + 1))ρ1–1

∫ θ2

θ1

(ν – θ1)
α1(ρ1–1)J3(ν)dν,

L̃4 =
1

(Γ (α2 + 1))ρ2–1

∫ θ2

θ1

(ν – θ1)
α2(ρ2–1)J4(ν)dν,

(19)

where Ji, i = 1, . . . , 4, are defined in Lemma 2.5.

For fs0,g
s
0, f

i
∞,gi∞ ∈ (0,∞) and numbers c1, c2 ∈ [0, 1], c3, c4 ∈ (0, 1), a ∈ [0, 1] and b ∈

(0, 1), we introduce the numbers

A = max

{
1

fi∞
ϕ̺1

(
ac1

ζ ζ1L̃1

)
,
1

fi∞
ϕ̺1

(
(1 – a)c2

ζ ζ2L̃3

)}
,

B = min

{
1

fs0
ϕ̺1

(
bc3

L1

)
,
1

fs0
ϕ̺1

(
(1 – b)c4

L3

)}
,

C = max

{
1

gi∞
ϕ̺2

(
a(1 – c1)

ζ ζ1L̃2

)
,
1

gi∞
ϕ̺2

(
(1 – a)(1 – c2)

ζ ζ2L̃4

)}
,

D = min

{
1

gs0
ϕ̺2

(
b(1 – c3)

L2

)
,
1

gs0
ϕ̺2

(
(1 – b)(1 – c4)

L4

)}
,

E = min

{
1

fs0
ϕ̺1

(
b

L1

)
,
1

fs0
ϕ̺1

(
1 – b

L3

)}
,
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F = min

{
1

gs0
ϕ̺2

(
b

L2

)
,
1

gs0
ϕ̺2

(
1 – b

L4

)}
,

where ζ1 = θ
β1–1
1 , ζ2 = θ

β2–1
1 , ζ = min{ζ1, ζ2}.

Theorem 3.1 Assume that (I1) and (I2) hold, [θ1, θ2] ⊂ [0, 1] with 0 < θ1 < θ2 ≤ 1, c1, c2 ∈

[0, 1], c3, c4 ∈ (0, 1), a ∈ [0, 1] and b ∈ (0, 1).

(1) If fs0,g
s
0, f

i
∞,gi∞ ∈ (0,∞), A < B and C <D, then, for each λ ∈ (A,B) and μ ∈ (C,D),

the problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(2) If fs0 = 0, gs0, f
i
∞,gi∞ ∈ (0,∞) and C < F , then, for each λ ∈ (A,∞) and μ ∈ (C,F), the

problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(3) If gs0 = 0, fs0, f
i
∞,gi∞ ∈ (0,∞) and A < E, then, for each λ ∈ (A,E) and μ ∈ (C,∞), the

problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(4) If fs0 = gs0 = 0, fi∞,gi∞ ∈ (0,∞), then, for each λ ∈ (A,∞) and μ ∈ (C,∞), the problem

(1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(5) If fs0,g
s
0 ∈ (0,∞) and at least one of fi∞, gi∞ is ∞, then, for each λ ∈ (0,B) and

μ ∈ (0,D), the problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(6) If fs0 = 0, gs0 ∈ (0,∞) and at least one of fi∞, gi∞ is ∞, then, for each λ ∈ (0,∞) and

μ ∈ (0,F), the problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(7) If fs0 ∈ (0,∞), gs0 = 0 and at least one of fi∞, gi∞ is ∞, then, for each λ ∈ (0,E) and

μ ∈ (0,∞), the problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(8) If fs0 = gs0 = 0 and at least one of fi∞, gi∞ is ∞, then, for each λ ∈ (0,∞) and

μ ∈ (0,∞), the problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

Proof We consider the cone P ⊂ Y and the operators A1, A2 and A. The proofs of the

above cases are similar, and for this reason we will prove only two cases, namely (1) and

(6).

Case (1). We have fs0,g
s
0, f

i
∞,gi∞ ∈ (0,∞), A < B and C <D. Let λ ∈ (A,B) and μ ∈ (C,D).

We consider ǫ > 0 such that ǫ < fi∞, ǫ < gi∞ and

max

{
1

fi∞ – ǫ
ϕ̺1

(
ac1

ζ ζ1L̃1

)
,

1

fi∞ – ǫ
ϕ̺1

(
(1 – a)c2

ζ ζ2L̃3

)}

≤ λ ≤ min

{
1

fs0 + ǫ
ϕ̺1

(
bc3

L1

)
,

1

fs0 + ǫ
ϕ̺1

(
(1 – b)c4

L3

)}
,

max

{
1

gi∞ – ǫ
ϕ̺2

(
a(1 – c1)

ζ ζ1L̃2

)
,

1

gi∞ – ǫ
ϕ̺2

(
(1 – a)(1 – c2)

ζ ζ2L̃4

)}

≤ μ ≤ min

{
1

gs0 + ǫ
ϕ̺2

(
b(1 – c3)

L2

)
,

1

gs0 + ǫ
ϕ̺2

(
(1 – b)(1 – c4)

L4

)}
.

By using (I2) and the definitions of fs0 and gs0, we find that there exists r1 > 0 such that

f (t,x, y)≤
(
fs0 + ǫ

)
ϕ̺1 (x + y), g(t,x, y) ≤

(
gs0 + ǫ

)
ϕ̺2 (x + y),

for all t ∈ [0, 1] and x, y≥ 0, x + y≤ r1.

We introduce the set Λ1 = {(x, y) ∈ Y ,‖(x, y)‖Y < r1}. Let (x, y) ∈ P ∩ ∂Λ1, that is

(x, y) ∈P with ‖(x, y)‖Y = r1 or ‖x‖+ ‖y‖ = r1. Then x(t) + y(t) ≤ r1 for all t ∈ [0, 1], and by
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Lemma 2.5, we deduce

A1(x, y)(t)

≤ λρ1–1

∫ 1

0

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

0

(ν – s)α1–1f
(
s,x(s), y(s)

)
ds

)
dν

+μρ2–1

∫ 1

0

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

0

(ν – s)α2–1g
(
s,x(s), y(s)

)
ds

)
dν

≤ λρ1–1

∫ 1

0

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

0

(ν – s)α1–1
(
fs0 + ǫ

)
ϕ̺1

(
x(s) + y(s)

)
ds

)
dν

+μρ2–1

∫ 1

0

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

0

(ν – s)α2–1
(
gs0 + ǫ

)
ϕ̺2

(
x(s) + y(s)

)
ds

)
dν

≤ λρ1–1ϕρ1

(
fs0 + ǫ

)∫ 1

0

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

0

(ν – s)α1–1ϕ̺1

(
‖x‖ + ‖y‖

)
ds

)
dν

+μρ2–1ϕρ2

(
gs0 + ǫ

)∫ 1

0

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

0

(ν – s)α2–1ϕ̺2

(
‖x‖ + ‖y‖

)
ds

)
dν

= λρ1–1ϕρ1

(
fs0 + ǫ

)∥∥(x, y)
∥∥
Y

∫ 1

0

J1(ν)
1

(Γ (α1 + 1))ρ1–1
να1(ρ1–1) dν

+μρ2–1ϕρ2

(
gs0 + ǫ

)∥∥(x, y)
∥∥
Y

∫ 1

0

J2(ν)
1

(Γ (α2 + 1))ρ2–1
να2(ρ2–1) dν

=
[
ϕρ1

(
λ
(
fs0 + ǫ

))
L1 + ϕρ2

(
μ

(
gs0 + ǫ

))
L2

]∥∥(x, y)
∥∥
Y

≤
[
bc3 + b(1 – c3)

]∥∥(x, y)
∥∥
Y
= b

∥∥(x, y)
∥∥
Y
, ∀t ∈ [0, 1].

Therefore ‖A1(x, y)‖ ≤ b‖(x, y)‖Y .

In a similar manner we obtain

A2(x, y)(t) ≤ λρ1–1ϕρ1

(
fs0 + ǫ

)∥∥(x, y)
∥∥
Y

∫ 1

0

J3(ν)
1

(Γ (α1 + 1))ρ1–1
να1(ρ1–1) dν

+μρ2–1ϕρ2

(
gs0 + ǫ

)∥∥(x, y)
∥∥
Y

∫ 1

0

J4(ν)
1

(Γ (α2 + 1))ρ2–1
να2(ρ2–1) dν

=
[
ϕρ1

(
λ
(
fs0 + ǫ

))
L3 + ϕρ2

(
μ

(
gs0 + ǫ

))
L4

]∥∥(x, y)
∥∥
Y

≤
[
(1 – b)c4 + (1 – b)(1 – c4)

]∥∥(x, y)
∥∥
Y
= (1 – b)

∥∥(x, y)
∥∥
Y
, ∀t ∈ [0, 1].

Then ‖A2(x, y)‖ ≤ (1 – b)‖(x, y)‖Y .

Therefore, for (x, y) ∈P ∩ ∂Λ1, we conclude

∥∥A(x, y)
∥∥
Y
=

∥∥A1(x, y)
∥∥ +

∥∥A2(x, y)
∥∥ ≤ b

∥∥(x, y)
∥∥
Y
+ (1 – b)

∥∥(x, y)
∥∥
Y
=

∥∥(x, y)
∥∥
Y
. (20)

By the definitions of fi∞ and gi∞, we find that there exists r′2 > 0 such that

f (t,x, y)≥
(
fi∞ – ǫ

)
ϕ̺1 (x + y), g(t,x, y) ≥

(
gi∞ – ǫ

)
ϕ̺2 (x + y),

for all t ∈ [θ1, θ2] and x, y≥ 0, x + y ≥ r′2.
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We consider r2 = max{2r1, r
′
2/ζ } andwe introduce the setΛ2 = {(x, y) ∈ Y ,‖(x, y)‖Y < r2}.

Then, for (x, y) ∈P ∩ ∂Λ2, we deduce

x(t) + y(t) ≥ min
t∈[θ1 ,θ2]

tβ1–1‖x‖ + min
t∈[θ1 ,θ2]

tβ2–1‖y‖ = θ
β1–1
1 ‖x‖ + θ

β2–1
1 ‖y‖

= ζ1‖x‖ + ζ2‖y‖ ≥ ζ
∥∥(x, y)

∥∥
Y
= ζ r2 ≥ r′2, ∀t ∈ [θ1, θ2].

Therefore, by Lemma 2.5, we obtain

A1(x, y)(θ1)

≥ λρ1–1

∫ 1

0

θ
β1–1
1 J1(ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

θ
β1–1
1 J2(ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν

≥ λρ1–1θ
β1–1
1

∫ θ2

θ1

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

θ1

(ν – s)α1–1f
(
s,x(s), y(s)

)
ds

)
dν

+μρ2–1θ
β1–1
1

∫ θ2

θ1

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

θ1

(ν – s)α2–1g
(
s,x(s), y(s)

)
ds

)
dν

≥ λρ1–1θ
β1–1
1

∫ θ2

θ1

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

θ1

(ν – s)α1–1
(
fi∞ – ǫ

)
ϕ̺1

(
x(s) + y(s)

)
ds

)
dν

+μρ2–1θ
β1–1
1

∫ θ2

θ1

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

θ1

(ν – s)α2–1
(
gi∞ – ǫ

)
ϕ̺1

(
x(s) + y(s)

)
ds

)
dν

≥ λρ1–1θ
β1–1
1

∫ θ2

θ1

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

θ1

(ν – s)α1–1
(
fi∞ – ǫ

)
ϕ̺1

(
ζ
∥∥(x, y)

∥∥
Y

)
ds

)
dν

+μρ2–1θ
β1–1
1

∫ θ2

θ1

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

θ1

(ν – s)α2–1
(
gi∞ – ǫ

)
ϕ̺1

(
ζ
∥∥(x, y)

∥∥
Y

)
ds

)
dν

= ζ ζ1ϕρ1

(
λ
(
fi∞ – ǫ

))∥∥(x, y)
∥∥
Y

∫ θ2

θ1

J1(ν)
1

(Γ (α1 + 1))ρ1–1
(ν – θ1)

α1(ρ1–1) dν

+ ζ ζ1ϕρ2

(
μ

(
gi∞ – ǫ

))∥∥(x, y)
∥∥
Y

∫ θ2

θ1

J2(ν)
1

(Γ (α2 + 1))ρ2–1
(ν – θ1)

α2(ρ2–1) dν

=
[
ζ ζ1ϕρ1

(
λ
(
fi∞ – ǫ

))̃
L1 + ζ ζ1ϕρ2

(
μ

(
gi∞ – ǫ

))̃
L2

]∥∥(x, y)
∥∥
Y

≥
[
ac1 + a(1 – c1)

]∥∥(x, y)
∥∥
Y
= a

∥∥(x, y)
∥∥
Y
.

Then ‖A1(x, y)‖ ≥A1(x, y)(θ1)≥ a‖(x, y)‖Y .

In a similar manner, we deduce

A2(x, y)(θ1)

≥ ζ ζ2ϕρ1

(
λ
(
fi∞ – ǫ

))∥∥(x, y)
∥∥
Y

∫ θ2

θ1

J3(ν)
1

(Γ (α1 + 1))ρ1–1
(ν – θ1)

α1(ρ1–1) dν

+ ζ ζ2ϕρ2

(
μ

(
gi∞ – ǫ

))∥∥(x, y)
∥∥
Y

∫ θ2

θ1

J4(ν)
1

(Γ (α2 + 1))ρ2–1
(ν – θ1)

α2(ρ2–1) dν
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=
[
ζ ζ2ϕρ1

(
λ
(
fi∞ – ǫ

))̃
L3 + ζ ζ2ϕρ2

(
μ

(
gi∞ – ǫ

))̃
L4

]∥∥(x, y)
∥∥
Y

≥
[
(1 – a)c2 + (1 – a)(1 – c2)

]∥∥(x, y)
∥∥
Y
= (1 – a)

∥∥(x, y)
∥∥
Y
.

Hence ‖A2(x, y)‖ ≥A2(x, y)(θ1)≥ (1 – a)‖(x, y)‖Y .

Therefore for (x, y) ∈P ∩ ∂Λ2 we find

∥∥A(x, y)
∥∥
Y
=

∥∥A1(x, y)
∥∥ +

∥∥A2(x, y)
∥∥ ≥ a

∥∥(x, y)
∥∥
Y
+ (1 – a)

∥∥(x, y)
∥∥
Y
=

∥∥(x, y)
∥∥
Y
. (21)

By Lemma 3.1, Eqs. (20), (21) and the Guo–Krasnosel’skii fixed point theorem, we

conclude that A has a fixed point (x, y) ∈ P ∩ (Λ2 \ Λ1) such that r1 ≤ ‖x‖ + ‖y‖ ≤ r2,

x(t) ≥ tβ1–1‖x‖, y(t) ≥ tβ2–1‖y‖ for all t ∈ [0, 1]. If ‖x‖ > 0 then x(t) > 0 for all t ∈ (0, 1] and

if ‖y‖ > 0 then y(t) > 0 for all t ∈ (0, 1]. Therefore (x, y) is a positive solution for problem

(1), (2).

Case (6). We have fs0 = 0, gs0 ∈ (0,∞) and fi∞ = ∞. Let λ ∈ (0,∞) and μ ∈ (0,F). We

choose c̃3 ∈ (0, 1 – ϕρ2 (μg
s
0)

L2
b
) and c̃4 ∈ (0, 1 – ϕρ2 (μg

s
0)

L4
1–b

). The choice of c̃3 and c̃4 is

possible because μ < 1
gs0

ϕ̺2 (
b
L2
) and μ < 1

gs0
ϕ̺2 (

1–b
L4

). Let ǫ > 0 be such that

ǫϕ̺1

(
1

ζ ζ1L̃1

)
≤ λ ≤ min

{
1

ǫ
ϕ̺1

(
b̃c3

L1

)
,
1

ǫ
ϕ̺1

(
(1 – b)̃c4

L3

)}
,

μ ≤ min

{
1

gs0 + ǫ
ϕ̺2

(
b(1 – c̃3)

L2

)
,

1

gs0 + ǫ

(
(1 – b)(1 – c̃4)

L4

)}
.

By using (I2) and the definitions of fs0 and gs0, we find that there exists r1 > 0 such that

f (t,x, y)≤ ǫϕ̺1 (x + y), g(t,x, y)≤
(
gs0 + ǫ

)
ϕ̺2 (x + y)

for all t ∈ [0, 1] and x, y≥ 0, x + y≤ r1.

We introduce the set Λ1 = {(x, y) ∈ Y ,‖(x, y)‖Y < r1}. As in the proof of Case (1), for any

(x, y) ∈P ∩ ∂Λ1, we deduce

A1(x, y)(t)≤
[
ϕρ1 (λǫ)L1 + ϕρ2

(
μ

(
gs0 + ǫ

))
L2

]∥∥(x, y)
∥∥
Y

≤
[
b̃c3 + b(1 – c̃3)

]∥∥(x, y)
∥∥
Y
= b

∥∥(x, y)
∥∥
Y
, ∀t ∈ [0, 1],

A2(x, y)(t)≤
[
ϕρ1 (λǫ)L3 + ϕρ2

(
μ

(
gs0 + ǫ

))
L4

]∥∥(x, y)
∥∥
Y

≤
[
(1 – b)̃c4 + (1 – b)(1 – c̃4)

]∥∥(x, y)
∥∥
Y
= (1 – b)

∥∥(x, y)
∥∥
Y
, ∀t ∈ [0, 1],

and so ‖A(x, y)‖Y ≤ ‖(x, y)‖Y .

For the second part, by the definition of fi∞, we find that there exists r′2 > 0 such that

f (t,x, y)≥
1

ǫ
ϕ̺1 (x + y), ∀t ∈ [θ1, θ2],x, y≥ 0,x + y ≥ r′2.

We consider r2 = max{2r1, r
′
2/ζ } andwe introduce the setΛ2 = {(x, y) ∈ Y ,‖(x, y)‖Y < r2}.

Then, for any (x, y) ∈P ∩ ∂Λ2, we obtain as in Case (1) that x(t) + y(t) ≥ ζ‖(x, y)‖Y = ζ r2 ≥

r′2 for all t ∈ [θ1, θ2].
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Hence by Lemma 2.5 we deduce

A1(x, y)(θ1)

≥ λρ1–1

∫ 1

0

θ
β1–1
1 J1(ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

θ
β1–1
1 J2(ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν

≥ λρ1–1

∫ 1

0

θ
β1–1
1 J1(ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

≥ λρ1–1θ
β1–1
1

∫ θ2

θ1

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

θ1

(ν – s)α1–1f
(
s,x(s), y(s)

)
ds

)
dν

≥ λρ1–1θ
β1–1
1

∫ θ2

θ1

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

θ1

(ν – s)α1–1
1

ǫ
ϕ̺1

(
x(s) + y(s)

)
ds

)
dν

≥ λρ1–1θ
β1–1
1

∫ θ2

θ1

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

θ1

(ν – s)α1–1
1

ǫ
ϕ̺1

(
ζ
∥∥(x, y)

∥∥
Y

)
ds

)
dν

= ζ ζ1ϕρ1

(
λ

ǫ

)∥∥(x, y)
∥∥
Y

∫ θ2

θ1

J1(ν)
1

(Γ (α1 + 1))ρ1–1
(ν – θ1)

α1(ρ1–1) dν

= ζ ζ1ϕρ1

(
λ

ǫ

)∥∥(x, y)
∥∥
Y
L̃1 ≥

∥∥(x, y)
∥∥
Y
.

Thenwe conclude that ‖A1(x, y)‖ ≥A1(x, y)(θ1) ≥ ‖(x, y)‖Y and ‖A(x, y)‖Y ≥ ‖A1(x, y)‖ ≥

‖(x, y)‖Y . Therefore we obtain the conclusion of the theorem. �

Next for fi0,g
i
0, f

s
∞,gs∞ ∈ (0,∞) and numbers c1, c2 ∈ [0, 1], c3, c4 ∈ (0, 1), a ∈ [0, 1] and

b ∈ (0, 1), we introduce the numbers

Ã = max

{
1

fi0
ϕ̺1

(
ac1

ζ ζ1L̃1

)
,
1

fi0
ϕ̺1

(
(1 – a)c2

ζ ζ2L̃3

)}
,

B̃ = min

{
1

fs∞
ϕ̺1

(
bc3

L1

)
,
1

fs∞
ϕ̺1

(
(1 – b)c4

L3

)}
,

C̃ = max

{
1

gi0
ϕ̺2

(
a(1 – c1)

ζ ζ1L̃2

)
,
1

gi0
ϕ̺2

(
(1 – a)(1 – c2)

ζ ζ2L̃4

)}
,

D̃ = min

{
1

gs∞
ϕ̺2

(
b(1 – c3)

L2

)
,
1

gs∞
ϕ̺2

(
(1 – b)(1 – c4)

L4

)}
,

Ẽ = min

{
1

fs∞
ϕ̺1

(
b

L1

)
,
1

fs∞
ϕ̺1

(
1 – b

L3

)}
,

F̃ = min

{
1

gs∞
ϕ̺2

(
b

L2

)
,
1

gs∞
ϕ̺2

(
1 – b

L4

)}
.

Theorem 3.2 Assume that (I1) and (I2) hold, [θ1, θ2] ⊂ [0, 1] with 0 < θ1 < θ2 ≤ 1, c1, c2 ∈

[0, 1], c3, c4 ∈ (0, 1), a ∈ [0, 1] and b ∈ (0, 1).

(1) If fi0,g
i
0, f

s
∞,gs∞ ∈ (0,∞), Ã < B̃ and C̃ < D̃, then, for each λ ∈ (Ã, B̃) and μ ∈ (C̃, D̃),

the problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(2) If fi0,g
i
0, f

s
∞ ∈ (0,∞), gs∞ = 0 and Ã < Ẽ, then, for each λ ∈ (Ã, Ẽ) and μ ∈ (C̃,∞), the

problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].
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(3) If fi0,g
i
0,g

s
∞ ∈ (0,∞), fs∞ = 0 and C̃ < F̃ , then, for each λ ∈ (Ã,∞) and μ ∈ (C̃, F̃), the

problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(4) If fi0,g
i
0 ∈ (0,∞), fs∞ = gs∞ = 0, then, for each λ ∈ (Ã,∞) and μ ∈ (C̃,∞), the problem

(1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(5) If fs∞,gs∞ ∈ (0,∞) and at least one of fi0, g
i
0 is ∞, then, for each λ ∈ (0, B̃) and

μ ∈ (0, D̃), the problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(6) If fs∞ ∈ (0,∞), gs∞ = 0 and at least one of fi0, g
i
0 is ∞, then, for each λ ∈ (0, Ẽ) and

μ ∈ (0,∞), the problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(7) If fs∞ = 0, gs∞ ∈ (0,∞) and at least one of fi0, g
i
0 is ∞, then, for each λ ∈ (0,∞) and

μ ∈ (0, F̃), the problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

(8) If fs∞ = gs∞ = 0 and at least one of fi0, g
i
0 is ∞, then, for each λ ∈ (0,∞) and

μ ∈ (0,∞), the problem (1), (2) has at least one positive solution (x(t), y(t)), t ∈ [0, 1].

Proof We consider again the cone P ⊂ Y and the operators A1, A2 and A. The proofs of

the above cases are similar, and for this reason we will prove only two cases, namely (1)

and (6).

Case (1). We have fi0,g
i
0, f

s
∞,gs∞ ∈ (0,∞), Ã < B̃ and C̃ < D̃. Let λ ∈ (Ã, B̃) and μ ∈ (C̃, D̃).

We consider ǫ > 0 such that ǫ < fi0, ǫ < gi0 and

max

{
1

fi0 – ǫ
ϕ̺1

(
ac1

ζ ζ1L̃1

)
,

1

fi0 – ǫ
ϕ̺1

(
(1 – a)c2

ζ ζ2L̃3

)}

≤ λ ≤ min

{
1

fs∞ + ǫ
ϕ̺1

(
bc3

L1

)
,

1

fs∞ + ǫ
ϕ̺1

(
(1 – b)c4

L3

)}
,

max

{
1

gi0 – ǫ
ϕ̺2

(
a(1 – c1)

ζ ζ1L̃2

)
,

1

gi0 – ǫ
ϕ̺2

(
(1 – a)(1 – c2)

ζ ζ2L̃4

)}

≤ μ ≤ min

{
1

gs∞ + ǫ
ϕ̺2

(
b(1 – c3)

L2

)
,

1

gs∞ + ǫ

(
(1 – b)(1 – c4)

L4

)}
.

By using (I2) and the definitions of fi0 and gi0 we deduce that there exists r3 > 0 such that

f (t,x, y)≥
(
fi0 – ǫ

)
ϕ̺1 (x + y), g(t,x, y) ≥

(
gi0 – ǫ

)
ϕ̺2 (x + y),

for all t ∈ [θ1, θ2], x, y≥ 0, x + y≤ r3.

We introduce the set Λ3 = {(x, y) ∈ Y ,‖(x, y)‖Y < r3}. Let (x, y) ∈P ∩ ∂Λ3, that is (x, y) ∈

P with ‖(x, y)‖Y = r3 or ‖x‖+‖y‖ = r3. Then x(t)+y(t)≤ r3 for all t ∈ [0, 1], and x(t)+y(t)≥

ζ‖(x, y)‖Y for all t ∈ [θ1, θ2] (see the proof of Case (1) in Theorem 3.1). So, by Lemma 2.5,

we obtain

A1(x, y)(θ1)

≥ λρ1–1θ
β1–1
1

∫ θ2

θ1

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

θ1

(ν – s)α1–1f
(
s,x(s), y(s)

)
ds

)
dν

+μρ2–1θ
β1–1
1

∫ θ2

θ1

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

θ1

(ν – s)α2–1g
(
s,x(s), y(s)

)
ds

)
dν

≥ λρ1–1θ
β1–1
1

∫ θ2

θ1

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

θ1

(ν – s)α1–1
(
fi0 – ǫ

)
ϕ̺1

(
x(s) + y(s)

)
ds

)
dν
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+μρ2–1θ
β1–1
1

∫ θ2

θ1

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

θ1

(ν – s)α2–1
(
gi0 – ǫ

)
ϕ̺2

(
x(s) + y(s)

)
ds

)
dν

≥ λρ1–1θ
β1–1
1

∫ θ2

θ1

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

θ1

(ν – s)α1–1
(
fi0 – ǫ

)
ϕ̺1

(
ζ
∥∥(x, y)

∥∥
Y

)
ds

)
dν

+μρ2–1θ
β1–1
1

∫ θ2

θ1

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

θ1

(ν – s)α2–1
(
gi0 – ǫ

)
ϕ̺2

(
ζ
∥∥(x, y)

∥∥
Y

)
ds

)
dν

= ζ ζ1ϕρ1

(
λ
(
fi0 – ǫ

))∥∥(x, y)
∥∥
Y

∫ θ2

θ1

J1(ν)
1

(Γ (α1 + 1))ρ1–1
(ν – θ1)

α1(ρ1–1) dν

+ ζ ζ1ϕρ2

(
μ

(
gi0 – ǫ

))∥∥(x, y)
∥∥
Y

∫ θ2

θ1

J2(ν)
1

(Γ (α2 + 1))ρ2–1
(ν – θ1)

α2(ρ2–1) dν

=
[
ζ ζ1ϕρ1

(
λ
(
fi0 – ǫ

))̃
L1 + ζ ζ1ϕρ2

(
μ

(
gi0 – ǫ

))̃
L2

]∥∥(x, y)
∥∥
Y

≥
[
ac1 + a(1 – c1)

]∥∥(x, y)
∥∥
Y
= a

∥∥(x, y)
∥∥
Y
.

Then ‖A1(x, y)‖ ≥A1(x, y)(θ1)≥ a‖(x, y)‖Y .

In a similar manner we find

A2(x, y)(θ1)

≥ ζ ζ2ϕρ1

(
λ
(
fi0 – ǫ

))∥∥(x, y)
∥∥
Y

∫ θ2

θ1

J3(ν)
1

(Γ (α1 + 1))ρ1–1
(ν – θ1)

α1(ρ1–1) dν

+ ζ ζ2ϕρ2

(
μ

(
gi0 – ǫ

))∥∥(x, y)
∥∥
Y

∫ θ2

θ1

J4(ν)
1

(Γ (α2 + 1))ρ2–1
(ν – θ1)

α2(ρ2–1) dν

=
[
ζ ζ2ϕρ1

(
λ
(
fi0 – ǫ

))̃
L3 + ζ ζ2ϕρ2

(
μ

(
gi0 – ǫ

))̃
L4

]∥∥(x, y)
∥∥
Y

≥
[
(1 – a)c2 + (1 – a)(1 – c2)

]∥∥(x, y)
∥∥
Y
= (1 – a)

∥∥(x, y)
∥∥
Y
.

So, ‖A2(x, y)‖ ≥A2(x, y)(θ1) ≥ (1 – a)‖(x, y)‖Y .

Then, for (x, y) ∈P ∩ ∂Λ3, we conclude

∥∥A(x, y)
∥∥
Y
=

∥∥A1(x, y)
∥∥ +

∥∥A2(x, y)
∥∥ ≥ a

∥∥(x, y)
∥∥
Y
+ (1 – a)

∥∥(x, y)
∥∥
Y
=

∥∥(x, y)
∥∥
Y
. (22)

We introduce now the functions f∗,g∗ : [0, 1]×R+ →R+ by f
∗(t,u) = max0≤x+y≤u f (t,x, y),

g∗(t,u) = max0≤x+y≤u g(t,x, y) for all t ∈ [0, 1] and u ∈R+. Then

f (t,x, y)≤ f∗(t,u), g(t,x, y) ≤ g∗(t,u), ∀t ∈ [0, 1],x, y≥ 0,x + y≤ u.

The functions f∗(t, ·), g∗(t, ·) are nondecreasing for every t ∈ [0, 1] and they satisfy the

conditions

lim sup
u→∞

max
t∈[0,1]

f∗(t,u)

ϕ̺1 (u)
= fs∞, lim sup

u→∞

max
t∈[0,1]

g∗(t,u)

ϕ̺2 (u)
= gs∞.

Then for ǫ > 0 there exists r′4 > 0 such that for all u≥ r′4 and t ∈ [0, 1] we obtain

f∗(t,u)

ϕ̺1 (u)
≤ lim sup

u→∞

max
t∈[0,1]

f ∗(t,u)

ϕ̺1 (u)
+ ǫ = fs∞ + ǫ,
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g∗(t,u)

ϕ̺2 (u)
≤ lim sup

u→∞

max
t∈[0,1]

g∗(t,u)

ϕ̺2 (u)
+ ǫ = gs∞ + ǫ,

and hence f∗(t,u) ≤ (fs∞ + ǫ)ϕ̺1 (u) and g∗(t,u) ≤ (gs∞ + ǫ)ϕ̺2 (u).

We consider r4 = max{2r3, r
′
4} and we introduce the set Λ4 = {(x, y) ∈ Y ,‖(x, y)‖Y < r4}.

Let (x, y) ∈P ∩ ∂Λ4. By the definitions of f
∗ and g∗ we deduce

f
(
t,x(t), y(t)

)
≤ f∗

(
t,

∥∥(x, y)
∥∥
Y

)
,

g
(
t,x(t), y(t)

)
≤ g∗

(
t,

∥∥(x, y)
∥∥
Y

)
, ∀t ∈ [0, 1].

(23)

Then for all t ∈ [0, 1] we find

A1(x, y)(t)

≤ λρ1–1

∫ 1

0

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

0

(ν – s)α1–1f
(
s,x(s), y(s)

)
ds

)
dν

+μρ2–1

∫ 1

0

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

0

(ν – s)α2–1g
(
s,x(s), y(s)

)
ds

)
dν

≤ λρ1–1

∫ 1

0

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

0

(ν – s)α1–1f∗
(
s,

∥∥(x, y)
∥∥
Y

)
ds

)
dν

+μρ2–1

∫ 1

0

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

0

(ν – s)α2–1g∗
(
s,

∥∥(x, y)
∥∥
Y

)
ds

)
dν

≤ λρ1–1

∫ 1

0

J1(ν)ϕρ1

(
1

Γ (α1)

∫ ν

0

(ν – s)α1–1
(
fs∞ + ǫ

)
ϕ̺1

(∥∥(x, y)
∥∥
Y

)
ds

)
dν

+μρ2–1

∫ 1

0

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

0

(ν – s)α2–1
(
gs∞ + ǫ

)
ϕ̺2

(∥∥(x, y)
∥∥
Y

)
ds

)
dν

= ϕρ1

(
λ
(
fs∞ + ǫ

))∥∥(x, y)
∥∥
Y

∫ 1

0

1

(Γ (α1 + 1))ρ1–1
να1(ρ1–1)J1(ν)dν

+ ϕρ2

(
μ

(
gs∞ + ǫ

))∥∥(x, y)
∥∥
Y

∫ 1

0

1

(Γ (α2 + 1))ρ2–1
να2(ρ2–1)J2(ν)dν

=
[
ϕρ1

(
λ
(
fs∞ + ǫ

))
L1 + ϕρ2

(
μ

(
gs∞ + ǫ

))
L2

]∥∥(x, y)
∥∥
Y

≤
[
bc3 + b(1 – c3)

]∥∥(x, y)
∥∥
Y
= b

∥∥(x, y)
∥∥
Y
,

and so ‖A1(x, y)‖ ≤ b‖(x, y)‖Y .

In a similar manner, we obtain

A2(x, y)(t)≤ ϕρ1

(
λ
(
fs∞ + ǫ

))∥∥(x, y)
∥∥
Y

∫ 1

0

1

(Γ (α1 + 1))ρ1–1
να1(ρ1–1)J3(ν)dν

+ ϕρ2

(
μ

(
gs∞ + ǫ

))∥∥(x, y)
∥∥
Y

∫ 1

0

1

(Γ (α2 + 1))ρ2–1
να2(ρ2–1)J4(ν)dν

=
[
ϕρ1

(
λ
(
fs∞ + ǫ

))
L3 + ϕρ2

(
μ

(
gs∞ + ǫ

))
L4

]∥∥(x, y)
∥∥
Y

≤
[
(1 – b)c4 + (1 – b)(1 – c4)

]∥∥(x, y)
∥∥
Y
= (1 – b)

∥∥(x, y)
∥∥
Y
,

and then ‖A2(x, y)‖ ≤ (1 – b)‖(x, y)‖Y .
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Therefore, for (x, y) ∈P ∩ ∂Λ4, we deduce

∥∥A(x, y)
∥∥
Y
=

∥∥A1(x, y)
∥∥ +

∥∥A2(x, y)
∥∥ ≤ b

∥∥(x, y)
∥∥
Y
+ (1 – b)

∥∥(x, y)
∥∥
Y
=

∥∥(x, y)
∥∥
Y
. (24)

By using Lemma 3.1, Eqs. (23), (24) and the Guo–Krasnosel’skii fixed point theorem, we

conclude that A has a fixed point (x, y) ∈ P ∩ (Λ4 \ Λ3), which is a positive solution of

problem (1), (2).

Case (6). We have fs∞ ∈ (0,∞), gs∞ = 0 and gi0 = ∞. Let λ ∈ (0, Ẽ) and μ ∈ (0,∞). We

choose c̃3 ∈ (ϕρ1 (λf
s
∞) L1

b
, 1) and c̃4 ∈ (ϕρ1 (λf

s
∞) L3

1–b
, 1). The choice of c̃3 and c̃4 is possible

because λ < 1
fs∞

ϕ̺1 (
b
L1
) and λ < 1

fs∞
ϕ̺1 (

1–b
L3

). Let ǫ > 0 be such that

λ ≤ min

{
1

fs∞ + ǫ
ϕ̺1

(
b̃c3

L1

)
,

1

fs∞ + ǫ
ϕ̺1

(
(1 – b)̃c4

L3

)}
,

εϕ̺2

(
1

ζ ζ1L̃2

)
≤ μ ≤ min

{
1

ǫ
ϕ̺2

(
b(1 – c̃3)

L2

)
,
1

ǫ
ϕ̺2

(
(1 – b)(1 – c̃4)

L4

)}
.

By (I2) and the definition of gi0 we find that there exists r3 > 0 such that

g(t,x, y) ≥
1

ǫ
ϕ̺2 (x + y), ∀t ∈ [θ1, θ2],x, y≥ 0,x + y≤ r3.

We define the set Λ3 = {(x, y) ∈ Y ,‖(x, y)‖Y < r3}. Let (x, y) ∈P ∩ ∂Λ3, that is ‖x‖+ ‖y‖ =

r3. Because x(t) + y(t) ≤ ‖x‖ + ‖y‖ = r3 for all t ∈ [0, 1], then by Lemma 2.5, we find

A1(x, y)(θ1)

≥ λρ1–1

∫ 1

0

θ
β1–1
1 J1(ν)ϕρ1

(
I
α1
0+ f

(
ν,x(ν), y(ν)

))
dν

+μρ2–1

∫ 1

0

θ
β1–1
1 J2(ν)ϕρ2

(
I
α2
0+g

(
ν,x(ν), y(ν)

))
dν

≥ μρ2–1θ
β1–1
1

∫ θ2

θ1

J2(s)ϕρ2

(
1

Γ (α2)

∫ ν

θ1

(ν – s)α2–1g
(
s,x(s), y(s)

)
ds

)
dν

≥ μρ2–1θ
β1–1
1

∫ θ2

θ1

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

θ1

(ν – s)α2–1
1

ǫ
ϕ̺2

(
x(s) + y(s)

)
ds

)
dν

≥ μρ2–1θ
β1–1
1

∫ θ2

θ1

J2(ν)ϕρ2

(
1

Γ (α2)

∫ ν

θ1

(ν – s)α2–1
1

ǫ
ϕ̺2

(
ζ
∥∥(x, y)

∥∥
Y

)
ds

)
dν

= ζ ζ1ϕρ2

(
μ

ǫ

)∥∥(x, y)
∥∥
Y
L̃2 ≥

∥∥(x, y)
∥∥
Y
.

Hence we deduce ‖A1(x, y)‖ ≥ A1(x, y)(θ1) ≥ ‖(x, y)‖Y and ‖A(x, y)‖Y ≥ ‖A1(x, y)‖ ≥

‖(x, y)‖Y .

For the second part of the proof, we use the functions f∗ and g∗ from Case (1), which

satisfy here the conditions

lim sup
u→∞

max
t∈[0,1]

f∗(t,u)

ϕ̺1 (u)
= fs∞, lim

u→∞
max
t∈[0,1]

g∗(t,u)

ϕ̺2 (u)
= 0.
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Then for ǫ > 0 there exists r′4 > 0 such that for all u≥ r′4 and t ∈ [0, 1] we obtain

f∗(t,u)

ϕ̺1 (u)
≤ lim sup

u→∞

max
t∈[0,1]

f∗(t,u)

ϕ̺1 (u)
+ ǫ = fs∞ + ǫ,

g∗(t,u)

ϕ̺2 (u)
≤ lim

u→∞
max
t∈[0,1]

g∗(t,u)

ϕ̺2 (u)
+ ǫ = ǫ,

and hence f∗(t,u) ≤ (fs∞ + ǫ)ϕ̺1 (u) and g∗(t,u) ≤ ǫϕ̺2 (u).

We define r4 = max{2r3, r
′
4} and we introduce the set Λ4 = {(x, y) ∈ Y ,‖(x, y)‖Y < r4}. Let

(x, y) ∈ P ∩ ∂Λ4. By the definitions of f
∗ and g∗ we deduce Eq. (23). Besides, in a similar

manner to that used in the proof of Case (1), we find

A1(x, y)(t)≤ ϕρ1

(
λ
(
fs∞ + ǫ

))
L1

∥∥(x, y)
∥∥
Y
+ ϕρ2 (μǫ)L2

∥∥(x, y)
∥∥
Y

≤
[
b̃c3 + b(1 – c̃3)

]∥∥(x, y)
∥∥
Y
= b

∥∥(x, y)
∥∥
Y
, ∀t ∈ [0, 1],

A2(x, y)(t)≤ ϕρ1

(
λ
(
fs∞ + ǫ

))
L3

∥∥(x, y)
∥∥
Y
+ ϕρ2 (μǫ)L4

∥∥(x, y)
∥∥
Y

≤
[
(1 – b)̃c4 + (1 – b)(1 – c̃4)

]∥∥(x, y)
∥∥
Y
= (1 – b)

∥∥(x, y)
∥∥
Y
, ∀t ∈ [0, 1],

and then ‖A(x, y)‖Y ≤ b‖(x, y)‖Y + (1 – b)‖(x, y)‖Y = ‖(x, y)‖Y .

Therefore we obtain the conclusion of the theorem. �

4 Nonexistence of the positive solutions

In this section we give intervals for λ and μ for which there exist no positive solutions of

problem (1), (2). By using similar arguments to those used in the proofs of Theorems 4.1–

4.4 from [30], we obtain the following theorems for problem (1), (2).

Theorem 4.1 Assume that (I1) and (I2) hold. If there exist positive numbers T1, T2 such

that

f (t,x, y)≤ T1ϕ̺1 (x + y), g(t,x, y) ≤ T2ϕ̺2 (x + y), ∀t ∈ [0, 1],x, y≥ 0, (25)

then there exist positive constants λ0 and μ0 such that for every λ ∈ (0,λ0) and μ ∈ (0,μ0)

the boundary value problem (1), (2) has no positive solution.

In the proof of Theorem 4.1 we define λ0 = min{(T1ϕ̺1 (4L1))
–1, (T1ϕ̺1 (4L3))

–1} andμ0 =

min{(T2ϕ̺2 (4L2))
–1, (T2ϕ̺2 (4L4))

–1}, where Li, i = 1, . . . , 4, are given by (19).

Remark 4.1 If fs0,g
s
0, f

s
∞,gs∞ < ∞, then there exist positive constants T1, T2 such that rela-

tion (25) holds, and so we obtain the conclusion of Theorem 4.1.

Theorem 4.2 Assume that (I1) and (I2) hold. If there exist positive numbers θ1, θ2 with

0 < θ1 < θ2 ≤ 1 and q1 > 0 such that

f (t,x, y)≥ q1ϕ̺1 (x + y), ∀t ∈ [θ1, θ2],x, y≥ 0, (26)

then there exists a positive constant λ′
0 such that for every λ > λ′

0 and μ > 0, the boundary

value problem (1), (2) has no positive solution.
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In the proof of Theorem 4.2 we define λ′
0 = min{(q1ϕ̺1 (ζ ζ1L̃1))

–1, (q1ϕ̺1 (ζ ζ2L̃3))
–1},

where L̃1 and L̃3 are given by (19).

Remark 4.2 If for θ1, θ2 with 0 < θ1 < θ2 ≤ 1, we have fi0, f
i
∞ > 0, and f (t,x, y) > 0 for all

t ∈ [θ1, θ2] and x, y ≥ 0 with x + y > 0, then Eq. (26) holds, and therefore we obtain the

conclusion of Theorem 4.2.

Theorem 4.3 Assume that (I1) and (I2) hold. If there exist positive numbers θ1, θ2 with

0 < θ1 < θ2 ≤ 1 and q2 > 0 such that

g(t,x, y) ≥ q2ϕ̺2 (x + y), ∀t ∈ [θ1, θ2],x, y≥ 0, (27)

then there exists a positive constant μ′
0 such that for every μ > μ′

0 and λ > 0 the boundary

value problem (1), (2) has no positive solution.

In the proof of Theorem 4.3 we define μ′
0 = min{(q2ϕ̺2 (ζ ζ1L̃2))

–1, (q2ϕ̺2 (ζ ζ2L̃4))
–1},

where L̃2 and L̃4 are given by (19).

Remark 4.3 If for θ1, θ2 with 0 < θ1 < θ2 ≤ 1, we have gi0,g
i
∞ > 0, and g(t,x, y) > 0 for all t ∈

[θ1, θ2] and x, y≥ 0 with x+ y > 0, then Eq. (27) holds, and hence we deduce the conclusion

of Theorem 4.3.

Theorem 4.4 Assume that (I1) and (I2) hold. If there exist positive numbers θ1, θ2 with

0 < θ1 < θ2 ≤ 1 and q1,q2 > 0 such that

f (t,x, y)≥ q1ϕ̺1 (x + y), g(t,x, y)≥ q2ϕ̺2 (x + y), ∀t ∈ [θ1, θ2],x, y≥ 0, (28)

then there exist positive constants λ̃0 and μ̃0 such that for every λ > λ̃0 and μ > μ̃0 the

boundary value problem (1), (2) has no positive solution.

In the proof ofTheorem4.4wedefine λ̃0 = (q1ϕ̺1 (2ζ ζ1L̃1))
–1 and μ̃0 = (q2ϕ̺2 (2ζ ζ2L̃4))

–1.

Remark 4.4 If for θ1, θ2 with 0 < θ1 < θ2 ≤ 1, we have fi0, f
i
∞,gi0,g

i
∞ > 0, and f (t,x, y) > 0 and

g(t,x, y) > 0 for all t ∈ [θ1, θ2] and x, y ≥ 0 with x + y > 0, then Eq. (28) holds, and so we

obtain the conclusion of Theorem 4.4.

5 An example

Let α1 = 1/2, α2 = 1/3, β1 = 10/3, n = 4, β2 = 17/4, m = 5, p = 2, q = 1, δ0 = 11/5, γ1 = 5/6,

γ2 = 3/2, γ0 = 9/8, δ1 = 3/7, H1(t) = 4t for all t ∈ [0, 1], H2(t) = {1, t ∈ [0, 1/4); 8, t ∈ [1/4, 1]},

K1(t) = {1, t ∈ [0, 1/2); 3, t ∈ [1/2, 1]}, ̺1 = 5, ρ1 = 5/4, ̺2 = 3, ρ2 = 3/2, ϕ̺1 (s) = |s|3s, ϕρ1 (s) =

|s|–3/4s, ϕ̺2 (s) = |s|s, ϕρ2 (s) = |s|–1/2s.

We consider the system of fractional differential equations

⎧
⎨
⎩
D1/2

0+ (ϕ5(D
10/3
0+ x(t))) + λ(3 – t)a0 (e(x(t)+y(t))

4
– 1) = 0, t ∈ (0, 1),

D1/3
0+ (ϕ3(D

17/4
0+ y(t))) +μ(t + 2)b0 (x3(t) + y3(t)) = 0, t ∈ (0, 1),

(29)
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with the coupled nonlocal boundary conditions

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x(0) = x′(0) = x′′(0) = 0, D10/3
0+ x(0) = 0,

D9/8
0+ x(1) = 4

∫ 1

0
D5/6

0+ y(t)dt + 7D3/2
0+ y(

1
4
),

y(0) = y′(0) = y′′(0) = y′′′(0) = 0, D17/4
0+ y(0) = 0,

D11/5
0+ y(1) = 2D3/7

0+ x(
1
2
),

(30)

where a0,b0 > 0.

Here we have f (t,x, y) = (3 – t)a0 (e(x+y)
4
– 1), g(t,x, y) = (t + 2)b0 (x3 + y3) for all t ∈ [0, 1]

and x, y ≥ 0. We obtain � ≈ 15.18283383 > 0, and then the assumptions (I1) and (I2) are

satisfied. Besides, we find

g1(t, s) =
1

Γ (10/3)

⎧
⎨
⎩
t7/3(1 – s)29/24 – (t – s)7/3, 0 ≤ s≤ t ≤ 1,

t7/3(1 – s)29/24, 0 ≤ t ≤ s≤ 1,

g11(t, s) =
1

Γ (61/21)

⎧
⎨
⎩
t40/21(1 – s)29/24 – (t – s)40/21, 0≤ s ≤ t ≤ 1,

t40/21(1 – s)29/24, 0≤ t ≤ s ≤ 1,

g2(t, s) =
1

Γ (17/4)

⎧
⎨
⎩
t13/4(1 – s)21/20 – (t – s)13/4, 0≤ s ≤ t ≤ 1,

t13/4(1 – s)21/20, 0≤ t ≤ s≤ 1,

g21(t, s) =
1

Γ (41/12)

⎧
⎨
⎩
t29/12(1 – s)21/20 – (t – s)29/12, 0≤ s ≤ t ≤ 1,

t29/12(1 – s)21/20, 0≤ t ≤ s ≤ 1,

g22(t, s) =
1

Γ (11/4)

⎧
⎨
⎩
t7/4(1 – s)21/20 – (t – s)7/4, 0≤ s ≤ t ≤ 1,

t7/4(1 – s)21/20, 0≤ t ≤ s ≤ 1,

G1(t, s) = g1(t, s) +
2t7/3

�

[
48Γ (17/4)

41Γ (41/12)
+ 7

(
1

4

)7/4
Γ (17/4)

Γ (11/4)

]
g11

(
1

2
, s

)
,

G2(t, s) =
t7/3Γ (17/4)

�Γ (41/20)

[
4

∫ 1

0

g21(τ , s)dτ + 7g22

(
1

4
, s

)]
,

G3(t, s) =
2t13/4Γ (10/3)

�Γ (53/24)
g11

(
1

2
, s

)
,

G4(t, s) = g2(t, s) +
t13/4Γ (10/3)

�Γ (61/21)219/21

[
4

∫ 1

0

g21(τ , s)dτ + 7g22

(
1

4
, s

)]
,

for all (t, s) ∈ [0, 1]× [0, 1]. For the functions h1, h2 and Ji, i = 1, . . . , 4, we obtain

h1(s) =
1

Γ (10/3)

[
(1 – s)29/24 – (1 – s)7/3

]
,

h2(s) =
1

Γ (17/4)

[
(1 – s)21/20 – (1 – s)13/4

]
,

for all s ∈ [0, 1],
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J1(s) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
Γ (10/3)

[(1 – s)29/24 – (1 – s)7/3] + 1
�
[ 48Γ (17/4)
41Γ (41/12)

+ 7( 1
4
)7/4 Γ (17/4)

Γ (11/4)
]

× 2
Γ (61/21)

[( 1
2
)40/21(1 – s)29/24 – ( 1

2
– s)40/21], 0≤ s < 1

2
,

1
Γ (10/3)

[(1 – s)29/24 – (1 – s)7/3] + 1
�
[ 48Γ (17/4)
41Γ (41/12)

+ 7( 1
4
)7/4 Γ (17/4)

Γ (11/4)
]

× 2
Γ (61/21)

( 1
2
)40/21(1 – s)29/24, 1

2
≤ s ≤ 1,

J2(s) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Γ (17/4)
�Γ (41/20)

{ 48
41Γ (41/12)

[(1 – s)21/20 – (1 – s)41/12]

+ 7
Γ (11/4)

[( 1
4
)7/4(1 – s)21/20 – ( 1

4
– s)7/4]}, 0 ≤ s < 1

4
,

Γ (17/4)
�Γ (41/20)

{ 48
41Γ (41/12)

[(1 – s)21/20 – (1 – s)41/12]

+ 7
Γ (11/4)

( 1
4
)7/4(1 – s)21/20}, 1

4
≤ s≤ 1,

J3(s) =

⎧
⎨
⎩

2Γ (10/3)
�Γ (53/24)Γ (61/21)

[( 1
2
)40/21(1 – s)29/24 – ( 1

2
– s)40/21], 0≤ s < 1

2
,

2Γ (10/3)
�Γ (53/24)Γ (61/21)

( 1
2
)40/21(1 – s)29/24, 1

2
≤ s≤ 1,

J4(s) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
Γ (17/4)

[(1 – s)21/20 – (1 – s)13/4]

+ Γ (10/3)

�Γ (61/21)219/21
{ 48
41Γ (41/12)

[(1 – s)21/20

– (1 – s)41/12] + 7
Γ (11/4)

[( 1
4
)7/4(1 – s)21/20 – ( 1

4
– s)7/4]}, 0≤ s < 1

4
,

1
Γ (17/4)

[(1 – s)21/20 – (1 – s)13/4]

+ Γ (10/3)

�Γ (61/21)219/21
{ 48
41Γ (41/12)

[(1 – s)21/20

– (1 – s)41/12] + 7
Γ (11/4)

( 1
4
)7/4(1 – s)21/20}, 1

4
≤ s ≤ 1.

We choose θ1 = 1/4 and θ2 = 3/4, and hence we obtain ζ1 = (1/4)7/3, ζ2 = (1/4)13/4

and ζ = ζ2. Besides, we deduce fs0 = 3a0 , fi∞ = ∞, gs0 = 0, gi∞ = ∞, L1 ≈ 0.08207184,

L3 ≈ 0.01229905, L̃1 ≈ 0.05185073, L̃3 ≈ 0.00775575.

By Theorem 3.1(7), if we consider b = 1/2, then, for any λ ∈ (0,E) and μ ∈ (0,∞) with

E = 3–a0 (2L1)
–4, the problem (29), (30) has a positive solution (x(t), y(t)), t ∈ [0, 1]. For

example, if a0 = 1 we find E ≈ 459.179.

We can also use Theorem 4.2, because f (t,x, y) ≥ q1(x + y)4 for all t ∈ [1/4, 3/4] and

x, y ≥ 0, with q1 = (9/4)a0 . If a0 = 1, we obtain λ′
0 = (q1(ζ ζ1L̃1)

4)–1 ≈ 1.71714 × 1018, and

then we deduce then, for every λ > λ′
0 and μ > 0, that the boundary value problem (29),

(30) has no positive solution.
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