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Abstract

In this paper, we study the existence of positive solutions for a class of coupled integral boundary value
problems of nonlinear semipositone Hadamard fractional differential equations

Du(t) + Mf(t,u(t),v(t)) =0, DPu(t) + Ag(t,u(t),v(t)) =0, te(l,e), A>0,

(1) = p)(1) — <m w0 e = [we)®
u (1) =0V (1) =0, 0<j<n-—2 u(e)—,u/l v(s) S v(e)—l//l u(s)s,
where A, u, v are three parameters with 0 < < fand 0 < v < «, o, € (n — 1,n] are two real numbers
and n > 3, D% D? are the Hadamard fractional derivative of fractional order, and f, ¢ are sign-changing
continuous functions and may be singular at t = 1 or/and ¢ = e. First of all, we obtain the corresponding
Green’s function for the boundary value problem and some of its properties. Furthermore, by means of the
nonlinear alternative of Leray-Schauder type and Krasnoselskii’s fixed point theorems, we derive an interval
of A such that the semipositone boundary value problem has one or multiple positive solutions for any A
lying in this interval. At last, several illustrative examples were given to illustrate the main results. (©2015
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1. Introduction

We consider the following coupled integral boundary value problem for systems of nonlinear semipositone
Hadamard fractional differential equations

Du(t) + Mf(t,u(t),v(t)) =0, DPu(t) + \g(t,u(t),v(t)) =0, te(l,e), A>0,

‘ A e s e s (1.1)
w9 (1) =09 (1) =0, 0<j<n—2 ule)= ,u/l ’U(S)%, v(e) = 1//1 u(s)d?,

where A, i, v are three parameters with 0 < < fand 0 < v < «, a, 8 € (n — 1,n] are two real numbers
and n > 3, D% DP are the Hadamard fractional derivative of fractional order, and f, g are sign-changing
continuous functions and may be singular at ¢ = 1 or/and ¢t = e. To the best knowledge of the author,
there are few papers which deal with the coupled integral boundary value problems for systems of nonlinear
Hadamard fractional differential equations.

Coupled boundary value problems have wide applications in various fields of sciences and engineering,
for example, the Sturm-Liouville problems, heat equation, reaction-diffusion equations, mathematical biol-
ogy and so on. In recent years, there have been some significant developments in the study of ordinary
differential equations and partial differential equations involving fractional derivatives with coupled bound-
ary conditions, as shown by the papers [26] 27, [32], B8] [42] 43] and the references therein. For example, by
mixed monotone method, Cui et al. [15] established sufficient conditions for the existence and uniqueness
of positive solutions to a singular differential system with integral boundary value conditions. By using
the properties of the Green’s function and the Guo-Krasnosel’skii fixed point theorem, Wang et al. [35]
obtained some existence results of positive solutions for higher-order singular semipositone fractional differ-
ential systems with coupled integral boundary conditions and parameters under some conditions concerning
the nonlinear functions.

Due to the fact that fractional-order models are more accurate than integer-order models (that is, there
are more degrees of freedom in the fractional-order models), the subject of fractional differential equations
has recently developed into a interesting topic for many researchers in view of its numerous applications in
the field of physics, engineering, mechanics, chemistry, and so forth. For some recent work on the topic, see
[, 4, [6l, [1T), 16l 19, 28, B0, B1], B7]. Specially, the study of coupled systems of fractional order differential
equations has been addressed extensively by several researchers, see [3, [5l 18], 20, 21], 29, [33] 36 [40] and the
references cited therein. For instance, By applying some standard fixed point theorems, Jiang et al. [23]
and Yuan et al. [4I] considered the existence of positive solutions to the four-point coupled boundary value
problems for systems of nonlinear semipositone fractional differential equations under different conditions,
respectively. In [20], Hao and Zhai studied the existence of at least one positive solution to a coupled system
of fractional boundary value problems by using Schauder fixed point theorem.

However, we should point out that most of the work on the topic is based on Riemann-Liouville and
Caputo type fractional differential equations in the last few years. In 1892, Hadamard introduced another
kind of fractional derivatives, i.e., Hadamard type fractional differential equations, which differs from the
preceding ones in the sense that the kernel of the integral and derivative contain logarithmic function of
arbitrary exponent. Details and properties of Hadamard fractional derivative and integral can be found
in [12) 13| 14, 17, 22, 24]. Recently, there are some results on Hadamard type fractional differential equa-
tions/inclusions, see [9] [10] and the references cited therein. For example, by applying some standard fixed
point theorems, Ahmad and Ntouyas [7, 8] studied the existence and uniqueness of solutions for fractional
integral boundary value problem involving Hadamard type fractional differential equations/systems with in-
tegral boundary conditions, respectively. In [34], based on some classical fixed point theorems, Thiramanus
et al. investigated the existence and uniqueness of solutions for a fractional boundary value problem involv-
ing Hadamard-type fractional differential equations and nonlocal fractional integral boundary conditions.
In [39], by applying some inequalities associated with Green’s function and Guo-Krasnosel’skii fixed point
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theorems, the author showed the existence of positive solutions for a class of singular four-point coupled
boundary value problem of nonlinear semipositone Hadamard fractional differential equations.

Motivated by the results mentioned above and wide applications of coupled boundary value conditions, we
consider the existence of positive solutions for singular Hadamard fractional differential equations boundary
value problem . In Section [2| we present some preliminaries and lemmas that will be used to prove our
main results. And we obtain the corresponding Green’s function for boundary value problem and some
of its properties. The main theorems are formulated and proved in Section [3] At last, several illustrative
examples were given to illustrate the main results in Section [

2. Preliminaries

For the convenience of the reader, we firstly present some basic concepts of Hadamard type fractional
calculus to facilitate analysis of problem ([L.1).

Definition 2.1. [24] The Hadamard derivative of fractional order ¢ for a function g : [1,00) — R is defined

as
1 d\" [t N\ ds
Dig(t) = —— [ t— log — — —1

where n = [¢] + 1, [¢] denotes the integer part of the real number ¢ and log(-) = log,(-).
Definition 2.2. [24] The Hadamard fractional integral of order ¢ for a function g : [1,00) — R is defined as

Ig(t) = F(lq) /It <1og i)q_lg(S)is, q>0,

provided the integral exists.

Now we derive the corresponding Green’s function for boundary value problem ([1.1)), and obtain some
properties of the Green’s function.
Lemma 2.3. Let x,y € C|0,1] be given functions. Then the boundary value problem
Du(t) +a(t) =0, Dyju(t)+y(t) =0, te(1,e),
. . e d e d 2.1
W) = o (1) =0, 0<jSn-2 ule)= u/ 9%, w0 =v [, >y
1 s 1 s

has an integral representation

/ Gl t, 3 / H1 t, S
(2.2)
/ GQ t S dS / H2 t 8

where
((logt)*~'(1 —logs)* ! (aff — pv + pvlogs)  (log(t/s))*
Gi(t,s) = (aﬂ—;u/)l“( ) - [(a) Isestse (2.3)
1\ 8) = (logt)*~1(1 —log 5)* Y (af — uv + pvlog s) l<tes< '
(aB —u)T () | S
(log)°~1(1 —log 5)*~(aff — pw + prlogs)  (log(t/s))" !
Cofts) = (08 —p)0(3) I
2027 (logt)P (1 — log s)P Y (aB — pv + pvlog s) L <i<s< '
\ (af — )L (8) | =T
Hy(ts) = pa(logt)*=1(1 —logs)?~!logs Ha(t,5) = vB(logt)#~1(1 —log s)*! logs‘ (2.5)

(af — uw)0(B) ’ al’(e)
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Proof. As argued in [24], the solution of Hadamard differential system in (2.1)) can be written the following
equivalent integral equations

1 [t A\t 4
ult) = enllog* + crallogt)* 2 -+ + e logt) " — s [ <1°g ) o)
1

(2.6)
v(t) = co1(logt)? ™1 + con(logt)P =2 + - 4 ean(lo t)ﬁn—l/t lo ! o (s)ﬁ
= co1(log 22(108 2n (108 T8 J, gs Y s
From DJu(0) = Djv(0) = 0, 0 < j < n — 2, we have ¢;, = Cin—1) = *=» = ¢g = 0 (i = 1,2). Thus, 1)
reduces to
1t N d
u(t) = cy1(logt)* ! — / log — x(s)—s,
INa) Jq s s
51 (2.7)
o(t) = e (log 1)1 — —— /t log . (s)@
= co1(l0g T3 J, g s ) s
Using the boundary conditions u(e) = p [} v(s)?S and v(e) = v [] u( ds, from lb we obtain
¢ ds €(1—logs)*! ds
n=n [T+ U2,
1 s 1 I'(«) s (2.8)
c —1//eu($)d8—i—/6 —(1—10gs)'8_1 (s)§ |
2 1 s rig) s
Combining (2.7) and (2.8)), we have
¢ d ©(1—logs)*' . d I t\*
() = og 0 (i [0 D [UEEEu®) - b [ logl ) a
1 s 1 I'(«) s () J1 s s (2.9)

o0 = oz (v [Tut 4 [Ty ) L T 1)y

Integrating the above equations (2.9)) from 0 to 1, we obtain

/ju(s)is :/:Oogt)al </~L/16v(s)cis + /16 uﬁi‘?wx(s)cﬁs) %
L (s ()0
4 [t [T - [ e
:Z/e W%+ 1_1(’“?& 1085 (5) 22,

al'(a s

[t = [l (o [ [ gt
( [ ont) )
:;/1 ) +/1 1og561y(8)i5_/16Wy(8)d8
=2 [t [P Om o

._.
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Solving for [ u(s)% and [ v(s)%, we have

s

/6u(8)ds: af <,u/ (1—10gsﬁ 1logs +/ (1 —logs)*~ 1logsaj(s)als>7
1 8 aff —pv \a Jy 1 8

al'(a)
¢ ds  afp v (1-— logs logs log s)8~1log s ds
J 7’(5)? - aﬁ o <5/1 of 9%+ [ y(s)s> |

B)
Combining (2.7} and , we get

_uaﬁ(log )~ (1 —logs)* 1logs ds ¢(1—1logs)’1logs ds
== <5/1 e [ o)

+/ (log )~ (1( —)10g S)Q_lx(s)is — I‘(loz)/lt <1og Z)al x(s)%

pv(logt)*~1(1 —log s)* !log s ds ¢ (logt)* (1 —log s)aflx ds
‘/1 <a5 RN (SR o) ;
¢ pa(logt)*= (1 —log s)#'log s ds
5 ) “* @@

~—

Oé

and

v(t)

«

~vaB(logt)?t (¢ (1—logs)Plogs ds ¢(1—logs)*!logs ds
T B ( J e s < oT(a) m)s)

§ 1
¢ (logt)#~1(1 —log s)?~! , . d 1t A
+/ (log?)°~*(1 — log s) u(s) % <log>
1 F(ﬂ) S F(ﬁ) 1 S
¢ uv(logt)?~1(1 —log s)?Llog s ds € (logt)P~1(1 —log s)P—1 ds
:/1u(g) ( gs) gy<3)8+1(g) gs)

ds
8)?

1
y(
( y(s)—
(B — pr)T'(B) INE)) 8

1 ' o 12 o s ds eVﬁ(logt)ﬂ_l(l—logs)"‘_llogsx . ds
F(/B)/1<1g3> y<)3+/1 al'(«) <>s

Hence, we have

/Glts dS /Hlts
/G2t5 /HQtS

This completes the proof of the lemma. O

From Lemma the system (|1.1]) can be expressed the following integral form

([ Gtsts. e 06) S + [ it gtssute) o)™ ).

S

o) =2 ([ Gattats o) S 4 [t (st w6 % ).

S

(2.11)

Lemma 2.4. Fort,s € [1,¢], the functions Gi(t,s) and Hi(t,s) defined by (2.3) and (2.5)) satisfy

max{(af — p)(a — 1) + pv, a8}
(@B — pv)I'(e)

B (logt)*pi(s) < Gu(t,s) <

(af = )T (@) pi(s), (2.12)

of

i A ___p(s)
(af — u)L(B)>"

——FF X (lo a—1 s s
(@F = () (8" ale) S Hlts) <

(2.13)
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ap (logt)*™", (2.14)

max{(af — pv)(a — 1) + pv, a8} a-1 ek
(logt)*™*, Hy(t,s) < (@B — )T (B)

Cr(ts) < (@h = )T
(2.15)

where
p1(s) = (1 —logs)* 'logs, pa(s) = (1—logs)’ 'logs.
Proof. First, we will show that (2.12]) is true. On the one hand, when 1 < s <t < e, we have

(logt)*~1(1 —log 8)* 1 (aB — pv + pvlog s) — (logt — log s)*~(aB — pv)

Gt = (0 — )T (a)
(logt)®~1(1 —logs)* (aB — uv + urlogs) — (logt)*~1(1 —logs/logt)* L (af — uv)
(af - (@)
S (logt)®~1(1 —logs)* L(aB — uv + prlog s) — (logt)*~1(1 —log s)*~1(af — uv)
- 1 1 (af — p)I'(a)
uv(logt)*= (1 —logs)* ' log s uv o1
= (@F () = (@p = i) 8D o)

t,s €[1,¢€,

(aB — uv)[(logt —logtlog s)*~! — (logt — log s)*~ 1] + pv(logt)*~1(1 — log s)* ! log s
(@B — pv)I'(a)
dz + pv(logt)* (1 —log s)*logs

and

G1 (t, S) =

(B = ) — 1) [lo8L e o2
l (@B — m)T(@)
(af — pv)(a —1)(logt — logtlog s)*2[(logt — logtlog s) — (logt — log s)]
(af — pv)I'(a)

<
n pr(logt)*~1(1 —log s)* !log s

(af —w)T'(e)
(B — pv)(a—1)(logt)* (1 — log 5)* (1 — logt) log s + pr(logt)* (1 — log s)* ! log s
- (@f — )T (a)
(aB — pv)(a —1)(logt)*=2(1 — log 5)*~2(1 — log 5) log s + ur(logt)*~ (1 — log s)* 1 log s

(af — pv)I(a)

e —pr)(a—1) + pr](1 —logs)*~*log s
= (af — )T ()
max{(af — pw)(a — 1) + pv, a8}
< s),
. @8- "
On the other hand, when 1 <t < s <e, since 0 < u < f and 0 < v < «, we also have
pr(logt)*=1(1 —logs)* tlogs v _1
Gi(t,s) > = log t)“ s), t,s€[l, e,
1t (@ — (@) (@ — () (80 ) e el

t,s €[1,¢],

and
~ (logt)* (1 —log s)* Haf — pv + prlogs) _ apf(logs)* (1 —logs)* !
culte) = (08 — )T (@) =T (@B wl(e)
[(af — ) (a = 1) + pw](1 — log 5)* " log s
(af —pw)I'(e)

aB(1l —logs)* tlogs -
- (@-w)l(a) T
max{(af — pv)(a—1) + puv, «
_max{(af — pw)a— 1)+ wraB)
(@f — )T ()
Next we show that (2.13]) holds for ¢, s € [1,e]. In fact, since 0 < p < f and 0 < v < a, we get
pv(logt)®~1(1 —log s)%~!log s puv o1
Hi(t,s) > = logt p2(s), t,sell,el,
152 (a8 — )L () (@f —r(p) (80" ) e elld

t,s €[1,¢€,
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and
afB(1 —logs)?logs af
Hilts) < =t @)~ @t heslbe
Finally, we will prove (2.14)) is valid for any t,s € [1,¢]. Noticing (1 — logs)® 2(1 — logt) < 1, (1 —
logs)* tlogs <1, and (1 — log 3)5_1 logs <1, when 1 < s <t <e, we have
(af — pv)(a —1)(logt)*=2(1 — log 5)*~2(1 — log t) log s + pr(logt)*~ (1 — log s)* !log s
(af — pw)l'(c)
< (af — pv)(a —1)(logt)*=2(1 — log 5)*~2(1 — log t) logt + pur(logt)*~ (1 —log s)* !log s
- (af — )T ()
_l(@f — )@ — 1) + o (log 1)
- (aB — pv)T(a)
cmax{(af — pv)(e — 1) + pv, a5}
- (@B — pv)T'(a)
and when 1 <t < s<e, since 0 < u < and 0 < v < a, we also have

of(logt)*~! _ max{(af — p)(a 1) + p.af)

Gl(ta S) <

(logt)*™, t,se(l,e,

Gi(t,s) < < lo to‘_l, t,s € [l,el.
1) = 0B — )@ (@ — )T () oz e
And we have
pa(logt)®~1(1 — log s)%~!log s af o1
Hi(t,s) = < logt , t,se |l el
1(69) (@ — ) (B) (@B — T3 %" el
This completes the proof of the lemma. O

Similarly, we have

Lemma 2.5. Fort,s € [1,e], the functions G1(t,s) and Hy(t,s) defined by (2.4)) and (2.5)) satisfy

pv oe 191 (s o) < max{(af —p)(B—1) + pv,af}
RG] (logt)” " pa(s) < Gaft,s) < (@B = )T () p2(s),
SR ogt)?1pi(s S O‘—ﬁ s
(aﬂ—uu)F(a)(l gt)?1p1(s) < Ha(t, s) < (a/@_'uy)r(a)Pl( ),
Gg(t, 8) < max{(aﬁ - :U’V)(B - 1) + pv, a/B} (logw,@fl’ Hg(t,s) < O[ﬁ (logt)ﬁ 17

(af — p)I(B)
where p1(s) and pa(s) are defined in (2.15)).
Remark 2.6. From Lemmas and for t,s € [1, €], we have

a(logt)®1pi(s) < Gi(t,s) < bpi(s), Gi(t,s) <b(logt)* !, allogt)* po(s) < Hyi(t,s) < bpa(s),
Hi(t,s) < bllog )", a(logt)* ' pa(s) < Galt,s) < bpals),  Calt.s) < bllogt)*~",
a(logt)?~1pi(s) < Ha(t,s) < bpi(s), Ha(t,s) < b(logt)’ 1,
where
ny
(aB — pv) max{T'(a), ()}’
b — max { max{(af — pv)(o — 1) + pv,af} max{(af — pv)(B —1) + pv, af} } .
(@ — )T (a) / (@B — w)T ()

In the rest of the paper, we always suppose the following assumptions hold:
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(H1) f(t,u,v),9(t,u,v) € C([1,€] x [0,400) x [0,400), (—00,400)), moreover there exists two functions
q1(t),q2(t) € LY([1,¢€], (0,+00)) such that f(t,u,v) > —qi(t) and g(t,u,v) > —qa(t) for any t € [1, €],
u,v € [0,400).

(HY) f(t,u,v),g9(t,u,v) € C((1,e) x [0,400) x (0,400), (—00,4+00)), f,g may be singular at ¢ = 1,e,
moreover there exists two functions ql( ), q2(t) € LY((1,e), (0, +00)) such that f(t,u,v) > —qi(t) and
g(t,u,v) > —qo(t) for any t € (1,e), u,v € [0,400).

(H2) f(¢,0,0) > 0 and g¢(¢,0,0) > 0 for t € [1,€].

(H3) There exists [f1,62] C (1,e) such that liminf min [twv) — 4 oo and liminf min 28%Y — oo
uttoo t€61,02] ¥ vitoo te€[f1,02] 7

(Hj) There exists [61,62] C (1,e) such that liminf min [tuv) — 4o and liminf min 2890 — 4o,
vT+o0o t€[f1,02] v ut+oo t€[f1,02] v

(H4) fle pi(S)Qi(S)% < +00 (Z = 1a2)7 fle pl(s)f(s,u,v)% < 400, fle pQ(S)g(Syuvv)% < +oo for any u,v €
[0, m], m > 0 is any constant.

Lemma 2.7. Assume the condition (Hi) or (H}) holds, then the boundary value problem

—D%(t) = A1 (), —Dﬂwg(t) = Ag(t), te(l,e), >0,

. . € d € d
A =ef) 1) =0, 0<j<n-2 w@=p[ 6T, w@=r[ wET
1 1
have an unique solution
e d ¢ d
0=A([ Gtaa®+ [ mesne®).
L 4 L 4 (2.16)
S S
0 =2 ([ Gt n@ S + [ a6 ).
1 § 1 S
which satisfy
e d
r(t) < Moz ) [ (as) + (o), te Ll
L (2.17)

wa(t) < Ab(log)?? /1 (@(5) + ao(s) S, 1L e]

Proof. 1t follows from Lemmal[2.3] Remark[2.6)and the condition (Hy) or (Hf) that (2.16) and (2.17) hold. O
Let E = [1,e] x [1,€], then E is a Banach space with the norm

[(w, o)l = llull +[loll,  [lull = max fu(®)], [lv]| = max |v(?)]
te[l,e] te(1,e]

for any (u,v) € E. Let
P={(u,v) € E : u(t) > wlogt)* Yull, v(t)>wlogt)?L|v| fort e [1,e]},

where 0 < w =a/b < 1. Then P is a cone of E.
Next we only consider the following singular boundary value problem

D%x(t) + A(f(t, [2(t) — wi(®)]" [y(t) — w2 (D)) + @1 () =0, te(le), A>0,

DAy(t) + Mgt [2(t) — wr (O], [9() — wa(D]) + aa(8)) =0, t€ (Le), A>0, (2.18)
. . ] e ds € ds
S0 =01 =0, 0<j<n-2 ale)=p [ v T, we)=v [ 2T,

where a modified function [z(¢)]* for any z € C[1,¢] by [2(t)]* = 2(t), if 2(t) > 0, and [2(¢)]* = 0, if z(¢) < 0.
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Lemma 2.8. If (z,y) € C[1,e] x C[1,e] with x(t) > wi(t) and y(t) > wa(t) for any t € (1,e) is a positive
solution of the singular system ([2.18]), then (x — w1,y — we) is a positive solution of the singular system

).

Proof. In fact, if (z,y) € C[1,e] x C[1,e] is a positive Solutlon of the singular system such that
z(t) > wi(t) and y(t) > wo(t) for any t € (1,e], then from and the definition of [-]*, we have
(

D% (t) + AM(f(t,z(t) — wi(t),y(t) —wa(t)) + q1(t)) =0, te(l,e), A>0,

s0(1) =y 1) =0, 0j<n-2 ale)=n [ v v =v [ )%
1 S 1 s
Let w = 2 —w; and v = y — wy, then D%u(t) = D%x(t) — D%wi(t) and DPu(t) = DPy(t) — DPuws(t) for

€ (1,e), which imply that
— D%u(t) = =D%x(t) + Dwi(t) = —D%(t) — Aq1(t), te (l,e),
— DPu(t) = —=DPy(t) + DPuws(t) = —DPy(t) — Aqa(t), te (1,e).
Thus becomes
Du(t) + Af(t,u(t),v(t)) =0, DPu(t)+ Ag(t,u(t),v(t)) =0, te(l,e), X>0,
; ; . ¢ ds ¢ ds
w1 =00 (1) =0, 0<j<n—2 wufe)= ,u/l ’U(S)?, v(e) = 1//1 u(s)?,

i.e., (r — w1,y —w2) is a positive solution of the singular system . This proves Lemma O
Employing Lemma the singular system can be expressed as
€ . ds
=/\/1 G1(t, 5)(f(s, [a(s) —wi(s)]", [y(s) —w2(s)]") + au(s))—
€ . . ds
+ /\/ Hi(t,5)(g(s, [2(s) —wi(s)], [y(s) —wa(s)]) + @a(s)) -, t€[l,el,
Jt s (2.20)
ZA/l Ga(t, s)(9(s, [2(s) —wi(s)]" [y(s) —wa(s)]") + a2(s))—

=y (1, (5, () — ()], I(s) —ne)]) + (D), te [1,e)

By a solution of the singular system ([2.18), we mean a solution of the corresponding system of integral
equation (2.20)). Defined an operator 7': P — P by

T(z,y) = (Ti(z,y), Ta(z,y)),

where operators T; : P — C[1,¢] (i = 1,2) are defined by
A [ G975 o) = (0 y(e) o)) + ()
A [ Hi(t5) (gl o(s) = a6 ) — wao)) + ()t [l
0 =2 [ Galts) (gl os) = r(s)] o) — was)]) + (5D
A [ ot 5) (6 [2(6) = n ()] o(9) — w0)) 4 n(e) T € el

(2.21)

Clearly, if (z,y) € P is a fixed point of 7', then (x,y) is a solution of the singular system ([2.18]).
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Lemma 2.9. Assume the condition (Hy) or (H}) holds, then

T:P— P

18 a completely continuous operator.

Proof. For any fixed (x,y) € P, there exists a constant L > 0 such that ||(x,y)||1 < L. And then,
[2(s) —wi(s)]” < a(s) < lzll < (2, 9)llr < L, [y(s) —wa(s)]” <wls) < llyll < ll(z,y)llh <L, s €[l,el.
For any ¢ € [1,¢], it follows from (2.20)) and Remark that
ds

1)) =A [ Galt9) (. ln(s) = wr (9] [y(s) — wa9)]") + n(s))

3 [ Hu ) (065 5) — w9 o5) = wn(6)1) + ()2

X [ boa(6) (5 5(5) = wn I ols) — a9 + () %

ds

A [ bas) (gt a(s) = wn (9" [0(s) = wals)") + 9
<AMb /Ie(pl(s) + pl(s))% + AMp /16(p1(s)q1(s) + pz(S)QQ(S))%

€ d
<ONMb + \Mp / (0(5) + () < +oo,
1
where

"= b, v), t,u,v) o+ 1.
e {te[l’eﬁ?femﬂf( wv) te[l,eﬂ%(e[O,L]g( B v)}

Similarly, we have
€ ds
Ta(e, ) (0] < 22Mb+ MM [ (aa(s) + as) S < +oc,
1

Thus T : P — E is well defined.
Next, we show that T': P — P. For any fixed (z,y) € P, t € [1,¢], by (2.21)) and Remark we have

Ti(e9)(0) 3 [ () [o() — a(6)] ) = wn(o)]) + 1 ()

ds

1
+Ab /1e p2(s)(g(s, [2(s) = wils)]", [y(s) — wa(s)]") + a2(s))

To(o.9)(0) <30 [ palo)la(s, o) = (6] [5) = o)) + 2(s) S
20 [ (6, a0) — a0 (s) = a(o)]) + ()

which implies that

Tl <30 [ pr(s) (. o(s) = a6l o(s) = (o)) + s ()
+)\b/16p2(s)(9(3, {‘r(s)_wl(s)]*,[y(S)—wg(s)]*)+q2(3))%’

7o) <00 [ pas)(a(s. os) = a(s) o) = wa)") + )

ds

+Ab /le pL(8)(f (s, [w(s) —wi(s)]", [y(s) — w2(8)]") + au(s))
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On the other hand, from ([2.20) and Remark we also obtain

Ta(a.9)(0) 2Aallogt)* ™" [ pr(s) (s fo(s) —wr(6))%[os) — wa)]") + r (o)

ds

#aalog0)” ! [ pa(e)(9(s, o(9) — r (9" [y(s) = a(o)]) + 5
ds

Ty(x,y)(t) >Aa(logt)” ™! /1 p2()(g(s, [x(s) — wis)]", [y(s) — wa(s)]") + a2(s))—

#aalogt)™ [ pi(s)(F s (s) = a(s) o) — w2 + (s

So we have
Ti(z,y) > wlogt)* | Ti(z,y)ll, Ta(w,y) > w(logt)’ | Ta(z,y)|, te€[l,e].

This implies that T'(P) C P. According to the Ascoli-Arzela theorem, we can easily get that T': P — P is
completely continuous. This completes the proof of the lemma. O

The following nonlinear alternative of Leray-Schauder type and Krasnoselskii’s fixed point theorem will
play major role in our next analysis.

Theorem 2.10 (Nonlinear alternative of Leray-Schauder type, see [2]). Let X be a Banach space with
Q € X closed and convex. Assume U is a relatively open subset of with 0 € U, and let

S:U —Q

be a compact, continuous map. Then either
(a) S has a fived point in U, or
(b) there exists w € OU and v € (0,1), with u = vSu.

Theorem 2.11 (Krasnoselskii’s fixed point theorem, see [23]). Let X be a Banach space, and let P C X
be a cone in X. Assume 1,9 are open subsets of X with 0 € Q4 C 21 C Qo, and let S : P — P be a
completely continuous operator such that, either

(a) ||Sw]| < JJw||, w e PNy, [|[Sw|| > ||w|, we PnNoQy, or
(b) [|Sw|| > [|Jw||, w e PN, ||Sw| < ||lw|, we PnNoQs.

Then S has a fized point in PN (Q2\Q).

3. Main results

Theorem 3.1. Suppose that (H1) and (Hz) hold. Then there exists a constant A > 0 such that the boundary
value problem (L.1)) has at least one positive solution for any 0 < XA < A,.

Proof. Fix § € (0,1). From (Hs), let 0 < ¢ < 1 be such that

f(t,U,U) Z(Sf(t>070) and g(t7uav) 259(t7070)> for 1 <t<e, 0<u,v<e. (31)
F 0y e (ovds
Let f(e) = 1gtgﬂ%3§i,vge{f<t’“’”) +aq(t)}, g(e) = 137:3?&)2,@6{9“’“’”) + ¢2(t)}, and ¢ fl bpi(s)<
(1 =1,2), we have
lim @ =400 and lim M = +00.
20 2 zl0 =z

Suppose 0 < A < €/(8ch(¢)) := s, where ¢ = max(cy, c2) and h(e) = max(f(g),g(¢)). Since
h(z) 4 h(e) 1

lim = +00 an
210z + € 8c\’
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then exists a Ry € (0,¢) such that
h(Ro) 1
R() N 8C>\'
Let U = {(u,v) € P|||(u,v)|]1 < Ro}, (u,v) € OU and 6 € (0,1) be such that (u,v) = 0T (u,v), i.e.,

u = 0T (u,v) and v = 0T (u,v). we claim that ||(u,v)||1 # Ro. In fact, for (z,y) € OU and ||(u,v)|1 = Ro,
we have

u(t) =67 (u,0)(1) < A / Gi(t) (S5, (s) = wn ()], o05) = wals)]") + a1 ()

A [ Ha(e5) oo [uls) = wr (9] [o(5) = wal)]) + ()
o [(a, stO)? [ 990 <0 [ n TR T 4 [ il

o [ bor() T (o) + A / bpa() (o) < 2eXB(Ry),

1

(3.2)

and similarly, we also have
v(t) = 0T (u,v)(t) < 2cAh(Ry). (3.3)
It follows that Ry = ||(u, v)||1 < 4cAh(Ry), that is
Ao 1 1 TRy
Ry T 4Xc 8cA Ry
which implies that ||(u,v)|[1 # Ro. By the nonlinear alternative of Leray-Schauder type, T" has a fixed point
(u,v) € U. Moreover, combining (3.1)-(3.3) and the fact that Ry < £, we obtain

A [ Gl ) (s [u(s) = wr (9] [o(s) ~ 9] + ()
ds

A [ Ha(e5) oo [uls) = wr (9] [o(s) = wa(o)]) + a(s))
ZA/EGl(t,s)(df(s,O,O) +Q1(8)) —|—)\/ Hi(t,s)(6g(s,0,0) + go(s ))a;s
1

e e d
2/\/ Gl(t,s)ql(s)dqs—l—)\/ (1 9)a(s) S = wn (1), for te (1),
1 1
and similarly, we also have
v(t) > wo(t), for te (1,e).

Then T has a positive fixed point (z,y) and ||(u,v)|1 < Rp < 1. Namely, (u,v) is positive solution of the
boundary value problem with u(t) > wi(t) and v(t) > wa(t), for t € (1,e).

Let x(t) = u(t) — wi(t) > 0 and y(t) = u(t) — wa2(t) > 0. Then (z,y) is a nonnegative solution (positive

n (1,e)) of the boundary value problem ([L.1)). O

Theorem 3.2. Suppose that (H}) and (H3)-(H4) hold. Then there exists a constant \* > 0 such that the
boundary value problem (1.1)) has at least one positive solution for any 0 < X < \*.

Proof. Let Q1 = {(u,v) € E x E : ||u|]| < Ry, ||v| < R1}, where Ry = max(1,r), r = % fle (ql(s) —|—q2(s))%.
Choose

Ry Ry
N = R L
mm{ ( +1)” o } ,
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)

where R = [ bpi(s) < max_ f(s,u,v) +Q1(S)> ds 4 [¥bpa(s) <O<ma§R g(s,u,v) + qa(s > ) | % and Ry > 0.
I (1) <

0<u,v<R; <
Then, for any (u,v) € P NI, we have ||ul]| = Ry or ||v]| = R;. Moreover u(t) — |lul| < Ry,

v(t) —wa(t) <wv(t) < ||v|| < Ry, and it follows that
3000 < [ boa(s) (7G5, u(e) — wa(s)' v16) = wao)]) + () d
A [ 0 (965, u9) — wa(s) 006) — was)) + (o)

gA/lebm(S)( max f(s,u,v)+q1(8)) %

0<u,v<R;

€ d R
3 [ bl (amx, as.) + ) = ar <
1

0<u,v<
and similarly, we also have ||T2(u,v)(t)|| < R1/2. This implies
1T (u, v) Iy = T3 (w, 0) [ + [ T2(w, v)[| < Ry < |[(u, v)l[1, for (u,v) € P\OQ.
On the other hand, choose two constants N1, Ny > 1 such that

a? 02 ds a? 02 ds
AN — logs)* 1= >1, AN log s)P 1= >1
A e R G IR e

where v = mm {(log t)*~1}. By assumptions (Hg) and (Hy), there exists a constant B > R; such that

€[61,62]
JW > Ni, namely f(t,u,v) > Nyu, for t€[fi,62], u>DB, v>0, (3-4)
and
g(t,vu,v) > Ny, namely g¢(t,u,v) > Nov, for te€[61,02], u>0, v>B. (35)

Choose Ry, let Q1 = {(u,v) € EX E : ||u|| < Rq, ||v|]] < R2}. Then for any (u,v) € (P x Py) N0y, we have
|lu|| = Ra or ||v]| = Re. If |jul| = R2, we can state that

u(t) — wi (t) < / Gi(t,s)qi(s a5 +>\/16H1(t= 5)412(5)629)
>u(t) — <)\/1 b(log t)* gy (s)‘iS+A/1 b(logt)* Lga(s )is)
=u(t) — Ab(log t)*~! / ) (q1(s) + qg(s))%

1
a 2 re S a
=u(t) — /\g(log t)alba/1 (q1 (s) + QQ(S))% =u(t) — /\g(log 15)a*1
>u(t) — )\rm = (1 — 22) u(t) > %u(t) >0, tellel,
and then
. 1
iy (o) (O]} = i (u) = wr(0) > min {2u<t>}

i log )2~ } LR (logt)* 'V >B+1> B.
_ter[ra}llg2]{2A(og) lull p = 55 2t€f[gllgz]{ ogt)* '} = B+

Since B > Ry > r, from (3.4)), we have
N

Pt [u(t) = wi O [o(t) = wa(t)]) = Mifu(t) = wi ()] = SHu(®), for t € [01,02) (3.6)
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It follows from (3.6|) that

=\ /le Gi(t,s)(f(s, [u(s) — wi(s)]*, [v(s) — wals)]) + ql(s))%

+A/€H1 £29) (905, [u(s) — wn ()", [6) = was)]) + ()

>A/ Galt.s) Wi ()] os) ~ wa(s)]) + r(5)) 2

= [ " Gt )65, [u(s)—w1<s>]*,[v<s>—w2<s>]*>§

=2y 9 1o )" 1) hu() T = da G logt) ! | 9 p1(5) % (log 5)°~ ] 2
oAty i (ogt)) [ pi(o)tog o1 L

a® 02 1ds
EANl%’y/ pl(s)(log 8)0{7 ?Rg > Ry, for te [91,92].
01

If ||v|| = R2, we obtain

o(t) — walt) = v(t) — <>\ /1 Gg(t,s)qg(s)% + A/Ie Hy(t, s)ql(s)‘f) > %v(t) >0, telld,

and then

min {[o(t) — wa()]*} = min {o(t) — we()} > min {11;(15)}

te[01,02] te[01,02] te[01,02] | 2

> log )81 2R loet)?~ '\ >B+1>B.
- teI[%lréz]{ﬂ)(og ) ”UH} 2b QtGIE;;%z]{(Og ) }_ +

Since B > Ry > r, from ({3.5]), one verifies that

9(t; [u(t) = wi(B)]" [o(t) — w2(t)]") = Na[v(t) — w2 (t)]" = %v(t) for ¢ € [01,02]. (3.7)

It follows from ({3.7]) that

(0= [ Ga(t (s us) = wa()' s [o(5) — wn(o)]) + r(6) =
ds

2 [ Ha(t5) ol [uls) = 0 (91 [o(5) = 9] + ()

=X [ Ha(es) ol [u(s) — wa(6) 09 = (o)) + a(5) T

02 ds
20 [ H gl us) w9 o(s) =~ wa)]) T
02 s 92 a S
20 [ attogt) pate) Y20 2 2 logt) ! [ pa(e) lom ol

2 02

ds
>ANy— log)* 1 logs)? 1 2R
2% teﬁ%f%ﬂ{(og) } A p2(s)(log s) R

02

a? d
>ANy; — fy/ p2(s)(log s)ﬁfl—ng > Ry, for te 6,02
2b 01 S

Thus, for any (u,v) € (P1 X P3) N0, we always have
Ti(u,v)(t) > Ry, for te[f,6s].
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Similarly, for any (u,v) € (P1 x Py) N 0%y, it also holds
To(u,v)(t) > Ry, for te [01,602].
This implies
17 (w, )l = 1T (w, 0) | + 1 T2(u, )| = 2R2 = [[(u, v)[l1, for (u,v) € (P x P2)\0%s.

Thus condition (b) of Krasnoeselskii’s fixed point theorem is satisfied. As a result 7" has a fixed point (u,v)
with 7 < Ry < ||ul]] < Ry and r < Ry < ||v|| < Ra.
Since r < Ry < |lu|]| < Rz and r < Ry < ||v]| < Ra, we get

utt) —ur(®) =) - (A [ Gt 40 [ 10t )% )

S

a,,_ o ds € o ds
>l = (3 [ o050 a0 41 [Tb0s0 o))
1 § 1 §
a _ a1 [€ ds
:g(logt)a 1”“” — Ab(log t) 1/1 (ql(s) + Q2(s))?
2%(10g t)aflr — )\%(log t)aflr =(1- )\)%(log t)aflr >0, te(l,e),

and

o(0) = wa) =o(0) = (A [ Gt 2 43 [ oty

zatﬁ—lnvn—(x [ g™ 0 [ b(logt)ﬁ—lql<s>d5>
b 1 S 1 S
ds

a

€
Sl = 0(1o )" [ () + a(s)
>2(logt)’r = A7 (log )" 'r = (1= )2 (log ) 'r 2 0, te (Le).

Thus, (u,v) is positive solution of the boundary value problem (3.1]) with u(t) > wi(t) and v(t) > wa(t)
for t € (1,e). Let z(t) = u(t) —wi(t) > 0 and y(t) = v(t) —w2(t) > 0. Then (z,y) is a nonnegative solution
(positive on (1,e)) of the boundary value problem ([1.1]). This concludes the proof. O

From the proof of Theorem clearly condition (Hs) can be replaced by condition (H3). So we have
the following theorem.

Theorem 3.3. Suppose that (HY), (H3) and (Hy) hold. Then there exists a constant A\ > 0 such that the
boundary value problem (1.1|) has at least one positive solution for any 0 < A < A,.

Since condition (H;) implies conditions (H}) and (H4), then from the proof of Theorem and we
immediately have the following theorem.

Theorem 3.4. Suppose that (Hy)-(Hs) hold. Then the boundary value problem (1.1|) has at least two positive
solutions for A > 0 sufficiently small.

In fact, let 0 < A < min{A., A*}, then the boundary value problem (1.1)) has at least two positive
solutions.

Similarly, we conclude

Theorem 3.5. Suppose that (Hy)-(H2) and (H3) hold. Then the boundary value problem (1.1)) has at least
two positive solutions for A > 0 sufficiently small.
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4. Some examples

Example 4.1. Consider the following coupled integral boundary value problem
1

(1 —logt)logt

1
1 —logt)logt

D%u(t) + A (ua + cos(27rv)> =0, te(l,e), A>0,

DPu(t) + A (v” + ( sin(27ru)> =0, te(le), A>0, (4.1)

ds

S

o= [

S

u(1) =vW(1) =0, 0<j<n-—2, M@=u13@>

where a,b > 1. Then, if X\ > 0 is sufficiently small, (4.1]) has a positive solution (u,v) with v > 0, v > 0 for
te(le).

Proof. From (4.1)), then we have

1 1
tyu,v) = u* + cos(2mv), t,u,v) = o+ sin(27v),
i ) (1 —logt)logt (2mv), gl ) (1 —logt)logt (2m)
2
qi(t) =q(t) = , i=1,2.
i(#) Q V(1 —logt)logt
Clearly, for t € (1,¢e), we get
1 1
tou,v) + q(t) > u® + >0, g(tuv)+q(t) >0+ >0,
K )+ ) (1 —logt)logt gl ) +alt) (1 —logt)logt
t t
liminfM = +o00, liminf gt w,v) = 400, for te€[f,0:] C (1,e),
uT+o00 u V400 v

for u,v > 0. Thus (H}) and (H3)-(H4) hold.
Letr:%ffi2 ds — 2°m and Ry = 1+ r. We have

/(1—logt)logt 5 a
R:/bm@<1mxf@mm+ : )“
1

0<u,v<Ry (1 —logt)logt ) s

—i—/le bpa(s) ( max  g(s,u,v) + 2 ) ds

0<u,v<Ry (1 —logt)logt ) s

€ d € d
S/b ¢+ 5 S+/b Rb + ; =~ b(Re+ RY + 67).
1 (1 —logt)logt ) s 1 (1 —logt)logt ) s

Let
. Ry 1 R
A* = 1, —(R+1 —
win {1, 2 )71 51
Now, if A < A*, Theorem guarantees that (4.1)) has a positive solution (u,v) with [Jul| > 1 and |jv|| >
1. O

Example 4.2. Consider the following coupled integral boundary value problem

Dau(t)—i—/\(l_fbgt(v—a)(v—b)—i—cos (;;Lu)> =0, te(l,e), A>0,
DPu(t) + A <1+210gt(“ — )(u— d) + sin (;ch)> —0, te(le), A>0, (4.2)
u(j)(l) - v(j)(l) =0, 0<j<n-—2  ue)= u/le ’U(S)%, v(e) = I//leU(S)(iS,
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where b > a > 0, d > ¢ > 0. Then, if A > 0 is sufficiently small, (4.2)) has two solutions (u1,v1) and (ug,v2)
with u;(t) > 0 and v;(t) > 0 for t € (1,e), i =1,2.
Proof. From (4.2)), then we can see
2 2
ftu,v) = Tlogt(v —a)(v—0b) + cos <%u> , o g(t,u,v) = Tlogt(u —¢)(u —d) +sin (%v) .
Clearly, there exists a constant ¢1(t) = g2(t) = mg > 0 such that

flt,u,v) +mo >0, g(t,u,v)+mo >0, for Vte (1,e).

Let 6 = and £ = $min(1,a,c), co = max { [ bp1(s)L, [ bpa(s)%}, we obtain

1
16(ab+cd+1) s

F(tu,v) > 6£(,0,0) > 8(ab+ 1), glt.u,v) > g(t,0,0) > bed, for t€ (Le), 0<uv<e.
Thus (Hp)-(Hz2) and (H3) hold. Since

fle) = 1§tg£%8§i,ugg{f(t’ u,v) +e1(t)} <2(ab+ed) +mo+1,
g(e) = max  {g(t,u,v) +ea(t)} < 2(ab+ cd) +mo + 1,

T i<t<e,0<u,v<e
h(e) = max(f(e),g(e)) < 2(ab+ cd) + mg + 1.
We can choose

A, c

- 8co(2(ab+ cd) +mo+1)
Now, if A < A, Theorem guarantees that (4.2]) has a positive solution (uy,v1) with |Jui|| < 1/4 and

[o1]] < 1/4.
On the other hand, we have
t t
liminfm = +o00, liminfM = 400, for te[f,602] C (1,e),
uT+Hoo U vT400 v

for u,v > 0. Thus (H;)-(Hs) also hold. Let r = % and Ry =1+ r. We have

R= [“pao) ( mas, ) #ma) S [opate) (mae st mo ) 2

0<u,v<Ry 0<u,v< Ry

and

. Rl -1 Rl
A= 1, —(R+1 —
min {1, 1 1)1 51
Now, if A < A*, Theorem guarantees that (4.2) has a positive solution (ug,wvs) with |luz|| > 1 and
[o2]| = 1.
Since all the conditions of Theorem are satisfied, if A < min(\, \*), Theorem guarantees that
(4.2)) has two solutions (u1,v1) and (ug,v2) with u;(t) > 0 and v;(t) > 0 for ¢t € (1,e), i =1,2. O

Example 4.3. Consider the following coupled integral boundary value problem

D%u(t) + AM(v* + cos(2mu)) =0, te (l,e), A>0,
DPu(t) + Au® + cos(2mv)) =0, te (1,e), X>0, (4.3)
, A € d € d
W) =) =0, 0<i<n-2 ue)=p [ v5)T vle=v [ unT.
1 1
where a,b > 1. Then, if A > 0 is sufficiently small, (4.3]) has two solutions (uj, v1) and (u2, v2) with u;(t) > 0

and v;(t) > 0 for t € (1,e),i=1,2.
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Proof. From , then we can state that

f(t,u,v) = v 4 cos(2mu),  g(t,u,v) = u® + cos(2mv), @ (t) = qa(t) = q(t) = 2.
Clearly, we get

ft,u,v) +q(t) >v*4+1>0, g(t,u,v)+q(t) >ub+1>0, for te(1,e),

hminfM = 400, liminfM = +o00, for te€[f,02] C (1,e),
vT400 v ut+oo u
for u,v > 0. And f(¢,0,0) = ¢g(¢,0,0) =1 > 0, for t € [1,e]. Thus (H;)-(Hz) hold. B
Let 6 = 1/2 and & = 1/8, co = max { [{ bp1(s)%, [ bpa(s)£}, we obtain h(e) = max(f(e),g(c)), where

— < &
f(e) 1§t§re%a§>i’vgs{f(t,u,v)+61(t)} <8743,

q = t )} <8¢+ 3.
gle) = _ max = {g(tu,v) +ex(t)} <87+
Then 800% o > 5 460(11 = = 25%@. Let Ay = 256c . Now, if A < A, Theorem |3 . guarantees that (| . ) has a

positive solution (u1,v1) with |luq]| < 1/8 and [jvi|| < 1/8.
On the other hand, let r = 4b?/a and Ry = 1 +r. We have

e d € d
R = /1 bp1(s) (0<§3§R1 f(s,u,v) + 2) ?8 —|—/1 bpa(s) <0<qu1ng g(s,u,v) + 2> 88,

and

A mln{ (R+1) 27“}’

Now, if A < A*, Theorem guarantees that (4.3)) has a positive solution (ug,ve) with |ug|| > 1 and
ool > 1.

Since all the conditions of Theorem are satisfied, if A\ < min(\,, A*), Theorem guarantees that
(4.3) has two solutions (ui,v1) and (ug,v2) with u;(t) > 0 and v;(t) > 0 for t € (1,e), i =1,2. O

Example 4.4. Consider the following coupled integral boundary value problem

Du(t) + A (e" + v? 4 7 cos(2m(t — Du)) =0, te(le), A>0,
DPu(t) + A (e” +u® +Tcos(2m(t —1)v)) =0, te(le), A>0,

Diu(0) = DIv(0) =0, 0<j<n-—2, wu(l)= u/lev(s)cis, v(l) = 1//16 u(s)%

(4.4)

Then, if A > 0 is sufficiently small, has two solutions (u1,v1) and (ug, ve) with u;(t) > 0 and v;(t) > 0
fort € (1,e),i=1,2.
Proof. From , then we can see

flt,u,v) = e* +v? + Tcos(2m(t — Du), g(t,u,v) = e’ 4+ u® + Tcos(2r(t — 1)v).
Clearly, there exists a constant ¢1(t) = ¢2(t) = 8 > 0 such that

f(t,0,0) =g(¢,0,0) =8, f(t,u,v)+8>1>0, g(t,u,v)+8>1>0, for Vte (1,e).

Let § = 1/100 and ¢ = 1/8, we obtain

flt,u,v) > 5f(t,0,0), g(t,u,v)>0dg(t,0,0), for te (l,e), 0<wu,v<e.

Thus (H;), (Hz), and (H3) hold. Since

h pu— < 1 .
i) —max{_ o (o) a0, mex{oltu) + )| < e 16

U6V U, U
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Let ¢g = max { [ bp1(s)%, [ bpa(s)£}. We can choose

A

3

" 8co(e +16)

Now, if A < A, Theorem guarantees that (4.4) has a positive solution (uy,v1) with |Jui|| < 1/8 and

[oa] <1/8.

On the other hand, we have

lim inf
utT+oo

fllawe) o au)

=400, for te[f,02] C (0,1),
U vT4-00 v

for u,v > 0. Thus (H;), (Hz), and (Hs) also hold. Let r = 1%’2 and Ry =14 r. We have

¢ d ¢ d
= [ o (Ogrggg& F(s,u,0) + mo) L [ ( mas g(s,u,v) + mo) &

e d e
s/ bp1(s) (eRl+R%+7+8);+/ bpa(s) (e + RT +7+8)
1 1

0<u,v<R
ds

S

=co (e + R} +15),

and

" or

N = min{l,};l(R+ nt Rl},

Now, if A < A*, Theorem guarantees that (4.4) has a positive solution (ug,v2) with |uz|| > 1 and

[oa]| > 1.

Since all the conditions of Theorem are satisfied, if A < min(\,, \*), Theorem guarantees that
(4.4) has two solutions (ui,v1) and (ug,v2) with u;(t) > 0 and v;(t) > 0 for t € (1,e), i =1,2. O

References

1]

R.P. Agarwal, V. Lakshmikantham and J.J. Nieto, On the concept of solution for fractional differential equations
with uncertainty, Nonliear Anal. 72 (2010), 2859-2862.

R.P. Agarwal, M. Meehan, D. ORegan, Fized Point Theory and Applications, Cambridge University Press, 2001.
210

B. Ahmad and A. Alsaedi, Existence and uniqueness of solutions for coupled systems of higher-order nonlinear
fractional differential equations, Fixed Point Theory Appl. 2010 (2010), Art. ID 364560, 17 pp.

B. Ahmad and J. Nieto, Existence of solutions for nonlocal boundary value problems of higher-order nonlinear
fractional differential equations, Abstr. Appl. Anal. 2009 (2009), Art. ID 494720, 9pp.

B. Ahmad and J.J. Nieto, Ezxistence results for a coupled system of nonlinear fractional differential equations with
three-point boundary conditions, Comput. Math. Appl. 58 (2009), 1838-1843.

B. Ahmad and J.J. Nieto, Riemann-Liouville fractional integro-differential equations with fractional nonlocal
integral boundary conditions, Bound. Value Probl. 2011 (2011) 36.

B. Ahmad and S.K. Ntouyas, On Hadamard fractional integro-differential boundary value problems, J. Appl.
Math. Comput. (2014), doi: [10.1007/s12190-014-0765-6!

B. Ahmad and S.K. Ntouyas, A fully Hadamard type integral boundary value problem of a coupled system of
fractional differential equations, Fract. Calc. Appl. Anal. 17 (2014), 348-360.

B. Ahmad and S.K. Ntouyas, On three-point Hadamard-type fractional boundary value problems, Int. Electron.
J. Pure Appl. Math. 8 (4) (2014), 31-42.

B. Ahmad, S.K. Ntouyas, A. Alsaedi, New results for boundary value problems of Hadamard-type fractional
differential inclusions and integral boundary conditions, Bound. Value Probl. 2013 (2013) 275.

A. Anguraj and M.L. Maheswari, Ezistence of solutions for fractional impulsive neutral functional infinite delay
integrodifferential equations with nonlocal conditions, J. Nonlinear Sci. Appl. 5 (2012), 271-280.

P.L. Butzer, A.A. Kilbas and J.J. Trujillo, Compositions of Hadamard-type fractional integration operators and
the semigroup property, J. Math. Anal. Appl. 269 (2002), 387-400.

P.L. Butzer, A.A. Kilbas and J.J. Trujillo, Fractional calculus in the Mellin setting and Hadamard-type fractional
integrals, J. Math. Anal. Appl. 269 (2002), 1-27.

P.L. Butzer, A.A. Kilbas and J.J. Trujillo, Mellin transform analysis and integration by parts for Hadamard-type
fractional integrals, J. Math. Anal. Appl. 270 (2002), 1-15.


URI:http://dx,doi.org/10.1007/s12190-014-0765-6

W. Yang, J. Nonlinear Sci. Appl. 8 (2015), 110-129 129

[15]
[16]
17)
18]
[19]
120]
21]
[22]
23)
[24]

[25]
[26]

[27]
28]
[29]
[30]
31)
[32)
33

[34]

[35]

[36]
37]
[38]
[39]

[40]

[41]
[42]

[43]

Y. Cui, L. Liu and X. Zhang, Uniqueness and existence of positive solutions for singular differential systems with
coupled integral boundary value problems, Abstr. Appl. Anal. 2013 (2013), Art. ID 340487, 9 pages.

A. Debbouche and J.J. Nieto, Sobolev type fractional abstract evolution equations with nonlocal conditions and
optimal multi-controls, Appl. Math. Comput. 245 (2014), 74-85.

Y. Gambo et al., On Caputo modification of the Hadamard fractional derivatives, Adv. Difference Equ. 2014
(2014) 10.

C.S. Goodrich, Ezistence of a positive solution to systems of differential equations of fractioanl order, Comput.
Math. Appl. 62 (2011), 1251-1268.

A. Guezane-Lakoud and R. Khaldi, Solvability of a two-point fractional boundary value problem, J. Nonlinear Sci.
Appl. 5 (2012), 64-73.

M. Hao and C. Zhai, Application of Schauder fized point theorem to a coupled system of differential equations of
fractional order, J. Nonlinear Sci. Appl. 7 (2) (2014), 131-137.

J. Henderson, R. Luca, Positive solutions for a system of nonlocal fractional boundary value problems, Fract.
Calc. Appl. Anal. 16 (2013), 985-1008.

F. Jarad, T. Abdeljawad, D. Baleanu, Caputo-type modification of the Hadamard fractional derivatives, Adv.
Difference Equ. 2012 (2012) 142.

J. Jiang, L. Liu, Y. Wu, Positive solutions to singular fractional differential system with coupled boundary condi-
tions. Commun. Nonlinear Sci. Numer. Simulat. 18 (2013), 3061-3074.

A.A. Kilbas, H.M. Srivastava, and J.J. Trujillo, Theory and Applications of Fractional Differential Equations,
Elsevier, Boston, 2006.

M.A. Krasnoselskii, Positive Solutions of Operator Equations, Noordhoff Gronigen, Netherland, 1964.

A. Leung, A semilinear reaction-diffusion prey-predator system with nonlinear coupled boundary conditions: equi-
librium and stability, Indiana Univ. Math. J. 31 (1982), 223-241.

Y. Li, and H. Zhang, Positive solutions for a monlinear higher order differential system with coupled integral
boundary conditions, J. Appl. Math. 2014 (2014), Art. ID 901094, 7 pages.

Y. Liu and H. Shi, Ezistence of unbounded positive solutions for BV Ps of singular fractional differential equations,
J. Nonlinear Sci. Appl. 5 (2012), 281-293.

S. Liu, G. Wang, L. Zhang, FExistence results for a coupled system of nonlinear neutral fractional differential
equations, Appl. Math. Lett. 26 (2013), 1120-1124.

J. A. Nanware and D. B. Dhaigude, Existence and uniqueness of solutions of differential equations of fractional
order with integral boundary conditions, J. Nonlinear Sci. Appl. 7 (4) (2014), 246-254.

T. Qiu and Z. Bai, Positive solutions for boundary value problem of nonlinear fractional differential equation, J.
Nonlinear Sci. Appl. 1 (3) (2008), 123-131.

C.V. Pao, Finite difference reaction-diffusion systems with coupled boundary conditions and time delays, J. Math.
Anal. Appl. 272 (2002), 407-434.

M. Rehman, R. Khan, A note on boundary value problems for a coupled system of fractional differential equations,
Comput. Math. Appl. 61 (2011), 2630-2637.

P. Thiramanus, S.K. Ntouyas, and J. Tariboon, Ezistence and uniqueness results for Hadamard-type fractional
differential equations with nonlocal fractional integral boundary conditions, Abstr. Appl. Anal. 2014 (2014), Art.
ID 902054, 9 pages. [I]

Y. Wang, L. Liu and Y. Wu, Positive solutions for a class of higher-order singular semipositone fractional
differential systems with coupled integral boundary conditions and parameters, Adv. Differ. Equ, 2014 (2014) 268.
m

W. Yang, Positive solutions for a coupled system of nonlinear fractional differential equations with integral bound-
ary conditions, Comput. Math. Appl. 63 (2012), 288-297.

W. Yang, Positive solutions for nonlinear Caputo fractional differential equations with integral boundary condi-
tions, J. Appl. Math. Comput. 44 (2014), 39-59.

W. Yang, Positive solutions for nonlinear semipositone fractional q-difference system with coupled integral bound-
ary conditions, Appl. Math. Comput. 244 (2014), 702-725.

W. Yang, Positive solutions for singular Hadamard fractional differential system with four-point coupled boundary
conditions, J. Appl. Math. Comput. (2014), doi: 10.1007/s12190-014-0843-9,

C. Yuan, Two positive solutions for (n — 1,1)-type semipositone integral boundary value problems for coupled
systems of nonlinear fractional differential equations, Commun. Nonlinear Sci. Numer. Simulat. 17 (2012), 930-
942. [

C. Yuan et al., Multiple positive solutions to systems of nonlinear semipositone fractional differential equations
with coupled boundary conditions, Electron. J. Qual. Theory Differ. Equ. 13 (2012), 1-17.

Y. Zou and Y. Cui, Monotone iterative method for differential systems with coupled integral boundary value
problems, Bound. Value Probl. 2013 (2013) 245.

Y. Zou, L. Liu, and Y. Cui, The ezistence of solutions for four-point coupled boundary value problems of fractional
differential equations at Tesonance, Abstr. Appl. Anal. 2014 (2014), Art. ID 314083, 8 pages.


URI:http://dx,doi.org/10.1007/s12190-014-0843-9

	1 Introduction
	2 Preliminaries
	3 Main results
	4 Some examples

