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On the Graf’s addition theorem for Hahn
Exton g-Bessel function

Lazhar Dhaouadi* Ahmed Fitouhi'

Abstract

In this paper we study the positivity of the generalized g-translation
associated with the ¢-Bessel Hahn Exton function which is deduced
by a new formulation of the Graf’s addition formula related to this
function.

1 Introduction and Preliminaries

It is well known that the generalized translation operator 1" associated with
the Bessel function of the first kind is positive in the sense if f > 0, then
Tf > 0. This property is easily seen when we write T'f as an integral
representation with a kernel involving the area of some triangle ([1],[9]) and
has several applications in many mathematical fields such that hypergroup
structure, heat equation....

In 2002, the appropriated g-generalized translation for the ¢-Bessel Hahn
Exton function was founded [3] and the problem of its positivity asked. In
literature we meet many attempts to show this property in particular case,
nerveless they are no definitive response at to day. In [2] the authors prove
that for the g-cosinus , the correspondent g-translation operator is positive
if ¢ € [0, o] for some gp. In this work and owing a new formulation of the
Graf’s addition theorem [7] we give an affirmative answer about this theme
by a technic involving some inclusion of sets.

To make this work self containing, we begin by the following preliminaries.
Throughout this paper we consider 0 < ¢ < 1 and we adopt the standard
conventional notations of [4]. For complex a We put
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n—1

(a;q)o =1, (a:;q)n = H(l — aqi), n=1...00.
i=0

Jackson’s g-integral (see [5]) over the interval [0, oo[ is defined by

[e.9]

Awﬂm%xzu—q>§j¢vww.

n=—oo

We denote by

R;r ={q¢", nelZ}
and we consider £, ,, , the space of even functions f defined on ]R;‘ such that

1/p

\vmm:{A F@P | < oo

The g-Bessel function of third kind and of order v, called also Hahn-Exton
function,is defined by the ¢-hypergeometric function (see [8])

(" @)oo

$U1¢1 O,qv-i-l,q,qu ) R(v) > _1,
(¢4 @)oo ( ) R

Jv(xa Q) =

and has a normalized form is given by

n(n+1)
: (G Do vil 9 ZOO n 4 2 o
Jul\T,q) = x xr,q)= 1¢1 an ,4,4qT ) = -1 T .
o(@4) (¢t q) oo v(@,9) ( ) =1 (4:0)n(q" 15 q)n

n=0

It’s an entire analytic function in z.
In([2],[6]) the g-Bessel Fourier transform F , and its properties were studied
in great detail, it is defined as follow

Faf (@) = [ FOifat, )8 .

where
1 (q2v+2’ qz)oo

C1-q (%)
There is many way to define the ¢-Bessel translation operator [2 ],[3]. One
of them can be enounced for suitable function f as follows:

Cq,v

10 f(y) = cqu /0 Faw (D) (W)do(@t, ) julyt, ) dgt, Va,y €RFVF € Lot
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Now we say that T,/ is positive if T}, f > 0 for f > 0.
Let us putting the domain of positivity of T, by
Qv ={q€)0,1], T, is positive for all z € R}}.

Trough the result of [2], @, is not empty. So for ¢ € Q, the g—convolution
product of the two functions f and g € £ 1, is defined by

Fr0 9(@) = oo /0 T F(0)g()y? .

To close this section we present the following results proved in [2] which will
be used in the remainder.

Proposition 1

, (=% ) oo (=" 1% 4%) 1 if n>0
|]v(qnaq2)| < - = 2—(2v+1)n

(¢*"7%¢%) oo if n<0
Theorem 1 The operator F,, satisfies
1. For all functions f € Lg1.4,
fq27vf(x) = f(z), Vze R;‘.
2. If f € Lyrw and Fyof € L1, then

Hf(LUquvan - Hqu7U=2'

2 The Graf’s addition formula

The Graf’s addition formula for Hahn-Exton ¢-Bessel function proved by
H.T.Koelink and F. Swarttouw [7] plays a central role here . It can be
stated as follows.

Jo(Rg! P ) T (%)

=Y Je(Rg PR g) ]y (R PR g). T, (¢ R) g);
kEZ

and it is valid when z € Z and R, z,y,v € C satisfying

|R|2q1+§R(x)+§R(y) <1, R(x)>-1, R#O.



This formula has originally been derived for v,z,y € Z, R > 0 by the
interpretation of the Hahn-Exton ¢-Bessel function as matrix elements of
irreducible unitary representation of the quantum group of plane motions.
If we replace ¢ by ¢? and R by ¢" in the previous formula we get:

o (@ ) T (7, 4%)

= Tel@ T ) ok (@ ) T (R ),
keZ

and put
m=y+z+uv+r,

SO
r4+y+k+r=m+k+xz—2—v,

y+k+v+r=m+k—z,

and we have

Jo(@" ¢*) Jo—u(a*, 4%)

_ Z Jk(qm+k+xfzfv7q2)Jv+k(qm+k7z7qQ)Jx(quk’ q2).
keZ

This last formula is valid for z € Z and r, x,y,v € C satisfying
14 2R(r) + R(x) + R(y) = 1+R(r)+R(m)—R(z)—R(v) >0, R(z) > —1.
In the above sum we replace z — k by k we get

Jv(qm, q2)<]:rfv(qz, q2)

= L@ ) ok (@ 67) T (dF ),
kEZ

The sum in the second member exists for
VzeZ, VYm,v,xeC, R(x)>-1.

In fact there exist an infinity complex number r € C for which
14+ R(r) + R(m) — R(z) — R(v) > 0.

Now using the definition of the normalized g-Bessel function

(2,070 i

Jo (" ¢*) = P 32(d",¢%) = (1 — @)eq.q™ 52 (4", ¢*),



we obtain

qmv+z(m*1}) (1 — q)2cq,ch,x7vjv(qma q2)jmfv(qz’ q2)

= (1= q)ega ¥ 0 Tild” " ) o (@™, 600", ).
kEZ

Let

and replace
k—k+nm-—m+nz—z+n.

This implies

qmv+z(miv) (1- Q)Qc%chw—vjv(qm)\v q2)jx—v(qz)‘v q2)

= (1= q)cge > 0" Trld™ T ) Toran (@™, 0P)je (@ N ¢°)
keZ

= (1= q)cge »_ gD T (g™ ) Tk (@, 632N ).
keZ

We put
1

(1 - Q)2Cq,ch,mfv

EU,iB(qm, qz, qk) =
The Proposition 1 shows that the function:
A= 3o(@" N @) jeo(@N G),  Ym,z € Z,

belongs to the space L41,. Theorem 1, part 1 leads to the following state-
ment:

Proposition 2 For z,m € Z and z,v € C satisfying
Rz —v) > -1, Rw) >-1
we have
2 2 > 2\, 2241
jv(qm)‘vq )ja&—v(qz)‘vq ) = Cq,a:/o Ev,$(qmaqzat)jx()‘t7q )t ot dqt7
and

Ey.(d" ¢, q") =cq,x/0 G0 (@™ N @) G0 (PN, ¢35 (4N, )N .

qfk(m+2)fmv7z(:rfv)Jz_k(q:vaerfk,q2)Jv+Z_k(quk,q2)‘



3 Positivity of the g-translation operator

This section is a direct application of the previous one but before any things
we recall that the ¢g-translation operator possess the g-integral representation
(see [2])

Proposition 3 Let f € L1, then

Tof(y) :/0 f(2)Dy(2,y,2)2% 1 d,z,
where

o0
Dy(z,y,2) =c2, / Jo(@t, ) jo(yt, ) jo(2t, ) T dgt.
0

When ¢ tends to 1~ we obtain at least formally the classical one and
the g-kernel D, (z,y, z) tends to the classical one ([1],[9]) which involves the
area of some triangle. Hence the positivity of T}/, is subject of those of
Dy(x,y,z). A direct consequence of the above result is the fact that if the
operator T, is positive and f € Lg1,, then T/ f € L1, ( in general it is

q?x

not true without this hypothesis). Indeed
- 2041
|z
0

o0 o0 o0
< /O T2 f()y* dgt = /O (=)l [/O Dy(z,y, 2)y* T dgy| 22 dyz.
Putting
it go(at, q°) (2t ¢%),
then we can write
Dv(x, Y, Z) = Cq,v]:q,UQS(y)'

This gives by the of the inversion formula in Theorem 1 the important result
as the classical; one

A.m@%@fwwwzf%MWZMWZL
Then we have

o0
/O T2 F @l dgt < 1 g

and we obtain
fe€Llygio= Tq”’xf € Ly1,0-



In [2] and as a first preamble of this theme the authors proved that

(qm q qk) _ q2(rim)(kim)7m (q 2(r—m)+1, ) 1¢1(0 q 2(r—m)+1 q,qQ(k—m)-H)
o (1=a) (g Y
r

= 1——qq mJQ(r—m)(q

D

1
2
k—m

.q),

_1
which implies that the correspondent domain of T}, ;7 is given by
Q_1 =0, 4o,
where ¢q is the first zero of the g-hypergeometric function:

q— 1¢1(0,q,q,Q);

a second statement is easily given by the Proposition 2 with z = v = 0
which gives

o0
Eoolq™, 4%, ¢") = cq,o/ 3o (@™ N, @) jo(a* N, a%)jo(q N, ¢*)Adg\
0
1
- —DO(qm7 qZ’ qk)a
Cq,0
and then

Do(q™,¢%, ") = cq0Fo00(¢™, 4%, q%)
1

Hence we have
Qo =10, 1[.

Now we explicit the kernel in the production formula in terms of D,,.

Proposition 4 Forn,m,k € Z and —1 < v we have
o —
Eva(q™ " q") = (1—q) Z ) 1(2*2”)Dv(qm7q”"7qk)-
=0

Proof. From the following formula (see[7], §5) “which can be proved in a
straightforward way by substitution of the defining series for the g-Bessel



functions on both sides, by interchanging summations, and by evaluating
the g-binomial series which occurs”

—v q , 47 )q i T 7
J$—U()\7 q2) = )\ Z % (2+ )J ()\q 7q2)7
=0 q q

where R(z — v) > —1 and R(z) > —1 we obtain

(e}

. ,C] i Z X
(1 = Q)cgo—vfo—v(X q*) = (1 —q)c q,xz 20 5.\, ¢%).
=0

Put z = v and change A by ¢" A we obtain

o0

. - 7q .
Jo(q"A,q ) 1 _ q Canw Z i 2(2-1—21))‘7 ()\qH_n,qQ),
=0 Z

which gives from Proposition 2
k > 2 2 ky 2\y20+1
Eyvo(@d™,q",q") = Cq,v/ Gol@™ X a)io(q" N, @) s (@ N, )N T HdgA
0

o —2v 2\
_ (1 o q) Z (q ,q )Z qz(2+21})

2 42).
(%6

X [CZ,U /0 jv(qu,q2)jv(q””>\,q2)jv(qk>\,q2)>\2”“dq/\]

o0
=(1-9) Z ’q gD, (g7 g ).
1=0
We justify the exchange of the signs sum and integral by

o0
(a7, ¢)i| . o .
2(27,2)'%]@(%%) ‘jv(qu,qz)jv(q”r")\,q2)JU(qk>\,q2))\2UH d,\
i—0 q°,q97); 0

2112 2 1) OO’ 2 (242
< o (o a2 el @)l 0a 20 ’”Z q'*) < oo,
=0

Z
So we obtain the result. m

Proposition 5 Let —1 < v < 0 then

QU g]07 1[



Proof. For m,n,k € Z and —1 < v < 0 we have
1

Eyo(q™ 4" q") = mq"“(”+2)‘van—k(qm"“,qQ)Ju+n—k(qm"“,q2)
= (1-¢ i %qi(m”)m(qm, ¢ ).
i=0 ’
In particular for m=n=~k=20
Buall11) = i (L e (L)

We introduce the following function
bo:q (0 0% Tu(1,4).
Let g1 ~ 0.658 the first zero of ¢g and consider the graph of the function
v— ou(q), veo,1].

-1 —q.S —q.G X —q.4 —q.Z
|

We conclude that for —1 < v < 0 we have ¢,(q1) < 0. Then there exist a
very small € > 0 such that ¢,(¢1 —¢) < 0 and ¢p(q1 — €) > 0. Hence, this
function

q— JO(l’QQ)Jv(L q2) <0,

takes some negative values in the interval ]0, 1], then for some entire i € N

—2v 2\, )
I )qu(2+2v)Dv(1,an 1) <O0.

(¢, ¢°):
As —2v 2
(", q )iqi(2+2v) >0,
(4%, ¢%):
then D,(1,q%, 1) < 0 for some entire 4 € N. Which prove that
Qv &]0,1[.

This finish the proof. m



Lemma 1 Forz € R} and R(v +1t) > —1 we have
14+v—t.

. (¢ aq2)oo -1 t
1—q)e q(1+v+t)nj qnx7q2 _ o~ (Hvtt)
( ) qu% U( ) (q1+v+t;q2)oo

Proof. In [6] the following result was proved

3 (" ) = (R R(v+1) > —1
q v q 7q - (q1+v+tq2) 9 .
nez ’ &
Then we get
(1 - g)ege 3 g0+ 0m5, (g7 ) = " )0
q,v q ]’U q 7q 14+v+t. o2 .
(¢"*5 %) 00

nezl
Hence for z = ¢¥ € R we have

1+v7t; q2)oo

. q
(1 . Q)Cq,v Z q(1+v+t)(n+k)]v(qn+k’ q2) _ ( el LE
= (@600

This finish the proof. m
Theorem 2 Let v > x > —1 then
Rz C Qu.

As consequence

e If0 <w then Q, =|0, 1].

o If -1 <v <0 then]0,q) C Q, ]0,1[.

o [f—-1<wv< —% then @, CJ0, qo].
Proof. Let v > —1 and 0 < p < 1. We will prove that

Qv C Quip,

which suffices to show that @, C @, if x < v. In the following we tack
q € Q,. We have

, 2 o (" 0)i ogur1yis i o
Cqutpdvin(t, @) = Cqo i Ju(tq', q7),
i=0 ’

10



d th
e Cq € o (12, ¢%) Jogp (ty, @) o (t2, ¢%)
q,v q7U—|—H]‘7’U ’q .]U+/J y’q ]v ’q
s (@69 (@.0D)5 a010)6it)
— G0 Z 2 2 2 2y, ¢
U @) (@)

x jo(tz, ¢*)jo(td'y, ¢*)ju(td? 2, ¢%),

which implies

Cq,vTv,eru,v (:C, Y, Z)

(@® a*)i (@, 4%); 2O+
(> ¢*)i (¢*.¢%);

- Cq7v

W(7,q'y,¢72) > 0,
i.7=0

where
2 > 2 2 2\ 42 1
Ty w,al,y,2) = cq,w/ Jo(t2, q%) juw (ty, ¢°)ju (tz, ¢ )T dyt.
0

Note that
Tv,v,v(xa Y, Z) = Dv(x’ Y, Z)'

The exchange of the signs sum and integral is valid since:

> ) / (@™t @) |du(a" 't %) ‘jv(q’““t, qz)(t%“dqt
i,j=0 0

o0 1
= Z q2(1+v)(z+j) / ‘jv(qmt,qQ)\ ‘jv(qn—i-zt’ q2)| ‘jy(qkﬂt,qQ)‘ t2v+1dqt
0

i,j=0
o fe's) )
+ Z q2(1+v)(l+j) / {jv(qmt, C]Q){ {jv(qnﬂt,qZ)\ ‘jv(qkﬂt, C]Q)‘ t2v+1dqt.
i,j=0 1
Note that

o0 1
D P / |7u(@"t, )| |G (d" . %) (jv(qkﬂt,qQ)‘tz”“dqt
i,j=0 0

0 1
< va(‘,q2)Hzm Z q2(1+v)(z’+j) / t2”+1dqt< 50,

i,j=0 0

11



and

Z q2(1+v)(z+3)/ |7u(d™t, a®)] |7u(d" 't %)) ‘jv(qk“t,qz)‘tz”“dqf
1,7=0

—(1-q) Z PRAEDICERD) |jv(qur,q2)| |J-U(qn+z‘—r’q2)‘ ‘jv(qk+j—r,q2)‘
1,7,r'=0
= Z ¢ |G, (g™ )] ‘J’v(q’““*’”,qz)‘ X [(1 —q) Y ) !jv(q”+”,q2)\] :
J,r’'= =0

where 7’ = r — 1. We write

iqZ(l—l—U)(i—r) ‘jv(qn-l—i—r’qZ){ —2(1+U)n - ZqZ(n—H r) ‘] n+i—r qZ){
1=0 1=0

_ q—2(1+v)n(1 —q) Z q2(1+v)i |jv(qiaq2)‘

i=m—r

< q—2(1+v)n H]v( ’q2)Hq717v.
Then
Z 21+ |] q2)| ‘jv(qkﬂ‘—r’qz)‘
gor'=
o0 (o.0] ) )
_ Z {jv(qm—r,QZ){ ZQZ(H—U)] ‘jv(qk—l—]—r’qQ)‘
s,r’'=0 =
o.0]
_ Z Uv(qm—r’qZ)‘ 2(14v)(r— ZqZ(k—l—] 7") k+j—r7q2)‘
r'=0
o o0
= > ¢ (@™ )| [PUTIETRN T P20 o (¢, ¢?)|
s,r'=0 j=k—r
q 2v+1) . 2 S 2(v+1)r
< HJU O 10 30|y oo D 4 < 00,
r'=0

Let 0 < o < p. We introduce the function A, () as follows:
< 2 2\,20+1
A o) = cqﬂ,/ % Jogru(t, q”)jo(t, ¢7)t vt dgt.
0

12



From the inversion formula in Theorem 1 (¢ — t2%j,4,(t,q?) € Lq1) We
get

(o.0]
cq,v/ Amu,v(x)jv(xt,qZ) 2”Hd x = > Jotu(t,q )
0

Let 2 < 1. From Lemma 1 we obtain

Aa ()
= cgo(1=0) > T (24", ) joru(d" ¢°)
ne’l
S ' gt 2(atv+1+i) 2
= cqo(l —q) (=1) g T (@)
" ,;Z ; (@2, ¢%)i(?, ¢%)i
- j g/t 2i 2 144 2
= Cqu(l — Q)Z(_l)l DG T S e Zq (ot 0,4 (g™ 4°)
P (@,¢)id* %) |5
_ Caw oo (_1)i qi(i—I—l) 2 (q2(1+v+u)—2(o¢+v+1+i),q2)oo
Cqvt+p i—0 (q2+2w7 q2)i(q27 q2)i (QQ(O‘MH“), q2)oo
_ % S (—1) gty 2 (g%, ) >0

-1 T .
Covtu =g (PF,67)i(@% ¢%)i (POt 7)o

Note that
O<p—a<l.

The exchange of the signs sum is valid since. Indeed, let ¢* = z then we
have

i qi(i+1)q2ik [Z q2(a+v+1+i)n ‘jerﬂ(qn, q2)|]

=0 nE”L

_ Zqz(z-‘rl) 2ik [Zq (atv+1+i)n {j g q .q )‘]
1=0

+ Z i(i+1) Qlk [ 72(0{+U+1+Z n ‘jv—i—u(qina q2)|]

n=1
0o

< qu(erl 2ik [Z q2(a+v+1)n]
n=1

00
+ Zqz(erl 2ik q72(a+v+1+l)n+n +(2v+2u+1)n ] )

13



One has to observe that the first sum exist. The second sum also:

(o.0] (o.0]
Z g+ D) 2k [Z q—2(a+v+1+i)n+n2+(2v+2u+1)n]

=0

n=1

o0 o
_ Z q—Z(a+U+1+i)n+n2+(21)+2u+1)n [Z qi(i—l—l)quk]

n=1 =0

_ Z q72(a+v+1)n+(2v+2,u+1)n+(2k+1)n [ q(in)2q(2k+1)(in)]

n=1
:iq2(pfa)n+(2k+l)n [ = i2 (2k+1 ] iqu a)n+(2k+1)n [Z q2 (2k+1)i ] < 0
n=1 i=—n n=1 1=—00
If £ > 1 then we obtain
Aa,u,v(x)
= ceo(l=0) > _ T (20", ¢*) joru(d”, ¢°)
nez
o »
_ qu(l o Q)Z [Z(_l)z qZ(H—l) ] q2(a+v+1+i)njv(qnx q2)
) 2420 42). (a2 42). ’
== (@*72°,%)i(q* ¢*)i
oo i
_ qu(l _q) Z(_l)i qz(z+1) Zq oz+v+1+l)n (C] z,q )
’ paare (@202, ¢%)ia? ¢%)i |2,
— p—2(atvtl) i(_l)i g!i+1) 2 (q2(1+v)—2(a+v+1+i)’q2)oo
i=0 (¢*T2420, ¢%)i(q?, 4%)i (g2t g2) o
Satotl) io: qz‘(i—i—l) x*% (q—Qaq—Zi,QZ)OO ~0
2T @ A P (@R )

Now, we write

/ Aoy () Ty o0 (x,y,z)xzv"'ldqx
o0
_C“/ Aol [C‘“’/ jw(fﬂf,f)jv(yt,q2)jv(zt,q2)t2”“dqt} 22 e
0

o0
= cq,er,u/ [quv/ A ,u,v(x)jv($t7q2)x2v+1dqx] jv+u(yt7q2)jv+u(2ta q2)t2U+1dqt
0 0

o0
= Cou+p /0 jv—l—u(ta q2)jv+u(yt7 qz)jv-i-u(zta q2)t2(v+a)+1dqt = Tv+u,v+u,v+a(17 Y, 2).

14



To justify the exchange of the signs integrals we write
[ 24|, 20+1 2 2
L M@l ot e e ot et

. . 1
< 130 o ) gl Aaola] -

Not that « +— Aq () is continued at 0 and

’Aa,u,v(x)’ < [va-i-u(-aq%”qm“%(vq2)|’q,17a+v}x_2(a+v+l)7 as T — 0.

On the other hand

o0

Ao (x)xQUqux =0,

then we obtain for all § > 0
20+1
Tv+,u,v+,u,v+a 1 y Y, 2 / Aq NN UUJr,u v(m Y,z ) o|x dqx.

In the following we assume that 0 < y,z < 1. Let

0o = f T, 1
0 0<yn Uv-l-u,( VY, 2)

Not that d§p exist and strictly positive, indeed the following function
(,2) = Topspo(L,y, 2)
is continuous on the compact [0, 1] x [0, 1]. Hence, there exist
(40, 20) € [0,1] x [0,1]
such that

50 - vv-l—u, (172/0720) 0<1ynf<1Tv v,V (1 Y,z ) el 0.

If we assume that T}, 4 p.0(1, 90, 20) =0 then

i (q2“7q ) (q “7q )J 2(1+v)(z+J)D

1,4"y0, ¢’ 20) = 0,
(%, 4%)i (42, 4?); o )

1,7=0

which implies that
Cq,v]:q,v [t = jv(ta q2)jv(20t, q2)] (qiy(]) = Dv(la qiyO, ZO) = 0, Vi e N.
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From Proposition 1 and the fact that there exist o9 > 0 such that
7o (2, ¢%)| < o0 €, VzeC
we see that this function
2 Fau |t gult, a0t )| (2)
is analytic. Then for all z € R,
Fao|t = 3ot 0*)iu(20t,42)] (@) = 0 = 5ot a)io (0t 4%) = 0, Wt € Ry,
but this is absurd. Then &y > 0. Now we have

o0 < Topipo(®,y,2), VO<z <1

If
do > TU,UJFMU(x’ Y, Z), Vo > 1.
then
1
TU+N7'U+N7U+04(]~7 Y, Z) = / Aa7u,v (1’) |:T'U7'U+M,U (1" Y, Z) _ 50:| x2v+1dq$
0

+ /100 Ag o () [Tvﬂ,ﬂw(aﬂ,y, z) — 50] x2”+1dqﬂv > 0.
Otherwise, there exist s > 0 such that
0o > Ty otpw(®,y,2), Vr>s.
because

Ty opn (2,9, 2)| < €y vaw(.q?)Hzmxva(_q2)Hq7U71 2200 0 asz o oo

For 6 > dp we obtain

1
TU+/1/7'U+M7U+OC(]~7 y7 Z) = A Aa,u,v (1’) |:TU7U+}1/7’U(-%'7 y7 Z) _ 5i| x21}+1dqx

_l’_

/ Aa’“’v (1’) |:TU7U+M7U (1’, Y, Z) — (5] .%'QU—qux
1

+ Aa“u,v (x) |:Tv,v+;¢,v ($, Y, Z) — 5] x2v+1dqx

= I1(6) + 12(6) + I3(9).
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Note that

0 — I1(9) is a decreesing function tends towards —oo and I(dg) > 0
0 +— I(9) is an increasing function tends towards 400 and I2(dp) < 0
0+ I3(0) is an increasing function tends towards +oo and I3(dg) > 0

0
0

then there exist 6 > Jy such that
11(5) + IQ((S) =0

which implies
Tv+,u,v+,u,v+a(1a Y, Z) = 13(6) > 0.
In the end

lim [Tv+u7v+ﬂ,v+a(1a Y, Z)]
a— [

e
= lim |:C(2]7v+u /0 jv-i—u (tv q2)jv+u (yt7 q2)jv+u(2t7 q2)t2(v+a)+1dqt:|

a—pu
o0
= o /0 e (4 0 dua (0t Vo (21, %)  Jim, 20 )t
= v+u,v+u,v+a(1,y, Z) = Dv+u(1,y, Z) > 0.
It is not hard to justify the exchange of the signs integral and limit, in fact

bty @)t 0o (21, )T

(v4a)+1 H

< Ht = Jorn (Yt @) jorp(2t, ) oo < | Goru(t,a®)] -

From the following identity
Dyyp(z,y,2) = xiQ(”ﬂ‘H)DUJm <1, %, é) ,
we deduce that
Dyyy(z,y,2) >0, Vr,y,z € RQIL.

The fact that

Q_ :]Oa QO] and Qo :]0’ 1[

1
2

leads to the result. m
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