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POTENTIAL AND RAYLEIGH-SCATTERING THEORY
FOR A SPHERICAL CAP*
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Abstract. Harmonic functions are constructed for spherical-harmonic prescriptions
of either a potential or its normal derivative on a spherical cap. The dipole-moment
tensor and the Rayleigh-scattering properties of a spherical bowl, including the limiting
case of a Helmholtz resonator, are determined. The results are uniformly valid with
respect to the polar angle of the cap and resolve certain discrepancies in the existing
literature.

1. Introduction. We consider harmonic functions of the form

v, 0,9) = 2, 2 ¥, O)(CT cos mé + S sin me), .y
where (r, 0, ¢) are spherical polar coordinates, and either 7 (Dirichlet problem) or
dy™/or (Neumann problem) must reduce to the Legendre function P7 (cos 6) on a
spherical cap (= bowl), r = 1 and 0 < 8 < 6, (see Fig. 1). We refer all lengths to the
dimensional radius of the sphere, say a.

The solution of the Dirichlet problem for m = n = 0 was given originally by Kelvin
[1], who determined the charge distribution on a conducting bowl through the spherical
inversion of a disk. Ferrers [2] subsequently obtained the general axisymmetric solution
of the Dirichlet problem through an expansion in zonal harmonics; Gallop [3] obtained
similar results through inversion. Basset [4] obtained the solution for a conducting
bowl in a transverse field (Dirichlet problem for m = n = 1) through inversion. Basset
also claimed to obtain the solution of the hydrodynamic problem of a spherical bowl
in an otherwise uniform flow (the Neumann problem for n = 1) through radial dif-
ferentiation of the solution to the Dirichlet problem, although he did not give explicit
results. In fact, this procedure yields physically unacceptable singularities at the rim
of the bowl (Rayleigh [5] noticed the flaw in the analogous procedure for the diffraction
problem for an aperture in an infinite screen). Collins [6] obtained general solutions
of both the Dirichlet and Neumann problems for a spherical cap and the correct solution
for the hydrodynamic problem.*

* Received February 16, 1970.

! Alternative solutions of both the Dirichlet and Neumann potential problems may be obtained by
separation of variables in toroidal coordinates (Hobson [12, Secs. 267, 268]); see, e.g., Neumann’s [13]
solution of Kelvin’s problem. This procedure is, in principle, more direct than the expansions in spherical
harmonics adopted here; however, it is less flexible in practice in consequence of the recondite character
of toroidal functions vis-d-vis spherical harmonics.
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Frc. 1. Spherical bowl

The principal application of the harmonic functions of (1.1), aside from the afore-
mentioned potential problems, is to Rayleigh scattering by a spherical cap, including
the limiting case of a Helmholtz resonator (6, — =). By Rayleigh scatlering, we imply

= 2ra/X K 1, (1.2)
where A is the length of the incident wave. Resonance occurs at k = k, , where [7]
k; = (38/2x) + 0(8") (B =m — 6,—0). (1.3)

This problem has been attacked previously by Sommerfeld [8], whose incomplete analysis
is entirely wide of the mark, by Morse and Feshbach [9], who considered only the Heim-
holtz resonator and whose end results are marred by algebraie errors, and by Collins [10},
who overlooked the effect of resonance on diffraction and whose results are not uniformly
valid as 8 — 0. .

We construct ¢7 (in Secs. 2 and 3) for arbitrary m and n by generalizing the solution
given by Ferrers [2] and use the results to determine (in Sec. 5) uniformly valid (with
respect to #,) approximations to the scattering amplitude and scattering cross-section
for plane-wave diffraction. We also consider (in Sec. 4) the hydrodynamic problem and
calculate the dipole-moment tensor for a bowl in a uniform flow. This last result, although
of little direct interest for a real fluid, enters the Rayleigh-scattering problem and also
illustrates an interesting theoretical point raised by Taylor [11] in connection with
the virtual mass of a body that contains nearly closed cavities.

2. Dirichlet problem. Let ¢ be an harmonic function of the form (1.1) for which
Y7 satisfies

Yo(r,0) = Ph(cos0) (r=1,0<6<6) (2.12)
on the cap, exhibits the source-like behaviour
Yo, 6 =01/r) (o=, 067 (2.1b)

at infinity, and is continuous and differentiable except at the rim of the cap (r = 1,
6 = 8,), where it must be bounded. We seek the continuation of ¢7 over the unit sphere,
say

o1, 8) = @%(y, u) (v = cos 6, u; = cos 6,). (2.2)
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The solution of the axisymmetric problem (for which we omit the superseript, m = 0)
is given by [2]*

¥a(r, 6) = io Sm(“l){r;'a— }P.(u) rz1 (2.3)
and
Cule, 1) = V/mR " (cosa — cos 8)”V* cos (n + Ya da (2.4a)
= 3 5P (2.4b)
=P (m<ell), (2.40)

where ® implies the real part of, (2.4¢) follows from (2.4a) by virtue of the Mehler-
Laplace representation of P,(u),

) = Sy = L [E= D0 st D] (2.)

and the first term in the square brackets reduces to 8, for n = s. We note the identity

Cul—p, —p) = (=)@"/0)& fe " (cos 6 — cosa)sin (n + Dada  (2.6)

= (=)P.(w) (—1Zp<m) (2.6b)
and the particular solutions
2 _ 1 — 172
Colm, 1) = ;ta'n 1(;—__“:) (1< pu< ) 2.7
and

2 -1 — 1 1/2
®ulu, ) = = [u tan (ﬁ) + (1 — ) — ﬂ)”{l (m1Zp<w), (29

where, here and subsequently, the arctangent is in [0, $].
We generalize (2.3) and (2.4) by constructing

Ya, 6) = 50.,.[%(7, 8) — m_io Az () ¥, 9)] (2.9)
and
(P’:(}i, I-‘x) = fDmI:(Pn(#, #1) - ”Z—:; Ar'-’;'(#x)c‘)i(#, !‘1)] (2-103')

i Sma(u)Pa(w) (s’" = 8§, — "'2—; A:',.s,.) (2.10b)

a4=m

=Pl (m<awull, (2.10¢)

2 The expansion of (2.3) may be summed to obtain an integral representation of ¢.(r, ), but the
result is of limited interest in the present context.
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where the operator D, is defined by
D.Pu(k) = (=)"(1 — #)™(3/3u)"Pu(u) = P (u), (2.11)

and the A7, are determined by the requirement that 7, be bounded asr — 1 and p T g, -
Substituting (2.4a) into (2.10a), we find that this last requirement implies

(8/30)” |:cos (n+ 3o — 2 AZ(uy) cos (5 + %)a] =0

@=6,p=0,1-,m—1. (212
Setting m = 1in (2.10)-(2.12), we obtain
8k, = 8., — 8, sec 38, cos (n + )6, (2.13a)
and

Culn, ) = —(1 — £5)V(8/0)[@alp, 1) — @olu, 1) sec 36, cos (n + 18], (2.13b)

The simultaneous equations implied by (2.12) for m > 1 may be circumvented
by invoking Collins’s [6] general solution to obtain an integral representation of 8,7 ;
however, the foregoing results suffice for the subsequent investigation.

3. Neumann problem. Let ¢ be an harmonic function of the form (1.1) for which
Y7 satisfies

Yo(r, 8)/or = PR (cos ) (r=1,0<60<6,n21) (3.1a)
on the cap, exhibits the dipole-like behaviour
Yol 6) = 01/r) (- »,0<6< 7 (3.1b)

at infinity, and is continuous and differentiable except at the rim of the eap, where it
must be bounded. We seek the continuation of 8¢7/dr over the unit sphere, say

(8Y%/07)rar = Ph(n, p1). 3.2)

The potential ¢7, is of direct interest only for n > 1, but we consider also the function
P,(u, 1) in anticipation of the Helmholtz-resonator problem (see Sec. 5).

The solution of the Dirichlet problem, (2.3), together with the consideration that
dy/dr may be singular like (u; — ) "?asr— 1 and u T u , suggests that the axisym-
metric function P,{u, u;) may be constructed by combining ®,(u, x,) and

®(cos @ — cos §)7* = 2'* mz cos (s + Y)a P,(w) 3.3

in such a way as to render dy,/dr continuous across r = 1. This last consideration
requires the elimination of the source (s = 0) term in the expansion of P,(u, g,) in
P,(u), as anticipated in (3.1b); accordingly, we consider

Po(p, ) = Calpy ) = Saolp)(L + ) 7R — )™ (3.42)

3 S @)P.w (3.4b)

=1

=P (@W=e<l, (3.4¢)
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where

Sali) = 8ulu) — Saolw) sec 36, cos (s + )6, (3.59)
= 8. (3.5b)

The corresponding potential is given by

0,0 = 5Tt ew+ 0 ezn. 6o

a=1

where the additive constant in r > 1 vanishes in consequence of (3.1b), and the additive
constant ¥, is determined by the requirement that

Wn(l‘y “1) = 1Abn(l_r 0) - ¢n(1+v 0) (3.7&)

= 2 [@s + /s + DISa(w)P.(e) + ¥, (3.7b)

s=1

must vanish for —1 < u < g, . Relegating the detailed calculation to the appendix, we
obtain

¥, = S.00, tan 18, + (8 8../95) =0 (3.83)
=n7'n+ D78 (0 21) (3.8b)
= 7 (6} tan 16, + 6, — sin 4,) (n = 0). (3.8¢)

An integral expression for 7, , oy < ¢ < 1, is given by (All) in the appendix; however,
the representation (3.7b) is more useful in typical applications. We note the particular
solutions

- 172 :
Putu, ) = Ztan~t (L) (BB R g, — e
(—-1<p<m) B9

and

_ 2 -1 (1 — #1)”2 _ (1 — p + 2!‘)<1 - ”‘)1,2] -1 <L
pl(ﬂy”l) —w.[”'ta‘n M — 2 L S ( 1_#23.‘;13).

Referring to (2.9)-(2.11), we construct

Pk, w) = iDm[G’n(p, M) — ':Z:%B:‘i(ul)@i(“r ul):l (m>1) (3.11a)

- Esnwrnw  (sn=s.- TEms.) (.11b)
=Py (WZLe<l] (3.11¢)

and
w0 = Sste{TCE T e ez, (312

where the B} are determined by (3.1b) and the requirement that the singularity in
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aYn/or asr — 1 and p T u, must be integrable. Invoking the latter requirements, we
obtain

Sl= 80— 2. BnSix=0 (m>1) (3.13a)

i=0

and
m=—1
(9/0ey” [cos (n + 30) — 2 B cos (j + %)a] =0
=0
p=0,1:-,m—2 m2>2). (3.13b)
Setting m = 11in (3.10) and (3.12a), we obtain
Svlw = 8. — (Sno/ Soo) So. (3.143)
and

Polu, ) = —(1 — u5'%(8/0m) (@, 1) — (Sao/ So0)Polns, m)]. (3.14b)
We show in the appendix that

(e, p) = Yo(1—, 6) — ¢5(1+, 6) (3.152)
= 3 (s + D/sts + DISEIPTR) (3.15b)

vanishes for —1 < p < u,; .

The simultaneous equations implied by (3.13) for m > 1 may be circumvented
by invoking Collins’s [6] general solution; however, the resulting integral representation
of S, is rather complicated.

4. Dipole moment and virtual mass. We now suppose the bowl to be moving in
an unbounded, inviscid liquid with the uniform velocity U directed along § = 6, and
¢ = 0. The corresponding velocity potential (defined such that the particle velocity
at a given point is V) may be posed in the form

¢ = UlP.()¢:(r, 8) + Pi(u)¥n(r, 8) cos ¢, CRY)
where ¥, and ¢ are given by (3.6) and (3.12). Letting r — o« in (3.12), we obtain

¥~ —31Ur ?(8,; cos 8, cos § + S}, sin 6, sin 6 cos ¢) (r— =), 4.2)

where, from (3.5a) and (3.14a),
#S, = 6, + isin 6, — 1sin 26, — §sin 36, (4.32)
= 36 — 156, + 0(6) (6, —0) (4.3b)
=7—1'+0@) @B=v-—06-0. (4.30)

and

#Sh = 0, + }sin 36, — (6, + sin 6,)7'(sin 6, + 3 sin 24,)° (4.4a)
= %6+ 006) (6~ 0) (4.4b)

=z—384+08) (B—0). (4.4¢)
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Fia. 2. Dipole-moment parameters for spherical bowl, as given by (4.3) and (4.4).

We infer from (4.2) that the dipole-moment tensor of the bowl is diagonal (as is
directly evident from symmetry) and has the Cartesian components 1a*{S,, , S}, S},},
where a is the dimensional radius of the sphere. The corresponding kinetic energy of
the fluid motion is (ef. Lamb [14, Sec. 121a])

T = #pU’a*(S,, cos *6; + S}, sin °6,) (4.53)
= $p(U cos 8.)°(3a’6D[1 + O(6D)] (6, — 0) (4.5b)
= 3pU(2ma")[1 + 08)]  (8— 0). (4.5¢)

The limiting result (4.5b) corresponds to a circular disk of radius a8, . The limiting
result (4.5¢) implies that the virtual mass of a sphere containing a small hole is ap-
proximately three times that of a closed sphere, although (or because) their dipole
moments are approximately equal (Taylor [11] gives a qualitative discussion of this

paradox).
5. Rayleigh scattering. Let the acoustical plane wave
¥. = exp [ikr(cos 8, cos 6 -+ sin 6, sin 6 cos ¢)] 5.1
be incident upon the bowl and let Y(r, 6) be the scattered wave; then
VY + kY =0, (5.2)
A +¢)/or =0 (r=1,0L£6<6,,0<4¢<27), (5.3)
and
¥ ~f6,e)re" (o e,0L6<1,0<¢< 20, (54)

where f(6, ¢) is the scattering amplitude. We seek the limiting form of f(6, ¢) as k — 0
(Rayleigh scattering). We omit the factor exp (—dkct) from ¢, and ¢, which must be
regarded as complex amplitudes in the conventional sense; in particular, j(6, ¢) may
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be complex. (It must be recalled, in interpreting the subsequent results, that many
writers—notably Rayleigh and Lamb—use the time dependence exp (ikct).)

Rayleigh’s [15] treatment of scattering by small (k* << 1) obstacles reveals that the
spherical-harmonic representation of the scattered wave is dominated by the source
(n = 0) and dipole (n = 1) components. The result for a closed, axisymmetric obstacle is

f(ey d’) = _%kzso + fl(ey ¢); (55&)

where
f1(8, ) = 1k*(S,, cos 6; cos 6 + S}, sin 6; sin 6 cos ¢) (5.5b)

is the dipole component (in which S,, and S;,) are defined as in Sec. 4 above), 47a’S,/3
is the volume of the obstacle, and all lengths are referred to a. The corresponding, total
scattering cross-section is given by

o=a fo sin 6 d6 fo ) [1(8, &)|* do (5.6a)

= 1rd®k*[% |So|® + S}, cos® 6, + (S1,)’sin® 8] (5.6b)

and reduces to 7wa’k*/9 for a sphere of radius a (for which S, = 8,;, = S}, = 1).

The results for a spherical cap would appear to follow from (5.5) and (5.6) by setting
So = 0 and substituting S,; and S}, from (4.3) and (4.4). In fact, the results so obtained
are not uniformly valid for 8 = = — 6; — 0, and the effective value of |S,|*, qua nor-
malized intensity of the spherically symmetric scattered wave, increases to a resonant
peak at, say, k = ko and then decreases to unity at 8 = 0. The value of k, for a spherical
bowl, as calculated by Rayleigh (7], is

ko = (38/2m)'’[1 + (96/20x) + O(B%)] (8 — 0). (6.7)

The value of S, for k, = O(k), as inferred from an heuristic combination of Rayleigh’s
results with Lamb’s [16, Sec. 88] analysis of plane-wave diffraction by a resonator, is

So = K'(K* — ki + Lik3k>)™ ko = O(k), k — 0], (5.82)
-1 (ko/k — 0) (5.8b)
= O (ko > k). (5.8¢)

There are, however, discrepancies between the results implied by (5.5)-(5.8) and those
given by Morse and Feshbach [9] and by Collins [10]. Morse and Feshbach’s results
agree qualitatively with those of (5.5)-(5.8) but appear to contain algebraic errors.
Collins arrives at the surprising and, it appears, erroneous conclusion that “the scattering
cross section of the cap [is] discontinuous as [6,] tends to #.”” It therefore appears worth-
while to offer a more systematic derivation of the above results that is not only uniformly
valid with respect to 6, , but also retains all terms consistent with the basic approxima-
tion, which imposes an error factor of 1 + O(k®) in consequence of the approximation
of the Helmholtz equation, (5.2), by Laplace’s equation in the neighborhood of the
obstacle.

We construct the solution of (5.2) and (5.3) by invoking the known expansion of
¥. in spherical harmonics, posing a similar expansion for ¥, and satisfying (5.3) term
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by term:
Yi Y= 2 > @+ D2 — 8)[ln — m)l/(n + m)!]P7(cos 6.)
n=0 m~0
- [J (k)P (cos 6) — kji(k)yn(r, 6)] cos mé, (5.9
where
YT /or = P7(cos 0) r=10<0<8). (5.10)
Following the development of Sec. 3, we pose the solution of (5.2) and (5.10) in the form
Vi, 6) = 2 Glx.OP W), (5.11)
where
x.(r) = (kR "h(kr) (> 1) (5.122)
= [kj.(®)] .k (< 1), (5.12b)

and A, = k!’ is a spherical Hankel function. Invoking (5.10) and the requirement
that ¢7 be continuous across the remainder of the unit sphere, we obtain

2@.'31"'.'(#) “P% (<< (5.132)
and

S P =0 (—1< k<), (5.13b)

where
{e = X.(l") - Xa(1+) (5.14:3:)
= SRR (5.14b)
= —(3/702)(1 - %k’ - %iks) + O(kg) =0 (5.14c)
= s_‘(s -+ 1)—1(28 + 1)+ O(kz) s> 1. (5.14d)

We now invoke the restriction k¥ <« 1. Transferring the constant (s = 0) terms
from the left- to the right-hand sides of (5.13a, b), invoking (5.14d) for s > 1, and com-
paring the results to (3.4) and (3.7) for m = 0 and to (3.11) and (3.15) form 2> 1, we
obtain

Sr = Sn + 0k (m>1), (5.158a)

©. = S — $,80. + O0(F)  (m=0,5> 1), (5.15b)
and

S = S. = [V, + O®)/[o + ¥o + O] (5.15¢)

Substituting ¢, from (5.14¢) and ¥, from (3.8b) into (5.15¢), we obtain
ko = (% + 377 (5.16)
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and
Se = B°(1 — 2k (k* — ki + kD)™, (5.17)
which reduce to (56.7) and (5.8) for k, < 1, and
S, = In7'n + 1)7'So kKR — K2+ k) (5.18)

The error factors for (5.17) and (5.18) are of the form 1 4+ O(%?), uniformly with respect
to 6, (the uniform validity of the error estimate in the neighborhood of k = k, depends
on the readily established fact that the real and imaginary parts of the error in the
denominator of (5.17) are O(k*) and O(k®), respectively). We omit the error estimates
throughout most of the subsequent development with the implicit understanding that
they are of this form except as explicitly noted to the contrary.

Substituting (5.15) into (5.11), letting kr — « and & — 0, in which limit

X.(r) ~ (="K (s + 1)-1-3 - -+ (25 — )] 7r e, (5.19)

and neglecting terms that are definitely small in the sense of the preceding paragraph,
we obtain

Yo ~ e (=078l + $5kSaPi(n)] + HESTP() + $K°SLPI(W)}.  (5.20)

Substituting (5.20) into the corresponding approximation to the y component of (5.9),

1
= 3% — ik 2 PT(u)¥7 cos me
e (5.21)

43 32— SIE — mYE + mUPIR)EE cos ma,

me=0

substituting S, and S, from (5.17) and (5.18), observing that S,; = 4S,; and S}, = S},,
and omitting the factor exp (¢kr)/r in accord with the definition (5.4), we obtain the
scattering amplitude in the form

(8, ¢) = 3K’ [L — (k/ko)® — 3iK°Y ' [(k/ko)® + 3tkSor(p — 1))
+ £.(6,9¢) + ‘iliikasxz[Pz(#;)Pl(#) — P (u)P,(1)] (5.22)
+ $3k°SLPa(u)Pi(u) — Pi(u.)Pa(u)] cos ¢,

where {, , the first approximation to the dipole component, is given by (5.5b).
Retaining only the dominant terms in (5.22), we obtain

1(6, ¢) = [3k*(ko — K* — 3ikck®)™" + f2(6, 9)I1 + O(K)), (5.23)

which is identical with the approximation provided by (5.5) and (5.8). The total scatter-

ing cross-section obtained by substituting (5.22) into (5.6a) is identical with that given

by (5.6b) and (5.8), namely

o = Lnd’k* (3K [(K* — k3)® + $kok*]* 4 Sih cos® 6, + (S1)°sin” 6:}[1 + O, k)l
(5.24)

We further simplify (5.22) and (5.24) for the Helmholtz resonator, for which &k, =
O(k), Sor = 3 + O(k), S12 = O(k?), Si: = O(k3), Su = 1 + O(k3), Si, = 1 + O(ky),
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16, ¢) = {$K°[1 — (k/ko)* — %K°) 7' ((k/ko)® + $ik(n — p.)]
+ 106, )31 + O, KD, (5.25)
and
o = rd®K{EK(K® — kD® 4+ 3TN + 1)1 + O, kD). (5.26)
The approximation (5.25) differs from Morse and Feshbach’s [9, (11.3.81)] result (after
allowing for the fact that their bowl is defined by 8, < 8 < =) only in their approximation
for k&, , (1.3) rather than (5.7), and in their basic dipole component, which they give

as 2f, ; however, the latter discrepancy appears to represent a minor error in their
analysis. The approximation (5.26) differs from Morse and Feshbach’s result {9, (11.3.82)],

oxr = dxd’k {K'[(K° — k3)° + $kok®]T' + 3}[1 + O’ k3)], (5.27)
both because of the aforementioned error and because of (what appears to be) an ad-
ditional slip.

The maximum scattering cross-section implied by (5.26) is
Omax = 47@’ky” = \o/7 k = ky), (5.28)

where A\, is the resonant wavelength. This last result also may be inferred directly
from Lamb’s analysis [16, p. 279] of resonant scattering, which provides further support
for the correctness of (5.26) vis-a-vis (5.27). We also note that (5.26) implies that o
achieves a minimum of 26.22a’k§ at k¥ = 1.358 k, ; however this minimum is still much
larger than the corresponding value of ¢ for a sphere, namely 8.31a°k;. The ratio of ¢
to its value for a sphere at k = k, , namely 7xa’k}/9, is plotted in Fig. 3 for k, < 1
(such that the damping term, #k3k°, is negligible in the numerical range of the plot).

103

]02 -

0 2

{ | |
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1073

F1c. 3. Variation of scattering cross-section with k/ko, as given by (5.26) with k¢ < 1. The reference
value, oy, is the scattering cross section of a sphere at k& = ko. The upper and lower dashed lines give the
total value and the dipole component, respectively, of /00 for a sphere.
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We conclude by calculating the radial velocity in the aperture (r = 1,6, < 6 < =),
say v. Differentiating (5.9) with respect to r, invoking

> en, P (5.202)

= 85S.[1 — Polu, w)] + Phlu, ), (5.29b)

where (5.292) follows from (5.11) and (5.12) and (5.29b) follows from (5.29a) through
(5.15) and (3.11b), and retaining only the dominant terms, we obtain

v = =3[ — (b/ko)® — k11 — Polu, m)]

(9¢7/0r)rm

+ ik 3 PIW) PTG — P, w)] cos mé (5.30)

me=0

within 1 + O(k). Invoking the additional restriction 8 < 1 in the formulae for P, ,
P, and P}, we obtain

1 —Po =287 (us — )™, (5.31a)

P, — P, = 2707w — w)7 — 60 — )], (5.31b)
and

P} — P} = =32""n7'A — )" (m — w7, (5.31¢)

all within 1 + O(8%). Substituting (5.2 into (5.30) and expressing 8 in terms of k, ,
we obtain

v = 207K E — ko + $kK) T (m — W)L + Ok, kD], (5.32)

which is essentially the approximation invoked by Morse and Feshbach [9].

The velocity in the aperture of a Helmholtz resonator for normal incidence also
has been calculated by Sommerfeld [8] by an ad hoc extension of the method of least
squares to the dual equations of (5.13). Converting his result to the present notation,
we obtain

© Ha

v = 3" 2 (2n + DE&P.() ; @m + 1375k} m f P.0)P.()dv  (5.332)

n=0 1

= —28°[1 — %k + 0%, ko)), (5.33b)

which bears very little resemblance to (5.32). The discrepancy appears to result both

from the rather arbitrary weighting accorded to the two dual equations by Sommerfeld

and from deficiencies in his order-of-magnitude estimates of the expansion coefficients.
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Appendix. We wish to show that

ra ) = 3 (5 + /56 + DISLEIP.G) + ¥ A1)

vanishes in —1 < u < p, for the appropriate choice of the constant ¥, . The coefficient
S.. is given by (3.5) and (2.5).
Differentiating (A1) with respect to x and invoking
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(1 — ) (dP./dp) = n(n + 1)@2n + 1) (Pacy — Pard), (A2)

we obtain
(1 = W)ra/di) = 3 SuPros = Puv) (A35)
= "Z (Sa.e41 — Sa.-)P, (A3b)

=0

where (A3b) follows from (A3a) by virtue of the identities S,, = S,. ., = 0. Substituting
8., into (A3b) from (3.5a) and invoking (2.4) and (2.6), we obtain

(1 — p)(dra/dp) = Pois(p) — Paci() + (=) [Crsa(—p, — )
- n-1(“llry “‘#1)] + 2§n0(1 - #1)1/2@&(# - #x)_ln (A43)
=0 (-1Zu<um), (A4b)

from which we infer that =, is constant in —1 < u < y,; . Setting p = —1 in (Al) and
requiring =.(—1, u,) to vanish, we obtain

©

Vo= 2 (=)@ + D/s(s + DISn(w) (A53)
=C +C, (A5b)
where
O = 3 (=)71Es + D/ss + Db, 46)
and
0 = Susec 36, 3 (=)'[ + 1/sls + D] cos 6 + Doy )

Substituting 8., into (A6) from (2.5), invoking the partial-fraction expansion
@+ s+ D =514+ 17, (A8)

and rearranging the coefficients of like reciprocal integers in the summation, we obtain

C, = (2/7) 2{ =)+ e+ DY foh cos(n + Dacos(s + Hada  (A93)

= (2/r) '/:‘ cos (n + %)a[cos ig — 2sin 3a i (=)' sin as:l da (A9b)

=1

= (2/x) j;h cos (n + 2)a(cos ta — asin 1a) da (A9¢)

= S,.o + (3 S,../as).-o , (Agd)
where (A9d) follows from (A9c) through (2.5). Turning to (A7), we obtain

C; = 28,0sec 36,(8/36,) i (=)s™s + 1)7'sin (s + 36, (A10a)
s=1
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= 8,0(6 tan 36, — 1). (A10c)

Substituting (A9d) and (A10c) into (A5b), we obtain (3.8a).
Substituting S,, from (2.5) and ®, from (2.6a) into (A4a) and integrating (d./du)
from g = p, , we obtain

# 8
T, ) = Qf a - uH™ dﬂ[(?”z/-rr) f@ (v — cosa)”*sina cos (n + Ha da

4+ 8,01 + w)( — #1)'”2] i < <) (A11)

Turning to =7, we rewrite (3.14) in the form

©

7 = Dn 2 (25 + 1)/s(s + DIST(e)P.(s) = D07 (A12)

a=1

where the operator ©,, is defined by (2.11). Differentiating Q7 as in (A3), we obtain

(1 — W)dQr/dp) = Z (Srecr — STLOP, (A13)
by virtue of (A2) and S7 = S”_, = 0. Substituting S, into (A13) from (3.11b) and
proceeding as in (A4), we obtain

A — ) (dQ%/du) = (=1 < p<m) (Al4)

from which we infer that Q7 is constant, and =7 vanishes, in -1 < u < g, .
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