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Collective potential energy surfaces have been systematically calculated for the symmet­

ric fission of the five isotopes of the elements Th, Pu, Cm, Cf, Fm and No and the eight 

isotopes of the element U. The calculation is performed on the basis of Strutinsky's pre­

scription in which the liquid drop model of v. Groote and Hilf and the modified two-center 

harmonic oscillator shell model are used for macroscopic and microscopic parts, respectively. 

Effects of mass asymmetry at the second saddle point are investigated. The properties of 

the ground state, the second minim urn and the first and second saddle points along the static 

fission path are discussed in comparison with the results of Moller and Nix. The structure of 

the potential energy surface is found to come mainly from the shell structure which is strongly 

related to the distance between the mass centers of the nascent fragments. Special attentions 

are given to the fragment mass distributions and the constancy of the heavy fragment masses 

is partially explained on the basis of the properties of the second barrier. 

§ I. Introduction 

Since the late 1960's, a renewed interest has been aroused 111 the structure 

of the potential energy surface for the fission process. It was motivated mainly 

by the discoveries of the fission isomer!) and the related resonant structure of the 

fission cross section. 2J The calculation based on the liquid drop model was proved 

not to be able to reproduce these featuers and in 1967 a new method for the 

calculation of the potential energy-- the macroscopic-microscopic model'J __ 

was proposed. Since then, calculations based on this model have been widely made 

and the fission isomer has been theoretically explained as a shape isomer. It is caused 

by the shell structure of a largely deformed nucleus and the fact that the shell 

structure appears at such a large deformation has made a drastic change m our 

knowledge of the nuclear structure. 4J 

The structure of the potential energy surfaces of the heavy nuclei is at present 

fairly well known. 5 J~sJ For the actinide nuclei, a typical feature is that there 

exists a second minimum and as a result the fission barrier is split into two, the 

inner barrier and the outer barrier. The calculated heights of these barriers and 

the second minimum were compared with the experimental data and overall agreement 
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116 A. Iwamoto, S. Yamaji, S. Suekane and K. Harada 

was obtained. It was also shown that the outer barrier is unstable against the 

reflection asymmetric deformation and the mner barrier is, for heavy actinide. 

unstable against the axial asymmetry. 9J 

When one uses the macroscopic-microscopic model, one must first specify the 

basic single-particle potential. Potentials now currently used are the generalized 

Nilsson potential, 5J the deformed Woods-Saxon potential,6J the folded Yukawa po­

tentiaFJ and the two-center harmonic oscillator potential. 8l In this paper, we will 

report a systematic calculation of the potential energy surfaces of the actinide 

nuclei based on the two-center harmonic oscillator potential described in Ref. 10). 

It is one of the simplest potentials that can describe the overall shape change in 

the nucleus, from the ground state to the separated fragments. Although it has 

an unphysical wall of infinite height, it can bypass the ambiguity of the treatment 

of continuum states in the calculation of the shell and pairing correlation correc­

tions. However, this potential cannot describe properly the diamond shape defor­

mation which is necessary for the ground state. 

The purpose of the present paper is the following. First, the systematic 

calculation including the reflection asymmetric deformation has not been clone 

thoroughly yet with this potential, and so the comparison of the potential energy 

surfaces with other models will be useful. Second, the single-particle level struc­

ture at large deformation will be different from other models and the comparison 

of the single-particle level diagram will be given. In these two respects, the 

earlier work8J using the two-center potential seems not to be complete and 1ve 

think that we can find some new features of this model in our present survey. 

And third, we will make a detailed analysis of the correlation between the calculat­

ed degree of asymmetry at the second saddle and the experimental mass asymmetry 

of the fragments. It was motivated by the fact that even the folded Yukawa 

model, which uses a more realistic potential, could not reproduce the experimentally 

known characteristic of the asymmetric mass yield, that is, the constancy of the 

mean masses of the heavy fragments. Concerning the question of whether the 

asymmetric mass yield is determined mainly at the second saddle or not, this 

analysis 1vill be useful. 

As was pointed out earlier, our model cannot describe the ground state defor­

mation precisely and so we will not attach a deep significance to the deformation 

and energies of the ground states and the absolute values of the heights of the 

barriers and the second minima. However, our results seem to show clearly the 

characteristics of the parameterization of the two-center shell model and to re­

produce correctly the systematic behavior of the potential energy surfaces. 

In § 2, the description of the macroscopic energy and the microscopic energy 

will be given. The calculations of the shell correction energy and the pairing cor­

relation correction energy have been clone following the method of Ref. 11). The 

details on the shell correction energy were given in Ref. 10). In§ 3, the results of the 

systematic calculations of the collective potential energy surfaces for the fission 
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Potential Energy ,Surfaces for the Fission of the A.ctinide Nuclei 117 

of the actinide nuclei will be reported and discussed. In the calculation of the 

potential energy, the single-particle energy le\'els of 25°Cf are taken as a basis in 

order to saYe the computer time. For other nuclei, these levels are shifted pro­

portionally to the ratio of ftWo of the relevant nucleus and that of 25°Cf. The 

possibility of an asymmetric mass fragmentation is also examined along the static 

fission path on the potential energy surface for the symmetric mass fragmentation. 

In § 4, a brief summary will be given. 

§ 2. Macroscopic-microscopic approach 

According to Strutinsky's prescription, the collective potential energy of the 

nucleus is expressed as the sum of the liquid drop energy EwM, the shell collection 

energy JEs and the pairing correlation correction energy LIEpc, 

(1) 

The first term is the macroscopic part of the potential energy, and the sum of 

the second and the third terms the microscopic part. 

2--1 JiacroscojJic jJart 

For the macroscopic part of the potential energy, the formula of Ref. 12) 

1s adopted. The liquid drop energy EwM is expressed as the sum of the surface 

energy Esurf, the curvature energy Ecurv and the Coulomb energy Ecauh 

ELDM = Esurf + Ecurv + Ecoul . 

Each term 1s gn·en m the following form, 

Esurt=f1oA213 [ 1-/11 (N ~zrJ (Bsurt(s) -1), 

Ecun·= toA113[1- (3 1 ( N- z rJ (Bcurv(s) -1), 
J1 . 

3 e" Z 2 

Ecoul =-----(Beau! (s) -1), 
5 ro A_1f3 

(2) 

(3) 

(4) 

(5) 

where s denotes a set of the shape parameters that characterizes the shape of the 

nucleus. The quantities Bsurf(s), Bcurv(s) and BcouJ(s) are the ratios of the sur­

face area, the mean curvature and the Coulomb energy at the shape parameters s 

to those of the spherical nucleus. The surface of the liquid drop is assumed to 

be the equipotential surface of the tvvo-center potential whose magnitude is the 

same as the one at the radius of the spherical nucleus and the volume enclosed by 

the surface is kept constant. The values of four parameters in Eqs. (3) ~ (5) 

are taken from Ref. 13) as 

r 0 = 1.123 fm, 131 = 1.7826, /30 = 17.8 MeV and ro = 6.5 MeV; ( 6) 

these values were determined by fitting the masses of the ground states and the 
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fission barriers of the actinide nuclei. However the double humped structure of 

the potential energy surface is not taken into account in this formula. To check 

the reliability of this mass formula, the potential energy surface of 236U calculated 

in this model is compared with that in Ref. 14). It is found that the barrier 

height calculated in the model of Ref. 12) is about 0.5 MeV lower than that of 

Ref. 14) but the qualitative features are not changed appreciably. For the calcula­

tion of the Coulomb energy, the slice method of Ref. 15) is used. 

2-2 Jyficroscopic Part 

The details of the shell correction energy LlEs were described in Ref. 10). 

The order P and the smoothing range r of the shell correction are taken to be 

6 and 1.1hw0, respectively. The pairing correlation correction energy L1Epc is calcu­

lated following Ref. 11). In this method, L1Epc is expressed as the difference of 

the BCS pairing correlation energy Epc calculated from the real single-particle 

levels and the corresponding quantity Epc calculated from single-particle levels 

with the smoothly averaged distribution using the same strength of the constant 

pairing interaction as that of the real system. 

(7) 

In the case of asymmetric fragmentation, the neutrons and the protons are 

put into the respective single-particle levels of the asymmetrically deformed potential 

compactly in order of energy just as in the symmetrical case. The degree of 

asymmetry is defined as the ratio of the left and right parts of the volume sur­

rounded by the equipotential surface that corresponds to the nuclear surface. 

Hence the attention should be paid to the fact that this quantity is not related 

directly to the ratio of the exact numbers of nucleons in the left and right parts 

of the potential. However, in the following, we use the term "fragment masses" to 

denote the masses obtained by dividing the mass of the fissioning nucleus according 

to the ratio of the asymmetry defined above. 

As was mentioned in the Introduction, the microscopic part of the potential 

energy is calculated by taking the single-particle levels of 25°Cf as a basis, since 

it is located near the center of actinide region. In the calculation of the micro­

scopic energy for each nucleus, these levels are shifted proportionally to the ratio 

of hw0 of the nucleus to that of 25°Cf. To check the error due to this approxi­

mation, we have also calculated the collective potential energies of 232Th, 24°Cf, 

256Cf and 260No with proper single-particle levels for those nuclei. Check calcula­

tions are made at various points, that is, z 0 = 3, 6 and 9 fm, for each Zo, 0 is set 

equal to - 0.5, 0.0 and 0.5. The results show that the maximum error is 0.35 

MeV and for most cases the errors are within 0.1 MeV. From these results, we 

conclude that with this approximation the potential energy surface can be calculated 

within the limit of the error ± 0.4 MeV and this error is considered not to cause 

any serious difficulty in the present analysis. The neck-in parameter 8 defined in 
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Potential Energy Surfaces for the Fission of the Actinide Nuclei 119 

Ref. 10) is fixed to be 0.5, as long as it is not specified. 

§ 3. The results and discussion 

For the five isotopes of Th, Pu, Cm, Cf, Fm and No and the eight isotopes 

of U, the contour maps of the collective potential energy are plotted as a function 

of the center separation z 0 and the fragment deformation o. *l As an example, 

the potential energy surface for 236U is shown in Fig. 1 (a). The contours are 

labelled by the energy in MeV relative to the spherical liquid drop model energy. 

The dashed line in the figure represents the static fission path. 

The ground state is located at Zo=O fm, o~0.2 and the second minimum at 

Zo~4.5 fm, o~0.3. The second minimum in this model has a finite center separa­

tion and this means that in the one-center (Nilsson) model, the deformation of 

the second minimum is described as a linear combination of higher multipole defor­

mations. In fact, the Legendre polynomial expansion of the nuclear surface of 

the two-center model converges very slowly even when the neck correction is 

imposed. 

In Fig. 1 (b), the potential energy surface for 236U is also shown in the 
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Fig. 1. The collective potential energy surface of "'U. The contours are labelled by the 

energies in MeV relative to the spherical liquid drop model energy. 

(a) A contour map plotted as a function of the center separation z 0 and the fragment 

deformation IJ. The dashed line in the figure represents the static fission path. 

(b) A contour map plotted as a function of an elongation parameter l and a constriction 

parameter d defined in Ref. 16). 

*l o=o,=IJ, in a symmetric fragmentation. 
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2.0 

0 

a 
0.2 0.4 0.6 

Fig. 2. The relation between the parameters (zo/ Ro, 

o) and (l, d)' where l is an elongation parameter 

and d a constriction pammeter as defined in Ref. 

16). These two sets of the parameters are con­

nected with the relation 

l= (zo/2+c)/Ro, d=1-do/a= 1-(1-zo2
1 8c2) 112• 

For the definition of a, c and d,, see Ref. 16). 

Shell Correction Energy of 236U 

02 03 04 05 06 

8 

Fig. 3. The shell correction energy surface 

of 236U as a function of the center separa­

tion zo and the fragment deformation o. 
The contours are labelled by the energtes 

in MeV. The two dashed lines are the 

contours of constant p, where p is the 

distance between the mass centers of 

the fragments. These are labelled by the 

constant values in fm. 

constriction-elongation representation used in Refs. 16) and 17). The relation bet­

ween these two sets of parameters is shown in Fig. 2. It can be seen that our calcula­

ted result is in accord with that of Ref. 17) and that these two sets of parameters 

give very different contour maps. 

The complicated structure of the energy surface in Fig. 1 (a) is mainly caused 

by the shell correction energy. In Fig. 3 the shell correction energy surface 

of 236U is shown. From this map the shift of the location of the ground state 

from the origin (z0 = 0 fm, o = 0) is seen to be due to the fact that there is a 

high hill at the spherical shape and is a lake at z 0 =0 fm, 0"-'0.22. At the position 

of the second minimum, there is a large valley which extends from Z 0"-'7.5 fm, 

o = 0 to z 0 = 0 fm, 0"-'0.5. This latter point has the oscillator frequencies O)p and 

IJ)z connected by the relation wp=2wz and is known to be the location that the 

deformed magic number occur in the spheroidal harmonic oscillator potential. So 

the single-particle level structure at our second minimum is expected to have a 

close similarity to the deformed magic structure. The dashed curves drawn in 

Fig. 3 are those with the condition p = 8 and 10 fm, where p is the distance between 

the mass centers of the nascent fragments. The shell correction energy 1s seen 

to be almost costant along the curve. This fact implies that (! may be a good 

fission coordinate at an early stage of fission. 
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Potential Encrg:.' Smfaccs for the Fission of the "lctinidc Nuclei 121 

In order to understand th1s fact microscopically, the neutron single-particle levels 

of 236 U are calculated along the dashed cun-e passing through the second minimum 

indicated in Fig. 3, and the result is shcrwn in Fig. 4. It is seen that the energ\· 

gap at neutron number 144~146 persists from the point z 0 -=0fm, (J=0.47 to the 

second minimum. 

In Table I, the results of the systematic calculations of the actinide nuclei are 

collected. In the table, the positions of the ground states, the first saddles, the 

second minima and the second saddles are shown. Also are shovvn the ground 

state energies relati\·e to the spherical liquid drop model energies, heights of the 

first saddles, the second minima and the second saddles relative to the ground 

states. Those ,-alues may change slightly since in the present \Vork no special 

consideration is given to the zero-point oscillation. In the last two columns are 

listed the fragment masses for the most favorable mass division at the second saddle 

236U Neutron I evels 

> 
Q) 

2 

>. 
en 
a; 
c 
Q) 50 

Q) 

u 
:;:: 

..... 
0 
0.. 

Q) 

0> 
.f: 
(f) 

(0.0, 0.473) (2.0. 0 .423) ( 4.0. 0.343) (6.0,0.2) (7.52, 0.0) 

( Z0 ( fm ) , 8 ) 

Fig. 4. The neutron smgle-particle level diagram of "'U as a functwn of the set (zo, p) along 

the line with p=S fm. The abscissa is labelled by the five sets of the parameters (zo, ii) 

all of which lie on the line with p=S fm. 
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122 A. Iwamoto, S. Yamaji, S. Suekane and K. Harada 

Table 1. The calculated locations and energies of the ground state, the first saddle, the second 

minimum and the second saddle. The ground state energies Eas are measured from the spherical 

liquid drop model energies and the heights of the first saddle Es1, the second minimum En and 

the second saddle Esn are measured from the ground state energies Eas. All energies are in 

units of MeV and zo are in units of fm. The most favorable heavy fragments masses MH and 

those of light fragments masses ML at the second saddle in the symmetric fragmentation are also 

shown. For the nuclei with asterisks, the contour maps of the collective potential energies differ 

markedly from those of their lighter isotopes and the locations of the second saddles are very 

ambiguous. So the mass ratios of these nuclei have little reliability. The locations are deter· 

mined by the visual measurement from the contour maps of the coiiective potential energy. 

The errors due to the procedure are about ±0.2 fm for the center separation zo and about 

±0.02 for the deformation rJ. 
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0.42 

0.25 

0.09 

-2.2 

-0.4 

1.0 

0.8 

1:39 

144 
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131 
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Potential Energy Surfaces for the Fission of the Actinide Nuclei 123 

point on the static fission path for the symmetric fragmentation. These quantities 

MH and A1L are obtained with the method in which the potential energies are 

calculated for five values of the asymmetry and then the interpolation formula of 

Gauss is used to obtain the most favorable asymmetry. The corresponding barrier 

heights are denoted as EBII· 

In this table we see that the positions of the ground states and the first 

saddles are fairly constant. The positions of the second mmrma and the second 

saddles, however, have a systematic tendency such that as the neutron number 

increases, the positions shift to larger z 0 and smaller o. The result of the most 

favorable mass division will be discussed later. 

In Fig. 5 the potential energy curves are shown along the static fission path 

as a function of z 0/ R 0• Arrows show the decrease in the potential energies due 

to asymmetric fragmentations. One can see from this figure that as the proton 

number increases, the relative heights of the first and the second saddle change. 

Note that in the case of 236Pu the height of the second minimum is almost the 

same as that of the ground state. This figure corresponds to Fig. 5 of Ref. 18). 

However, it must be noted that the potential energy curve in their figure is shown 

as a function of the fission coordinate r = p / R 0 • 

In Fig. 6 are shown the calculated heights of the second mrmma and the 

first and second saddles relative to the calculated ground states as a function of 

10 

5 

,., 
~ -5 

'" c 

'" 
~ 5 

<: 
.2! 
0 
(L -5 

10 

T6~No 

Z 0 ! R0 

Fig. 5. The collective potential energy curves for various nuclei along their static fission path 

as a function of the center separation zo/ Ro, where Ro is the radius of a sperical nucleus. 

These are determined from the static fission paths on the collective potential energy 

surfaces and then projected on the Zo·direction. The arrows in the figures indicate the 

decrease in the collective potential energies due to the asymmetric fragmentation at the 

second saddle point of the symmetric fragmentation. 
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124 A. Iwamoto. S. YamaJi. S. Suckane and K. Jiarada 

the neutron number. The solid lines are our results and the dashed lines are 

those of the folded Yukawa potential. 7'·' 81 The experimental data cited in Fig. 10 

As Is seen, two theoretical results 0£ f{ef. 18) are shown with various marks. 

are in good agreement. This is very surprising, for the single-particle potentials 

are quite different from each other. From this result. it is surmized thal in spite 

of the apparent difference both potentials gi\·e similar level structures near the 

Fermi level. The agreement with the experimental data is fairly good. To 1111-

First sodd I e Second m1n1urn Second saddle 

soTh .. 

0~----------+-----------~----------~ 

5 r:--
; or-----------~~~--o_~_,_,_--_-_-_---4-----------~ 
w 
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v 
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:0 
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s4PU 

~-
0~----------~~---------+----------~ 

s6Cm 

;:;, 5 

~ -~-- -- ', 

~ 0~----------+-~--------~----------~ 

0 

140 150 160 140 150 160 140 150 160 

Neutron Number 

Fig. 6. The heights of the first sarldle, 

the second minimum and the second 

,addle as a function of the neutron 

number. The solid lines are the results 

of the present calculations anrl the 

dashed lines are the results of Ref. 

18), both of which are measured from 

the calculated ground states. The van­

ous marks represent the experimental 

data, which are cited from Ref. 18). 

Asymmetnc Deformot1on 
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Fig. 7 The collecllve potential energ1es and the micro­

scopic correction energies LiEs+ LiEpc at the second 

saddle point for the symmetric fragmentation as a 

function of the mass ratio of the fragments. The 

abscissa is graduated in units of 20 nucleon differ­

ence between two fragments. 
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Potential Energy Surfaces for the Fission of the Actinide Nuclei 125 

prove the theoretical result, many efforts will be needed such as calibration of 

ground state energy, increase in the number of shape parameters of the potential 

and inclusion of the dynamics of the fission. 

In the abmce calculations, the degree of freedom of the mass asymmetric 

fragmentation is included. The first barrier and the second minimum are found 

to be stable against the asymmetry. Hovv'ever at the second saddle, the inclusion 

of the asymmetry lowers the barrier height. 5)-S).l'l Effects of the asymmetry are 

shown in Fig. 7 where the potential energy at the second saddle is plotted as a 

function of the mass asymmetry. The abscissa is the mass ratio of fragments 

and left ends of each figure correspond to a symmetric fragmentation. The solid 

line is the potential energy and the clashed line is the microscopic energy that is 

a sum of the shell correction and pairing correlation correction energies. From 

this figure, one can see a tendency that as the neutron number increases in each 

element, the most favorable mass ratio tends to unity. The lowering of the po­

tential energy due to the asymmetry amounts to zero to four MeV. 

The most favorable fragment masses thus obtained are plotted in Fig. 8 to­

gether with the experimental data. 20 l In this figure, the masses of the heavy and 

light fragments are plotted as a function of the mass of the fissioning nucleus. 

The various lines are our calculat-

ed results and the ex peri men tal 

data are shown by Yarious marks. 

Although there is a small dis­

crepancy in absolute value be­

tween theory and experiment, the 

overall trend of the mass division 

is 'Nell reproduced. In particular, 

the mass of the heavy fragment 

is almost constant in our calcula­

tion, which is consistent with the 

experiments. 

In order to investigate the 

origin of the mass asymmetry, in 

Fig. 9 the neutron single-particle 

level diagram of 236U at the 

second saddle lS shown as a 

function of the fragment mass 

ratio. The neutron levels are 

employed, because the neutrons 

are more responsible for the 

asymmetry than the protons. 19) 

The symbol n, in this figure 

is not the same as the quantum 
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Fig. 8. The most favorable masses calculated at the 

second saddle. The various lines represent masses of 

the present calculations. For comparion, the experi· 

mental average primary masses of the fragments cited 

from Ref. 20) are plotted with various marks. 
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236U Neutron Levels Z0 = 8.5 fm 8 = 0. 31 

> 
Q) 

~ 

>. 
0> .... 
Q) 

50 c: 
Q) 

Q) 

u 
t 
0 
c. 

Q) 

0> 
c: 

(J) 

45 

Fig. 9. The neutron single-particle level diagram of "'U calculated at the second saddle point 

(zo =8.5 fm and o=0.31) for the symmetric fragmentation as a function of the mass ratio 

of the fragments. Each energy level is labelled by the asymptotic quantum number 

[Nn,A]t.l' which is defined here as that of the main component of the wave function at 

the second saddle point for the symmetric fragmentation. The numbers surrounded by 

deformed circles are the neutron numbers where the closed shell structure appears. 

number n, of the two-center wave 

assign the numbers 0, 1, 2, 3, · · · to 

these numbers with the former n,. 

function which is not integer in general. We 

the latter n, in order of energy and identify 

We should also pay attention to the fact that 

the main component of the wave function of a level changes as the potential 

deforms asymmetrically and therefore, the label [Nn,A].Q" is only meaningful near 

the symmetric deformation. 

In this figure some pairs of levels whose labels are [NOA].Q and [N+11 A].Q, 

for instance, ( [615] 11/2+, [505] 11/2-), ( [512] 3/2-, [ 402] 3/2+), etc. can be 

found near the Fermi level. As was already pointed out in Refs. 21) and 22) 

these pairs of levels play an important role in directing the fission to an asymmetric 
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Potential Energy Surfaces for the Fission of the Actinide Nuclei 127 

path. The level spacing of these levels is small at symmetric deformation. The 

reason is that they begin to degenerate according as z 0 becomes large in the case 

of symmetric fragmentation and as they have small n, the degeneracy occurs at 

an early stage of fission. In addition they are connected with the relation 

L1N=1, L1n,=1, L1A=O, L1Q=O, (8) 

so that they have a large matrix element for the octupole deformation. Therefore 

they repel strongly each other when the potential deforms asymmetrically and 

then the level spacing between them becomes larger. 

The most apparent example of this tendency can be seen in the pair ( [615] 

11/2'-, [505] 11/2-). There are several such pairs near the Fermi levels of acti­

nide nuclei. These are grouped into two, one consisting of the pairs ( [615] 11/2+, 

[505]11/2-), ([512]3/2-, [402]3/2') and ([510]1/2-, [400]1/2+) and the others 

([514]7/2-, [404]7/2') and ([512]5/2-, [402]5/2~). Theformergroupisslightly 

above the Fermi level and the latter slightly below at the symmetric deformation. As 

a result, there occurs a rather large energy gap between neutron numbers 142 

and 144 in a rather wide range of asymmetric mass ratio around 144: 92. This 

energy gap is most responsible for the formation of the optimum asymmetric frag­

mentation. As the neutron number increases, the energy of the Fermi level be­

comes higher than this gap and therefore shell correction energy increases. There­

fore the most favorable mass asymmetry becomes smaller with the increase in the 

mass number of the fissioning nucleus. This effect seems to be most responsible 

for the fact that the masses of the heavy fragments are fairly constant. 

When this single-particle level diagram is compared with that of Fig. 2 (b) 

of Ref. 7) calculated by the folded Yukawa potential at the second saddle, the 

similarity of the two diagrams can be seen at first glance. However, there is a 

noticeable difference between the calculated results of the mass asymmetry. Ac­

cording to Ref. 18), the mass asymmetry calculated with the folded Yukawa po­

tential is smaller than the experimental value. On the contrary, our result is 

larger than the experiment. This could be understood as follows. As the bottom 

of the folded Yukawa potential is flat in the z-direction unlike the two-center 

potential used in the present work, the degeneracy of the levels [ N 0 A] Q and 

[N + 11 A]Q in Ref. 7) is less than ours at the second saddle for the symmetric 

fragmentation. Accordingly, the degree of the repulsion of these two levels clue 

to asymmetric deformation is weaker than ours. Hence it will happen that the 

most favorable mass asymmetry of Ref. 18) is smaller than ours. 

In contrast to the neutron case, our proton single-particle level diagram is 

not so similar to that of Fig. 2 (a) of Ref. 7). In Fig. 10, the proton single­

particle level diagram of 236U at the second saddle is shown as a function of the 

fragment mass ratio. From this figure, we can also find some level pairs whose 

characters are discussed above. These are ( [303] 5/2-, [ 413] 5/2+], ( [301] 3/2-, 

[411]3/2-'), ([301]1/2-, [411]1/2+) and ([404]9/2+, [514]9/2-). In this case, 
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236U Proton Levels Z0 = 8.5fm 8 = 0.31 
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Fig. 10. The proton single-particle level diagram of "'U calculated at the second saddle 

point (zo=8.5 fm and 8=0.31) for the symmetric fragmentation as a function of the 

mass ratio of the fragments. Other notations are as in Fig. 9. 

the resultant closed shell structure at proton number 80 seems to be most effective 

for the occurence of the asymmetric fragmentation. Therefore, in the actinide 

region we have investigated, the effect of the proton shell on the mass asymmetry 

is weaker than that of the neutron shell. 

The most favorable mass asymmetry was also calculated with the deformed 

Woods-Saxon potential.28l, 24) In Ref. 23) the mass asymmetry was estimated at 

the static second saddle, and the estimation in Ref. 24) was made at the "dynamic" 

outer saddle which is the local maximum of the potential energy surface along 

the least-action trajectory. So the result of Ref. 24) cannot be compared directly 

with ours. A comparison between the results of Ref. 23) and of the present work 
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Potential Energy Swjaces for the Fission of the A.ctinide Nuclei 129 

shovvs that the former is better than the latter with respect to the peak to peak 

mass ratio 1'v1u/ 1'v1L, while the former is not so good as the latter as to the con­

stancy of heavy fragment masses. Consequently, one can say that the most favor­

able mass asymmetry is rather sensitive to the details of the single-particle potential. 

The neck-in parameter c is fixed to be 0.5 throughout the present work. 

In order to obtain the minimum value of the potential energy, the parameter c 

must be varied for each set of the parameters z0, a and a. However, as it takes 

a huge computer time to carry out such a variation completely, the c-dependence 

of the potential energy of 236U has been examined only at the first saddle, the 

second minimum and the second saddle. Though it is difficult to mention the 

general trend of the <>dependence, the following conclusions are found. In the 

case of symmetric fragmentation the dependence of the potential energy surface 

on the parameter c at these three points is very weak. In particular, the potential 

energy at the second minimum is nearly constant as the parameter c changes from 

0.3 to 0.7. The values of c less then 0.5 are favored at the first and the second 

saddles. 

Finally, we must note about the microscopic energies in the region of large 

two-center deformations. At the later stage of the fission, the fragmentation pro­

ceeds more and more and lastly comes to the situation of two separated nuclei. 

In the present work, we have calculated the shell correction energy by always 

putting the nucleons into the lowest possible single-particle levels at each defor­

mation, without distinction of the level whether it belongs to light or heavy 

fragments. Such a calculation will not be correct for a large two-center asymmetric 

deformation. The pairing interaction adopted in this paper has a constant strength 

throughout the fission path. The realistic pairing interaction in a fission process, 

however, may depend on the center separation z 0 and therefore on the fragment 

state which is occupied by a nucleon pair. These problems deserve to be studied 

carefully for the detailed discussion of the potential energy surface in the defor­

mation region far behind the second saddle. 

§ 4-. Summary 

A systematic calculation of the collective potential energy surface for the 

fission of actinide nuclei was performed using the modified two-center shell model 

developed in Ref. 10). The resultant heights of the first saddle, the second mlm­

mum and the second saddle for the fission of these nuclei were fairly in good 

agreement with the low energy experimental values. It was found that the mass 

asymmetric deformation has to be included near the second saddle configuration 

for most of the nuclei studied. The values of the most favorable mass ratio were 

obtained by the variation method at the second saddle for the symmetric fragmen­

tation and these values were found to be fairly in good agreement with the ex­

perimental data. The fact that the masses of the heavy fragment nuclei are 
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130 A. Iwamoto, S. Yamaji, S. Suekane and K. Harada 

constant was also reproduced systematically and was discussed in connection with 

the single-particle level diagram. 

Numerical calculations were carried out by F ACOM 230/75 at the Institute 

of Physical and Chemical Research and by FACOM 230/60 at Japan Atomic 

Energy Research Institute. 

The authors wish to thank Drs. J R. Nix and P. Moller for kindly supplying 

their results prior to publication. 
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