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In this supplement, we first present technical lemmas and complete proofs of the lemmas
and theorems. We also present additional numerical results with regard to non-Gaussian
data, various dependent structure, and comparisons with extreme-value-based tests, to serve

as a complementary to the simulation studies in Section

S.1 Lemmas

Lemma 1. Suppose ni/ (n; + ny) — 7 for some constant v € (0,1) as min{ny,ny} — oo.

Given Assumptions [IH2] under Hy, as ny, no, p — 00,

Cov (—Mnlm , —Tnl’m) =o(1), (1)

001 002

where fnlm are defined by .

Lemma 2. Suppose ny/ (ny + ng) — 7 for some constant v € (0,1) as min{n;,na} — oo.

With Assumption [2] as ny,ny — oo,



(1) if p1; = pa;,

2M;
VAL 4 )
Vi
where V; = ﬁo—iii + ﬁagm‘ + ﬁo—l,iialii-
(ii) if pai # poi,
M; — (pa; — poi)?
i = p12i) 4 N(0,1). (3)

\/4(M1i - H2i)2 (% + 02—2”)
Lemma 3. Suppose ny/ (ny + ng) — 7 for some constant v € (0,1) as min{n;,na} — oo.

With Assumption [2], as ny, ny — oo,

(1) lf Ul,ij = 02,ij7
V2T d
5]_/2 + 1 % X%? (4)

v

where
1 2 A T T
§ij = 2 . (07 i + 0140155 + Aatr(ym; © i)

2
1

+ - (US,U + 09,4025 + A2tf(72z‘72Tj o 72ﬂ§j)> (1+0(1)).
2

(11) lf 0'171']' 7é 0'271']',

Tij — (Uu' - U2,i')2 d
’ 1/}1]/2 ’ — N(Ou ]-)’ (5)
ij

where

1
Vij = 401,55 — 02,45)° (n_1 (Uizj + 0140155 + Altr(%ﬂﬂ o 712'75))

1
T (0345 + 02i02,55 + Datr(2i75; © VWQTJ))
2 .



S.2 Proofs

S.2.1 Proof of Lemma

Proof. Without loss of generality, we assume the common mean vector under Hj is u = 0.

We rewrite the statistics M, ,, and fmm into the form of two-sample U-statistics as follows.

4 niy n2
Mn1n - H Xu7XU7Y ’Y , 6
" m(n — Dna(ng — 1) ;; i & Y1) (6)
and
~ 4 ni n2
T’I’L n - H X—u7X’UaY 7-Y- . 7
" na(ng = Dng(ng — 1) ;; 2( e Y1) (7)
where

(XIYr) + (XY + (XY + (X)Yy)

H1<X1L7XvaY1c7Yl) = (X;LXv) + (Y;Yl) - 9

Y

and

(XLY5)? + (XY)? + (XL Y0)* + (XY
2

Hy (X, X, Y3, V) = (X,X,)? + (YY) —

To simplify notation, we define A = T'1T'; = (aij)1<ij<m, B = TaTa = (bij)1<ij<m,, and
D =TT, = (dij)1<i<mii<j<m,- Recall that under the null hypothesis, we have i =
Y, = 3, and I‘QI‘ZT = 3, = ¥. The covariance of the two U-statistics M,, »,/001 and

Ty .ns/002 can be obtained by

001 002 2 2 0; ~ 7 2—1 J 2—3

where cov(; ;) = 05i'00s Cov (H1(Xuy, Xoy, Yy, Y1), Ho(Xuys Xoys Yi,, Yy,)) with ¢ being

the number of integers common to (uy,v;) and (ug,v2), and j being the number of integers



common to (ky,l;) and (ko,(l3). After simple calculation, we have

COV(()’Q) == 0'0_110'0_21 COV (Hl(Xl,Xg,Yl,Yg ,HQ(Xg, X4,Y37Y4))

)

cov(1,0) = 041 00s Cov (H1(X1,Xa, Y1,Y5), Hy(X1,X3,Y35,Yy))

cov(o,1) = g1 05y Cov (H1(X1, Xa, Y1, Y3), Ho(X5, X4, Y1, Y3))
)

COV(1,1) = 00_1100_21 Cov (H1(X1,X2,Y1,Y,), Ho(X4,X3,Y1,Y3))

—1 m1 mg2

oo
_ 01 02
= E ,§ :d E2111E221]7

=1 j=1

COV(Q’O) = 0611(7621 COV (H1 ()(17 X2, Y17 YQ), HQ(Xl, XQ, Y3, Y4))
mi
= ‘70_1100_21 a?jEzfliEZ{)Qja
i,7=1

COV(072) = 0'0_110'0_21 COV (Hl(Xl, XQ, Yl, Yg), HQ(X3, X4, Y17 Yg))

-1 -1
= 0p1 Op2 E b EZ211E222]7

2,7=1

COV(Q’l) = 0'0_1100_21 Cov (Hl(Xl,Xg,Yl,Yg),HQ(Xl,Xg,Yl,Yg )
mi me

= 051 005 < Eszzlzj + - ZZd E2112E2213>
1,j=1 i=1 j=1

cov(12) = 091 005 Cov (Hy (X1, Xa, Y1,Ys), Hy(X1,X3, Y1, Ys))

mi me
= 001 002 <Z b; E2211E222g +5 sz Eszng

4,j=1 zl]l

COV(272) = 0'0_110'0_21COV (Hl(Xl, XQ, Yl, Yg), HQ(Xl, XQ, Yl, Y2

mi mso
= 041 gy <Z al]Eszzw] + Z b; EZ211EZ22] + Z Zd E2111E221j

=0,
=0,

=0,

i,j=1 1,j=1 i=1 j=1

Therefore, (§) becomes

M, .. T
1,12 ni,n2
Cov | —=,—/=2]|<
001 002 n1n2001<702

1,j=1 2,j=1

mi1 m2

Za”+Zb —i—ZZd

=1 j=1
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where C' is a sufficiently large positive constant. What’s more,

m1 m 1
Z aiy| < nax oy Z 02 < Ahax(ATA) - tr(A%) = Ao () - t2(2?).
,j=1 4,j=1
Similarly,
D B < Anae(D) (2, DD dh | < Aax(T) - t2(2%).
1,j=1 i=1 j=1

Further by Assumption 1, we have Apax(2) = o(trz (£2)), the proof of Lemma 1 is complete.

O
S.2.2 Proof of Lemma
Proof. By definition, it is straightforward to show that
2 4
M) =—————071 . S i T —— 0102
var(M;) Y 1)017“ + na(a 1)027” + nanaL o9,
4 4
+ — (s — M2i)201,ii + — (s — ,uzz‘)szz,n‘-
ny na
Note that M; can be re-written as follows.
YRR O . oSV b
nl(nl — 1) - 7”L2<TL2 — 1) v niny " "
1 - 1 =2
= — Xui — p1i) (Xoi — pni) + ——= Yui — pi2i) (Yoi — poi
 FR— u;( f11)( u1)+n2(n2_1> %( f12:)( i2:)
2 ni ng ni
— Xui — i) (Yo — pog) + — i — H2i) (X — Hi
. Zu: 21,:( fai) fi2i) + " Zu:(ul f12: ) ( f11i)
p )
+ n_2 Z(/@z’ — p1q) (Yoi — poi) + (p1i — pos)
2 2 & )
= Mo+ 71_1 Z(Mli — p2i)(Xui — p1i) + n_2 Z(Mzi — p1q) (Yoi — pro) + (p1i — M2i),
(10)



where

1 - 1 =2
Mio = ——= ) (Xui = pi)(Xoi — pi) + ——< D> (Yui — poi)(Yoi — 12
0= T ;( i) (Xos = ) + s ;( i) (Yai — pizi)
ny  na

n1n2 Z Z ui :ull Yo N2z> (11)

We first show that v/2 MZOV 2114 X3 as ny,ny — 0o. Without loss of generality, we

consider fi1; = pto; = 0 in M; . Therefore, becomes

M;
ny no
- n1—1 ;Xuszz+ n2_1 ;Yuzmz_nln2zzxuzy;n
01 1 & Xﬁi 02,ii 1 Yu2i
T (rz ) S () at
052512

1,37 ) K7 z : 2 :
e /_ 1/2 /_ 1/2
ning Ul/'Lz 02/11
1/2 1/2 ny 9
o 01 K13 z : 02 K1) Z 01,is 1 Xm
1/2 1/2 nl_l ny 01,11
u

Ul K1) 2u )
ng 2
02.i3 1 Yu%- i 01,is Z 02,45 1 Z Yii
ng —1 mng — 02,i ni(ng —1) \ y/n i/j 2(nz —1) \ V/n2 u 0;/5
(12)

By the central limit theorem and the law of large numbers, as ni, ny — oo,

1 o~ X2 1 Y2
\/—Z 1/2 \/—Z 1/2 N(0,1), n_lz(,l”£>1> n_ZZ_il‘

g
0y K13 ) S U ) u 2,8

What’s more,

\/_Ulu . \/§Jlii 01,4

i = P - 1
i ng V2 (%4 Y (L4 o(1)) Lt 0

ni




\/502,“' \/502 04 02,45

1/2 - 01.ii o - 1
nal; ny - V2 (71_1“ T 2”> (1+0(1)) (1= 7)ovii + o2,

n

Also because {X,;}it, and {Y,;},2, are independent, and note that

01,4 0244 1

1
15 02,ii (1 — Y)01ii + Oai

(13)

)
01,4 +

we have \/§Mi,01/,-_1/2 +1 A X3 as ni,ny — oco. According to , M; = M, it py; = poi.

We complete the proof of .

If K14 7é 2, based on a

n2

2 L 2

M; — (Mi - ,UQZ‘)Q = MzO + (/m /m) Z(Xuz - ﬂli) + n—Z(/lm‘ - ,Uli) Z(Ym - /m)
1/2 n 1/2 n
Y 2013 (pi1i — o) 1 Z Xui — i 2080 (Hai — pas) 1 Z Yii — [l
T Vs Vi Vme ol
Since
i 2 1/2
Mig My [2(% ) (14 0(1))
: = 5 —0
o 02,0 1/41/2 4( ) <Ul A %) ’
\/4% f12:)° ( T n—> Z Pai = p2i)” \ S

1/2

’QUi,/;(Mu — 12i)

1/2
n
! . O01,ii N ( 01,ii
I )
. » O1,ii 02,44 014 + ——09.4
o o =t 2 St — Jii
\/4(Mli — f;)? (—1’” + —2’”) m ( R ) 1—y ,

n
ni ng L

1/2

’2‘7;,/5 (p2i — f11:) 09.4i

1/2
_ - ( 02,45
e oan i | o2 (1—7)01,n+02,n’)
\/4(le fh2i)? ( S+ 2—> 12 ( + ) ’

n n
n o 1 2

and together with the central limit theorem,

M — (p1i — pai)?
(p11i — 1) i>N(O,1) as ny, Ng — 00.

\/4(M1i - N2i>2 (U;L—l” + J;—;)




This finishes the proof of Lemma O

S.2.3 Proof of Lemma

Proof. As discussed by |[Li and Chen| (2012)), the third and fourth-moment summation terms
in A;j, B;; and C;; are of the smaller order than the leading second-moment terms. Af-
ter centering each variable, removing those terms from 7;; would not affect its asymptotic
behavior. As a result, without loss of generality, we assume pu,; = p, = 0 and study the

simplified statistic

T;
niy  no
1

1
=— Z XXy XoiXog + oy Z VaiYogYor oy = = Z Z XX YoiYes.

m (nl o 1 u;ﬁv uFv

(14)

Tw and Tj; share the same asymptotic properties.
By definition, it is straightforward to show that Var( ;) = i + &;. Following similar

arguments as in the proof of Lemma E, we first rewrite Tij in the form of

1) | 7@
Ty =T +1,

ij

(15)

where

ni

o._ 1
Tij = m Z(XuiXuj - Ul,ij)(Xvinj - Ul,ij)
UFAV
1 -
> (YuiYay — 0255) (Y Yoy — 02
na(na — 1) ;( i~ 02)( j — 025)
ny ne2

Z Z XmXu] 01 Z])()/m}/v] 02 zg) (16>

ning



and

2 =

T = (o145 — 025)* + n_l(al,ij — i) ) (XuiXuj = 0145)
u=1
2 =
+ n—2(02¢j —0145) Y (YaiYuj — 0245). (17)
v=1

Following the same procedure as in the proof of Lemma [2] we are able to prove

VTP 115 3

as ni,ny — 0o. When 015 = oy, Ty = Tl(J), which proves 1) If 01,5 # 094j, We
have w;lm(Tz‘(jz) — (0155 — (72,@']')2) A N(0,1) and lp 1/2 (&J/wzj)lﬂ " 5—1/2 P 0 as
ni, ng — 0o. Together with , we complete the proof of Lemma . n

S.2.4 Proof of Theorem

Proof. By Slutsky’s theorem and Lemma [2) under the null hypothesis Hy,, : p; = o, we
have \/§Miﬁi_1/2 114 X3 as ny,ny — co. What’s more, for each i = 1,--- | p, by Lemma 1
of (Chen, Li and Zhong (2019) and Theorem 3 of |Petrov; (1954)), we have

P (VRM 2 41 > 6,y Ho ) = 2(1 = ©(012)(1+ O(n™10) + O3}/ *n 1),
Therefore, with 6, = 2log p and assuming logp = o(n~'/3),
P <\/§M[y\2._1/2 +1> 5n,p|H0m> < 5;1/2 exp(—logp)(1 +o(1)) = o(p™).
As a result, as ny,ng, p — 00,

P (J,, = 0|Hop) = P (max VaMT 1 < 6n,p|H0m)

1<i<p

=1-P (max \/—MA 201> 5n,p|H0m)
1<i<p



>1—p- maxP(\/_MA R 6n,p!H0m) — 1

1<:i<p

Chen and Qin/ (2010) proved that under the null hypothesis Hop,, ;' > b, M; A N(0,1) as

ni,no, p — 00. As a result, under Hy,,,

Mpp = — M; + Jn, —>N01 as ni, Ng, p — 00.
PE 0012 (0,1) 1, M2,pP

The proof of Theorem [1|is complete.

S.2.5 Proof of Theorem

Proof. By Slutsky’s theorem and Lemma [3] under the null hypothesis Ho. : 31 = 3o, we
have ﬁﬂjé’;l/z +13 X3 as ny,ny — oo. Lemma 2 of (Chen, Guo and Qiul (2019) proves
that P (maxlgmgp \/57}]-5;1/2 +1> 4logp|HOC> — 0 as ni,ng,p — o0o. Therefore, with

np = 4logp,
~1/2
P(J.=0|Hy) =P (1r<na><< \/§Tij§ij +1< 77n,p|H0c> — 1 asng,ng,p— 00,
<i,j<p

Li and Chen| (2012) proved that under the null hypothesis Ho, , 5oy > oy > 0, Ty N N(0,1)

as ni,ng, p — 00. As a result, under Hy,,
1
Tpr = A_ZZT” + J. a4 N(0,1) asny,ng,p— 0.

The proof of Theorem [2|is complete.

10



S.2.6 Proof of Theorem

Proof. For the power enhancement properties of Mpg,

inf P(Mpg > z,) > min{ inf P (Mpg > za), inf P (Mpg > za)}
(l'l'p/'l’z)eggnug}gn (Hlvll’z)eggn (M, 5)€EGS, .

By definition, J,, = \/]_92?:1 Miﬁflﬂf{\/ﬁMiV;lﬂ +1>6,} >0 as long as n and p are not

too small such that 9, > 1. Hence, as ny,nq,p — o0,

1 p
inf P(Mpp>z,)> inf Pl—> M>z (18)
(KL, Hb,)E€GE, (K. H,) €67, —1

where the right-hand-side of approaches 1 as shown in (Chen and Qin| (2010)). It suffices

to show that

inf P(MPE > Za) — 1. (19)
(Mg, 5)EG,
Let
. i< (,Uli_,UQi)2 > 165
Sm(p, o) =1 <i<p: 12 = 160,
v;
and

~1/2
v;

S 2M,;
Sm:{1§z'§p:—\/_ +1>5p}

then J,, = /p S0, Mo, PT{V2MD; 2 +1 > 6} = /B ,cq. MiD; /. By definition,

{Jm < /B0 = 1)/V2} = {5 = @} and G5, = {(1, o) © S (1, 112) # 2}
By the large deviation and logp = o(n'/?), for any € > 0,

~

- 1' > e) =o(p™h).

Vi

sup  max P <
(Kb hy) €G3, 1S15P

Note that,

1nfegfnP(Sm(u1,u2) CSm) = mfeG,SnP ( ﬂ {A1/2+1>5P

(leiz) “17/"’2) iESm(M17I»L2) 1%

i

11



. M; — (p1i — p2i)?® . (1 — p2i)? _ Spv/1+e v
> inf SP ﬂ 1/ + /3 > NG m ;—1 <e
k2S00 sy bay) Vi Vi Z
S nf p M; — (i — p2i)?  (p1i — p2i)? S V14 €
T ln)egs ﬂ 1/2 + 1/2 \/é
Hps by m 1€ Sm (Jhy,fb,) i v,
U
-p U i 1‘ > e}
i€Sm (1 1)
- ot P M; — (p1i — p2i)? (p1i — p2i)? n opV1+€
~ ln)egs ﬂ 1/2 > 1/2 V2
HrioHa) €9 i€ Sm (g, 1hy) v v
—p max P vi 1| > €
1<i<p \ |y
M; — (p1i — poi)? (10 — p2i)? V1+e
>1- sup P U s > /9 -0, 7
(Hy:H2) €G3, € Sm (Lhy,1b,) v, v,
—p max P v 1| > €
1<i<p \|vi
M; — (p1i — poi)? (p1i — poi)? V1+e
>1- s p‘f??qu | > T
(K, 185)€EGS, =P v, v,
—pmaxP(Vi—1‘26>.
1<i<p \| v

Further that let € < 1

M; — (p1i — poi)? (p1i — p12i)? 5 V1+e
sup =~ max b 1/2 > 7z T
(K, M) EGs, 1STSP 2 Vi
M;
< max P 11’0 > 0
1<i<p v, /2

+ sup max P
(Bby o) EGs, 1STSP

20y (i — p2i) 1 Xui — pi
(R

20y (ot = 1113) 1 A Y — paa
< \/7Tgy1/2 . \/@; 05/5

(2

1 i — p2i)? 1+e
(g a0 050)

7

1 i — p2i)? 1+e

(2

+ sup max P
(K, 10)EGS, Isi<p

1

NG

< 2exp(—%p)

ni

4
1 Xui — i \/nlvil/ |p1s — pail 5;/2 V1te
+ sup max P g 7| > 3 Y7 (1+ 7 )
(K, H00)EGs, 1SISP YAk 1, 4oy v; 2

12



+ sup max P
(“1 Nz)ng‘n 1<i<p

1 iy — p2i| _ /N2y, 1/ |1 — o4 _5;/2(1+v1+e)
Vi S ol 4oy
n1 1/4
R R
2 \/57) (b, 4,)EGS, 1<i<p \/771 " Vi 4 2
1 Ym — H2i 21/4 1 _
N Z 1/2 | > 4 <5;/2(4 - 2)) =o(p 1)-

>
Vi1/4 4
1) 1 1 Xui — i
<2exp(—2)—=+ sup max P ( Z ui — Hi
v b ,il

+ sup max P
(K 15)€GS, 1sizp

It implies, inf gy )egs, P <Sm(y,1, o) C §m> — 1. Furthermore,

o, — 1 o~
sup P (Jm < p- = ) = sup P (Sm = @)
(Hl,u2)€gfn \/§ (ulvug)egfn

= sup <§ = >—>0
{(Hy ) S (L ) # 2}

ie., inf p,egs, P (Jm > /p(6, — 1)/\/5) — 1. Therefore, as ny, no, p — 00,

5 —1
inf P (Mpg > z,) > inf P P + — M, >z, | — 1.
(1,056, (Mpp 2 2a) 2 (B )€, (ﬁ V2 ' Go Z )

(19) is proved. In terms of power enhancement for Tprp,

inf P(Tpg > z4) > min{ inf  P(Tpp>2z2,), inf P((Tpg> za)}
(31,32)€Gdug: (21,X22)egd (31,32)€Gg .

Let
. 01 — 02,5)° .
Se(X1,3) = {(Z,J) : % > 16m,,1 <i,j < p}
52] ,
and
5 V2T
SC:{(z,j): ~7 +1>mn,,1<i,j<p
Z_] s
then Jo = /p >0 S0 T PI{V2T,6,° + 1>} = DY syes T, - Note that

13



J. > 0 so long as n and p are not too small such that 7, , > 1. As ny,ng,p — 00,

1 p p
inf P(Tpg > z4) > inf . P|_— T > 24 20
(21,32)€Gd ( PE = ) T (Z,Z0)egd (002 Zz; =1 ’ ) ( )

where the right-hand-side of approaches 1 as shown in |[Li and Chen| (2012). It remains
to prove that

(21712?2)692’ ( PE = Za) ni, N2, p o0 ( )

Similarly,

€5:(%1,X22 i

> inf P {Tij — (01,45 — 02,45)° + (0145 — 22)° = np\/m} ﬂ {
. S - 1/2
(31,X32)€gs (,5)€8c(X1,22) ¢ / g \/i

i i

—~ \@T"
inf P (S.(Z1,% S.)= inf P Y 1
(2171{312)695 < (21, 3) € ) (Elalz%)egg ((ij) m ){ 2 T

&ij

gij

)

> % <(Ul,ij — 02,ij)* _771/2(1 4 V1 —i—e)))

7w &
>1—P| max ?Q > My —p> max P (|22 —1|>¢
1Si<p | ¢}/ 1<ig<p \ |&j

2(01,i5 — 02,i5) A

72 Z(XuiXuj — 0145)

—  sup max P (

(51, 5h)eGs 1< <p e ~ &/ ! V2
2(02,ij — 01.i5) ~ 1 (o145 —0245)* 1/ V1+e
—  sup max P || ————F——= YoiYuj — 094j)| > = | 22— 20 _pl/2(1 4 )] -
(21,52)€G8 1<4,5<p ( n 53/2 uz:l( ut L uj ] 2 f,ilj/2 p ﬂ
. 7
Let € < 1. Together with | maxi<; ;< f% >n, | — 0,
ij
2(01,ij — 02,i5) @ L ( (0145 — 02 ij)2 1/2
sup - max P | |———="= ) (XuXy —o01i)| > = ’ ML opl/
(31, 2p)egs 1ShI<p ( m@lj/ ? ; o ? 2 ffj/ ? g
=o(p~?)
2(02,45 — 0145) L [ (o1 — 025)° 1/2
sup max P |————==% (VY —02i)| > = : R
(31 30)€0: 1<i,j<p < n2§¢1j/2 ; utd u, ] 2 5,1/2 p

=o(p~?)
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and by the similar proof of Lemma 3 from |Cai et al. (2013]), we have

ij

sup max P ( —1

(21 22)695 1<1, ]<p

> e> =o(p?) fore>0,

we have, inf(s, 5,)egs P (SC(El, 3,) C §C> — 1. Furthermore,

-1 ~
sup (J<\/_ ): sup P(c:@)
(£1.52)e0; V2 (£1,52)€0;

= sup P <§c = @) -0,
{(21722)35c(21722)7&®}

ie., inf(s, 5,)eg: P (JC > /D(1p — 1)/\/5) — 1. Therefore, as ny,no, p — 00,

. . Tlp —
inf P (Tpg > z,) > inf P >z | — 1.
(51,52)€0e (Trs 2 2a) 2 (51,52)€; (ﬁ \/_ o ZZ . )

=1 j=1

(21)) is proved. The proof of Theorem |3|is complete.

S.2.7 Proof of Theorem

Proof. From Theorems [I] and [2, under the null hypothesis Hy,
P(J,=0)—1, P(J.=0)—1 asng,ng,p— 0.

Therefore, for any x1, 29 € R,

M T
‘P(MPE <x1,Tpp < x9) — P (# <z, =2 < 952)
001 002

S‘P< 2 4 T < 1, A”+Jc§wz)—P< 122 T < 1, A“’S:Bz)

001 002 001 002
Mn n Tn n: Mn n TTL n

+ P( 1,12 +J < xl’ Al: 2 S xz _P Al: 2 S 1,17 Ala 2 S .T2
001 002 001 002

M, T
S‘P( 2y <@y, =R T <1
001 002

. =0)

cho) x P(J,=0)+ P (J, #0)

15

M, T
- P 2 T <@y, =2 <1y
001 002




Mn n: T’I’L N
—|—'P( 12+J <3§'1, ,\12<£L'2
001 002

o P (Mnl ;12 < T'IZl,TLQ S l_2

-

Jm:0> X P (Jy =0)+ P (Jy, #0)

— 0 under Hy as np,ng,p — 0. (22)

1, — <

001 002

It remains to prove that under Hy,

Mn no Tnl ng
P < 2 gy, =22 < [Eg) — O(z1)P(x2) as ny,ng,p — 0. (23)
001 002

Together with Lemma [1] it suffices to show that for any a,b € R, aMy, n,/Go1 + 0Ty, 0y /T2
converge to a normal distribution. From the discussions of |(Chen and Qin| (2010) and Li
and Chen| (2012)), we know that &, (Tm,n2 - fmm) %0 and Gy /o0 2 1 for i =1,2. As
a result, we only need to show that under Hy, aMy, n,/001 + bTp, ny /002 is asymptotically
normally distributed. Let g and 3 denote the common mean vector and covariance matrix
under the null hypothesis. Without loss of generality, we assume p = 0.

For ease of notation, let W; be a new random variable taking values of

Let Fo = {92,Q}, Fon = o{Y1,..., Y} form = 1,2,... ,n1 + ng, and let E,,(-) denote the

conditional expectation given F,,., i.e., E,,(-) = E( - |F,,). Consider
Dn,m = (Em - Em—l)Mnl,nza Gn,m = (Em - Em—l)Tnl,ng-

To be more specific,

m—1 m—1
2

Z W!W,. Z{m < n} + - > WIW,.I{m >}

Dn,m =
(n2 — )i:n1+1

nq (Tll — 1

ZWW Z{m > ny}

n1n2
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2

Gpm =————— [WhQ1m1 Wy, — t7(Q1m13)] T{m < n1}
ni(n; — 1)
+ ﬁ (W, Qo1 W — t1(Qam 1 2)] Z{m > ny}
2

[W;nQLnle — tr(Ql,mZ)] Z{m > n1}7

ning

where Q11 = Y1 (W, W, — ) and Qo ny 111 = Yoimy (Wi, (i W]

It’s easy to verify that

ni+ng

aMn1,n2/001 + anl,ng/UOQ = Z (aDn,m/O()l + bGn,m/UO2) y

=1

ni+i -

and for any n, {aD,, m /001 +bGpm/002, 1 < m < n} is a martingale difference sequence with

respect to the o-fields {F,,,1 < m < n}. By Martingale central limit theorem, we only need

to show that
anlizm Em—l(aDn,m/UOI + bGn,m/002)2 P

52 — 1,
and
221:‘1712 E<aDn,m/001 + bGn,m/UO2)4
1 — 0,
STL
where s2 = var(aMy, n,/001 + VT, ny/002) = a2 + b2 + o(1).
Chen and Qin| (2010) and |Li and Chen| (2012) proved that
1 ni+n2 1 ni+ng
— D> Baa(Di) 21 o Y Eaa(Gh,) B
901 .1 902 ;o
and
1 ni+ng 1 ni+ng
— > ED;,,)—0, — > EG,,)—0
%01 02 ;o
Therefore,

17
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(25)) is proved. In order to prove , we only need to show

n1+n2

1
> En1(DnmGrm) 2 0. (26)
1

001002  —

Rigorous calculation suggests that for a sufficiently large positive constant C, we have

‘E (Z:@l:{n Emfl(Dn,mGn,m)” = ‘Z?nl:lnz E (Emfl(Dn,mGn,m))‘

<C (nil + l)Q Amax (2)tr(3?),

n2

and
n n 2 n n
E (Zmlil ? Em—l(DmmGn,m)) S (nl _I' 712) Zml:l 2 E (Egz—l(Dn,mGn,m))
CX2n (DT (52)
< (n1+n2)*

Therefore,

ni+nz

E ( Z Eml(Dn,mGn,m)> = 0(001002) )

m=1

and

ni+n2
var ( Z Em—l(Dn,mGn,m)> =0 (0(2)1032) )
m=1

Hence holds, which gives . Further by the martingale central limit theorem (Hall
and Heyde, 2014)), we have . Together with , we finish the proof of Theorem . O

S.2.8 Proof of Theorem

Proof. (i) (Asymptotically accurate size) Without loss of generality, we assume the common
mean vector under the null hypothesis Hy equals to zero. As discussed by [Li and Chen
(2012), the third and fourth-moment summation terms in A,,, B,, and C,, ,, are all of
small order than the leading second-moment terms. As a result, after centering each datum,
removing those terms from 7),, ,,, would not affect its asymptotic behaviors. It brings us a

lot of convenience for theoretical analysis and greatly alleviates the computational burden

18



at the same time. We consider the simplified 7, ,, statistic.

. 1 ni 5 1 n2 5 2 ni ng 9
Thin, = ———— X! X, _ Y'Y, — X'Y,) . (27
= =) S KK gy MY - ST

Lemma [1| presents a crucial intermediate result that the statistics M, and fnlm are

1,2
asymptotically uncorrelated. As an implication of Lemma [I| and further by the martingale
central limit theorem (Hall and Heyde, [2014), we are able to obtain the asymptotic joint
null distribution of M,, ,, and Ty, n,. In combination with Theorems [I] and [2 the joint
limiting null distribution of Mpgr and Tpg is obtained and summarized in Theorem [d Then
the asymptotically accurate size of the simultaneous test .J,, ,, directly follows from the

asymptotic independence of Theorem [4]

(ii) (Asymptotically consistent power) Note that
inf P (Joyms = Qa)
{(21,22)€G2UG TU{ (11, b5) €G1,UG5 }

> min inf P(Jnine = 4a), inf P(J, v > G
B {<21,22>eggugs. (ouma 2 22) (B4 H4) €05, 165, S q)}‘

It suffices to show

inf P (Jnyny > ¢a) — 1, (28)

Giug;
for k = ¢,m. Since both —2log (1 — ®(Tprg)) and —2log (1 — ®(Mpg)) are always non-

negative, we have

inf P(Jnyms > Ga) > inf P (TpE > ¢! (1-— exp(—qa/2)))

(21,32)€GUGs T (21,32)€G4UGs

and
inf P(Jnyms = Ga) > inf P (Mpg > @' (1 — exp(—qa/2)))

(Iby [by)EGE, UGS, (K y)EG] UGS,

Together with the power analysis in Theorem , is proved. O
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S.3 Additional Numerical Results

S.3.1 Non-Gaussian Data

This subsection includes additional numerical results with the intention to exam the test
performance in regard to non-Gaussian data. Tables presents the empirical power for
testing H,, and H.. Tables and include power analysis for testing Hy,. These results
show a similar pattern to the Gaussian scenarios as in Tables [2H] implying that the proposed

approaches are insensitive to non-Gaussianity.

20



Table S.1: Empirical Power (%) against H,, and H,. with Gamma Distributed {Zj;}

in the Data Generating Process

N =100 N =200

H Method p =100 200 500 800 1000 | 100 200 500 800 1000
M, s 46.88 46.22 47.72 46.80 46.88 | 86.68 88.84 90.38 91.02 91.20

Mpg 48.46 46.98 48.22 47.06 47.34 | 87.06 88.96 90.44 91.08 91.20

Ty s 5.50 5.02 512 490 5.04| 534 538 494 524 496

HY Trg 5.52 5.02 512 490 504| 534 538 494 524 496
1 mo 33.60 30.44 30.64 29.80 29.40 | 75.70 76.64 78.30 79.58 79.22

Chy o 33.98 30.44 30.38 29.44 29.34 | 76.06 77.04 79.22 80.26 80.20

Iy mo 40.22 37.10 38.12 37.38 37.66 | 80.24 81.24 83.26 84.50 83.98

1 e 42.84 3298 2346 19.52 18.70 | 8298 73.38 52.78 45.22 39.70

Mpg 78.34 79.32 79.12 80.50 79.96 | 99.50 99.64 99.68 99.82 99.80

T s 5.18 510 518 522 498 | 522 530 522 524 5.14

H» Trg 5.22 510 518 522 498 | 522 530 522 524 5.14
Shr o 76.52 77.50 77.72 79.30 78.96 | 99.38 99.58 99.64 99.80 99.76

Chy s 76.48 77.52 T77.84 79.08 79.10 | 99.38 99.56 99.62 99.80 99.76

I s 77.62 7842 78.66 79.74 79.68 | 99.40 99.58 99.62 99.80 99.76

M, ns 5.00 490 5.02 498 5.08| 528 510 512 520 5.36

Mpg 558 536 532 522 526 | 562 532 522 528 542

Ty s 58.08 58.72 59.36 5828 59.90 | 97.12 97.94 98.54 98.32 98.62

H? Trg 58.10 58.74 59.36 5828 59.90 | 97.12 97.94 98.54 98.32 98.62
S s 36.16 37.14 37.28 36.48 38.54 | 91.02 9244 9290 93.40 93.84

Chy s 37.56 3792 37.14 36.46 39.10 | 91.56 92.92 93.44 94.24 94.86

It ms 45.54 46.50 45.62 44.68 48.40 | 93.26 94.92 95.36 95.70 95.94

M, n, 5.26 542 540 5.08 5.50| 516 550 520 550 5.32

Mpg 5.60 552 546 510 552| 536 556 522 554 5.36

Ty s 36.26 23.22 11.70 888 8.56 | 67.72 47.68 19.18 12.88 11.32

H: Trp 4498 30.20 14.74 10.92 10.28 | 86.90 75.10 45.64 33.48 27.58
Shnins 34.64 22.08 10.34 860 8.56 | 81.02 67.20 40.14 29.66 24.32

Chi o 35.68 22.06 1042 894 9.16 | 81.62 67.32 39.80 29.58 24.46

Inimo 39.86 26.86 13.68 10.56 10.02 | 83.52 70.46 43.26 32.72 26.32

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.

(2) HY and H, stands for the type of alternative hypotheses (dense/sparse) in regards of the

mean differences of the two populations. (3) H¢ and H? stands for the type of alternative

hypotheses (dense/sparse) in regards of the covariance differences of the two populations.
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Table S.2: Empirical Power (%) against H, with Gamma Distributed {Z};}
in the Data Generating Process

H, N [Method p=100 200 500 800 1000

My, 4542 4376 44.96 4508 46.04

Mpp 46.72 4448 4530 4548 46.30

Ty, 57.56 59.30 60.08 60.70 60.20

100 | Tpp 57.58 59.32 60.08 60.70 60.20

Sy 57.62 57.46 57.24 58.92 57.90

Chms 55.94 5542 55.32 56.60 55.94

e . 72.64 7344 7446 76.24 75.94
m e My, s 84.31 85.66 88.48 89.48 89.38
Mpr 84.64 85.86 88.56 89.52 89.38

T, s 97.52 98.28 98.26 98.56 98.34

200 | Tpg 97.52 9828 98.26 98.56 98.34

Sy 08.12 98.94 99.08 99.28 99.14

Chroms 07.74 98.60 93.88 99.06 99.02

. 09.46 99.74 99.76 99.88 99.72

Mo, s 38.44 40.82 41.32 39.57 38.92

Mpr 40.26 41.70 41.58 39.79 39.02

T, s 36.34 2280 11.84 871 8.36

100 | Tpp 4440 29.18 14.46 1029  9.46

Sy 4844 39.58 28.40 27.93 24.86

Chroms A7.86 39.04 2852 27.64 24.54

i A g oy ng 58.30 50.18 40.00 36.93 34.56
m e My, 7700 8346 8440 83.39 82.84
Mpg 77.90 83.72 84.54 83.39 82.90

Ty 67.78 45.94 19.46 13.44 10.98

200 | Tpp 85.94 7274 43.38 30.28 26.40

Sy s 01.26 87.96 78.74 74.72 71.94

Cha s 90.62 87.10 79.38 75.28 72.80

ooy g 04.34 9236 85.74 81.28 79.42

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.
(2) Hyp stands for the type of alternative hypotheses (dense/sparse) in regards of the mean and

covariance differences of the two populations.
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Table S.3: Empirical Power (%) against H, with Gamma Distributed {Z};}
in the Data Generating Process

H, N [ Method p=100 200 500 800 1000

My, m, 4133 3202 2214 19.02 16.66

Mpp 76.86 77.74 7846 78.32 79.40

Ty 58.16 60.80 57.92 58.98 59.72

100 | Tpp 58.18 60.82 57.94 58.98 59.72

Sy 83.56 84.80 85.26 84.86 86.18

Chryoms 83.42 84.96 85.58 84.82 86.36

[ . 87.96 88.68 88.98 88.38 89.44
m e Mo, s 8222 71.14 51.92 4364 37.84
Mpr 99.04 99.40 99.62 99.74 99.84

T, s 97.18 97.64 9842 98.60 98.22

200 | Tpp 9720 97.64 98.42 98.60 98.22

Sy s 99.90 99.96  99.98 99.96 99.98

Crurna 99.94 99.98 99.98 99.98 99.98

. 99.94 99.98 100.00 99.98 99.98

Moy s 3330 2082 10.76 16.76 14.60

Mpr 68.78 7224 70.54 68.42 68.48

T, s 36.72 22.80 11.56 8.52  8.02

100 | Tpg 4542 30.00 14.88 10.38 9.24

Sy 76.90 75.44 70.92 67.68 67.72

Crurna 77.02 7518 70.62 67.68 67.54

- Jrnsng 79.56 78.04 72.96 69.54 69.44
m e My, m, 7342 6490 46.66 36.84 33.44
Mpp 96.56 97.46 98.08 98.16 98.18

T 67.58 46.46 19.00 12.94 10.56

200 | Tpp 86.06 73.48 47.22 32.64 27.40

S 98.84 08.72 98.52 98.58 98.40

Chu s 98.84 98.72 98.62 9854 98.38

Ty 99.06 99.02 98.74 98.74 98.46

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.
(2) Hyp stands for the type of alternative hypotheses (dense/sparse) in regards of the mean and

covariance differences of the two populations.
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S.3.2 Various Dependent Structure

In this subsection, we conduct additional experiments with various covariance matrices
to examine the test performance in the presence of different dependent structure. Under Hy,

we generate samples {X,}", and {Y,}"2, from N, (0, £*"). We consider the following two

covariance matrices:

(i) =*@ is a block diagonal matrix with each block being 0.5I5 + 0.5151%.

(i) =@ = (i—i—élp)/(l—l—é), where 3 = (Gij)pxp With o;; = 1, 0;; = 0.5%Bernoulli(1, 0.05)

for i < j, 0y = 04, and 6 = |Apin ()] 4 0.05.

> has a block structure with moderate within-block correlations. *® is a randomly
sparse matrix. Table reports the empirical size of simulation with the two covariance

structure. Generally speaking, the size is well controlled at the nominal level, except for a

slightly higher result when both N and p are small.

Table S.4: Empirical Size (%) with Various Covariance Structure

(D) 3 (2)
N Method p =100 200 500 800 1000 | 100 200 500 800 1000
My, ny 2.56 5.36 5.56 5.62 5.16 | 5.70 520 5.32 4.86 5.30
Mpg 6.10 5.74 6.02 584 536 |6.28 584 5.66 5.14 5.76
Ty ms 5.64 4.66 482 512 552 |5.02 528 5.06 498 4.88
100 TprE 0.64 4.66 4.82 512 552 |5.02 528 5.06 498 4.88
St o 2.88 548 532 534 548 | 576 6.04 558 5.84 4.96
Chy o 6.78 6.08 5.74 584 6.00 | 6.50 6.12 584 5.52 5.18
In1ms 6.56 5.74 574 500 584|624 582 570 572 544
M, ny 2.38 5.34 5.60 5.12 5.56 | 5.80 5.58 5.70 5.78 5.24
Mpg 5.54 5.64 566 5.14 5.60 | 6.22 584 584 584 5.30
Ty ms 4.94 5.58 5.60 5.24 550 | 508 502 486 532 522
200 TprE 4.94 5.58 5.60 5.24 550 | 5.08 5.02 4.86 532 522
St o 5.22 5.60 534 5.12 542 | 578 522 558 4.68 5.50
Chi o 6.28 6.28 6.02 5.76 6.02 | 6.48 6.12 594 5.76 5.34
Inimo 6.02 5.68 5.64 522 552 |6.18 584 598 5.56 5.30

Note: This table reports the frequencies of rejection by each method under the null hypothesis Hy
based on 5000 independent replications conducted at the significance level 5%.
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In terms of the power, we generate samples from N,(p,3;) and N,(p,, X2). Following
Section 5, we investigate the test performance with respect to three types of alternatives:
H,,, H. and H,. To examine H,, and H. we consider sparsely and densely differed means
(H:, /H%) and covariances (HS/H?), and to examine H, we consider four scenarios that are

combinations of H? /H? and H?/H?. For H and HZ, we set £ = %y = X% | =12,

and set p, and p, in the same way as in Section 5. For H? and H¢, we set both mean
vectors are zero vectors and consider different sparsity pattern in 3y — 3y to depict the
sparse and dense alternatives. Specifically, to examine the testing power against H, we use
covariance pairs X = k) 4 el, and 3; = k) 4 el, + U, where U is a symmetric sparse
matrix with 8 random nonzero entries, and € = | min{ Apin (Z*® + U), A (Z*F) 3 4 0.05 is
to guarantee the positive definiteness of 3; and 3,. The generalization of U is introduced
in Section 5. To examine the testing power against H?, we let ¥, = >**®) and ¥, =
(1-— T)E*(k) + 71, with 7 = 0.5. For each setup, we report the empirical power based on
5,000 replications at significance level 5%. The results are reported in Tables -[S.8
The outcomes resound with the empirical findings in Section 5, implying that our proposed

tests yield satisfactory performance under different covariance structure provided that the

covariance matrices satisfy the regularity conditions, see Equation (2.5).
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Table S.5: Empirical Power (%) against H,, with Various Covariance Structure

2*(1) E*(2)
H, | N | Method p=100 200 500 800 1000 | 100 200 500 800 1000
My s 31.26 3232  30.50 31.00 31.72 | 40.58 40.98 40.56 41.22 41.06
Mpg 32,52 33.12 3094 31.26 3212 | 42.32 42.16 41.14 4142 41.32
T ms 5.52  5.16 5.04 488 4.64| 556 5.06 5.38 4.90 4.66
100 Tprp 5.52  5.16 0.04 488 464 | 556 5.06 5.38 490  4.66
Sy s 23.10 21.88 19.20 18.86 18.14 | 28.74 26.90 25.56 25.36 24.46
Cry s 28.10 27.54 2486 24.72 2450 | 35.34 34.66 33.66 32.60 32.18
1 I s 2778 2754 2434 2484 24.14 | 35.16 33.82 32.74 3248 30.94
m My, ns 63.26 64.86 67.20 68.06 69.26 | 81.26 81.74 84.92 83.80 84.30
Mpg 64.00 65.20 67.28 68.08 69.32 | 81.88 81.94 85.02 83.84 84.34
Thims 5.76  5.00 476 466 5.02| 494 4.76 4.88 4.48  4.78
200 Trp 5.76  5.00 476 466 5.02| 494 476 4.88 4.48 4.78
Sy s 49.68 48.86 50.52 50.10 50.36 | 68.16 66.82 70.08 68.06 68.62
Chins 57.04 57.40 5896 59.46 60.10 | 76.28 74.82 7858  76.28 76.90
Jn1ma 55.48 55.72  57.20 5H7.68 5H8.82 | 74.38 T3.12 7592 73.66 T4.88
M, ny 26.02 21.20 34.56 2794 12.82|36.36 29.30 45.92 36.14 16.56
Mpg 77.68 7750 91.50 90.12 7872 | 77.56 7840 9598 9550 79.72
T s 6.04 5.04 5.10 4.60 578 | 536 4.58 4.88 5.02  5.00
100 Tre 6.04 5.04 5.10 460 578 | 536 4.58 4.88 5.02  5.00
S s 76.34 76.12 90.82 89.58 78.16 | 75.64 76.84 95.64 95.00 78.76
Cry s 77.36 77.02 91.22 89.82 7828 | 76.96 T7.60 95.84 95.28 79.38
s I s 7722 7694 91.06 89.74 7848 | 77.14 77.60 95.82 95.18 79.56
m M, ny 61.46 47.74 76.44 66.32 2540 | 76.54 64.98 90.18 81.22 33.98
Mppg 99.42 99.74  99.98 99.98 99.76 | 99.26 99.48 100.00 100.00 99.70
T s 6.10 5.12 5.10 476 496 | 5.18 5.32 4.92 5.32  5.52
200 Tpp 6.10 5.12 5.10 476 496 | 518 5.32 4.92 5.32  5.52
S s 99.40 99.68 100.00 99.98 99.76 | 99.16 99.42 100.00 100.00 99.72
Cry s 99.40 99.70 100.00 99.98 99.76 | 99.22 99.50 100.00 100.00 99.72
Ini s 99.42 99.70 100.00 99.98 99.76 | 99.22 99.44 100.00 100.00 99.74

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.
(2) H,, stands for the type of alternative hypotheses (dense/sparse) in regards of the mean

differences of the two populations.
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Table S.6: Empirical Power (%) against H,. with Various Covariance Structure

2*(1) E*(Z)
H.| N | Method p=100 200 500 800 1000 100 200 500 800 1000
My, 5y 5.70 5.84 5.42 5.00 532 538 590 552 512 494
Mpg 6.46 6.36 5.78 5.26 5541 6.24 6.64 592 532 526
Toins 97.06 97.74 98.60 98.20 98.88 | 35.72 38.28 38.82 39.14 38.74
100 Tprp 97.06 9774 98.60 98.20 98.88 | 35.72 38.28 38.82 39.14 38.74
Shina 90.86 93.24 94.12 9348 94.64 | 19.44 21.18 21.58 20.86 21.30
Crr o 94.90 9596 97.24 96.46 97.42 | 27.86 30.22 30.70 29.60 30.04
1d Inina 93.32 95.06 96.24 95.52 96.44 | 27.22 29.32 29.82 28.96 29.18
¢ M, s 6.30 5.62 5.46 5.60 546 | 550 582 518 480 5.62
Mpg 6.64 5.84 5.58 5.70 5.62 | 580 6.12 532 488 5.78
Ty s 100.00 100.00 100.00 100.00 100.00 | 80.42 &83.54 85.76 87.54 §87.84
200 Tpp 100.00 100.00 100.00 100.00 100.00 | 80.42 &83.54 85.76 87.54 &87.84
Sy s 100.00 100.00 100.00 100.00 100.00 | 61.60 64.58 67.88 70.40 71.32
Cry o 100.00 100.00 100.00 100.00 100.00 | 72.02 75.04 78.12 80.12 80.48
In1ms 100.00 100.00 100.00 100.00 100.00 | 69.58 72.62 75.58 77.28 77.86
M, s 5.70 5.60 5.10 5.46 5.10 | 6.28 546 554 578 524
Mpg 6.44 6.18 5.42 5.66 528 | 716 6.06 598 6.20 548
Ty ns 33.34  16.40 8.66 7.56 6.60 | 38.26 18.64 10.28 7.50 7.14
100 Tpp 73.18 5590 26.58 15.70 11.38 | 76.88 63.98 38.00 22.94 17.56
Sy s 69.92 53.28 24.28 14.22 10.64 | 73.26 60.70 35.44 21.80 16.48
Cry o 72.10  54.78  26.08 14.98 11.30 | 75.46 62.60 36.74 22.80 17.28
I Jn1ms 72.10  55.00 25.80 1530 11.18 | 75.14 62.40 36.94 23.08 17.58
¢ My, 1y 5.02 5.62 5.38 5.62 936 | 596 548 564 530 5.06
Mppg 5.38 6.02 5.44 5.70 546 | 6.32 572 578 540 5.14
T s 76.00 39.28 14.32 10.22 9.26 | 80.60 46.68 16.86 11.02  9.96
200 Tpr 99.60 98.94 98.46 98.38 98.58 | 99.66 99.42 98.88 98.68 98.62
St o 99.48 98.86 98.44 98.38 98.50 | 99.66 99.38 98.80 98.66 98.54
Cri o 99.52 98.92 9846 98.40 98.60 | 99.66 99.40 98.86 98.66 98.60
In1ms 99.52 98.94 98.46 98.40 98.54 | 99.62 99.38 98.86 98.66 98.58

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.
(2) H. stands for the type of alternative hypotheses (dense/sparse) in regards of the covariance

differences of the two populations.
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Table S.7: Empirical Power (%) against H, with Various Covariance Structure

SRO) >+ @)
H, N | Method p =100 200 500 800 1000 100 200 500 800 1000
My, ny 36.06 36.48 36.88 35.84 36.94 | 42.96 41.80 44.42 42.38 42.20
Mpp 37.68 3724 3726 36.06 37.24 | 44.52 42.38 44.92 42.78 42.62
Ty o 97.08 9794 98.80 98.564 98.62 | 36.70 39.40 38.86 39.68 39.36
100 Trg 97.08 9794 98.80 9854 98.62 | 36.70 39.40 38.86 39.68 39.36
St ma 94.66 9542 96.50 96.12 96.44 | 44.04 43.86 43.36 42.66 43.80
Chimy 9722 9770  98.40 98.18 98.42 | 55.48 55.20 56.38 54.90 56.24
He A He Jn1 s 97.20 97.82 98.66 9840 98.56 | 60.40 61.30 61.66 61.90 62.20
m ¢ My, s 69.52 73.08 74.64 7582 77.12 | 83.66 85.30 86.44 87.38 86.90
Mpg 70.16  73.26 7470 7590 77.14 | 84.14 8542 86.50 87.42 86.98
Ty mo 100.00 100.00 100.00 100.00 100.00 | 83.34 86.54 86.82 87.42 86.58
200 Tre 100.00 100.00 100.00 100.00 100.00 | 83.34 86.54 86.82 87.42 86.58
St ms 100.00 100.00 100.00 100.00 100.00 | 92.94 94.44 95.06 9548 95.26
Chyms 100.00 100.00 100.00 100.00 100.00 | 96.06 96.82 97.06 97.54 97.28
T s 100.00 100.00 100.00 100.00 100.00 | 97.56 98.20 98.30 98.60 98.36
My, no 13.46 1348 1296 11.38 11.08 | 16.70 14.08 11.30 9.68 9.88
Mpg 14.70 1412 13.36 11.66 11.32 | 18.00 14.58 11.78 9.98 10.22
T o 35.12  17.74 8.64 7.90 6.46 | 3842 19.26 9.68 818 6.80
100 Tprg 74.00 5834 28.14 1644 11.84 | 76.80 63.86 37.68 23.42 17.62
St ma 7146 5724 27.86 16.08 12.28 | 75.32 61.94 36.84 22.72 17.48
Chiymy 7422  60.36  31.38 19.42  15.28 | 77.72 64.60 39.72 24.96 20.02
He A He Tt s 74.50 60.76  32.06 20.04 15.84 | 7846 65.66 40.32 26.02 20.38
m ¢ My ny 26.04 2438 2324 2326 2236 | 34.10 2898 2040 16.04 15.64
Mpg 26.68 24.80 2344 23.36 22.46 | 35.00 29.34 20.54 16.14 15.82
Ty o 76.02  39.28 15.34 9.86 9.22 | 80.96 46.22 17.36 11.54 10.76
200 TrE 99.34 9872 98.28 98.68 98.86 | 99.54 99.26 98.86 98.84 98.86
St ms 99.32 9878 98.38 9878 98.88 | 99.56 99.30 98.94 98.86 98.92
Chyms 99.36  98.86 98.40 98.80 99.02 | 99.62 99.42 98.98 98.94 98.94
Jn1ms 99.40 98.86 98.44 98.86 99.00 | 99.60 99.44 99.00 98.94 99.00

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.
(2) Hyp stands for the type of alternative hypotheses (dense/sparse) in regards of the mean and

covariance differences of the two populations.
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Table S.8: Empirical Power (%) against H, with Various Covariance Structure

SR >+ (2)
H, N | Method p =100 200 500 800 1000 100 200 500 800 1000
My, o 31.14 2560 3898 3232 15.02 | 3796 29.90 48.14 40.34 17.04
Mpg 77.00 7876 92.04 9258 79.78 | 77.78 7838 95.58  96.12 79.08
Toins 97.12 97.68 98.56 98.60 98.64 | 36.88 37.44 39.56 38.52 40.30
100 Tprp 97.12 97.68 98.56 98.60 98.64 | 36.88 37.44 39.56 38.52 40.30

S ns 97.66 9852 99.50 99.66 98.72 | 80.06 80.26  95.80 96.66 81.98
Chino 98.72  99.20 99.80 99.90 99.28 | 82.86 83.36  96.52  97.52 84.80

s N e Jnims 98.72 99.16 99.78 99.90 99.30 | 83.80 84.02 96.86 97.54 85.32

mn ¢ My, s 70.34 56.58 84.24 7490 2950 | 79.44 68.30 92.04 85.36 36.90
Mpg 99.20  99.58  99.96 100.00 99.84 | 99.10 99.52 100.00 100.00 99.78
Thins 100.00 100.00 100.00 100.00 100.00 | 82.02 80.46 87.32  86.20 87.54
200 Tpre 100.00 100.00 100.00 100.00 100.00 | 82.02 80.46 87.32 86.20 87.54
S ns 100.00 100.00 100.00 100.00 100.00 | 99.72 99.82 100.00 100.00 99.92
Chi ns 100.00 100.00 100.00 100.00 100.00 | 99.82 99.82 100.00 100.00 99.96
Jnims 100.00 100.00 100.00 100.00 100.00 | 99.86 99.84 100.00 100.00 99.92

My, ny 1272 10.80 13.22 1148 7.60 | 15.52 11.34 12.30 9.84 6.28

Mpg 19.56 16.06 19.96 18.10 10.74 | 26.16 18.54 17.26 12.68  7.50

Ty o 33.90 1744 9.14 7.48 7.10 | 37.82 19.40 10.46 8.02 7.46

100 Tpp 72.82 57.84 27.18 16.02 12.16 | 76.16 64.66 36.86  23.52 18.32

S na 7142  57.62 33,50 2230 13.88 | 76.18 65.32 39.06 25.00 18.12

Cri no 7442 60.64 36.54 2544 1578 | 79.16 67.50 42.32 27.60 19.60

He A HS Jni s 74.68 6150 37.16 2596 16.06 | 79.26 68.10 42.74 28.30 19.70
m ¢ My, ny 2394 1834 2598 20.88 10.62 | 30.90 20.58 21.64 1592 8.12
Mpg 43.42 36.92 5224 47.68 28.56 | 58.56 44.62 4244 28.92 13.12

T o 7712 39.68  15.48  10.30 9.14 | 80.68 46.20 17.82 13.36 10.36

200 Tpg 99.30  98.86 98.46 98.74 9836 | 99.68 99.24 98.84 98.92 98.98

S ns 99.36  99.02 98.76 99.08 9854 | 99.72 99.28 99.18 98.94 98.96
Chi no 99.40 99.04 98.82 99.10 9856 | 99.76 99.38  99.20  99.00 99.00
Jni s 99.48 99.10 98.86 99.12 98.64 | 99.78 99.36  99.20 99.04 99.00

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.
(2) Hyp stands for the type of alternative hypotheses (dense/sparse) in regards of the mean and

covariance differences of the two populations.
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S.3.3 Comparisons between the Power-Enhanced Tests and Other

Tests Designed for Sparse Alternatives

The numerical results in Section 5 have showed that the mean test M,, ,, and the covari-
ance test T}, n, are powerful under their respective dense alternatives H¢, and H¢, but may
lack power under the sparse alternatives H; and H}. By adding the PE components, the
proposed power-enhanced tests Mpr and Tpg exhibit substantially enhanced power under
H: and H? while retain high power under H? and HY, respectively. In this subsection,
we compare the power-enhanced tests with other tests that are designed for sparse alter-
natives, in specific, the extreme-value-based mean test Mqpx (Cai et al,, 2013) and the
extreme-value-based covariance test Topx (Cai et al., 2014]).

We adopt the same simulation settings as those in Section 5. The empirical size and power
are reported in Table [S.9] From the table we can see that under the sparse alternatives H,
and H?, Mpr and Tpg seem to be less powerful than Mcpx and Terx. Under the dense
alternatives H;; and H g, Mpg and Tpg outperform Meopx and Teorpx by a large margin.
M x is powerful in detecting differences in the mean vectors but not covariance matrices,

whereas Terx performs well in testing the covariance matrices but cannot distinguish two

different mean vectors. In contrast, .J,, », remains high power under various alternatives.
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Table S.9: Comparisons between Power-Enhanced Tests and Extreme-Value-Based Tests

H Method p =100 200 _ 500 800 _ 1000
Mpp 568 556 562 518  5.30

Merx 390 506 504 506  5.76

Hy Trr 478 472 520 498 498
Torx 470 438 434 434 452

s g 550 512 524 530  5.08

Mpp 87.34 80.10 90.86 91.58 01.34

Merx 46.64 36.36 24.92 21.36  20.40

He TrE 536 480  5.62 464  4.96
Torx 464 446 464 468  4.68

Jrns g 80.32 8220 83.32 84.46 84.64

Mpp 99.22  99.68 100.00 99.08 99.74

Merx 99.22  99.68 100.00 99.98  99.74

He, Ty o 510 464 476 466  5.04
Torx 480 436  4.02 456  4.54

s g 99.18  99.64 100.00 99.98  99.74

Mpr 548 526 536 532 540

Merx 436 486 578 518  4.92

H TrE 97.46 98.24 9852 98.22  98.46
Terx 4286 37.28 30.58 25.74  23.82

Jrns g 94.34  94.68 95.62 9550 95.64

Mpg 556 560 546 502  5.18

Merx 458 480 504 546  5.02

H Trp 99.68 99.48 98.70 99.04  99.16
Terx  100.00 100.00 100.00 100.00  99.98

s g 99.62 99.44 98.74 98.98  99.18

Mpp 8486 85.74 88.02 89.26 89.22

Merx 43.46 3422 24.08 20.12 18.92
HNHY | Tpg 98.16 98.26 98.26 98.38  98.48
Terx 4570 38.70  30.56 2522  25.28

Jrns g 99.64 99.88 99.88 99.88  99.90

Mpg 7754  83.14 8522 83.40 82.4%

Merx 3720 3126 20.22 17.50 15.60
HNH: | Tpg 99.82  99.46 98.84 98.94  99.00
Torx 99.98 100.00 100.00 100.00 100.00

s g 99.92 99.82 99.52 99.42  99.42

Mpp 99.04 99.40 99.62 99.74 909.84

Merx 99.66  99.90 100.00 100.00 100.00
H:NHY | Tpg 9720 97.64 98.42 98.60 98.22
Terx 39.30 33.68 24.04 1932 18.66

Jrns 99.94 99.98 100.00 99.98  99.98

Mpg 96.56 97.46 98.08 08.16 98.1%

Merx 98.54 99.48 99.56 99.62  99.72

H: NH: | Tpg 86.06 73.48 47.22 32.64 27.40
Terx 98.36 97.72 95.60 92.08 91.34

Jrns g 99.06 99.02 98.74 98.74  98.46

Note: This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.
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