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In this supplement, we first present technical lemmas and complete proofs of the lemmas

and theorems. We also present additional numerical results with regard to non-Gaussian

data, various dependent structure, and comparisons with extreme-value-based tests, to serve

as a complementary to the simulation studies in Section 5.

S.1 Lemmas

Lemma 1. Suppose n1/ (n1 + n2) → γ for some constant γ ∈ (0, 1) as min{n1, n2} → ∞.

Given Assumptions 1-2, under H0, as n1, n2, p→∞,

Cov

(
Mn1,n2

σ01
,
T̃n1,n2

σ02

)
= o(1), (1)

where T̃n1,n2 are defined by (27).

Lemma 2. Suppose n1/ (n1 + n2) → γ for some constant γ ∈ (0, 1) as min{n1, n2} → ∞.

With Assumption 2, as n1, n2 →∞,
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(i) if µ1i = µ2i, √
2Mi

ν
1/2
i

+ 1
d→ χ2

1, (2)

where νi = 2
n1(n1−1)σ

2
1,ii + 2

n2(n2−1)σ
2
2,ii + 4

n1n2
σ1,iiσ2,ii.

(ii) if µ1i 6= µ2i,

Mi − (µ1i − µ2i)
2√

4(µ1i − µ2i)2
(
σ1,ii
n1

+
σ2,ii
n2

) d→ N(0, 1). (3)

Lemma 3. Suppose n1/ (n1 + n2) → γ for some constant γ ∈ (0, 1) as min{n1, n2} → ∞.

With Assumption 2, as n1, n2 →∞,

(i) if σ1,ij = σ2,ij, √
2Tij

ξ
1/2
ij

+ 1
d→ χ2

1, (4)

where

ξij = 2

(
1

n1

(
σ2
1,ij + σ1,iiσ1,jj + ∆1tr(γ1iγ

T
1j ◦ γ1iγT1j)

)
+

1

n2

(
σ2
2,ij + σ2,iiσ2,jj + ∆2tr(γ2iγ

T
2j ◦ γ2iγT2j

))2

(1 + o(1)).

(ii) if σ1,ij 6= σ2,ij,

Tij − (σ1,ij − σ2,ij)2

ψ
1/2
ij

d→ N(0, 1), (5)

where

ψij = 4(σ1,ij − σ2,ij)2
(

1

n1

(
σ2
1,ij + σ1,iiσ1,jj + ∆1tr(γ1iγ

T
1j ◦ γ1iγT1j)

)
+

1

n2

(
σ2
2,ij + σ2,iiσ2,jj + ∆2tr(γ2iγ

T
2j ◦ γ2iγT2j

))
.
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S.2 Proofs

S.2.1 Proof of Lemma 1

Proof. Without loss of generality, we assume the common mean vector under H0 is µ = 0.

We rewrite the statistics Mn1,n2 and T̃n1,n2 into the form of two-sample U-statistics as follows.

Mn1,n2 =
4

n1(n1 − 1)n2(n2 − 1)

n1∑
u<v

n2∑
k<l

H1(Xu,Xv,Yk,Yl), (6)

and

T̃n1,n2 =
4

n1(n1 − 1)n2(n2 − 1)

n1∑
u<v

n2∑
k<l

H2(Xu,Xv,Yk,Yl). (7)

where

H1(Xu,Xv,Yk,Yl) = (X′uXv) + (Y′kYl)−
(X′uYk) + (X′vYl) + (X′uYl) + (X′vYk)

2 ,

and

H2(Xu,Xv,Yk,Yl) = (X′uXv)
2 + (Y′kYl)

2 − (X′uYk)
2 + (X′vYl)

2 + (X′uYl)
2 + (X′vYk)

2

2 .

To simplify notation, we define A = ΓT
1 Γ1 = (aij)1≤i,j≤m1 , B = ΓT

2 Γ2 = (bij)1≤i,j≤m2 , and

D = ΓT
1 Γ2 = (dij)1≤i≤m1,1≤j≤m2 . Recall that under the null hypothesis, we have Γ1Γ

T
1 =

Σ1 = Σ, and Γ2Γ
T
2 = Σ2 = Σ. The covariance of the two U-statistics Mn1,n2/σ01 and

T̃n1,n2/σ02 can be obtained by

Cov

(
Mn1,n2

σ01
,
T̃n1,n2

σ02

)
=

(
n1

2

)−1(
n2

2

)−1 ∑
0≤i,j≤2

(
2

i

)(
n1 − 2

2− i

)(
2

j

)(
n2 − 2

2− j

)
cov(i,j), (8)

where cov(i,j) = σ−101 σ
−1
02 Cov (H1(Xu1 ,Xv1 ,Yk1 ,Yl1), H2(Xu2 ,Xv2 ,Yk2 ,Yl2)) with i being

the number of integers common to (u1, v1) and (u2, v2), and j being the number of integers
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common to (k1, l1) and (k2, l2). After simple calculation, we have

cov(0,0) = σ−101 σ
−1
02 Cov (H1(X1,X2,Y1,Y2), H2(X3,X4,Y3,Y4)) = 0,

cov(1,0) = σ−101 σ
−1
02 Cov (H1(X1,X2,Y1,Y2), H2(X1,X3,Y3,Y4)) = 0,

cov(0,1) = σ−101 σ
−1
02 Cov (H1(X1,X2,Y1,Y2), H2(X3,X4,Y1,Y3)) = 0,

cov(1,1) = σ−101 σ
−1
02 Cov (H1(X1,X2,Y1,Y2), H2(X1,X3,Y1,Y3))

=
σ−101 σ

−1
02

4

m1∑
i=1

m2∑
j=1

d3ijEz
3
11iEz

3
21j,

cov(2,0) = σ−101 σ
−1
02 Cov (H1(X1,X2,Y1,Y2), H2(X1,X2,Y3,Y4))

= σ−101 σ
−1
02

m1∑
i,j=1

a3ijEz
3
11iEz

3
12j,

cov(0,2) = σ−101 σ
−1
02 Cov (H1(X1,X2,Y1,Y2), H2(X3,X4,Y1,Y2))

= σ−101 σ
−1
02

m2∑
i,j=1

b3ijEz
3
21iEz

3
22j,

cov(2,1) = σ−101 σ
−1
02 Cov (H1(X1,X2,Y1,Y2), H2(X1,X2,Y1,Y3))

= σ−101 σ
−1
02

(
m1∑
i,j=1

a3ijEz
3
11iEz

3
12j +

1

2

m1∑
i=1

m2∑
j=1

d3ijEz
3
11iEz

3
21j

)
,

cov(1,2) = σ−101 σ
−1
02 Cov (H1(X1,X2,Y1,Y2), H2(X1,X3,Y1,Y2))

= σ−101 σ
−1
02

(
m2∑
i,j=1

b3ijEz
3
21iEz

3
22j +

1

2

m1∑
i=1

m2∑
j=1

d3ijEz
3
11iEz

3
21j

)
,

cov(2,2) = σ−101 σ
−1
02 Cov (H1(X1,X2,Y1,Y2), H2(X1,X2,Y1,Y2))

= σ−101 σ
−1
02

(
m1∑
i,j=1

a3ijEz
3
11iEz

3
12j +

m2∑
i,j=1

b3ijEz
3
21iEz

3
22j +

m1∑
i=1

m2∑
j=1

d3ijEz
3
11iEz

3
21j

)
.

Therefore, (8) becomes

∣∣∣∣∣Cov

(
Mn1,n2

σ01
,
T̃n1,n2

σ02

)∣∣∣∣∣ ≤ C

n1n2σ01σ02

∣∣∣∣∣
m1∑
i,j=1

a3ij +

m2∑
i,j=1

b3ij +

m1∑
i=1

m2∑
j=1

d3ij

∣∣∣∣∣
,

(9)
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where C is a sufficiently large positive constant. What’s more,

∣∣∣∣∣
m1∑
i,j=1

a3ij

∣∣∣∣∣ ≤ max
1≤i,j≤m1

|aij| ·
m∑

i,j=1

a2ij ≤ λ
1
2
max(A

TA) · tr(A2) = λmax(Σ) · tr(Σ2).

Similarly, ∣∣∣∣∣
m2∑
i,j=1

b3ij

∣∣∣∣∣ ≤ λmax(Σ) · tr(Σ2),

∣∣∣∣∣
m1∑
i=1

m2∑
j=1

d3ij

∣∣∣∣∣ ≤ λmax(Σ) · tr(Σ2).

Further by Assumption 1, we have λmax(Σ) = o(tr
1
2 (Σ2)), the proof of Lemma 1 is complete.

S.2.2 Proof of Lemma 2

Proof. By definition, it is straightforward to show that

var(Mi) =
2

n1(n1 − 1)
σ2
1,ii +

2

n2(n2 − 1)
σ2
2,ii +

4

n1n2

σ1,iiσ2,ii

+
4

n1

(µ1i − µ2i)
2σ1,ii +

4

n2

(µ1i − µ2i)
2σ2,ii.

Note that Mi can be re-written as follows.

Mi =
1

n1(n1 − 1)

n1∑
u6=v

XuiXvi +
1

n2(n2 − 1)

n2∑
u6=v

YuiYvi −
2

n1n2

n1∑
u

n2∑
v

XuiYvi

=
1

n1(n1 − 1)

n1∑
u6=v

(Xui − µ1i)(Xvi − µ1i) +
1

n2(n2 − 1)

n2∑
u6=v

(Yui − µ2i)(Yvi − µ2i)

− 2

n1n2

n1∑
u

n2∑
v

(Xui − µ1i)(Yvi − µ2i) +
2

n1

n1∑
u

(µ1i − µ2i)(Xui − µ1i)

+
2

n2

n2∑
v

(µ2i − µ1i)(Yvi − µ2i) + (µ1i − µ2i)
2

:= Mi,0 +
2

n1

n1∑
u

(µ1i − µ2i)(Xui − µ1i) +
2

n2

n2∑
v

(µ2i − µ1i)(Yvi − µ2i) + (µ1i − µ2i)
2
,

(10)
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where

Mi,0 :=
1

n1(n1 − 1)

n1∑
u6=v

(Xui − µ1i)(Xvi − µ1i) +
1

n2(n2 − 1)

n2∑
u6=v

(Yui − µ2i)(Yvi − µ2i)

− 2

n1n2

n1∑
u

n2∑
v

(Xui − µ1i)(Yvi − µ2i). (11)

We first show that
√

2Mi,0ν
−1/2
i + 1

d→ χ2
1 as n1, n2 →∞. Without loss of generality, we

consider µ1i = µ2i = 0 in Mi,0. Therefore, (11) becomes

Mi,0

=
1

n1(n1 − 1)

n1∑
u6=v

XuiXvi +
1

n2(n2 − 1)

n2∑
u6=v

YuiYvi −
2

n1n2

n1∑
u

n2∑
v

XuiYvi

=
σ1,ii
n1 − 1

( 1
√
n1

n1∑
u

Xui

σ
1/2
1,ii

)2

− 1

n1

n1∑
u

X2
ui

σ1,ii

+
σ2,ii
n2 − 1

( 1
√
n2

n2∑
u

Yui

σ
1/2
2,ii

)2

− 1

n2

n2∑
u

Y 2
ui

σ2,ii


−

2σ
1/2
1,iiσ

1/2
2,ii√

n1n2

· 1
√
n1

n1∑
u

Xui

σ
1/2
1,ii

· 1
√
n2

n2∑
v

Yvi

σ
1/2
2,ii

=

(
σ
1/2
1,ii√
n1

· 1
√
n1

n1∑
u

Xui

σ
1/2
1,ii

−
σ
1/2
2,ii√
n2

· 1
√
n2

n2∑
u

Yui

σ
1/2
2,ii

)2

− σ1,ii
n1 − 1

· 1

n1

n1∑
u

X2
ui

σ1,ii

− σ2,ii
n2 − 1

· 1

n2

n2∑
u

Y 2
ui

σ2,ii
+

σ1,ii
n1(n1 − 1)

(
1
√
n1

n1∑
u

Xui

σ
1/2
1,ii

)2

+
σ2,ii

n2(n2 − 1)

(
1
√
n2

n2∑
u

Yui

σ
1/2
2,ii

)2

.

(12)

By the central limit theorem and the law of large numbers, as n1, n2 →∞,

1
√
n1

n1∑
u

Xui

σ
1/2
1,ii

d→ N(0, 1),
1
√
n2

n2∑
u

Yui

σ
1/2
2,ii

d→ N(0, 1),
1

n1

n1∑
u

X2
ui

σ1,ii

p→ 1,
1

n2

n2∑
u

Y 2
ui

σ2,ii

p→ 1.

What’s more,

√
2σ1,ii

n1ν
1/2
i

=

√
2σ1,ii

n1 ·
√

2
(
σ1,ii
n1

+
σ2,ii
n2

)
(1 + o(1))

→ σ1,ii
σ1,ii + 1

1−γσ2,ii ,
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√
2σ2,ii

n2ν
1/2
i

=

√
2σ2,ii

n2 ·
√

2
(
σ1,ii
n1

+
σ2,ii
n2

)
(1 + o(1))

→ σ2,ii
(1− γ)σ1,ii + σ2,ii .

Also because {Xui}n1
u=1 and {Yvi}n2

v=1 are independent, and note that

σ1,ii
σ1,ii + 1

1−γσ2,ii
+

σ2,ii
(1− γ)σ1,ii + σ2,ii

= 1, (13)

we have
√

2Mi,0ν
−1/2
i + 1

d→ χ2
1 as n1, n2 → ∞. According to (10), Mi = Mi,0 if µ1i = µ2i.

We complete the proof of (2).

If µ1i 6= µ2i, based on (10),

Mi − (µ1i − µ2i)
2 = Mi,0 +

2

n1

(µ1i − µ2i)

n1∑
u

(Xui − µ1i) +
2

n2

(µ2i − µ1i)

n2∑
v

(Yvi − µ2i)

= Mi,0 +
2σ

1/2
1,ii(µ1i − µ2i)√

n1

· 1
√
n1

n1∑
u

Xui − µ1i

σ
1/2
1,ii

+
2σ

1/2
2,ii(µ2i − µ1i)√

n2

· 1
√
n2

n2∑
v

Yvi − µ2i

σ
1/2
2,ii

Since

Mi,0√
4(µ1i − µ2i)2

(
σ1,ii
n1

+
σ2,ii
n2

) =
Mi,0

ν
1/2
i

·

2
(
σ1,ii
n1

+
σ2,ii
n2

)2
(1 + o(1))

4(µ1i − µ2i)2
(
σ1,ii
n1

+
σ2,ii
n2

)


1/2

→ 0,

∣∣∣2σ1/2
1,ii(µ1i − µ2i)/

√
n1

∣∣∣√
4(µ1i − µ2i)2

(
σ1,ii
n1

+
σ2,ii
n2

) =

 σ1,ii

n1

(
σ1,ii
n1

+
σ2,ii
n2

)
1/2

→

(
σ1,ii

σ1,ii + 1
1−γσ2,ii

)1/2

,∣∣∣2σ1/2
2,ii(µ2i − µ1i)/

√
n2

∣∣∣√
4(µ1i − µ2i)2

(
σ1,ii
n1

+
σ2,ii
n2

) =

 σ2,ii

n2

(
σ1,ii
n1

+
σ2,ii
n2

)
1/2

→
(

σ2,ii
(1− γ)σ1,ii + σ2,ii

)1/2

,

and together with the central limit theorem,

Mi − (µ1i − µ2i)
2√

4(µ1i − µ2i)2
(
σ1,ii
n1

+
σ2,ii
n2

) d→ N(0, 1) as n1, n2 →∞.
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This finishes the proof of Lemma 2.

S.2.3 Proof of Lemma 3

Proof. As discussed by Li and Chen (2012), the third and fourth-moment summation terms

in Aij, Bij and Cij are of the smaller order than the leading second-moment terms. Af-

ter centering each variable, removing those terms from Tij would not affect its asymptotic

behavior. As a result, without loss of generality, we assume µ1 = µ2 = 0 and study the

simplified statistic

T̃ij

=
1

n1(n1 − 1)

n1∑
u6=v

XuiXujXviXvj +
1

n2(n2 − 1)

n2∑
u6=v

YuiYujYviYvj −
2

n1n2

n1∑
u

n2∑
v

XuiXujYviYvj.

(14)

T̃ij and Tij share the same asymptotic properties.

By definition, it is straightforward to show that var(T̃ij) = ψij + ξij. Following similar

arguments as in the proof of Lemma 2, we first rewrite T̃ij in the form of

T̃ij = T
(1)
ij + T

(2)
ij , (15)

where

T
(1)
ij :=

1

n1(n1 − 1)

n1∑
u6=v

(XuiXuj − σ1,ij)(XviXvj − σ1,ij)

+
1

n2(n2 − 1)

n1∑
u6=v

(YuiYuj − σ2,ij)(YviYvj − σ2,ij)

− 2

n1n2

n1∑
u

n2∑
v

(XuiXuj − σ1,ij)(YviYvj − σ2,ij), (16)
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and

T
(2)
ij := (σ1,ij − σ2,ij)2 +

2

n1

(σ1,ij − σ2,ij)
n1∑
u=1

(XuiXuj − σ1,ij)

+
2

n2

(σ2,ij − σ1,ij)
n2∑
v=1

(YviYvj − σ2,ij). (17)

Following the same procedure as in the proof of Lemma 2, we are able to prove

√
2T

(1)
ij ξ

−1/2
ij + 1

d→ χ2
1

as n1, n2 → ∞. When σ1,ij = σ2,ij, T̃ij = T
(1)
ij , which proves (4). If σ1,ij 6= σ2,ij, we

have ψ
−1/2
ij (T

(2)
ij − (σ1,ij − σ2,ij)2)

d→ N(0, 1) and ψ
−1/2
ij T

(1)
ij = (ξij/ψij)

1/2 · T (1)
ij ξ

−1/2
ij

p→ 0 as

n1, n2 →∞. Together with (15), we complete the proof of Lemma 3.

S.2.4 Proof of Theorem 1

Proof. By Slutsky’s theorem and Lemma 2, under the null hypothesis H0m : µ1 = µ2, we

have
√

2Miν̂
−1/2
i + 1

d→ χ2
1 as n1, n2 →∞. What’s more, for each i = 1, · · · , p, by Lemma 1

of Chen, Li and Zhong (2019) and Theorem 3 of Petrov (1954), we have

P
(√

2Miν̂
−1/2
i + 1 > δn,p|H0m

)
= 2(1− Φ(δ1/2p ))(1 +O(n−1/6) +O(δ3/2p n−1/2)).

Therefore, with δp = 2 log p and assuming log p = o(n−1/3),

P
(√

2Miν̂
−1/2
i + 1 > δn,p|H0m

)
≤ δ−1/2p exp(− log p)(1 + o(1)) = o(p−1).

As a result, as n1, n2, p→∞,

P (Jm = 0|H0m) = P

(
max
1≤i≤p

√
2Miν̂

−1/2
i + 1 ≤ δn,p|H0m

)
=1− P

(
max
1≤i≤p

√
2Miν̂

−1/2
i + 1 > δn,p|H0m

)

9



≥1− p · max
1≤i≤p

P
(√

2Miν̂
−1/2
i + 1 > δn,p|H0m

)
→ 1.

Chen and Qin (2010) proved that under the null hypothesis H0m, σ̂−101

∑p
i=1Mi

d→ N(0, 1) as

n1, n2, p→∞. As a result, under H0m,

MPE =
1

σ̂01

p∑
i=1

Mi + Jm
d→ N(0, 1) as n1, n2, p→∞.

The proof of Theorem 1 is complete.

S.2.5 Proof of Theorem 2

Proof. By Slutsky’s theorem and Lemma 3, under the null hypothesis H0c : Σ1 = Σ2, we

have
√

2Tij ξ̂
−1/2
ij + 1

d→ χ2
1 as n1, n2 → ∞. Lemma 2 of Chen, Guo and Qiu (2019) proves

that P
(

max1≤i,j≤p
√

2Tij ξ̂
−1/2
ij + 1 > 4 log p|H0c

)
→ 0 as n1, n2, p → ∞. Therefore, with

ηp = 4 log p,

P (Jc = 0|H0c) = P

(
max

1≤i,j≤p

√
2Tij ξ̂

−1/2
ij + 1 ≤ ηn,p|H0c

)
→ 1 as n1, n2, p→∞.

Li and Chen (2012) proved that under the null hypothesis H0c , σ̂−102

∑p
i=1

∑p
j=1 Tij

d→ N(0, 1)

as n1, n2, p→∞. As a result, under H0c,

TPE =
1

σ̂02

p∑
i=1

p∑
j=1

Tij + Jc
d→ N(0, 1) as n1, n2, p→∞.

The proof of Theorem 2 is complete.
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S.2.6 Proof of Theorem 3

Proof. For the power enhancement properties of MPE,

inf
(µ1,µ2)∈Gdm∪Gsm

P (MPE ≥ zα) ≥ min

{
inf

(µ1,µ2)∈Gdm
P (MPE ≥ zα) , inf

(µ1,µ2)∈Gsm
P (MPE ≥ zα)

}
.

By definition, Jm =
√
p
∑p

i=1Miν̂
−1/2
i I{

√
2Miν̂

−1/2
i + 1 > δp} ≥ 0 as long as n and p are not

too small such that δp > 1. Hence, as n1, n2, p→∞,

inf
(µ1,µ2)∈Gdm

P (MPE ≥ zα) ≥ inf
(µ1,µ2)∈Gdm

P

(
1

σ̂01

p∑
i=1

Mi ≥ zα

)
(18)

where the right-hand-side of (18) approaches 1 as shown in Chen and Qin (2010). It suffices

to show that

inf
(µ1,µ2)∈Gsm

P (MPE ≥ zα)→ 1. (19)

Let

Sm(µ1,µ2) =

{
1 ≤ i ≤ p :

(µ1i − µ2i)
2

ν
1/2
i

≥ 16δp

}
and

Ŝm =

{
1 ≤ i ≤ p :

√
2Mi

ν̂
1/2
i

+ 1 > δp

}
,

then Jm =
√
p
∑p

i=1Miν̂
−1/2
i I{

√
2Miν̂

−1/2
i + 1 > δp} =

√
p
∑

i∈Ŝm
Miν̂

−1/2
i . By definition,

{Jm ≤
√
p(δp − 1)/

√
2} = {Ŝm = ∅} and Gsm = {(µ1,µ2) : Sm(µ1,µ2) 6= ∅}.

By the large deviation and log p = o(n1/5), for any ε > 0,

sup
(µ1,µ2)∈Gsm

max
1≤i≤p

P

(∣∣∣∣ ν̂iνi − 1

∣∣∣∣ ≥ ε

)
= o(p−1).

Note that,

inf
(µ1,µ2)∈Gsm

P
(
Sm(µ1,µ2) ⊂ Ŝm

)
= inf

(µ1,µ2)∈Gsm
P

 ⋂
i∈Sm(µ1,µ2)

{√
2Mi

ν̂
1/2
i

+ 1 > δp

}
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≥ inf
(µ1,µ2)∈Gsm

P

 ⋂
i∈Sm(µ1,µ2)

{{
Mi − (µ1i − µ2i)2

ν
1/2
i

+
(µ1i − µ2i)2

ν
1/2
i

>
δp
√

1 + ε√
2

}⋂{∣∣∣∣ ν̂iνi − 1

∣∣∣∣ ≤ ε}
}

≥ inf
(µ1,µ2)∈Gsm

P
 ⋂
i∈Sm(µ1,µ2)

{
Mi − (µ1i − µ2i)2

ν
1/2
i

+
(µ1i − µ2i)2

ν
1/2
i

>
δp
√

1 + ε√
2

}
−P

 ⋃
i∈Sm(µ1,µ2)

{∣∣∣∣ ν̂iνi − 1

∣∣∣∣ ≥ ε}


≥ inf
(µ1,µ2)∈Gsm

P

 ⋂
i∈Sm(µ1,µ2)

{
Mi − (µ1i − µ2i)2

ν
1/2
i

> −(µ1i − µ2i)2

ν
1/2
i

+
δp
√

1 + ε√
2

}
− p max

1≤i≤p
P

(∣∣∣∣ ν̂iνi − 1

∣∣∣∣ ≥ ε)

≥ 1− sup
(µ1,µ2)∈Gsm

P

 ⋃
i∈Sm(µ1,µ2)

{∣∣∣∣∣Mi − (µ1i − µ2i)2

ν
1/2
i

∣∣∣∣∣ > (µ1i − µ2i)2

ν
1/2
i

− δp
√

1 + ε√
2

}
− p max

1≤i≤p
P

(∣∣∣∣ ν̂iνi − 1

∣∣∣∣ ≥ ε)
≥ 1− sup

(µ1,µ2)∈Gsm
p · max

1≤i≤p
P

(∣∣∣∣∣Mi − (µ1i − µ2i)2

ν
1/2
i

∣∣∣∣∣ > (µ1i − µ2i)2

ν
1/2
i

− δp
√

1 + ε√
2

)

− p max
1≤i≤p

P

(∣∣∣∣ ν̂iνi − 1

∣∣∣∣ ≥ ε) .

Further that let ε < 1

sup
(µ1,µ2)∈Gsm

max
1≤i≤p

P

(∣∣∣∣∣Mi − (µ1i − µ2i)2

ν
1/2
i

∣∣∣∣∣ > (µ1i − µ2i)2

ν
1/2
i

− δp
√

1 + ε√
2

)

≤ max
1≤i≤p

P

(∣∣∣∣∣Mi,0

ν
1/2
i

∣∣∣∣∣ > δp

)

+ sup
(µ1,µ2)∈Gsm

max
1≤i≤p

P

(∣∣∣∣∣2σ
1/2
1,ii(µ1i − µ2i)
√
n1ν

1/2
i

· 1
√
n1

n1∑
u

Xui − µ1i
σ
1/2
1,ii

∣∣∣∣∣ > 1

2

(
(µ1i − µ2i)2

ν
1/2
i

− δp(1 +

√
1 + ε√

2
)

))

+ sup
(µ1,µ2)∈Gsm

max
1≤i≤p

P

(∣∣∣∣∣2σ
1/2
2,ii(µ2i − µ1i)
√
n2ν

1/2
i

· 1
√
n2

n2∑
v

Yvi − µ2i
σ
1/2
2,ii

∣∣∣∣∣ > 1

2

(
(µ1i − µ2i)2

ν
1/2
i

− δp(1 +

√
1 + ε√

2
)

))

≤ 2 exp(−δp
2

)
1√
δp

+ sup
(µ1,µ2)∈Gsm

max
1≤i≤p

P

(∣∣∣∣∣ 1
√
n1

n1∑
u

Xui − µ1i
σ
1/2
1,ii

∣∣∣∣∣ >
√
n1v

1/4
i

4σ
1/2
1,ii

(
|µ1i − µ2i|

ν
1/4
i

− δ
1/2
p

4
(1 +

√
1 + ε√

2
)

))

12



+ sup
(µ1,µ2)∈Gsm

max
1≤i≤p

P

(∣∣∣∣∣ 1
√
n2

n2∑
v

Yvi − µ2i
σ
1/2
2,ii

∣∣∣∣∣ >
√
n2v

1/4
i

4σ
1/2
2,ii

(
|µ1i − µ2i|

ν
1/4
i

− δ
1/2
p

4
(1 +

√
1 + ε√

2
)

))

≤ 2 exp(−δp
2

)
1√
δp

+ sup
(µ1,µ2)∈Gsm

max
1≤i≤p

P

(∣∣∣∣∣ 1
√
n1

n1∑
u

Xui − µ1i
σ
1/2
1,ii

∣∣∣∣∣ > 21/4

4

(
δ1/2p (4− 1

2
)

))

+ sup
(µ1,µ2)∈Gsm

max
1≤i≤p

P

(∣∣∣∣∣ 1
√
n2

n2∑
v

Yvi − µ2i
σ
1/2
2,ii

∣∣∣∣∣ > 21/4

4

(
δ1/2p (4− 1

2
)

))
= o(p−1).

It implies, inf(µ1,µ2)∈Gsm P
(
Sm(µ1,µ2) ⊂ Ŝm

)
→ 1. Furthermore,

sup
(µ1,µ2)∈Gsm

P

(
Jm ≤

√
p · δp − 1√

2

)
= sup

(µ1,µ2)∈Gsm
P
(
Ŝm = ∅

)
= sup
{(µ1,µ2):Sm(µ1,µ2)6=∅}

P
(
Ŝm = ∅

)
→ 0,

i.e., inf(µ1,µ2)∈Gsm P
(
Jm >

√
p(δp − 1)/

√
2
)
→ 1. Therefore, as n1, n2, p→∞,

inf
(µ1,µ2)∈Gsm

P (MPE ≥ zα) ≥ inf
(µ1,µ2)∈Gsm

P

(
√
p · δp − 1√

2
+

1

σ̂01

p∑
i=1

Mi ≥ zα

)
→ 1.

(19) is proved. In terms of power enhancement for TPE,

inf
(Σ1,Σ2)∈Gdc∪Gsc

P (TPE ≥ zα) ≥ min

{
inf

(Σ1,Σ2)∈Gdc
P (TPE ≥ zα) , inf

(Σ1,Σ2)∈Gsc
P (TPE ≥ zα)

}
.

Let

Sc(Σ1,Σ2) =

{
(i, j) :

(σ1,ij − σ2,ij)2

ξ
1/2
ij

≥ 16ηp, 1 ≤ i, j ≤ p

}
,

and

Ŝc =

{
(i, j) :

√
2Tij

ξ̂
1/2
ij

+ 1 > ηp, 1 ≤ i, j ≤ p

}
,

then Jc =
√
p
∑p

i=1

∑p
j=1 Tij ξ̂

−1/2
ij I{

√
2Tij ξ̂

−1/2
ij + 1 > ηp} =

√
p
∑

(i,j)∈Ŝc
Tij ξ̂

−1/2
ij . Note that

13



Jc > 0 so long as n and p are not too small such that ηn,p > 1. As n1, n2, p→∞,

inf
(Σ1,Σ2)∈Gdc

P (TPE ≥ zα) ≥ inf
(Σ1,Σ2)∈Gdc

P

(
1

σ̂02

p∑
i=1

p∑
j=1

Tij ≥ zα

)
(20)

where the right-hand-side of (20) approaches 1 as shown in Li and Chen (2012). It remains

to prove that

inf
(Σ1,Σ2)∈Gsc

P (TPE ≥ zα)→ 1 as n1, n2, p→∞. (21)

Similarly,

inf
(Σ1,Σ2)∈Gsc

P
(
Sc(Σ1,Σ2) ⊂ Ŝc

)
= inf

(Σ1,Σ2)∈Gsc
P

 ⋂
(i,j)∈Sc(Σ1,Σ2)

{√
2Tij

ξ̂
1/2
ij

+ 1 > ηp

}
≥ inf

(Σ1,Σ2)∈Gsc
P

 ⋂
(i,j)∈Sc(Σ1,Σ2)

{
Tij − (σ1,ij − σ2,ij)2

ξ
1/2
ij

+
(σ1,ij − σ2,ij)2

ξ
1/2
ij

>
ηp
√

1 + ε√
2

}⋂{∣∣∣∣∣ ξ̂ijξij − 1

∣∣∣∣∣ ≤ ε
}


≥ 1− P

(
max

1≤i,j≤p

∣∣∣∣∣T
(1)
ij

ξ
1/2
ij

∣∣∣∣∣ > ηp

)
− p2 max

1≤i,j≤p
P

(∣∣∣∣∣ ξ̂ijξij − 1

∣∣∣∣∣ ≥ ε
)

− sup
(Σ1,Σ2)∈Gsc

max
1≤i,j≤p

P

(∣∣∣∣∣2(σ1,ij − σ2,ij)
n1ξ

1/2
ij

n1∑
u=1

(XuiXuj − σ1,ij)

∣∣∣∣∣ > 1

2

(
(σ1,ij − σ2,ij)2

ξ
1/2
ij

− η1/2p (1 +

√
1 + ε√

2
)

))

− sup
(Σ1,Σ2)∈Gsc

max
1≤i,j≤p

P

(∣∣∣∣∣2(σ2,ij − σ1,ij)
n2ξ

1/2
ij

n1∑
u=1

(YuiYuj − σ2,ij)

∣∣∣∣∣ > 1

2

(
(σ1,ij − σ2,ij)2

ξ
1/2
ij

− η1/2p (1 +

√
1 + ε√

2
)

))
.

Let ε < 1. Together with

(
max1≤i,j≤p

∣∣∣∣T (1)
ij

ξ
1/2
ij

∣∣∣∣ > ηp

)
→ 0,

sup
(Σ1,Σ2)∈Gsc

max
1≤i,j≤p

P

(∣∣∣∣∣2(σ1,ij − σ2,ij)
n1ξ

1/2
ij

n1∑
u=1

(XuiXuj − σ1,ij)

∣∣∣∣∣ > 1

2

(
(σ1,ij − σ2,ij)2

ξ
1/2
ij

− 2η1/2p

))

= o(p−2)

sup
(Σ1,Σ2)∈Gsc

max
1≤i,j≤p

P

(∣∣∣∣∣2(σ2,ij − σ1,ij)
n2ξ

1/2
ij

n1∑
u=1

(YuiYuj − σ2,ij)

∣∣∣∣∣ > 1

2

(
(σ1,ij − σ2,ij)2

ξ
1/2
ij

− 2η1/2p

))

= o(p−2)
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and by the similar proof of Lemma 3 from Cai et al. (2013), we have

sup
(Σ1,Σ2)∈Gsc

max
1≤i,j≤p

P

(∣∣∣∣∣ ξ̂ijξij − 1

∣∣∣∣∣ ≥ ε

)
= o(p−2) for ε > 0,

we have, inf(Σ1,Σ2)∈Gsc P
(
Sc(Σ1,Σ2) ⊂ Ŝc

)
→ 1. Furthermore,

sup
(Σ1,Σ2)∈Gsc

P

(
Jc ≤

√
p · ηp − 1√

2

)
= sup

(Σ1,Σ2)∈Gsc
P
(
Ŝc = ∅

)
= sup
{(Σ1,Σ2):Sc(Σ1,Σ2)6=∅}

P
(
Ŝc = ∅

)
→ 0,

i.e., inf(Σ1,Σ2)∈Gsc P
(
Jc >

√
p(ηp − 1)/

√
2
)
→ 1. Therefore, as n1, n2, p→∞,

inf
(Σ1,Σ2)∈Gsc

P (TPE ≥ zα) ≥ inf
(Σ1,Σ2)∈Gsc

P

(
√
p · ηp − 1√

2
+

1

σ̂02

p∑
i=1

p∑
j=1

Tij ≥ zα

)
→ 1.

(21) is proved. The proof of Theorem 3 is complete.

S.2.7 Proof of Theorem 4

Proof. From Theorems 1 and 2, under the null hypothesis H0,

P (Jm = 0)→ 1, P (Jc = 0)→ 1 as n1, n2, p→∞.

Therefore, for any x1, x2 ∈ R,

∣∣∣∣P (MPE ≤ x1, TPE ≤ x2)− P
(
Mn1,n2

σ̂01
≤ x1,

Tn1,n2

σ̂02
≤ x2

)∣∣∣∣
≤
∣∣∣∣P (Mn1,n2

σ̂01
+ Jm ≤ x1,

Tn1,n2

σ̂02
+ Jc ≤ x2

)
− P

(
Mn1,n2

σ̂01
+ Jm ≤ x1,

Tn1,n2

σ̂02
≤ x2

)∣∣∣∣
+

∣∣∣∣P (Mn1,n2

σ̂01
+ Jm ≤ x1,

Tn1,n2

σ̂02
≤ x2

)
− P

(
Mn1,n2

σ̂01
≤ x1,

Tn1,n2

σ̂02
≤ x2

)∣∣∣∣
≤
∣∣∣∣P (Mn1,n2

σ̂01
+ Jm ≤ x1,

Tn1,n2

σ̂02
+ Jc ≤ x2

∣∣∣∣Jc = 0

)
− P

(
Mn1,n2

σ̂01
+ Jm ≤ x1,

Tn1,n2

σ̂02
≤ x2

∣∣∣∣Jc = 0

)∣∣∣∣× P (Jc = 0) + P (Jc 6= 0)
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+

∣∣∣∣P (Mn1,n2

σ̂01
+ Jm ≤ x1,

Tn1,n2

σ̂02
≤ x2

∣∣∣∣Jm = 0

)
− P

(
Mn1,n2

σ̂01
≤ x1,

Tn1,n2

σ̂02
≤ x2

∣∣∣∣Jm = 0

)∣∣∣∣× P (Jm = 0) + P (Jm 6= 0)

−→ 0 under H0 as n1, n2, p→∞. (22)

It remains to prove that under H0,

P

(
Mn1,n2

σ̂01
≤ x1,

Tn1,n2

σ̂02
≤ x2

)
→ Φ(x1)Φ(x2) as n1, n2, p→∞. (23)

Together with Lemma 1, it suffices to show that for any a, b ∈ R, aMn1,n2/σ̂01 + bTn1,n2/σ̂02

converge to a normal distribution. From the discussions of Chen and Qin (2010) and Li

and Chen (2012), we know that σ̂−102

(
Tn1,n2 − T̃n1,n2

)
p→ 0 and σ̂0i/σ0i

p→ 1 for i = 1, 2. As

a result, we only need to show that under H0, aMn1,n2/σ01 + bT̃n1,n2/σ02 is asymptotically

normally distributed. Let µ and Σ denote the common mean vector and covariance matrix

under the null hypothesis. Without loss of generality, we assume µ = 0.

For ease of notation, let Wi be a new random variable taking values of

Wi = Xi, i = 1, · · · , n1; Wn1+i = Yi, i = 1, · · · , n2.

Let F0 = {∅,Ω}, Fm = σ{Y1, . . . , Ym} for m = 1, 2, . . . , n1 + n2, and let Em(·) denote the

conditional expectation given Fm., i.e., Em(·) = E( · |Fm). Consider

Dn,m = (Em − Em−1)Mn1,n2 , Gn,m = (Em − Em−1)T̃n1,n2 .

To be more specific,

Dn,m =
2

n1(n1 − 1)

m−1∑
i=1

W′
iWmI{m ≤ n1}+

2

n2(n2 − 1)

m−1∑
i=n1+1

W′
iWmI{m > n1}

− 2

n1n2

n1∑
i=1

W′
iWmI{m > n1}
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Gn,m =
2

n1(n1 − 1)
[W′

mQ1,m−1Wm − tr(Q1,m−1Σ)] I{m ≤ n1}

+
2

n2(n2 − 1)
[W′

mQ2,m−1Wm − tr(Q2,m−1Σ)] I{m > n1}

− 2

n1n2

[W′
mQ1,n1Wm − tr(Q1,n1Σ)] I{m > n1},

where Q1,m−1 =
∑m−1

i=1 (WiW
′
i −Σ) and Q2,n1+l−1 =

∑l−1
i=1(Wn1+iW

′
n1+i
−Σ).

It’s easy to verify that

aMn1,n2/σ01 + bT̃n1,n2/σ02 =

n1+n2∑
i=1

(aDn,m/σ01 + bGn,m/σ02) ,

and for any n, {aDn,m/σ01 + bGn,m/σ02, 1 ≤ m ≤ n} is a martingale difference sequence with

respect to the σ-fields {Fm, 1 ≤ m ≤ n}. By Martingale central limit theorem, we only need

to show that ∑n1+n2

m=1 Em−1(aDn,m/σ01 + bGn,m/σ02)
2

s2n

p→ 1, (24)

and ∑n1+n2

m=1 E(aDn,m/σ01 + bGn,m/σ02)
4

s4n
→ 0, (25)

where s2n = var(aMn1,n2/σ01 + bT̃n1,n2/σ02) = a2 + b2 + o(1).

Chen and Qin (2010) and Li and Chen (2012) proved that

1

σ2
01

n1+n2∑
m=1

Em−1(D
2
n,m)

p→ 1,
1

σ2
02

n1+n2∑
m=1

Em−1(G
2
n,m)

p→ 1.

and

1

σ4
01

n1+n2∑
m=1

E(D4
n,m)→ 0,

1

σ4
02

n1+n2∑
m=1

E(G4
n,m)→ 0.

Therefore,

1

s4n

n1+n2∑
m=1

E

(
aDn,m

σ01
+
bGn,m

σ02

)4

≤ 8

s4n

(
a4

σ4
01

n1+n2∑
m=1

E(D4
n,m) +

b4

σ4
02

n1+n2∑
m=1

E(G4
n,m)

)
→ 0,
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(25) is proved. In order to prove (24), we only need to show

1

σ01σ02

n1+n2∑
m=1

Em−1(Dn,mGn,m)
p→ 0. (26)

Rigorous calculation suggests that for a sufficiently large positive constant C, we have

∣∣E (∑n1+n2

m=1 Em−1(Dn,mGn,m)
)∣∣ =

∣∣∑n1+n2

m=1 E (Em−1(Dn,mGn,m))
∣∣

≤ C
(

1
n1

+ 1
n2

)2
λmax(Σ)tr(Σ2),

and

E
(∑n1+n2

m=1 Em−1(Dn,mGn,m)
)2 ≤ (n1 + n2)

∑n1+n2

m=1 E
(
E2
m−1(Dn,mGn,m)

)
≤ Cλ2max(Σ)tr2

(Σ2)
(n1+n2)4 .

Therefore,

E

(
n1+n2∑
m=1

Em−1(Dn,mGn,m)

)
= o (σ01σ02) ,

and

var

(
n1+n2∑
m=1

Em−1(Dn,mGn,m)

)
= o

(
σ2
01σ

2
02

)
.

Hence (26) holds, which gives (24). Further by the martingale central limit theorem (Hall

and Heyde, 2014), we have (23). Together with (22), we finish the proof of Theorem 4.

S.2.8 Proof of Theorem 5

Proof. (i) (Asymptotically accurate size) Without loss of generality, we assume the common

mean vector under the null hypothesis H0 equals to zero. As discussed by Li and Chen

(2012), the third and fourth-moment summation terms in An1 , Bn2 and Cn1,n2 are all of

small order than the leading second-moment terms. As a result, after centering each datum,

removing those terms from Tn1,n2 would not affect its asymptotic behaviors. It brings us a

lot of convenience for theoretical analysis and greatly alleviates the computational burden
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at the same time. We consider the simplified Tn1,n2 statistic.

T̃n1,n2 =
1

n1(n1 − 1)

n1∑
u6=v

(X′uXv)
2

+
1

n2(n2 − 1)

n2∑
u6=v

(Y′uYv)
2 − 2

n1n2

n1∑
u

n2∑
v

(X′uYv)
2
. (27)

Lemma 1 presents a crucial intermediate result that the statistics Mn1,n2 and T̃n1,n2 are

asymptotically uncorrelated. As an implication of Lemma 1 and further by the martingale

central limit theorem (Hall and Heyde, 2014), we are able to obtain the asymptotic joint

null distribution of Mn1,n2 and Tn1,n2 . In combination with Theorems 1 and 2, the joint

limiting null distribution of MPE and TPE is obtained and summarized in Theorem 4. Then

the asymptotically accurate size of the simultaneous test Jn1,n2 directly follows from the

asymptotic independence of Theorem 4.

(ii) (Asymptotically consistent power) Note that

inf
{(Σ1,Σ2)∈Gdc∪Gsc}∪{(µ1,µ2)∈Gdm∪Gsm}

P (Jn1,n2 ≥ qα)

≥min

{
inf

(Σ1,Σ2)∈Gdc∪Gsc
P (Jn1,n2 ≥ qα) , inf

(µ1,µ2)∈Gdm∪Gsm
P (Jn1,n2 ≥ qα)

}
.

It suffices to show

inf
Gdk∪G

s
k

P (Jn1,n2 ≥ qα)→ 1, (28)

for k = c,m. Since both −2 log (1− Φ(TPE)) and −2 log (1− Φ(MPE)) are always non-

negative, we have

inf
(Σ1,Σ2)∈Gdc∪Gsc

P (Jn1,n2 ≥ qα) ≥ inf
(Σ1,Σ2)∈Gdc∪Gsc

P
(
TPE ≥ Φ−1 (1− exp(−qα/2))

)
,

and

inf
(µ1,µ2)∈Gdm∪Gsm

P (Jn1,n2 ≥ qα) ≥ inf
(µ1,µ2)∈Gdm∪Gsm

P
(
MPE ≥ Φ−1 (1− exp(−qα/2))

)
.

Together with the power analysis in Theorem 3, (28) is proved.
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S.3 Additional Numerical Results

S.3.1 Non-Gaussian Data

This subsection includes additional numerical results with the intention to exam the test

performance in regard to non-Gaussian data. Tables S.1 presents the empirical power for

testing Hm and Hc. Tables S.2 and S.3 include power analysis for testing Hb. These results

show a similar pattern to the Gaussian scenarios as in Tables 2-4, implying that the proposed

approaches are insensitive to non-Gaussianity.
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Table S.1: Empirical Power (%) against Hm and Hc with Gamma Distributed {Zk,i}
in the Data Generating Process

N = 100 N = 200
H Method p = 100 200 500 800 1000 100 200 500 800 1000

Hd
m

Mn1,n2 46.88 46.22 47.72 46.80 46.88 86.68 88.84 90.38 91.02 91.20
MPE 48.46 46.98 48.22 47.06 47.34 87.06 88.96 90.44 91.08 91.20
Tn1,n2 5.50 5.02 5.12 4.90 5.04 5.34 5.38 4.94 5.24 4.96
TPE 5.52 5.02 5.12 4.90 5.04 5.34 5.38 4.94 5.24 4.96
Sn1,n2 33.60 30.44 30.64 29.80 29.40 75.70 76.64 78.30 79.58 79.22
Cn1,n2 33.98 30.44 30.38 29.44 29.34 76.06 77.04 79.22 80.26 80.20
Jn1,n2 40.22 37.10 38.12 37.38 37.66 80.24 81.24 83.26 84.50 83.98

Hs
m

Mn1,n2 42.84 32.98 23.46 19.52 18.70 82.98 73.38 52.78 45.22 39.70
MPE 78.34 79.32 79.12 80.50 79.96 99.50 99.64 99.68 99.82 99.80
Tn1,n2 5.18 5.10 5.18 5.22 4.98 5.22 5.30 5.22 5.24 5.14
TPE 5.22 5.10 5.18 5.22 4.98 5.22 5.30 5.22 5.24 5.14
Sn1,n2 76.52 77.50 77.72 79.30 78.96 99.38 99.58 99.64 99.80 99.76
Cn1,n2 76.48 77.52 77.84 79.08 79.10 99.38 99.56 99.62 99.80 99.76
Jn1,n2 77.62 78.42 78.66 79.74 79.68 99.40 99.58 99.62 99.80 99.76

Hd
c

Mn1,n2 5.00 4.90 5.02 4.98 5.08 5.28 5.10 5.12 5.20 5.36
MPE 5.58 5.36 5.32 5.22 5.26 5.62 5.32 5.22 5.28 5.42
Tn1,n2 58.08 58.72 59.36 58.28 59.90 97.12 97.94 98.54 98.32 98.62
TPE 58.10 58.74 59.36 58.28 59.90 97.12 97.94 98.54 98.32 98.62
Sn1,n2 36.16 37.14 37.28 36.48 38.54 91.02 92.44 92.90 93.40 93.84
Cn1,n2 37.56 37.92 37.14 36.46 39.10 91.56 92.92 93.44 94.24 94.86
Jn1,n2 45.54 46.50 45.62 44.68 48.40 93.26 94.92 95.36 95.70 95.94

Hs
c

Mn1,n2 5.26 5.42 5.40 5.08 5.50 5.16 5.50 5.20 5.50 5.32
MPE 5.60 5.52 5.46 5.10 5.52 5.36 5.56 5.22 5.54 5.36
Tn1,n2 36.26 23.22 11.70 8.88 8.56 67.72 47.68 19.18 12.88 11.32
TPE 44.98 30.20 14.74 10.92 10.28 86.90 75.10 45.64 33.48 27.58
Sn1,n2 34.64 22.08 10.34 8.60 8.56 81.02 67.20 40.14 29.66 24.32
Cn1,n2 35.68 22.06 10.42 8.94 9.16 81.62 67.32 39.80 29.58 24.46
Jn1,n2 39.86 26.86 13.68 10.56 10.02 83.52 70.46 43.26 32.72 26.32

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.

(2) Hd
m and Hs

m stands for the type of alternative hypotheses (dense/sparse) in regards of the

mean differences of the two populations. (3) Hd
c and Hs

c stands for the type of alternative

hypotheses (dense/sparse) in regards of the covariance differences of the two populations.
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Table S.2: Empirical Power (%) against Hb with Gamma Distributed {Zk,i}
in the Data Generating Process

Hb N Method p = 100 200 500 800 1000

Hd
m ∩Hd

c

100

Mn1,n2 45.42 43.76 44.96 45.08 46.04

MPE 46.72 44.48 45.30 45.48 46.30

Tn1,n2 57.56 59.30 60.08 60.70 60.20

TPE 57.58 59.32 60.08 60.70 60.20

Sn1,n2 57.62 57.46 57.24 58.92 57.90

Cn1,n2 55.94 55.42 55.32 56.60 55.94

Jn1,n2 72.64 73.44 74.46 76.24 75.94

200

Mn1,n2 84.34 85.66 88.48 89.48 89.38

MPE 84.64 85.86 88.56 89.52 89.38

Tn1,n2 97.52 98.28 98.26 98.56 98.34

TPE 97.52 98.28 98.26 98.56 98.34

Sn1,n2 98.12 98.94 99.08 99.28 99.14

Cn1,n2 97.74 98.60 98.88 99.06 99.02

Jn1,n2 99.46 99.74 99.76 99.88 99.72

Hd
m ∩Hs

c

100

Mn1,n2 38.44 40.82 41.32 39.57 38.92

MPE 40.26 41.70 41.58 39.79 39.02

Tn1,n2 36.34 22.80 11.84 8.71 8.36

TPE 44.40 29.18 14.46 10.29 9.46

Sn1,n2 48.44 39.58 28.40 27.93 24.86

Cn1,n2 47.86 39.04 28.52 27.64 24.54

Jn1,n2 58.30 50.18 40.00 36.93 34.56

200

Mn1,n2 77.00 83.46 84.40 83.39 82.84

MPE 77.90 83.72 84.54 83.39 82.90

Tn1,n2 67.78 45.94 19.46 13.44 10.98

TPE 85.94 72.74 43.38 30.28 26.40

Sn1,n2 91.26 87.96 78.74 74.72 71.94

Cn1,n2 90.62 87.10 79.38 75.28 72.80

Jn1,n2 94.34 92.36 85.74 81.28 79.42

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.

(2) Hb stands for the type of alternative hypotheses (dense/sparse) in regards of the mean and

covariance differences of the two populations.
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Table S.3: Empirical Power (%) against Hb with Gamma Distributed {Zk,i}
in the Data Generating Process

Hb N Method p = 100 200 500 800 1000

Hs
m ∩Hd

c

100

Mn1,n2 41.38 32.02 22.14 19.02 16.66

MPE 76.86 77.74 78.46 78.32 79.40

Tn1,n2 58.16 60.80 57.92 58.98 59.72

TPE 58.18 60.82 57.94 58.98 59.72

Sn1,n2 83.56 84.80 85.26 84.86 86.18

Cn1,n2 83.42 84.96 85.58 84.82 86.36

Jn1,n2 87.96 88.68 88.98 88.38 89.44

200

Mn1,n2 82.22 71.14 51.92 43.64 37.84

MPE 99.04 99.40 99.62 99.74 99.84

Tn1,n2 97.18 97.64 98.42 98.60 98.22

TPE 97.20 97.64 98.42 98.60 98.22

Sn1,n2 99.90 99.96 99.98 99.96 99.98

Cn1,n2 99.94 99.98 99.98 99.98 99.98

Jn1,n2 99.94 99.98 100.00 99.98 99.98

Hs
m ∩Hs

c

100

Mn1,n2 33.30 29.82 19.76 16.76 14.60

MPE 68.78 72.24 70.54 68.42 68.48

Tn1,n2 36.72 22.80 11.56 8.52 8.02

TPE 45.42 30.00 14.88 10.38 9.24

Sn1,n2 76.90 75.44 70.92 67.68 67.72

Cn1,n2 77.02 75.18 70.62 67.68 67.54

Jn1,n2 79.56 78.04 72.96 69.54 69.44

200

Mn1,n2 73.42 64.90 46.66 36.84 33.44

MPE 96.56 97.46 98.08 98.16 98.18

Tn1,n2 67.58 46.46 19.00 12.94 10.56

TPE 86.06 73.48 47.22 32.64 27.40

Sn1,n2 98.84 98.72 98.52 98.58 98.40

Cn1,n2 98.84 98.72 98.62 98.54 98.38

Jn1,n2 99.06 99.02 98.74 98.74 98.46

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.

(2) Hb stands for the type of alternative hypotheses (dense/sparse) in regards of the mean and

covariance differences of the two populations.
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S.3.2 Various Dependent Structure

In this subsection, we conduct additional experiments with various covariance matrices

to examine the test performance in the presence of different dependent structure. Under H0,

we generate samples {Xu}n1
u=1 and {Yv}n2

v=1 from Np(0,Σ
∗(i)). We consider the following two

covariance matrices:

(i) Σ∗(1) is a block diagonal matrix with each block being 0.5I5 + 0.5151
′
5.

(ii) Σ∗(2) = (Σ̃+δIp)/(1+δ), where Σ̃ = (σ̃ij)p×p with σ̃ii = 1, σ̃ij = 0.5∗Bernoulli(1, 0.05)

for i < j, σ̃ij = σ̃ji, and δ = |λmin(Σ̃)|+ 0.05.

Σ∗(1) has a block structure with moderate within-block correlations. Σ∗(2) is a randomly

sparse matrix. Table S.4 reports the empirical size of simulation with the two covariance

structure. Generally speaking, the size is well controlled at the nominal level, except for a

slightly higher result when both N and p are small.

Table S.4: Empirical Size (%) with Various Covariance Structure

Σ∗(1) Σ∗(2)

N Method p = 100 200 500 800 1000 100 200 500 800 1000

100

Mn1,n2 5.56 5.36 5.56 5.62 5.16 5.70 5.20 5.32 4.86 5.30

MPE 6.10 5.74 6.02 5.84 5.36 6.28 5.84 5.66 5.14 5.76

Tn1,n2 5.64 4.66 4.82 5.12 5.52 5.02 5.28 5.06 4.98 4.88

TPE 5.64 4.66 4.82 5.12 5.52 5.02 5.28 5.06 4.98 4.88

Sn1,n2 5.88 5.48 5.32 5.34 5.48 5.76 6.04 5.58 5.84 4.96

Cn1,n2 6.78 6.08 5.74 5.84 6.00 6.50 6.12 5.84 5.52 5.18

Jn1,n2 6.56 5.74 5.74 5.00 5.84 6.24 5.82 5.70 5.72 5.44

200

Mn1,n2 5.38 5.34 5.60 5.12 5.56 5.80 5.58 5.70 5.78 5.24

MPE 5.54 5.64 5.66 5.14 5.60 6.22 5.84 5.84 5.84 5.30

Tn1,n2 4.94 5.58 5.60 5.24 5.50 5.08 5.02 4.86 5.32 5.22

TPE 4.94 5.58 5.60 5.24 5.50 5.08 5.02 4.86 5.32 5.22

Sn1,n2 5.22 5.60 5.34 5.12 5.42 5.78 5.22 5.58 4.68 5.50

Cn1,n2 6.28 6.28 6.02 5.76 6.02 6.48 6.12 5.94 5.76 5.34

Jn1,n2 6.02 5.68 5.64 5.22 5.52 6.18 5.84 5.98 5.56 5.30

Note: This table reports the frequencies of rejection by each method under the null hypothesis H0

based on 5000 independent replications conducted at the significance level 5%.
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In terms of the power, we generate samples from Np(µ1,Σ1) and Np(µ2,Σ2). Following

Section 5, we investigate the test performance with respect to three types of alternatives:

Hm, Hc and Hb. To examine Hm and Hc we consider sparsely and densely differed means

(Hs
m/H

d
m) and covariances (Hs

c/H
d
c ), and to examine Hb we consider four scenarios that are

combinations of Hs
m/H

d
m and Hs

c/H
d
c . For Hs

m and Hd
m, we set Σ1 = Σ2 = Σ∗(k), k = 1, 2,

and set µ1 and µ2 in the same way as in Section 5. For Hs
c and Hd

c , we set both mean

vectors are zero vectors and consider different sparsity pattern in Σ2 − Σ1 to depict the

sparse and dense alternatives. Specifically, to examine the testing power against Hs
c , we use

covariance pairs Σ1 = Σ∗(k) + εIp and Σ1 = Σ∗(k) + εIp + U, where U is a symmetric sparse

matrix with 8 random nonzero entries, and ε = |min{λmin(Σ∗(k) +U), λmin(Σ∗(k))}|+ 0.05 is

to guarantee the positive definiteness of Σ1 and Σ2. The generalization of U is introduced

in Section 5. To examine the testing power against Hd
c , we let Σ1 = Σ∗(k) and Σ2 =

(1 − τ)Σ∗(k) + τIp with τ = 0.5. For each setup, we report the empirical power based on

5,000 replications at significance level 5%. The results are reported in Tables S.5 - S.8.

The outcomes resound with the empirical findings in Section 5, implying that our proposed

tests yield satisfactory performance under different covariance structure provided that the

covariance matrices satisfy the regularity conditions, see Equation (2.5).
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Table S.5: Empirical Power (%) against Hm with Various Covariance Structure

Σ∗(1) Σ∗(2)

Hm N Method p = 100 200 500 800 1000 100 200 500 800 1000

Hd
m

100

Mn1,n2 31.26 32.32 30.50 31.00 31.72 40.58 40.98 40.56 41.22 41.06
MPE 32.52 33.12 30.94 31.26 32.12 42.32 42.16 41.14 41.42 41.32
Tn1,n2 5.52 5.16 5.04 4.88 4.64 5.56 5.06 5.38 4.90 4.66
TPE 5.52 5.16 5.04 4.88 4.64 5.56 5.06 5.38 4.90 4.66
Sn1,n2 23.10 21.88 19.20 18.86 18.14 28.74 26.90 25.56 25.36 24.46
Cn1,n2 28.10 27.54 24.86 24.72 24.50 35.34 34.66 33.66 32.60 32.18
Jn1,n2 27.78 27.54 24.34 24.84 24.14 35.16 33.82 32.74 32.48 30.94

200

Mn1,n2 63.26 64.86 67.20 68.06 69.26 81.26 81.74 84.92 83.80 84.30
MPE 64.00 65.20 67.28 68.08 69.32 81.88 81.94 85.02 83.84 84.34
Tn1,n2 5.76 5.00 4.76 4.66 5.02 4.94 4.76 4.88 4.48 4.78
TPE 5.76 5.00 4.76 4.66 5.02 4.94 4.76 4.88 4.48 4.78
Sn1,n2 49.68 48.86 50.52 50.10 50.36 68.16 66.82 70.08 68.06 68.62
Cn1,n2 57.04 57.40 58.96 59.46 60.10 76.28 74.82 78.58 76.28 76.90
Jn1,n2 55.48 55.72 57.20 57.68 58.82 74.38 73.12 75.92 73.66 74.88

Hs
m

100

Mn1,n2 26.02 21.20 34.56 27.94 12.82 36.36 29.30 45.92 36.14 16.56
MPE 77.68 77.50 91.50 90.12 78.72 77.56 78.40 95.98 95.50 79.72
Tn1,n2 6.04 5.04 5.10 4.60 5.78 5.36 4.58 4.88 5.02 5.00
TPE 6.04 5.04 5.10 4.60 5.78 5.36 4.58 4.88 5.02 5.00
Sn1,n2 76.34 76.12 90.82 89.58 78.16 75.64 76.84 95.64 95.00 78.76
Cn1,n2 77.36 77.02 91.22 89.82 78.28 76.96 77.60 95.84 95.28 79.38
Jn1,n2 77.22 76.94 91.06 89.74 78.48 77.14 77.60 95.82 95.18 79.56

200

Mn1,n2 61.46 47.74 76.44 66.32 25.40 76.54 64.98 90.18 81.22 33.98
MPE 99.42 99.74 99.98 99.98 99.76 99.26 99.48 100.00 100.00 99.70
Tn1,n2 6.10 5.12 5.10 4.76 4.96 5.18 5.32 4.92 5.32 5.52
TPE 6.10 5.12 5.10 4.76 4.96 5.18 5.32 4.92 5.32 5.52
Sn1,n2 99.40 99.68 100.00 99.98 99.76 99.16 99.42 100.00 100.00 99.72
Cn1,n2 99.40 99.70 100.00 99.98 99.76 99.22 99.50 100.00 100.00 99.72
Jn1,n2 99.42 99.70 100.00 99.98 99.76 99.22 99.44 100.00 100.00 99.74

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.

(2) Hm stands for the type of alternative hypotheses (dense/sparse) in regards of the mean

differences of the two populations.
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Table S.6: Empirical Power (%) against Hc with Various Covariance Structure

Σ∗(1) Σ∗(2)

Hc N Method p = 100 200 500 800 1000 100 200 500 800 1000

Hd
c

100

Mn1,n2 5.70 5.84 5.42 5.00 5.32 5.38 5.90 5.52 5.12 4.94
MPE 6.46 6.36 5.78 5.26 5.54 6.24 6.64 5.92 5.32 5.26
Tn1,n2 97.06 97.74 98.60 98.20 98.88 35.72 38.28 38.82 39.14 38.74
TPE 97.06 97.74 98.60 98.20 98.88 35.72 38.28 38.82 39.14 38.74
Sn1,n2 90.86 93.24 94.12 93.48 94.64 19.44 21.18 21.58 20.86 21.30
Cn1,n2 94.90 95.96 97.24 96.46 97.42 27.86 30.22 30.70 29.60 30.04
Jn1,n2 93.32 95.06 96.24 95.52 96.44 27.22 29.32 29.82 28.96 29.18

200

Mn1,n2 6.30 5.62 5.46 5.60 5.46 5.50 5.82 5.18 4.80 5.62
MPE 6.64 5.84 5.58 5.70 5.62 5.80 6.12 5.32 4.88 5.78
Tn1,n2 100.00 100.00 100.00 100.00 100.00 80.42 83.54 85.76 87.54 87.84
TPE 100.00 100.00 100.00 100.00 100.00 80.42 83.54 85.76 87.54 87.84
Sn1,n2 100.00 100.00 100.00 100.00 100.00 61.60 64.58 67.88 70.40 71.32
Cn1,n2 100.00 100.00 100.00 100.00 100.00 72.02 75.04 78.12 80.12 80.48
Jn1,n2 100.00 100.00 100.00 100.00 100.00 69.58 72.62 75.58 77.28 77.86

Hs
c

100

Mn1,n2 5.70 5.60 5.10 5.46 5.10 6.28 5.46 5.54 5.78 5.24
MPE 6.44 6.18 5.42 5.66 5.28 7.16 6.06 5.98 6.20 5.48
Tn1,n2 33.34 16.40 8.66 7.56 6.60 38.26 18.64 10.28 7.50 7.14
TPE 73.18 55.90 26.58 15.70 11.38 76.88 63.98 38.00 22.94 17.56
Sn1,n2 69.92 53.28 24.28 14.22 10.64 73.26 60.70 35.44 21.80 16.48
Cn1,n2 72.10 54.78 26.08 14.98 11.30 75.46 62.60 36.74 22.80 17.28
Jn1,n2 72.10 55.00 25.80 15.30 11.18 75.14 62.40 36.94 23.08 17.58

200

Mn1,n2 5.02 5.62 5.38 5.62 5.36 5.96 5.48 5.64 5.30 5.06
MPE 5.38 6.02 5.44 5.70 5.46 6.32 5.72 5.78 5.40 5.14
Tn1,n2 76.00 39.28 14.32 10.22 9.26 80.60 46.68 16.86 11.02 9.96
TPE 99.60 98.94 98.46 98.38 98.58 99.66 99.42 98.88 98.68 98.62
Sn1,n2 99.48 98.86 98.44 98.38 98.50 99.66 99.38 98.80 98.66 98.54
Cn1,n2 99.52 98.92 98.46 98.40 98.60 99.66 99.40 98.86 98.66 98.60
Jn1,n2 99.52 98.94 98.46 98.40 98.54 99.62 99.38 98.86 98.66 98.58

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.

(2) Hc stands for the type of alternative hypotheses (dense/sparse) in regards of the covariance

differences of the two populations.
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Table S.7: Empirical Power (%) against Hb with Various Covariance Structure

Σ∗(1) Σ∗(2)

Hb N Method p = 100 200 500 800 1000 100 200 500 800 1000

Hd
m ∩Hd

c

100

Mn1,n2 36.06 36.48 36.88 35.84 36.94 42.96 41.80 44.42 42.38 42.20
MPE 37.68 37.24 37.26 36.06 37.24 44.52 42.38 44.92 42.78 42.62
Tn1,n2 97.08 97.94 98.80 98.54 98.62 36.70 39.40 38.86 39.68 39.36
TPE 97.08 97.94 98.80 98.54 98.62 36.70 39.40 38.86 39.68 39.36
Sn1,n2 94.66 95.42 96.50 96.12 96.44 44.04 43.86 43.36 42.66 43.80
Cn1,n2 97.22 97.70 98.40 98.18 98.42 55.48 55.20 56.38 54.90 56.24
Jn1,n2 97.20 97.82 98.66 98.40 98.56 60.40 61.30 61.66 61.90 62.20

200

Mn1,n2 69.52 73.08 74.64 75.82 77.12 83.66 85.30 86.44 87.38 86.90
MPE 70.16 73.26 74.70 75.90 77.14 84.14 85.42 86.50 87.42 86.98
Tn1,n2 100.00 100.00 100.00 100.00 100.00 83.34 86.54 86.82 87.42 86.58
TPE 100.00 100.00 100.00 100.00 100.00 83.34 86.54 86.82 87.42 86.58
Sn1,n2 100.00 100.00 100.00 100.00 100.00 92.94 94.44 95.06 95.48 95.26
Cn1,n2 100.00 100.00 100.00 100.00 100.00 96.06 96.82 97.06 97.54 97.28
Jn1,n2 100.00 100.00 100.00 100.00 100.00 97.56 98.20 98.30 98.60 98.36

Hd
m ∩Hs

c

100

Mn1,n2 13.46 13.48 12.96 11.38 11.08 16.70 14.08 11.30 9.68 9.88
MPE 14.70 14.12 13.36 11.66 11.32 18.00 14.58 11.78 9.98 10.22
Tn1,n2 35.12 17.74 8.64 7.90 6.46 38.42 19.26 9.68 8.18 6.80
TPE 74.00 58.34 28.14 16.44 11.84 76.80 63.86 37.68 23.42 17.62
Sn1,n2 71.46 57.24 27.86 16.08 12.28 75.32 61.94 36.84 22.72 17.48
Cn1,n2 74.22 60.36 31.38 19.42 15.28 77.72 64.60 39.72 24.96 20.02
Jn1,n2 74.50 60.76 32.06 20.04 15.84 78.46 65.66 40.32 26.02 20.38

200

Mn1,n2 26.04 24.38 23.24 23.26 22.36 34.10 28.98 20.40 16.04 15.64
MPE 26.68 24.80 23.44 23.36 22.46 35.00 29.34 20.54 16.14 15.82
Tn1,n2 76.02 39.28 15.34 9.86 9.22 80.96 46.22 17.36 11.54 10.76
TPE 99.34 98.72 98.28 98.68 98.86 99.54 99.26 98.86 98.84 98.86
Sn1,n2 99.32 98.78 98.38 98.78 98.88 99.56 99.30 98.94 98.86 98.92
Cn1,n2 99.36 98.86 98.40 98.80 99.02 99.62 99.42 98.98 98.94 98.94
Jn1,n2 99.40 98.86 98.44 98.86 99.00 99.60 99.44 99.00 98.94 99.00

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.

(2) Hb stands for the type of alternative hypotheses (dense/sparse) in regards of the mean and

covariance differences of the two populations.
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Table S.8: Empirical Power (%) against Hb with Various Covariance Structure

Σ∗(1) Σ∗(2)

Hb N Method p = 100 200 500 800 1000 100 200 500 800 1000

Hs
m ∩Hd

c

100

Mn1,n2 31.14 25.60 38.98 32.32 15.02 37.96 29.90 48.14 40.34 17.04
MPE 77.00 78.76 92.04 92.58 79.78 77.78 78.38 95.58 96.12 79.08
Tn1,n2 97.12 97.68 98.56 98.60 98.64 36.88 37.44 39.56 38.52 40.30
TPE 97.12 97.68 98.56 98.60 98.64 36.88 37.44 39.56 38.52 40.30
Sn1,n2 97.66 98.52 99.50 99.66 98.72 80.06 80.26 95.80 96.66 81.98
Cn1,n2 98.72 99.20 99.80 99.90 99.28 82.86 83.36 96.52 97.52 84.80
Jn1,n2 98.72 99.16 99.78 99.90 99.30 83.80 84.02 96.86 97.54 85.32

200

Mn1,n2 70.34 56.58 84.24 74.90 29.50 79.44 68.30 92.04 85.36 36.90
MPE 99.20 99.58 99.96 100.00 99.84 99.10 99.52 100.00 100.00 99.78
Tn1,n2 100.00 100.00 100.00 100.00 100.00 82.02 80.46 87.32 86.20 87.54
TPE 100.00 100.00 100.00 100.00 100.00 82.02 80.46 87.32 86.20 87.54
Sn1,n2 100.00 100.00 100.00 100.00 100.00 99.72 99.82 100.00 100.00 99.92
Cn1,n2 100.00 100.00 100.00 100.00 100.00 99.82 99.82 100.00 100.00 99.96
Jn1,n2 100.00 100.00 100.00 100.00 100.00 99.86 99.84 100.00 100.00 99.92

Hs
m ∩Hs

c

100

Mn1,n2 12.72 10.80 13.22 11.48 7.60 15.52 11.34 12.30 9.84 6.28
MPE 19.56 16.06 19.96 18.10 10.74 26.16 18.54 17.26 12.68 7.50
Tn1,n2 33.90 17.44 9.14 7.48 7.10 37.82 19.40 10.46 8.02 7.46
TPE 72.82 57.84 27.18 16.02 12.16 76.16 64.66 36.86 23.52 18.32
Sn1,n2 71.42 57.62 33.50 22.30 13.88 76.18 65.32 39.06 25.00 18.12
Cn1,n2 74.42 60.64 36.54 25.44 15.78 79.16 67.50 42.32 27.60 19.60
Jn1,n2 74.68 61.50 37.16 25.96 16.06 79.26 68.10 42.74 28.30 19.70

200

Mn1,n2 23.94 18.34 25.98 20.88 10.62 30.90 20.58 21.64 15.92 8.12
MPE 43.42 36.92 52.24 47.68 28.56 58.56 44.62 42.44 28.92 13.12
Tn1,n2 77.12 39.68 15.48 10.30 9.14 80.68 46.20 17.82 13.36 10.36
TPE 99.30 98.86 98.46 98.74 98.36 99.68 99.24 98.84 98.92 98.98
Sn1,n2 99.36 99.02 98.76 99.08 98.54 99.72 99.28 99.18 98.94 98.96
Cn1,n2 99.40 99.04 98.82 99.10 98.56 99.76 99.38 99.20 99.00 99.00
Jn1,n2 99.48 99.10 98.86 99.12 98.64 99.78 99.36 99.20 99.04 99.00

Note: (1) This table reports the frequencies of rejection by each method under the alternative
hypothesis based on 5000 independent replications conducted at the significance level 5%.

(2) Hb stands for the type of alternative hypotheses (dense/sparse) in regards of the mean and

covariance differences of the two populations.
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S.3.3 Comparisons between the Power-Enhanced Tests and Other

Tests Designed for Sparse Alternatives

The numerical results in Section 5 have showed that the mean test Mn1,n2 and the covari-

ance test Tn1,n2 are powerful under their respective dense alternatives Hd
m and Hd

c , but may

lack power under the sparse alternatives Hs
m and Hs

c . By adding the PE components, the

proposed power-enhanced tests MPE and TPE exhibit substantially enhanced power under

Hs
m and Hs

c while retain high power under Hd
m and Hd

c , respectively. In this subsection,

we compare the power-enhanced tests with other tests that are designed for sparse alter-

natives, in specific, the extreme-value-based mean test MCLX (Cai et al., 2013) and the

extreme-value-based covariance test TCLX (Cai et al., 2014).

We adopt the same simulation settings as those in Section 5. The empirical size and power

are reported in Table S.9. From the table we can see that under the sparse alternatives Hs
m

and Hs
c , MPE and TPE seem to be less powerful than MCLX and TCLX . Under the dense

alternatives Hd
m and Hd

c , MPE and TPE outperform MCLX and TCLX by a large margin.

MCLX is powerful in detecting differences in the mean vectors but not covariance matrices,

whereas TCLX performs well in testing the covariance matrices but cannot distinguish two

different mean vectors. In contrast, Jn1,n2 remains high power under various alternatives.
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Table S.9: Comparisons between Power-Enhanced Tests and Extreme-Value-Based Tests

H Method p = 100 200 500 800 1000

H0

MPE 5.68 5.56 5.62 5.18 5.30
MCLX 3.90 5.06 5.04 5.06 5.76
TPE 4.78 4.72 5.20 4.98 4.98
TCLX 4.70 4.38 4.34 4.34 4.52
Jn1,n2 5.50 5.12 5.24 5.30 5.08

Hd
m

MPE 87.34 89.10 90.86 91.58 91.34
MCLX 46.64 36.36 24.92 21.36 20.40
TPE 5.36 4.80 5.62 4.64 4.96
TCLX 4.64 4.46 4.64 4.68 4.68
Jn1,n2 80.32 82.20 83.32 84.46 84.64

Hs
m

MPE 99.22 99.68 100.00 99.98 99.74
MCLX 99.22 99.68 100.00 99.98 99.74
Tn1,n2 5.10 4.64 4.76 4.66 5.04
TCLX 4.80 4.36 4.02 4.56 4.54
Jn1,n2 99.18 99.64 100.00 99.98 99.74

Hd
c

MPE 5.48 5.26 5.36 5.32 5.40
MCLX 4.36 4.86 5.78 5.18 4.92
TPE 97.46 98.24 98.52 98.22 98.46
TCLX 42.86 37.28 30.58 25.74 23.82
Jn1,n2 94.34 94.68 95.62 95.50 95.64

Hs
c

MPE 5.56 5.60 5.46 5.02 5.18
MCLX 4.58 4.80 5.04 5.46 5.02
TPE 99.68 99.48 98.70 99.04 99.16
TCLX 100.00 100.00 100.00 100.00 99.98
Jn1,n2 99.62 99.44 98.74 98.98 99.18

Hd
m ∩Hd

c

MPE 84.86 85.74 88.02 89.26 89.22
MCLX 43.46 34.22 24.08 20.12 18.92
TPE 98.16 98.26 98.26 98.38 98.48
TCLX 45.70 38.70 30.56 25.22 25.28
Jn1,n2 99.64 99.88 99.88 99.88 99.90

Hd
m ∩Hs

c

MPE 77.54 83.14 85.22 83.40 82.48
MCLX 37.20 31.26 20.22 17.50 15.60
TPE 99.82 99.46 98.84 98.94 99.00
TCLX 99.98 100.00 100.00 100.00 100.00
Jn1,n2 99.92 99.82 99.52 99.42 99.42

Hs
m ∩Hd

c

MPE 99.04 99.40 99.62 99.74 99.84
MCLX 99.66 99.90 100.00 100.00 100.00
TPE 97.20 97.64 98.42 98.60 98.22
TCLX 39.30 33.68 24.04 19.32 18.66
Jn1,n2 99.94 99.98 100.00 99.98 99.98

Hs
m ∩Hs

c

MPE 96.56 97.46 98.08 98.16 98.18
MCLX 98.54 99.48 99.56 99.62 99.72
TPE 86.06 73.48 47.22 32.64 27.40
TCLX 98.36 97.72 95.60 92.08 91.34
Jn1,n2 99.06 99.02 98.74 98.74 98.46

Note: This table reports the frequencies of rejection by each method under the alternative

hypothesis based on 5000 independent replications conducted at the significance level 5%.
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