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We give an efficient algorithm for computing relative power in-

tegral bases in cubic relative extensions. The problem leads to

solving relative Thue equations as described by [Gaál and Pohst

1999] using the enumeration method of [Wildanger 1997].

The article is illustrated by examples of relative cubic extensions

of quintic and sextic fields which emphasizes the power of the

method. This is the first case that unit equations of 12 unknown

exponents are completely solved. The experiences of our com-

putations may be useful for other related calculations, as well.

1. INTRODUCTIONIn a series of papers we investigated algorithms forcomputing power integral bases in cubic [Ga�al andSchulte 1989], quartic [Ga�al et al. 1993; 1996], quin-tic [Ga�al and Pohst 1997; Ga�al and Gy}ory 1999] andsome sextic [Ga�al 1995; 1996; Ga�al and Pohst 1996],octic [Ga�al and Pohst 2000], and nonic [Ga�al 2000]�elds. For a recent survey of connected results see[Ga�al 1999]. The enumeration method of [Wildan-ger 1997] made possible to extend these computa-tions from cubic and quartic �elds also to higherdegree �elds.Recently we determined relative power integralbases in quartic relative extensions [Ga�al and Pohst2000]. In case of quadratic base �elds the resultswere used to determine all power integral bases ofoctic �elds.In the present paper we consider the question ofdetermining relative power integral bases in rela-tive cubic extensions. The problem reduces to solv-ing relative Thue equations as described by [Ga�aland Pohst 1999], using the enumeration method of[Wildanger 1997].We make interesting computational experiencesabout Wildanger's ellipsoid method. Surprisinglythe method allows to determine relative power inte-gral bases even for sextic base �elds (in the totallyreal case) as illustrated by the examples. For sextic
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base �elds the resolution of the corresponding rel-ative Thue equation yields solving a unit equationof r = 12 unknown exponents. Note that formerlysuch equations were solved only with at most r = 10unknowns [Wildanger 1997] and it was not obviousthat the method works for r > 10. The computa-tional experiences show that r = 12 is very likelythe limit of the method.
2. RELATIVE CUBIC EXTENSIONSLet M be a �eld of degree m and let K = M(�) bea cubic extension of M , with an algebraic integer�. Denote by ZM ;ZK the rings of integers of M ,K, respectively. Set O = ZM [�], let d be an integerwith d � ZK � O and set i0 = [ZK : O].Then any � 2 ZK can be written in the form

� = X0 +X1� +X2�2d (2–1)with X0; X1; X2 2 ZM . The relative index of � withrespect to the extension K=M isIK=M(�) = (ZK : ZM [�]) = (ZK : O) � (O : ZM [�]):
(2–2)For any  2 M denote its conjugates by (i), fori = 1; : : : ;m. For  2 K we denote by (ij), fori = 1; : : : ;m and j = 1; 2; 3, the conjugates of so that K(ij) are the images of those embeddingsof K which leave the conjugate �elds M (i) of Melementwise �xed.Calculating the relative index analogously to theabsolute case we haved3m � (O : ZM [�])= mYi=1 Y1�j1<j2�3

�����(ij1) � �(ij2)�(ij1) � �(ij2) ����
= mYi=1 Y1�j1<j2�3 ���X(i)1 + ��(ij1) + �(ij2)�X(i)2 ��� :

Denote by � the quadratic term of the cubic rela-tive minimal polynomial of � over M , that is �(i) =��(i1) � �(i2) � �(i3); i = 1; : : : ;m: Then the aboveproduct can be written in the formmYi=1 3Yj=1 ���X(i)1 � ��(i) + �(ij)�X(i)2 ��� :

It means that setting � = � + � we haved3m � (O : ZM [�]) = NM=Q �NK=M (X1 � �X2)� :From this and (2{2) we deduce that the element �of (2{1) generates a power integral basis f1; �; �2gof ZK over ZM if and only if i0 = [ZK : O] = 1and X1; X2 2 ZM are solutions of the relative ThueequationNM=Q �NK=M (X1 � �X2)� = d3m: (2–3)This equation can be solved by the method of [Ga�aland Pohst 1999].Let �1; : : : ; �s be a system of fundamental units inM and extend this system to a maximal independentsystem �1; : : : ; �s; "1; : : : ; "r of K. ThenX1 � �X2 = ��b11 : : : �bss "a11 : : : "arrwith b1; : : : ; bs; a1; : : : ; ar 2 Z and � 2 ZK is anelement of norm d3m. For I = (ij1j2j3) with 1 �i � m, fj1; j2; j3g = f1; 2; 3g set�(I) = �(ij1) ��(ij2) � �(ij3)��(ij2) (�(ij1) � �(ij3))�"(ij1)1"(ij2)1 �a1: : : �"(ij1)r"(ij2)r �ar :The relative Thue equation (2{3) reduces to the unitequation [Ga�al and Pohst 1999, (7)], that is�(I) + �(I0) = 1 (2–4)with I = (ij1j2j3), I 0 = (ij3j2j1) in the unknownexponents a1; : : : ; ar.Baker's method gives an initial bound for A =maxfja1j; : : : ; jarjg which is reduced in several stepsby applying [Ga�al and Pohst 1999, Lemma 1]. Thereduced bound implies1S < ���(I)�� < S (2–5)for a certain large S. SetI = f(ij1j2j3) : 1 � i � m; fj1; j2; j3g = f1; 2; 3gg:Note that I contains 3m elements. To replace Sby a smaller s we have to enumerate those exponentvectors a1; : : : ; ar for which1S � ���(I)�� � S for all I 2 I;���(I0)�1�� � 1s�1 for some I 0 2 I: (2–6)

(compare [Ga�al and Pohst 1999, Lemma 2]). Theenumeration of this set means enumerating integervectors in an ellipsoid. Note that we have 3 �m such
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ellipsoids to enumerate. We replace S by smallervalues in several consecutive steps. If S is smallenough, the solutions a1; : : : ; ar of (2{4) are alreadyeasy to determine.Our computations show that equation (2{3) is fea-sible to solve even for quintic or sextic base �eldsM . Note that this is the �rst case when cubic rela-tive Thue equations are solved over quintic and sex-tic �elds. For the resolution of these relative Thueequations we have to the solve the unit equation(2{4) in r = 10 and r = 12 unknown exponents,respectively.
3. EXAMPLES

Example 1. Cubic extension of a quintic fieldLet M = Q (�) where � has minimal polynomialf(x) = x5 � 5x3 + x2 + 3x � 1. This totally realquintic �eld has integral basis f1; �; �2; �3; �4g anddiscriminant DM = 24217 = 61 � 397.Consider now the cubic �eld L = Q (�) where �has minimal polynomial g(x) = x3�x2�4x+3. Thistotally real cubic �eld has integral basis f1; �; �2gand discriminant DL = 257.The totally real composite �eld K = LM is of de-gree 15 generated by �� over Q with minimal poly-nomialh(x) = x15� 45x13+4x12+661x11� 76x10� 3763x9+599x8+9774x7� 1911x6� 11785x5+2565x4+5877x3� 1323x2� 972x+243:Since (DM ; DL) = 1 the elementsf�i�j : i = 0; : : : ; 4; j = 0; 1; 2gform an integral basis of K; compare [Ga�al 1998].We haveDK = 15923064047629187967208841= 613 � 3973 � 2575:Hence d = 1 in (2{1) and i0 = [ZK : O] = 1.The fundamental units of K and M were com-puted by using Kash [Daberkow et al. 1997]. Theset of fundamental units of M formed a subset ofthe set of fundamental units of K. Hence we hadr = 10 relative units.In the unit equation (2{4) we had r = 10 unknownexponents. Baker's method gave A < 1086 for theexponents of this unit equation. The reduction algo-rithm of [Ga�al and Pohst 1999, Lemma 1] was used

step X0 H X digits min1 1086 10900 1962 1500 1802 1962 1050 113 150 33 113 1040 92 150 34 92 1035 80 150 35 80 1033 75 150 3
TABLE 1. Original bound X0, constant H, reducedboundX, number of digits and CPU time in minutesneeded for the computation of Example 1.with 11 terms in the linear form, as shown in Table 1.In the notation of [Ga�al and Pohst 1999, Lemma 1],in each step X0 denotes the original bound for A,H is the constant playing an important role in thecorresponding lattice, and X is the reduced boundfor A. Table 1 includes the number of digits usedfor the computation and the execution time of thereduction step. The �nal bound A < 75 impliedthe bound S = 101518 in (2{5) (compare [Ga�al andPohst 1999]).In the enumeration procedure (2{6) we had 15ellipsoids in 10 variables. The enumeration of theinteger points of the ellipsoids were performed inseveral steps, as shown in Table 2. Using the nota-tion of [Ga�al and Pohst 1999], the table includes S,s from (2{6), the number of digits used, the numberof tuples enumerated in the 15 ellipsoids togetherand the execution time. The last line correspondsto the ellipsoid [Ga�al and Pohst 1999, (23)].The exponent tuples were tested if there are solu-tions corresponding to them. The element � 2 ZKgenerates a relative power integral basis of K overM if and only if it is of the form� = X0 + "(X1� +X2�2) (3–1)with arbitrary X0 2 ZM , an arbitrary unit " in Mand X1 = x1;0 + x1;1� + x1;2�2 + x1;3�3 + x1;4�4,X2 = x2;0 + x2;1� + x2;2�2 + x2;3�3 + x2;4�4, whosecoordinates are listed in Table 3.

Example 2. Cubic extension of a sextic fieldLet M = Q (�) where � has minimal polynomialf(x) = x6� 5x5+2x4+18x3� 11x2� 19x+1. Thistotally real quintic �eld has integral basisf1; �; �2; �3; �4; �5gand discriminant DM = 592661 (prime).
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step S s digits tuples min1 101518 1050 200 0 7:02 1050 1020 70 0 2:73 1020 1012 50 28 1:94 1012 1010 50 30 1:55 1010 108 50 617 1:56 108 107 50 899 1:67 107 106 50 2629 2:08 106 105 50 6513 2:79 105 104:5 50 4016 2:110 104:5 104 50 4974 2:211 104 6000 40 2848 1:512 6000 3000 40 3390 1:613 3000 1500 40 3192 1:514 1500 1000 40 2132 1:315 1000 500 40 2554 1:316 500 250 40 2007 1:217 250 150 40 1137 0:918 150 100 40 722 0:819 100 50 40 715 0:920 50 25 40 345 0:721 25 12 40 136 0:522 12 6 40 45 0:423 6 3 40 30 0:324 3 40 2 0:2
TABLE 2. Values of S and s, plus computational pa-rameters, arising in the enumeration procedure forExample 1.Now consider the cubic �eld L = Q (�) where �has minimal polynomial g(x) = x3 � x2 � 4x + 3(same totally real cubic �eld of Example 1). L hasintegral basis f1; �; �2g and discriminant DL = 257.The totally real composite �eld K = LM is of de-gree 18 generated by �� over Q with minimal poly-nomialh(x) = x18� 5x17� 82x16+397x15+2501x14�11919x13�34100x12+169532x11+187998x10� 1174096x9� 154240x8+3624928x7� 1182695x6� 4239690x5+1472949x4+1786860x3� 107325x2� 18468x+729:Since (DM ; DL) = 1, the elementsf�i�j : i = 0; : : : ; 5; j = 0; 1; 2gform an integral basis of K (compare [Ga�al 1998]).We haveDK = 59981564379238299956091922221869= 2576 � 5926613:

x1;0 x1;1 x1;2 x1;3 x1;4 x2;0 x2;1 x2;2 x2;3 x2;415 �3 �27 1 5 �54 15 96 �8 �20�1 3 �1 �4 2 0 �1 6 �3 0�262 77 471 �36 �97 �219 65 394 �30 �8111 �5 �21 2 4 8 �2 �14 1 33 �3 �5 1 1 �7 2 14 �1 �37 �13 �1 3 0 3 �10 4 2 �1�6 0 0 0 0 �5 0 0 0 00 �1 0 0 0 �2 1 4 0 �12 0 0 0 0 �7 0 0 0 0�2 5 �4 �1 1 1 6 �5 �1 1�11 0 24 �1 �5 3 1 �5 0 14 4 �1 �1 0 3 4 �1 �1 0�1 2 4 �1 �1 3 �6 �13 2 3�5 2 9 �1 �2 �3 �1 5 0 �11 �3 �4 1 1 3 �2 �9 1 23 �3 �9 1 2 1 0 0 0 0�2 5 �4 �1 1 4 �3 �5 1 10 1 1 0 0 0 �1 0 0 0�3 0 0 0 0 1 0 0 0 00 �3 �4 1 1 3 �3 �9 1 20 �1 0 0 0 �1 3 4 �1 �1�2 3 4 �1 �1 2 0 �5 0 1�1 0 0 0 0 �1 0 0 0 00 0 0 0 0 1 0 0 0 01 0 0 0 0 0 0 0 0 0
TABLE 3. Coe�cients of X1 and X2 (de�ned by (3{1)for Example 1.Hence d = 1 in (2{1) and i0 = (O : ZM [�]) = 1.The fundamental units of K and M were com-puted by using Kash [Daberkow et al. 1997]. Theset of fundamental units of M formed a subset ofthe set of fundamental units of K. Hence we hadr = 12 relative units.Baker's method gave A < 10104 for the exponentsof the unit equation (2{4). The reduction algorithm[Ga�al and Pohst 1999, Lemma 1] was used with 13terms in the linear form, as shown in Table 4. Inthe table we use the notation as in Example 1. The�nal bound A < 86 implied the bound S = 102405 in(2{5).In the enumeration procedure we had 18 ellip-soids in 12 variables. The enumeration of the inte-ger points of the ellipsoids were performed in severalsteps, as shown in Table 5.The exponent tuples were tested if there are solu-tions corresponding them. The test of the 565869exponent tuples took about 240 minutes of CPUtime.
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step X0 H X digits min1 10104 10900 1246 1500 2902 1246 1080 121 200 193 121 1060 91 150 144 91 1057 86 150 13
TABLE 4. Original bound X0, constant H, reducedboundX, number of digits and CPU time in minutesneeded for the computation of Example 2.The element � 2 ZK generates a relative powerintegral basis of K over M if and only if it is of theform � = X0 + "(X1� +X2�2)with arbitrary X0 2 ZM , an arbitrary unit " in MandX1=x1;0+x1;1�+x1;2�2+x1;3�3+x1;4�4+x1;5�5,X2 = x2;0+x2;1�+x2;2�2+x2;3�3+x2;4�4+x2;5�5,whose coordinates are listed in Table 7 on the nextpage.step S s digits tuples min1 102405 1050 200 0 152 1050 1020 100 4 63 1020 1015 80 8 44 1015 1012 80 396 45 1012 1010 80 3419 66 1010 109 80 4574 67 109 108 80 14413 98 108 107 80 39283 189 107 5�106 80 18093 1110 5�106 106 80 55989 2411 106 5�105 80 33578 1612 5�105 105 80 95078 3713 105 5�104 80 44819 2014 5�104 104 80 113397 4315 10000 5000 80 38527 2016 5000 3000 80 27479 1417 3000 1500 80 27714 1418 1500 800 80 19034 1119 800 400 80 14137 920 400 200 80 8529 621 200 100 80 4447 522 100 50 80 1982 323 50 25 80 688 224 25 10 80 222 225 10 3 80 62 126 3 80 2 0.5
TABLE 5. Values of S and s, plus computational pa-rameters, arising in the enumeration procedure forExample 2.

4. COMPUTATIONAL EXPERIENCESThe algorithms were developed in Maple and exe-cuted on a 350 MHz Pentium II PC under Linux.The integral bases, discriminants and fundamentalunits were calculated using Kash [Daberkow et al.1997]. Note that already the calculation of these ba-sic data is a hard problem in the totally real �eldsof degree 15 and 18 we investigated. Nevertheless,Kash managed this computation in a couple of min-utes. The remaining times were as shown in Table 6.A considerable amount of CPU time was taken bythe reduction procedure. Proceeding from r = 10 tor = 12 the reduction times are still comparable butthe necessary CPU time for enumeration is about 8times more. (Note that for r = 10 we had 15 ellip-soids, for r = 12 we had 18 ellipsoids to enumerate,so the main di�erence in the CPU times is causedby the di�erence in the number of variables.) More-over for r = 12 considerable CPU time is taken alsoby testing the possible exponent vectors which wasnegligable for r = 10. These experiences show thatr = 12 is about the limit of the applicability of theellipsoid method [Wildanger 1997].
Example 1 Example 2reduction 192 min 336 minenumeration 38.3 min 306.5 mintest 2 min 240 mintotal 3.9 hours 14.7 hours

TABLE 6. Summary of the CPU times.
REFERENCES[Daberkow et al. 1997] M. Daberkow, C. Fieker, J.Kl�uners, M. Pohst, K. Roegner and K. Wildanger,\KANT V4", J. Symbolic Comp. 24 (1997), 267{283.[Ga�al 1995] I. Ga�al, \Computing elements of given indexin totally complex cyclic sextic �elds", J. SymbolicComput. 20 (1995), 61{69.[Ga�al 1996] I. Ga�al, \Computing all power integral basesin orders of totally real cyclic sextic number �elds",Math. Comp. 65 (1996), 801{822.[Ga�al 1998] I. Ga�al, \Power integral bases in compositsof number �elds", Canad. Math. Bull. 41 (1998), 158{165.
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x1;0 x1;1 x1;2 x1;3 x1;4 x1;5 x2;0 x2;1 x2;2 x2;3 x2;4 x2;512 �150 �139 70 41 �15 �17 45 61 �23 �18 6�16 �13 8 5 �2 0 5 26 13 �15 �3 2�33 �13 33 1 �9 2 115 49 �116 �5 32 �7�3 51 54 �32 �19 8 �1 38 39 �24 �14 64 �53 �52 31 17 �7 �1 7 3 �5 1 0�2 23 8 �8 �2 1 0 �12 1 4 �1 0�5 7 �6 �2 4 �1 �24 11 50 �12 �16 5�1 17 19 �8 �6 2 4 �66 �69 33 22 �84 �71 �66 40 22 �9 0 �61 �58 34 20 �81 11 7 �6 �2 1 0 �31 �29 17 10 �40 �3 �7 2 3 �1 �1 28 29 �16 �10 40 19 19 �12 �7 3 1 �7 �16 5 6 �26 0 0 0 0 0 5 0 0 0 0 0�3 �6 2 3 �1 0 �1 �11 �7 6 2 �10 12 13 �7 �5 2 �1 15 5 �8 �1 10 �17 �15 9 5 �2 3 �16 �16 9 5 �23 �60 �59 34 20 �8 �1 17 15 �9 �5 2�2 0 0 0 0 0 7 0 0 0 0 01 �4 �9 3 3 �1 �6 �8 3 3 �1 0�13 �12 15 3 �5 1 �11 �7 6 2 �1 02 �13 �15 8 5 �2 �2 5 9 �3 �3 1�2 �2 1 0 0 0 7 8 �3 �3 1 0�1 �6 �8 3 3 �1 1 0 0 0 0 012 9 �7 �2 1 0 �4 �6 2 3 �1 01 7 �2 �3 1 0 �1 12 7 �6 �2 11 �3 �7 2 3 �1 0 2 7 �2 �3 10 �2 10 0 �4 1 �2 29 �12 �11 7 �13 0 0 0 0 0 �1 0 0 0 0 01 0 0 0 0 0 �1 12 7 �6 �2 11 0 0 0 0 0 1 0 0 0 0 00 0 0 0 0 0 1 0 0 0 0 01 0 0 0 0 0 0 0 0 0 0 0
TABLE 7. Coe�cients of X1 and X2 for Example 2.[Ga�al 1999] I. Ga�al, \Power integral bases in alge-braic number �elds", Ann. Univ. Sci. Budapest. Sect.Comp., 18 (1999), 61{87.[Ga�al 2000] I. Ga�al, \Solving index form equations in�elds of degree nine with cubic sub�elds", J. SymbolicComput. 30 (2000), 181{193.[Ga�al and Gy}ory 1999] I. Ga�al and K. Gy}ory, \On theresolution of index form equations in quintic �elds",Acta Arith., 89 (1999), 379{396.[Ga�al and Pohst 1996] I. Ga�al and M. Pohst, \Onthe resolution of index form equations in sextic �eldswith an imaginary quadratic sub�eld", J. SymbolicComput. 22 (1996), 425{434.[Ga�al and Pohst 1997] I. Ga�al and M. Pohst, \Power

integral bases in a parametric family of totally realquintics", Math. Comp. 66 (1997), 1689{1696.[Ga�al and Pohst 1999] I. Ga�al and M. Pohst, \On theresolution of relative Thue equations", to appear inMath. Comp.[Ga�al and Pohst 2000] I. Ga�al and M. Pohst, \Com-puting power integral bases in quartic relative exten-sions", J. Number Theory 85 (2000), 201{219.[Ga�al and Schulte 1989] I. Ga�al and N. Schulte,\Computing all power integral bases of cubic number�elds", Math. Comp. 53 (1989), 689{696.[Ga�al et al. 1993] I. Ga�al, A. Peth}o and M. Pohst,\On the resolution of index form equations in quarticnumber �elds", J. Symbolic Comput. 16 (1993), 563{584.
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[Ga�al et al. 1996] I. Ga�al, A. Peth}o and M. Pohst,\Simultaneous representation of integers by a pair ofternary quadratic forms, with an application to indexform equations in quartic number �elds", J. NumberTheory, 57 (1996), 90{104.
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