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The previously published BP Model for prediction of concrete creep and shrinkage is
generalized to cover the increase of creep caused by the cyclic component of environmental
relative humidity. A simple formula, which is partly empirical, partly based on the diffusion
theory, is proposed and is calibrated by comparisons with test data from the literature.

INTRODUCTION

Cyclic variations of environmental relative humidity
can have an appreciable effect on the long time deforma-
tions of concrete structures. Laboratory measurements
on test cylinders revealed that the creep of a specimen
exposed to cyclic humidity may be as much as twice
as large as the creep of a specimen exposed to a
constant humidity equal to the average humidity for
the other specimen ([1]-[4]).

The BP Model for the practical prediction of creep
and shrinkage of concrete, which was originally
published in this Journal[5] and later in a simplified
form elsewhere[6], and was shown to agree satisfacto-
rily with available test data ([S]-[8]), covers practically
all important influences on creep, except for the
influence of the cyclic component of environmental
humidity. The purpose of this paper is to extend the
BP Model to cover this influence, too.

REVIEW OF BP MODEL

For simplified analysis of structures under service
loads, the creep of concrete may be assumed to depend
linearly on the stress and its history. The creep proper-
ties are then fully defined by the compliance
function J (¢, t’), also called the creep function, which
represents the strain at age ¢ caused by a sustained unit
uniaxial stress acting since aget’ [7]. According to the
BP Model [5], equation(25), p. 415 :

1
J(, t)= £ +Co(t, t)+Cu(t, 1, tp)
4]

—C,(t ', to), ey

in which E, is the asymptotic modulus, equal to about
1.5 times the conventional static modulus of elasticity
of concrete; C, (¢, t') is the basic creep compliance, i. €.
compliance at constant moisture content (as observed
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on sealed specimens); C, (¢, t/, to) is the additional com-
pliance due to drying at constant environmental relative
humidity h, with t, being the age of concrete at which
the drying exposure begins; and C,(t, t’, to) is the
decrease of creep due to the loss of moisture, as obser-
ved on specimens predried to an equilibrium humidity
state prior to loading. This last component is usually
negligible, except for very thin structural parts after a
very long period of drying.

The mathematical description of the basic creep,
Co (¢, '), is quite simple, and the double power law is
sufficient, although an improvement in the form of the
log-double law or the triple power law is possible ([9]-
[11]). The expressions for the creep components due to
drying are, however, far more complicated.

The complexity of the formulas for C,(t, t', t,) has
been criticized; however, it is probably inevitable. This
is so because, in the simplified prediction which is
supposed to be usable even without a computer and
without finite element analysis of the stress and strain
distributions within cross sections, one neceds to
describe with J (¢, t') the apparent average creep proper-
ties of the entire cross section, rather than the actual
creep properties of the material (point properties of
the homogenized continuum). The average properties
depend on strain-softening and microcracking produ-
ced by drying[7). Moreover, the shrinkage and the
creep at drying are not linearly additive components,
as assumed for the sake of simplicity in all practical
methods of structural creep analysis, but are nonli-
nearly coupled. These facts became apparent from
recent researches at Northwestern University and
EPFL Lausanne. If the creep and shrinkage law (as a
point constitutive property of a homogenized conti-
nuum) is formulated in accordance with the aforemen-
tioned facts, its form becomes far simpler than the BP
Model, with much fewer parameters. However, the
price to pay is that the cross section of a beam can no
longer be treated as one unit and a nonlinear problem
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Fig. 1. — Cyclic humidity and illustrations of diffusion effects.

needs to be solved in order to determine the time-
independent multiaxial stress and strain distributions
within the cross sections, which may be done by finite
elements. This is more realistic than the use of BP
Model, but also much more laborious. A practicable
prediction model permitting linear creep analysis of
structures is needed, even in this computer era, and so
we will content ourselves with refining equation(1),
while being aware that this is not a fundamental
approach to the problem.

The expression for the drying creep term is of the
form [6], equations (26)-(29), p. 415 :

Calt, 1, to) =k, %1 ETme L S,( t), Q)
0

where ¢, is a function of the delay t'—t, of loading
after the start of drying[6], equation(26), p. 415, m is
a constant, g, is the final shrinkage strain, and:

S, r')=<1+%> ", 3)

ky=|hy>—h'3|. 4)

Here h is the time average relative humidity of the
environment, h; is the relative humidity at which the
concrete was initially in hygral equilibrium, (usually
hy=0.98 to 1.00), and T, is the shrinkage square half-
time, a constant defining the time when the square of
shrinkage reaches one-half of its final value[6],
equation(4), p. 308. According to diffusion theory
(linear as well as nonlinear), this parameter may be
expressed as:
k, v

1,=—D2 ‘D=22 S
e p &)

in which D is the effective thickness of the cross section,
v/s is the volume to surface ratio, C, is the drying
diffusivity of concrete at the start of drying, and k, is
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a certain coefficient depending on the cross section
shape [6], equation (4), p. 308.

CONSEQUENCES OF DIFFUSION THEORY

The formulas of the BP Model are not entirely empiri-
cal. In fact their basic form is supported by physical
arguments. Aside from those based on the activation
energy concept for the effects of temperature on the
creep rate and the rate of aging, the BP formulas for
drying creep and shrinkage are based on the basic laws
of diffusion. The shrinkage and drying creep strains in
the interior of a specimen cannot respond instantaneous-
ly to a change of environmental humidity. The true,
unrestrained shrinkage and creep strain at a point can
depend only on the pore relative humidity at that same
point, and the effect of environmental humidity can
only come due to the diffusion of moisture between
that point and the specimen’s surface. According to the
diffusion theory, t,, should vary as the thickness square
and be proportional to the drying diffusivity of mois-
ture. These simple consequences of the diffusion theory
indeed yield the best fits of the existing test data, which
in turn confirms that the use of diffusion theory is
correct.

Diffusion phenomena can have no effect on the terms
Co(t, t') and C,(t, t', ty) since these correspond to a
state of hygral equilibrium. Therefore, similarly to the
effect of constant environmental humidity, the cyclic
humidity component can affect only the term
Co(t, ', ty). So equation (1) must be generalized as:

1
J(@t, t)=—+Cy(t, t
( )E o(t, 1)

0
+xCy(t, 1, 10)—C, (1, ¥, to) 6

in which x is some correction factor for the cyclic
humidity component. Functions C,(, t, t;) and
C,(t, t, ty) are determined from the same formulas as
before, using however the time-average environmental
humidity for A.

Consider now the history of environmental
humidity h, with sudden humidity changes, as shown
in figure 1a. After each sudden change of 4., the points
of humidity change propagate from the surfaces of the
wall inward. The corresponding humidity profile is
shown in figure 1¢, and the degree of adjustment to
the new environmental humidity is given by the ratio
of the cross-hatched area in figure 1 to the area 011°0".

If the period T of the humidity cycle is long or if
the wall thickness D is small, then the humidity state
of the wall adjusts to the new environmental humidity
to a large degree (see fig. 1d), and if T is short or if
the wall thickness is large, then it adjusts to a small
degree (see fig. 1¢). In the former case the effect of
the cyclic humidity component should be about the
maximum possible, whereas in the latter case, this effect
should be negligible. These facts may be captured by
considering coefficient x to be a function of the depth



of penetration D, of the drying front during one-half
of the period T.

According to linear diffusion theory:

D,~ /6C,T, ()

in which C, is again the drying diffusivity of concrete
at the start of exposure to the environment. In absence
of information on C,, from drying or shrinkage tests,
one may use C, ~0.1 cm?/day. Equation (7) is true even
if the diffusivity of concrete depends on pore humidity,
which it does, but its dependence on the age of concrete
must be neglected for this equation to hold. This is
probably acceptable since the aging rate (hydration
rate) in concrete of pore humidity below about 0.95 is
negligible.

Now, for D,» D/2, the maximum possible effect of
humidity cycling is reached, and there should be no
dependence of k on thickness D. On the other hand,
for D,<D/2, the effect of the cyclic humidity should
be negligible, because only a negligibly thin surface
layer of the wall can be affected by the humidity chan-
ges. The foregoing two limiting conditions can be most
simply described by the function:

DP

k=14x,(A)—2—,
3 h)Dp+0.5D

®)

in which x, (A,) is a certain empirical function of the
amplitude A, of environmental humidity A, such that
x;(A)=0 for A, = 0; k¥, must not depend on D but
might depend also on some other factors. For D,> D/2,
equation(8) becomes k=~1+x,=const.,, while for
D,<D/2, equation(8) becomes x~1+2x, D /D, and
for D —» o0 or D,—0, limkx=1. This means that for
sufficiently thick cross sections, or for sufficiently short
cycles, or for a vanishing relative humidity amplitude,
the cyclic humidity component can have no effect.

Coefficient k represents an increase of creep due to
humidity cycling ( fig. 1 ). One might expect that the
humidity cycling would also influence the overall rate
of time variation of the drying creep term, i.e., would
accelerate the drying creep (see fig. 1g). This effect
could be taken into account by replacing 1, in
equation (3) with x, 1, where x, would be some coeffi-
cient depending again on D, in the manner of
equation (8). This has been tried in fitting the available
test data used in the sequel. However, no such effect
could be detected in the data. Therefore, it seems possi-
ble to neglect acceleration of creep due to humidity
cycling (x,=1).

If the humidity cycles are not of a rectangular shape,
or if they are not symmetric, the effect of the humidity
cycles on creep should be different. Probably, however,
it would not be much different. Anyhow, because test
data are lacking we cannot investigate this influence.

EMPIRICAL RELATIONS AND CALIBRATION BY TEST
DATA

From analysis of the test data available in the litera-
ture ([1]-[4]), it appeared that coefficient x, should be
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considered as a function of the duration of loading,
t—t, and of the humidity period, T. The following
empirical expression was found to be acceptable:

K1 =2.5A,(1—e Y10 (1 e~ T/5), ®

in which ¢, t" and T must be given in days. The depen-
dence on the load duration is transitional, influencing
only the beginning of the response. For load durations
t—t’>10days, we have x,~2.5A, (1—e /%), If the
cycling period is also long, such that T> 5, x, becomes
a constant.

In contrast to equations (7)-(8), the dependence of
K, on T does not follow from the diffusion theory. In
fact, such a dependence must have a different physical
source. As a possible explanation, the creep strain, etc.
does not respond to a change in pore humidity (at the
same location) immediately, but with a certain delay.
If so, humidity cycles with a period shorter than this
delay can have no effect. A possible cause for such a
delay may be a pore structure in which the pore relative
humidity governed by the diffusion theory pertains only
to large, capillary pores (micropores), while the creep
rate is affected only by the state of water in small,
subcapillary pores (micropores or gel pores) which com-
municate with the adjacent macropores with a certain
delay.

Only relatively limited test data on the cyclic humi-
dity effect in creep exist in the literature ([1]-[4], [12]-
[14]). Moreover, none of the existing test data present
conclusive evidence because the experimental informa-
tion is incomplete. Ideally, one would need a large set
of results from different types of creep tests, such that
all the parameters of the BP-formulas for creep and
shrinkage could be determined by these tests. Since this
has not been the case, it is inevitable to predict the
missing material parameters using the prediction formu-
las of the BP Model, which involves a certain uncer-
tainty, and then to adjust only several main parameters
so that a good fit of the test data for creep at noncyclic
humidity be achieved prior to analyzing the correspon-
ding data for cyclic humidity. All this may be easily
accomplished with the computer program MATPAR
for the BP Model published in reference[1]. For each
data set, the material parameters obtained in this man-
ner are listed in the figures ( figs. 2-5).

The material parameters that had to be adjusted to
get optimum fits of the creep data for cyclic humidity
were those with the values 2.5, 10 and 5 in equation (9).
Since there are only three unknown parameters to be
found, a simple trial-and-error procedure is possible.
A small computer program was written to fit the data
in figures 2-5. Using the material parameters for creep
at non-cyclic humidity and chosen values of the three
material parameters for creep at cyclic humidity, the
program calculates the response curves and automati-
cally plots them. At the same time, it evaluates and
prints the sum of squared deviations from the hand-
smoothed data curves at specified sampling points
(same as equation (10) given later). One needs then to
make many computer runs for various values of the
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Fig. 2. — Comparison of present formula for creep with Bernhardt’s
tests (1967).
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Fig. 3. — Comparison of present formula for creep with tests of Al-
Alusi et al. (1972) and of Hansen (1960).
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Fig. 4. — Deformations of load-free specimens at cyclic humidity

measured by Al-Alusi ez al. (1972) and Hansen (1960).

three unknown parameters, in order to identify the
parameter values which give overall the best fit, for all
available data sets from different laboratories. It should
be emphasized that all the three material parameters
for creep at cyclic humidity are independent of the type
of concrete, and are therefore the same for all data
sets.

The present model was calibrated using the data
from the creep and shrinkage tests at cyclic humidity
by Hansen[4], Al-Alusi, Bertero and Polivka[3] and
Bernhardt ([1], [2]). The last data are the most compre-
hensive ones, and their close fitting has been assigned
priority. Figures 2-5 show the comparisons of the pre-
sent theory (solid lines) with all these data. Other
uniaxial compression data exist, too [13}, [14], but they
were not usable due to insufficient information on the
concrete used and its creep properties at non-cyclic
humidity.

Statistical information on the data fits is summarized
in table I, which lists the coefficients of variation o for
the deviations from the test data, both for the present
model and for the original BP Model with no provision
for the cyclic humidity effect. It is seen that a significant
reduction in the w-values is achieved. The unbiased
estimates of o were calculated as:

TABLE 1

COEFFICIENTS OF VARIATIONS (%)
FOR DEVIATIONS OF FORMULAS FROM TEST DATA.

Test Data Proposed formula | Original formula

1. C. J. Bernhardt [1] . . . . . 9.1 28.1
2. C.J. Bernhardt [2] .. ... 6.5 17.4
3. C. J. Bernhardt [3] . . . .. 5.2 17.6
4. C.J. Bernhardt (4] . . . .. 5.9 17.2
5. H. R. Al-Alusietal. . . .. 21.8 53.0
6. T.C. Hansen [1]. . . . . .. 24.1 34.3
7. T.C. Hansen [2]. . . . ... 31.8 34.4

Overallo=(}, 0}/7)'? . 17.9 31.3




(10)

Here the subscripts i=1, 2, ..., n denote the sam-
pling points of the data set, which were chosen to be
uniformly spaced in the actual time scale; J; are the
values of the hand-smoothed data curves at these sam-
pling points (strain caused by load, per unit stress,
i.e., the compliance); and A; are the deviations of the
calculated values of J(t, t') from measured J; at these
sampling points. Since proportionality to the applied
stress is assumed here, all the strain data were conver-
ted to compliance data by dividing the strains by the
stress.

Bernhardt ([1], [2]) carried out his tests at four diffe-
rent stress levels up to 0.372 of compression strength.
The average of the compliances measured for these
stress levels was used in the present analysis. Likewise,
Al-Alusi et al. [3] used two different types of measure-
ment gages, and the average of the two readings was
used here. While Bernhardt and Al-Alusi et al. measu-
red creep under uniaxial compression, Hansen measu-
red bending creep deflections, and to evaluate these
data, creep compliance was assumed the same along
the beam and on the tensile and compression sides.
Nevertheless, the agreement of the present formulas
with Hansen’s bending test results is worse than with
the compression test results. This is not surprising,
since bending creep should in theory be described by a
different formula. Basic information on the test data
used is summarized in Appendix I. It should be noted
that there also exist some torsional creep tests at cyclic
humidity ([12], [3]), but these would definely require
different formulas for their description.

Z. P. Bazant - T. S. Wang

Compression creep is determined as the difference of
deformation between a loaded and a load-free specimen
subjected to the same environmental history. Therefore,
shrinkage at cyclic humidity must also be analyzed. In
this regard, the test data by Hansen[4] and Al-Alusi
et al. [3] provide some information; see fig. 5(a, b). For
the former, the environmental humidity fluctuates
between 50 and 709, with T=28days, and for the
latter it fluctuates between 50 and 70%,, with T=2days
and 14days. From these tests ( fig. 3), it appears that
the average of the fluctuating deformation response is
about the same as the shrinkage for the time-average
constant humidity. Thus, no correction of shrinkage
prediction formulas of the BP Model is needed for the
case of cyclic humidity.

CONCLUSIONS

‘1. The creep prediction formulas of the BP Model
can be easily generalized to take approximately into
account the increase of creep caused by the cyclic
component of environmental humidity.

2. According to diffusion theory, the correction due
to cyclic humidity must depend on the cross-section
thickness and the humidity period. This dependence
may be introduced by means of the well-known expres-
sion for the drying penetration depth, and must be
such that the correction disappears for a very thick
cross section, for a very short fluctuation period and
for a very small humidity amplitude.

3. The error of the proposed formula compared to
test data from the literature is acceptable in view of
the overall scatter of test results.

4. Test data for shrinkage at cyclic humidity do

not reveal any systematic difference from shrinkage at
average humidity.

32 00
L sof
@ b————T=28d—+
o average of deformation
o 12001 at cyclic humidity
£ B =l = e =,
- T deformation for
“;‘,:. 800[ average humidity
° L
o
2 400l
E measured deformation
5 Al-Alusi, Bertero, Polivka (1972) at cyclic humidity
o i ! ! | L ! l ! ]
o 20 40 60 80 100
Time t-tg (days)
sf’? 1 60% R.H.,
O 400} 2 Cycles 50%—70% R.H., Tx2d, N A —
ot 3 Cycles 50% —70% R.H., T=2weeks /.,/,» s pon AN KA
- \ L
< =N I A "; v—Y_/ ~ - ~o
w SN e T NN N 1
RN - Ve
o 200F A \
- -
§ > 2] -/ Jr 2 Hansen, 1960
c (P~ 3
£ N N
(-,C) o "l Y] | ! ! ! S I s 1 v1
20 40 60 80 100
Time (days)
Fig. §

251



Vol. 18 - N° 106 - Matériaux et Constructions

ACKNOWLEDGMENT

Financial support under US National Science Foun-
dation Grant No. CEE 800-3148 to Northwestern Uni-
versity is gratefully acknowledged.

APPENDIX 1

Basic information on test data used

Bernhardt’s tests (1967-1969) ([1], [2])

Solid cylinders of diameter 10cm and length 28 cm,
cured at 100%, RH and 20°C. The load was applied at
age of 9-11days. Four test series: I. The period was 14
days, of which 2 days in water and 12 days in air; II-,
III-, IV. Period of 7 days for all but different wetting
and drying intervals: 2, 1, 0.25 day in water, and 5, 6,
6.75 days in air, respectively. The RH of the air ranged
from 35 to 55%. Water, cement, sand, gravel
ratio=0.67:1:2.87:4.3. 28-days cylinder strength
200kg/cm? (19.62 MPa).

Al-Alusi et al’s tests (1972) (3]

Hollow cylinders of diameters 5 in and 6 in and
length 40 in cured at 100% RH, 22.8°C. Period
T~28days, of which 14 days was wetting at RH 100%,
14 days drying at RH 50%. Loaded at age 21 days.
Water-cement-gravel ratio: 0.58:1:2. Cement content
12 sacks per cubic yard; 21-day cylinder strength 3,600
psi; modulus of elasticity 3.43 x 10° psi.

Hansen’s tests (1960) [4]

Beams 2x5x40cm. Two test series used here:
(1) T=2days (of which 1 day at RH 50%, 1 day at
RH 70%). (2) T= 14 days (of which 7days at RH 507,
7days at RH 70%). All specimens cured 1day under
wet burlap at 1009, RH, then 6days in water at 20°C
and 21 days in air at 70%, RH and 20°C. Loaded at
age 28 days. Water-cement ratio 0.35, cement content
850kg/m?, volume concentration of cement paste 59%.
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RESUME

Prévision pratique de Pinfluence de Phumidité cyclique
sur le fluage et le retrait du béton. — Le modéle BP pour
la prévision pratique du fluage et du retrait du béton,
publié dans ce journal en 1978-1979, est généralisé pour
le cas de P'humidité relative de I'environnement qui est
cycliquement variable. La composante cyclique de I' humi-
dité cause une augmentation du fluage et du retrait.
D’aprés la théorie de diffusion, I augmentation du fluage
dépend de [Iépaisseur de la section du béton ainsi que
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de la période de variation cyclique de I'humidité. Cette
dépendance est exprimée a I'aide de la profondeur théori-
que de pénétration du front de séchage, et est telle que
la correction disparait pour une épaisseur trés grande,
pour une période trés courte et pour une amplitude & humi-
dité trés petite. En comparaison avec la grande dispersion
statistique des mesures, Uerreur de la formule proposée
pour Paugmentation de fluage parait acceptable. En ce
qui concerne le retrait, les résultats connus des mesures
r’indiquent aucune différence systématique entre le
retrait a I humidité cyclique donnée et le retrait a I humi-
dité constante égale au moyen de cette humidité cyclique.



