
Pr❡❝❛✉t✐♦♥❛r② ❙❛✈✐♥❣s✱ ■❧❧✐q✉✐❞ ❆ss❡ts✱ ❛♥❞ t❤❡ ❆❣❣r❡❣❛t❡

❈♦♥s❡q✉❡♥❝❡s ♦❢ ❙❤♦❝❦s t♦ ❍♦✉s❡❤♦❧❞ ■♥❝♦♠❡ ❘✐s❦∗

❈❤r✐st✐❛♥ ❇❛②❡r†✱ ❘❛❧♣❤ ▲ütt✐❝❦❡✱‡

▲✐❡♥ P❤❛♠✲❉❛♦‡ ❛♥❞ ❱♦❧❦❡r ❚❥❛❞❡♥‡

❏✉❧② ✷✱ ✷✵✶✺

❆❜str❛❝t

❍♦✉s❡❤♦❧❞s ❢❛❝❡ ❧❛r❣❡ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t② t❤❛t ✈❛r✐❡s s✉❜st❛♥t✐❛❧❧② ♦✈❡r t❤❡ ❜✉s✐✲

♥❡ss ❝②❝❧❡✳ ❲❡ ❡①❛♠✐♥❡ t❤❡ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡s❡ ✈❛r✐❛t✐♦♥s ✐♥

❛ ♠♦❞❡❧ ✇✐t❤ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts✱ ❧✐q✉✐❞ ❛♥❞ ✐❧❧✐q✉✐❞ ❛ss❡ts✱ ❛♥❞ ❛ ♥♦♠✐♥❛❧ r✐❣✐❞✲

✐t②✳ ❍❡✐❣❤t❡♥❡❞ ✉♥❝❡rt❛✐♥t② ❞❡♣r❡ss❡s ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛s ❤♦✉s❡❤♦❧❞s r❡s♣♦♥❞ ❜②

❤♦❛r❞✐♥❣ ❧✐q✉✐❞ ✏♣❛♣❡r✑ ❛ss❡ts ❢♦r ♣r❡❝❛✉t✐♦♥❛r② ♠♦t✐✈❡s✱ t❤❡r❡❜② r❡❞✉❝✐♥❣ ❜♦t❤

✐❧❧✐q✉✐❞ ♣❤②s✐❝❛❧ ✐♥✈❡st♠❡♥t ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞✳ ❚❤✐s tr❛♥s❧❛t❡s ✐♥t♦ ♦✉t♣✉t

❧♦ss❡s✱ ✇❤✐❝❤ ❛ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ♣r❡✈❡♥t ❜② ♣r♦✈✐❞✐♥❣ ❧✐q✉✐❞✐t②✳ ❲❡ s❤♦✇ t❤❛t t❤❡

✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s ❝r✉❝✐❛❧❧② ❞❡♣❡♥❞ ♦♥ ❛ ❤♦✉s❡❤♦❧❞✬s ❛ss❡t

♣♦s✐t✐♦♥✳ ❍♦✉s❡❤♦❧❞s ✇✐t❤ ❧✐tt❧❡ ❤✉♠❛♥ ❝❛♣✐t❛❧ ❜✉t ❤✐❣❤ ✐❧❧✐q✉✐❞ ✇❡❛❧t❤ ❧♦s❡ t❤❡ ♠♦st

❢r♦♠ ❛♥ ✉♥❝❡rt❛✐♥t② s❤♦❝❦ ❛♥❞ ❣❛✐♥ t❤❡ ♠♦st ❢r♦♠ st❛❜✐❧✐③❛t✐♦♥ ♣♦❧✐❝②✳

❑❡②✇♦r❞s✿ ■♥❝♦♠♣❧❡t❡ ▼❛r❦❡ts✱ ◆♦♠✐♥❛❧ ❘✐❣✐❞✐t✐❡s✱ ❯♥❝❡rt❛✐♥t② ❙❤♦❝❦s✳

❏❊▲✲❈♦❞❡s✿ ❊✷✷✱ ❊✶✷✱ ❊✸✷✱

∗❚❤❡ ♣❛♣❡r ✇❛s ❝✐r❝✉❧❛t❡❞ ❜❡❢♦r❡ ❛s ✏❍♦✉s❡❤♦❧❞ ■♥❝♦♠❡ ❘✐s❦✱ ◆♦♠✐♥❛❧ ❋r✐❝t✐♦♥s✱ ❛♥❞ ■♥❝♦♠♣❧❡t❡
▼❛r❦❡ts✳✑ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❚❤♦♠❛s ❍✐♥t❡r♠❛✐❡r✱ ❆♥❞r❡❛s ❑❧❡✐♥❡r✱ ❑❡✐t❤ ❑üst❡r✱ ❆❧❡①❛♥❞❡r
❑r✐✇♦❧✉③❦② ❛♥❞ s❡♠✐♥❛r ♣❛rt✐❝✐♣❛♥ts ✐♥ ❇♦♥♥✱ ❇✐r♠✐♥❣❤❛♠✱ ❍❛♠❜✉r❣✱ ▼❛❞r✐❞✱ ▼❛♥♥❤❡✐♠✱ ❑♦♥st❛♥③✒
t❤❡ ❊❊❆✲❊❙❊▼ ✷✵✶✸ ✐♥ ●♦t❤❡♥❜✉r❣✱ t❤❡ ❙❊❉ ♠❡❡t✐♥❣s ✷✵✶✸ ✐♥ ❙❡♦✉❧✱ t❤❡ ❙PP ♠❡❡t✐♥❣ ✐♥ ▼❛♥♥❤❡✐♠✱
t❤❡ P❛❞♦✈❛ ▼❛❝r♦ ❲♦r❦s❤♦♣✱ t❤❡ ✶✽t❤❲♦r❦s❤♦♣ ♦♥ ❉②♥❛♠✐❝ ▼❛❝r♦ ✐♥ ❱✐❣♦✱ t❤❡ ◆❆❙▼ ✷✵✶✸ ✐♥ ▲✳❆✳✱ t❤❡
❱❢❙ ✷✵✶✸ ♠❡❡t✐♥❣s ✐♥ ❉üss❡❧❞♦r❢✱ t❤❡ ✷✵✶✹ ❑♦♥st❛♥③ ❙❡♠✐♥❛r ♦♥ ▼♦♥❡t❛r② ❚❤❡♦r② ❛♥❞ ▼♦♥❡t❛r② P♦❧✐❝②✱
t❤❡ ❆❙❙❊❚ ✷✵✶✹ ✐♥ ❆✐①✲❡♥✲Pr♦✈❡♥❝❡ ❛♥❞ ❙■❚❊ ✷✵✶✺ ❢♦r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳ ❚❤❡ r❡s❡❛r❝❤
❧❡❛❞✐♥❣ t♦ t❤❡s❡ r❡s✉❧ts ❤❛s r❡❝❡✐✈❡❞ ❢✉♥❞✐♥❣ ❢r♦♠ t❤❡ ❊✉r♦♣❡❛♥ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ✉♥❞❡r t❤❡ ❊✉r♦♣❡❛♥
❯♥✐♦♥✬s ❙❡✈❡♥t❤ ❋r❛♠❡✇♦r❦ Pr♦❣r❛♠♠❡ ✭❋❚P✴✷✵✵✼✲✷✵✶✸✮ ✴ ❊❘❈ ●r❛♥t ❛❣r❡❡♠❡♥t ♥♦✳ ✷✽✷✼✹✵✳

†❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❯♥✐✈❡rs✐tät ❇♦♥♥✳ ❆❞❞r❡ss✿ ❆❞❡♥❛✉❡r❛❧❧❡❡ ✷✹✲✹✷✱ ✺✸✶✶✸ ❇♦♥♥✱ ●❡r♠❛♥②✳
❊✲♠❛✐❧✿ ❝❤r✐st✐❛♥✳❜❛②❡r❅✉♥✐✲❜♦♥♥✳❞❡✳

‡❇♦♥♥ ●r❛❞✉❛t❡ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❯♥✐✈❡rs✐tät ❇♦♥♥✳ ❆❞❞r❡ss✿ ❆❞❡✲
♥❛✉❡r❛❧❧❡❡ ✷✹✲✹✷✱ ✺✸✶✶✸ ❇♦♥♥✱ ●❡r♠❛♥②✳



✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ●r❡❛t ❘❡❝❡ss✐♦♥ ❤❛s ❜r♦✉❣❤t ❛❜♦✉t ❛ r❡❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ r♦❧❡ ♦❢ ✉♥❝❡rt❛✐♥t② ✐♥

❜✉s✐♥❡ss ❝②❝❧❡s✳ ■♥❝r❡❛s❡❞ ✉♥❝❡rt❛✐♥t② ❤❛s ❜❡❡♥ ❞♦❝✉♠❡♥t❡❞ ❛♥❞ st✉❞✐❡❞ ✐♥ ✈❛r✐♦✉s ♠❛r✲

❦❡ts✱ ❜✉t ✉♥❝❡rt❛✐♥t② ✇✐t❤ r❡s♣❡❝t t♦ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ st❛♥❞s ♦✉t ✐♥ ✐ts s✐③❡ ❛♥❞ ✐♠♣♦r✲

t❛♥❝❡✳ ❙❤♦❝❦s t♦ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ ❛r❡ ♣❡rs✐st❡♥t ❛♥❞ t❤❡✐r ✈❛r✐❛♥❝❡ ❝❤❛♥❣❡s s✉❜st❛♥t✐❛❧❧②

♦✈❡r t❤❡ ❜✉s✐♥❡ss ❝②❝❧❡✳ ❚❤❡ s❡♠✐♥❛❧ ✇♦r❦ ❜② ❙t♦r❡s❧❡tt❡♥ ❡t ❛❧✳ ✭✷✵✵✶✮ ❡st✐♠❛t❡s t❤❛t

❞✉r✐♥❣ ❛♥ ❛✈❡r❛❣❡ ◆❇❊❘ r❡❝❡ss✐♦♥✱ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t② ❢❛❝❡❞ ❜② ❯✳❙✳ ❤♦✉s❡❤♦❧❞s✱ ✐♥t❡r✲

♣r❡t❡❞ ❛s ✐♥❝♦♠❡ r✐s❦ ✕ ✐✳❡✳ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ♣❡rs✐st❡♥t ✐♥❝♦♠❡ s❤♦❝❦s✱ ✐s ♠♦r❡ t❤❛♥ t✇✐❝❡

❛s ❧❛r❣❡ ❛s ✐♥ ❡①♣❛♥s✐♦♥s✳

❚❤❡s❡ s✐③❛❜❧❡ s✇✐♥❣s ✐♥ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t② ❧❡❛❞ t♦ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ♣r♦♣❡♥✲

s✐t② t♦ ❝♦♥s✉♠❡ ✐❢ ❛ss❡t ♠❛r❦❡ts ❛r❡ ✐♥❝♦♠♣❧❡t❡ s♦ t❤❛t ❤♦✉s❡❤♦❧❞s ✉s❡ ♣r❡❝❛✉t✐♦♥❛r② s❛✈✲

✐♥❣s t♦ s♠♦♦t❤ ❝♦♥s✉♠♣t✐♦♥✳ ❚❤✐s ♣❛♣❡r q✉❛♥t✐✜❡s t❤❡ ❛❣❣r❡❣❛t❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤✐s

♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣s ❝❤❛♥♥❡❧ ♦❢ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s ❜② ♠❡❛♥s ♦❢ ❛ ❞②♥❛♠✐❝ st♦❝❤❛st✐❝

❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧✳ ■♥ t❤✐s ♠♦❞❡❧✱ ❤♦✉s❡❤♦❧❞s ❤❛✈❡ ❛❝❝❡ss t♦ t✇♦ t②♣❡s ♦❢ ❛ss❡ts

t♦ s♠♦♦t❤ ❝♦♥s✉♠♣t✐♦♥✳ ❚❤❡② ❝❛♥ ❡✐t❤❡r ❤♦❧❞ ❧✐q✉✐❞ ♠♦♥❡② ♦r ✐♥✈❡st ✐♥ ✐❧❧✐q✉✐❞ ❜✉t ❞✐✈✲

✐❞❡♥❞ ♣❛②✐♥❣ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✳ ❚❤✐s ❛ss❡t str✉❝t✉r❡ ❛❧❧♦✇s ✉s t♦ ❞✐s❡♥t❛♥❣❧❡ s❛✈✐♥❣s ❛♥❞

♣❤②s✐❝❛❧ ✐♥✈❡st♠❡♥t ❛♥❞ ♦❜t❛✐♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✢✉❝t✉❛t✐♦♥s✳✶ ❚♦ ♦❜t❛✐♥ ❛❣❣r❡❣❛t❡

♦✉t♣✉t ❡✛❡❝ts ❢r♦♠ t❤❡s❡ ✢✉❝t✉❛t✐♦♥s✱ ✇❡ ❛✉❣♠❡♥t t❤✐s ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts ❢r❛♠❡✇♦r❦

✐♥ t❤❡ tr❛❞✐t✐♦♥ ♦❢ ❇❡✇❧❡② ✭✶✾✽✵✮ ❜② st✐❝❦② ♣r✐❝❡s à ❧❛ ❈❛❧✈♦ ✭✶✾✽✸✮✳

❲❡ ♠♦❞❡❧ t❤❡ ✐❧❧✐q✉✐❞✐t② ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❜② ✐♥❢r❡q✉❡♥t ♣❛rt✐❝✐♣❛t✐♦♥ ♦❢ ❤♦✉s❡❤♦❧❞s

✐♥ t❤❡ ❝❛♣✐t❛❧ ♠❛r❦❡t✱ s✉❝❤ t❤❛t t❤❡② ❝❛♥ tr❛❞❡ ❝❛♣✐t❛❧ ♦♥❧② ❢r♦♠ t✐♠❡ t♦ t✐♠❡✳ ❚❤✐s ❝❛♥

❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❛ ♠♦r❡ ❝♦♠♣❧❡① tr❛❞✐♥❣ ❢r✐❝t✐♦♥ ❛s ✐♥ ❑❛♣❧❛♥ ❛♥❞

❱✐♦❧❛♥t❡ ✭✷✵✶✹✮✱ ✇❤♦ ❢♦❧❧♦✇ t❤❡ tr❛❞✐t✐♦♥ ♦❢ ❇❛✉♠♦❧ ✭✶✾✺✷✮ ❛♥❞ ❚♦❜✐♥ ✭✶✾✺✻✮ ✐♥ ♠♦❞❡❧✐♥❣

t❤❡ ♣♦rt❢♦❧✐♦ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ ❧✐q✉✐❞ ❛♥❞ ✐❧❧✐q✉✐❞ ❛ss❡ts✳

■♥ t❤✐s ❡❝♦♥♦♠②✱ ✇❤❡♥ ✐❞✐♦s②♥❝r❛t✐❝ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t② ✐♥❝r❡❛s❡s✱ ✐♥❞✐✈✐❞✉❛❧❧② ♦♣t✐✲

♠❛❧ ❛ss❡t ❤♦❧❞✐♥❣s r✐s❡ ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ❞❡❝❧✐♥❡s✳ ■♠♣♦rt❛♥t❧②✱ ❤♦✉s❡❤♦❧❞s ❛❧s♦

r❡❜❛❧❛♥❝❡ t❤❡✐r ♣♦rt❢♦❧✐♦s t♦✇❛r❞ t❤❡ ❧✐q✉✐❞ ❛ss❡t ❜❡❝❛✉s❡ ✐t ♣r♦✈✐❞❡s ❜❡tt❡r ❝♦♥s✉♠♣t✐♦♥

s♠♦♦t❤✐♥❣✳ ❚❤❡s❡ ❡✛❡❝ts ❛r❡ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ♦❜s❡r✈❡❞ ♣❛tt❡r♥s ♦❢ t❤❡ s❤❛r❡ ♦❢ ❧✐q✉✐❞

❛ss❡ts ✐♥ t❤❡ ♣♦rt❢♦❧✐♦s ♦❢ ❯✳❙✳ ❤♦✉s❡❤♦❧❞s ❞✉r✐♥❣ t❤❡ ●r❡❛t ❘❡❝❡ss✐♦♥ ✭s❡❡ ❋✐❣✉r❡ ✶✮✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✷✵✶✵ ❙✉r✈❡② ♦❢ ❈♦♥s✉♠❡r ❋✐♥❛♥❝❡s✱ t❤❡ s❤❛r❡ ♦❢ ❧✐q✉✐❞ ❛ss❡ts ✐♥ t❤❡

♣♦rt❢♦❧✐♦s ✐♥❝r❡❛s❡❞ r❡❧❛t✐✈❡ t♦ ✷✵✵✹ ❛❝r♦ss ❛❧❧ ✇❡❛❧t❤ ♣❡r❝❡♥t✐❧❡s✱ ✇✐t❤ t❤❡ str♦♥❣❡st r❡❧❛✲

t✐✈❡ ✐♥❝r❡❛s❡ ❢♦r t❤❡ ❧♦✇❡r ♠✐❞❞❧❡✲❝❧❛ss✳ ■♥ ♦✉r ♠♦❞❡❧✱ t❤✐s ♣♦rt❢♦❧✐♦ r❡❜❛❧❛♥❝✐♥❣ t♦✇❛r❞s

❧✐q✉✐❞ ♣❛♣❡r r❡✐♥❢♦r❝❡s✱ t❤r♦✉❣❤ ❛ ❞❡❝❧✐♥❡ ✐♥ ♣❤②s✐❝❛❧ ✐♥✈❡st♠❡♥t✱ t❤❡ ❞❡❝❧✐♥❡ ✐♥ ❝♦♥s✉♠♣✲

✶■♥ ❛ st❛♥❞❛r❞ ❆✐②❛❣❛r✐ ✭✶✾✾✹✮ ❡❝♦♥♦♠②✱ ✇❤❡r❡ ❛❧❧ s❛✈✐♥❣s ❛r❡ ✐♥ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥
s❛✈✐♥❣s ❞♦❡s ♥♦t ❧❡❛❞ t♦ ❛ ❢❛❧❧ ✐♥ t♦t❛❧ ❞❡♠❛♥❞ ✭✐♥✈❡st♠❡♥t ♣❧✉s ❝♦♥s✉♠♣t✐♦♥✮ ❜❡❝❛✉s❡ s❛✈✐♥❣s ✐♥❝r❡❛s❡
✐♥✈❡st♠❡♥ts ♦♥❡✲❢♦r✲♦♥❡✳
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❋✐❣✉r❡ ✶✿ P♦rt❢♦❧✐♦ s❤❛r❡ ♦❢ ❧✐q✉✐❞ ❛ss❡ts ❜② ♣❡r❝❡♥t✐❧❡s ♦❢ ✇❡❛❧t❤✱ 2010 ✈s✳ 2004
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◆♦t❡s✿ P♦rt❢♦❧✐♦ s❤❛r❡✿ ◆❡t ❧✐q✉✐❞ ❛ss❡ts✴◆❡t t♦t❛❧ ❛ss❡ts✳ ◆❡t ❧✐q✉✐❞ ❛ss❡ts✿ ❝❛s❤✱
♠♦♥❡② ♠❛r❦❡t✱ ❝❤❡❝❦✐♥❣✱ s❛✈✐♥❣s ❛♥❞ ❝❛❧❧ ❛❝❝♦✉♥ts✱ ❛s ✇❡❧❧ ❛s ❣♦✈❡r♥♠❡♥t ❜♦♥❞s ❛♥❞
❚✲❇✐❧❧s ♥❡t ♦❢ ❝r❡❞✐t ❝❛r❞ ❞❡❜t✳ ❈❛s❤ ❤♦❧❞✐♥❣s ❛r❡ ❡st✐♠❛t❡❞ ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡
❙✉r✈❡② ♦❢ ❈♦♥s✉♠❡r P❛②♠❡♥t ❈❤♦✐❝❡ ❢♦r ✷✵✵✽✱ ❛s ✐♥ ❑❛♣❧❛♥ ❛♥❞ ❱✐♦❧❛♥t❡ ✭✷✵✶✹✮✳
❍♦✉s❡❤♦❧❞s ✇✐t❤ ♥❡❣❛t✐✈❡ ♥❡t ❧✐q✉✐❞ ♦r ♥❡t ✐❧❧✐q✉✐❞ ✇❡❛❧t❤✱ ❛s ✇❡❧❧ ❛s t❤❡ t♦♣ 5% ❜②
♥❡t ✇♦rt❤✱ ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ s❛♠♣❧❡✳ ❚❤❡ ❜❛r ❝❤❛rt ❞✐s♣❧❛②s t❤❡ ❛✈❡r❛❣❡ ❝❤❛♥❣❡ ✐♥
❡❛❝❤ ✇❡❛❧t❤ ❞❡❝✐❧❡✱ ❛♥❞ t❤❡ ❞♦tt❡❞ ❧✐♥❡ ❛♥ ❊♣❛♥❡❝❤♥✐❦♦✈ ❑❡r♥❡❧✲✇❡✐❣❤t❡❞ ❧♦❝❛❧ ❧✐♥❡❛r
s♠♦♦t❤❡r ✇✐t❤ ❜❛♥❞✇✐❞t❤ 0.15✳

t✐♦♥ ❞❡♠❛♥❞ ❝❛✉s❡❞ ❜② ❤✐❣❤❡r ✉♥❝❡rt❛✐♥t②✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❞❡❝❧✐♥❡s

❡✈❡♥ ♠♦r❡ str♦♥❣❧② t❤❛♥ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ✐♥✈❡st♠❡♥t ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ ❝♦✲♠♦✈❡✳

◗✉❛♥t✐t❛t✐✈❡❧②✱ ✇❡ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❛ t✇♦ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥❝r❡❛s❡ ✐♥ ❤♦✉s❡❤♦❧❞

✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t② ❞❡❝r❡❛s❡s ❛❣❣r❡❣❛t❡ ❛❝t✐✈✐t② ❜② r♦✉❣❤❧② 0.5% ♦♥ ✐♠♣❛❝t ❛♥❞ 0.4%

♦✈❡r t❤❡ ✜rst ②❡❛r ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ♠♦♥❡t❛r② ♣♦❧✐❝② t❤❛t ❢♦❧❧♦✇s ❛ ❝♦♥st❛♥t

♥♦♠✐♥❛❧ ♠♦♥❡② ❣r♦✇t❤ r✉❧❡ ✭❋r✐❡❞♠❛♥✬s ✏❦✪ r✉❧❡✑✮✳ ❚❤✐s ✐s ❛❜♦✉t ❤❛❧❢ t❤❡ ❡✛❡❝t s✐③❡ t❤❛t

❋❡r♥á♥❞❡③✲❱✐❧❧❛✈❡r❞❡ ❡t ❛❧✳ ✭✷✵✶✶✮ r❡♣♦rt ❢♦r ❛ ✜s❝❛❧ ♣♦❧✐❝② ✉♥❝❡rt❛✐♥t② ❛t t❤❡ ③❡r♦ ❧♦✇❡r

❜♦✉♥❞✳ ■♠♣♦s✐♥❣ ❛ ❚❛②❧♦r✲t②♣❡ r✉❧❡ ❢♦r ♠♦♥❡t❛r② ♣♦❧✐❝② ❛s ❡st✐♠❛t❡❞ ✐♥ ❈❤♦✇❞❤✉r②

❛♥❞ ❙❝❤❛❜❡rt ✭✷✵✵✽✮✱ ✇❡ st✐❧❧ ✜♥❞ ❛ 0.3% ❞❡❝r❡❛s❡ ✐♥ ♦✉t♣✉t ✉♣♦♥ t❤❡ ✉♥❝❡rt❛✐♥t② s❤♦❝❦✳

❚❤✐s ✐s ♠♦r❡ t❤❛♥ t✇✐❝❡ ❛s ❧❛r❣❡ ❛s t❤❡ ❡✛❡❝t ♦❢ ✜s❝❛❧ ♣♦❧✐❝② ✉♥❝❡rt❛✐♥t② ✐♥ ✏♥♦r♠❛❧✑ ♥♦♥

③❡r♦✲❧♦✇❡r✲❜♦✉♥❞ t✐♠❡s r❡♣♦rt❡❞ ✐♥ ❋❡r♥á♥❞❡③✲❱✐❧❧❛✈❡r❞❡ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ■♠♣♦rt❛♥t❧②✱ ✐♥

❛❧❧ ❝❛s❡s t❤❡ ❡❝♦♥♦♠② r❡❝♦✈❡rs ♦♥❧② s❧✉❣❣✐s❤❧② ♦✈❡r ❛ ✜✈❡✲②❡❛r ❤♦r✐③♦♥ ✐♥ ♦✉r ♠♦❞❡❧✳

❙✐♥❝❡ t❤❡ r❡❧❛t✐✈❡ ♣r✐❝❡ ♦❢ ❝❛♣✐t❛❧ ❢❛❧❧s ❜✉t t❤❡ ✈❛❧✉❡ ♦❢ ♠♦♥❡② ✐♥❝r❡❛s❡s ✉♣♦♥ ❛♥

✉♥❝❡rt❛✐♥t② s❤♦❝❦✱ s✉❝❤ ❛ s❤♦❝❦ ❤❛s ♥♦t ♦♥❧② ❛❣❣r❡❣❛t❡ ❜✉t ❛❧s♦ r✐❝❤ ❞✐str✐❜✉t✐♦♥❛❧ ❝♦♥✲
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s❡q✉❡♥❝❡s✳ ❖✉r ✇❡❧❢❛r❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♠♣❧② t❤❛t ❤♦✉s❡❤♦❧❞s r✐❝❤ ✐♥ ♣❤②s✐❝❛❧ ♦r ❤✉♠❛♥

❝❛♣✐t❛❧ ❧♦s❡ t❤❡ ♠♦st✱ ❜❡❝❛✉s❡ ❢❛❝t♦r r❡t✉r♥s ❢❛❧❧ ✐♥ t✐♠❡s ♦❢ ❤✐❣❤ ✉♥❝❡rt❛✐♥t②✳ ■♥ ❝♦♥✲

tr❛st✱ ✇❡❧❢❛r❡ ❧♦ss❡s ❞❡❝❧✐♥❡ ✐♥ ♠♦♥❡② ❤♦❧❞✐♥❣s ❛s t❤❡✐r ✈❛❧✉❡ ❛♣♣r❡❝✐❛t❡s✳ ❚♦ ✉♥❞❡rst❛♥❞

t❤❡ ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ s②st❡♠❛t✐❝ ♣♦❧✐❝② r❡s♣♦♥s❡s t♦ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s✱ ✇❡ ❝♦♠✲

♣❛r❡ ❛ r❡❣✐♠❡ ✇❤❡r❡ ♠♦♥❡t❛r② ♣♦❧✐❝② ❢♦❧❧♦✇s ❋r✐❡❞♠❛♥✬s ❦✪✲r✉❧❡ t♦ ♦♥❡ ✇❤❡r❡ ♠♦♥❡t❛r②

♣♦❧✐❝② ♣r♦✈✐❞❡s ❛❞❞✐t✐♦♥❛❧ ♠♦♥❡② t♦ st❛❜✐❧✐③❡ ✐♥✢❛t✐♦♥✳ ❙✐♥❝❡ ❛♥ ✉♥❝❡rt❛✐♥t② s❤♦❝❦ ❡❢✲

❢❡❝t✐✈❡❧② ✇♦r❦s ❧✐❦❡ ❛ ❞❡♠❛♥❞ s❤♦❝❦ ✐♥ ♦✉r ♠♦❞❡❧✱ ♠♦♥❡t❛r② ♣♦❧✐❝② ✐s ❛❜❧❡ t♦ r❡❞✉❝❡

t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝ts ♦♥ ♦✉t♣✉t ❛♥❞ ❛❧❧❡✈✐❛t❡ ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s✳ ❖♥ ❛✈❡r❛❣❡✱ ❤♦✉s❡✲

❤♦❧❞s ✇♦✉❧❞ ❜❡ ✇✐❧❧✐♥❣ t♦ ❢♦r❣♦ ✵✳✹✶✪ ♦❢ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥ ♦✈❡r t❤❡ ✜rst ✷✵ q✉❛rt❡rs t♦

❡❧✐♠✐♥❛t❡ t❤❡ ✉♥❝❡rt❛✐♥t② s❤♦❝❦✱ ❜✉t t❤✐s ♥✉♠❜❡r ✐s r❡❞✉❝❡❞ t♦ ✵✳✷✺✪ ✇✐t❤ st❛❜✐❧✐③❛t✐♦♥✳

■♥ t❤❡ ❧❛tt❡r r❡❣✐♠❡✱ ❤♦✉s❡❤♦❧❞s r✐❝❤ ✐♥ ❤✉♠❛♥ ❝❛♣✐t❛❧ ♣❛② t❤❡ ❝♦st ♦❢ t❤❡ st❛❜✐❧✐③❛t✐♦♥

♣♦❧✐❝②✱ ❜❡❝❛✉s❡ t❤❡② s❛✈❡ ✭♣❛rt❧② ✐♥ ♠♦♥❡②✮ ❛♥❞ t❤❡r❡❜② ✜♥❛♥❝❡ t❤❡ ♠♦♥❡t❛r② ❡①♣❛♥s✐♦♥✳

▼♦r❡♦✈❡r✱ ✇✐t❤♦✉t st❛❜✐❧✐③❛t✐♦♥✱ t❤❡s❡ ❤♦✉s❡❤♦❧❞s ♣r♦✜t ❢r♦♠ ❧♦✇ ♣r✐❝❡s ♦❢ t❤❡ ✐❧❧✐q✉✐❞

❛ss❡t ✐♥ ✇❤✐❝❤ t❤❡② ❛❝❝✉♠✉❧❛t❡ t❤❡✐r ❧♦♥❣✲t❡r♠ s❛✈✐♥❣s✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ st❛rts ♦✛ ✇✐t❤ ❛ r❡✈✐❡✇

♦❢ t❤❡ r❡❧❛t❡❞ ❧✐t❡r❛t✉r❡✳ ❙❡❝t✐♦♥ ✸ ❞❡✈❡❧♦♣s ♦✉r ♠♦❞❡❧✱ ❛♥❞ ❙❡❝t✐♦♥ ✹ ❞✐s❝✉ss❡s t❤❡

s♦❧✉t✐♦♥ ♠❡t❤♦❞✳ ❙❡❝t✐♦♥ ✺ ✐♥tr♦❞✉❝❡s ♦✉r ❡st✐♠❛t✐♦♥ str❛t❡❣② ❢♦r t❤❡ ✐♥❝♦♠❡ ♣r♦❝❡ss

❛♥❞ ❡①♣❧❛✐♥s t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✻ ♣r❡s❡♥ts t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳

❙❡❝t✐♦♥ ✼ ❝♦♥❝❧✉❞❡s✳ ❆♥ ❆♣♣❡♥❞✐① ❢♦❧❧♦✇s t❤❛t ♣r♦✈✐❞❡s ❞❡t❛✐❧s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡

✈❛❧✉❡ ❛♥❞ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s✱ t❤❡ ♥✉♠❡r✐❝s✱ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦❝❡ss ❢r♦♠

✐♥❝♦♠❡ ❞❛t❛✱ ❛♥❞ ❢✉rt❤❡r r♦❜✉st♥❡ss ❝❤❡❝❦s✳

✷ ❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡

❖✉r ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ t❤❡ r❡❝❡♥t ❧✐t❡r❛t✉r❡ t❤❛t ❡①♣❧♦r❡s ❡♠♣✐r✐❝❛❧❧② ❛♥❞ t❤❡♦r❡t✐❝❛❧❧②

t❤❡ ❛❣❣r❡❣❛t❡ ❡✛❡❝ts ♦❢ t✐♠❡✲✈❛r②✐♥❣ ✉♥❝❡rt❛✐♥t②✳ ❚❤❡ s❡♠✐♥❛❧ ♣❛♣❡r ❜② ❇❧♦♦♠ ✭✷✵✵✾✮

❞✐s❝✉ss❡s t❤❡ ❡✛❡❝ts ♦❢ t✐♠❡✲✈❛r②✐♥❣ ✭✐❞✐♦s②♥❝r❛t✐❝✮ ♣r♦❞✉❝t✐✈✐t② ✉♥❝❡rt❛✐♥t② ♦♥ ✜r♠s✬

❢❛❝t♦r ❞❡♠❛♥❞✱ ❡①♣❧♦r✐♥❣ t❤❡ ✐❞❡❛ ❛♥❞ ❡✛❡❝ts ♦❢ t✐♠❡✲✈❛r②✐♥❣ r❡❛❧ ♦♣t✐♦♥ ✈❛❧✉❡s ♦❢ ✐♥✈❡st✲

♠❡♥t✳ ❚❤✐s ♣❛♣❡r ❤❛s tr✐❣❣❡r❡❞ ❛ str❡❛♠ ♦❢ r❡s❡❛r❝❤ t❤❛t ❡①♣❧♦r❡s ✉♥❞❡r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s

s✉❝❤ ✈❛r✐❛t✐♦♥s ❤❛✈❡ ❛❣❣r❡❣❛t❡ ❡✛❡❝ts✳✷

❆ ♠♦r❡ r❡❝❡♥t ❜r❛♥❝❤ ♦❢ t❤✐s ❧✐t❡r❛t✉r❡ ✐♥✈❡st✐❣❛t❡s t❤❡ ❛❣❣r❡❣❛t❡ ✐♠♣❛❝t ♦❢ ✉♥❝❡r✲

✷❚♦ ♥❛♠❡ ❛ ❢❡✇✿ ❆r❡❧❧❛♥♦ ❡t ❛❧✳ ✭✷✵✶✷✮✱ ❇❛❝❤♠❛♥♥ ❛♥❞ ❇❛②❡r ✭✷✵✶✸✮✱ ❈❤r✐st✐❛♥♦ ❡t ❛❧✳ ✭✷✵✶✵✮✱ ❈❤✉❣❤
✭✷✵✶✷✮✱ ●✐❧❝❤r✐st ❡t ❛❧✳ ✭✷✵✶✹✮✱ ◆❛r✐t❛ ✭✷✵✶✶✮✱ P❛♥♦✉s✐ ❛♥❞ P❛♣❛♥✐❦♦❧❛♦✉ ✭✷✵✶✷✮✱ ❙❝❤❛❛❧ ✭✷✵✶✷✮✱ ❛♥❞
❱❛✈r❛ ✭✷✵✶✹✮ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❜✉s✐♥❡ss ❝②❝❧❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❛ t✐♠❡✲✈❛r②✐♥❣ ❞✐s♣❡rs✐♦♥ ♦❢ ✜r♠✲s♣❡❝✐✜❝
✈❛r✐❛❜❧❡s✱ ♦❢t❡♥ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥❞ ✉s❡❞ t♦ ❝❛❧✐❜r❛t❡ s❤♦❝❦s t♦ ✜r♠ r✐s❦✱ ♣r♦♣❛❣❛t❡❞ t❤r♦✉❣❤ ✈❛r✐♦✉s
❢r✐❝t✐♦♥s✿ ✇❛✐t✲❛♥❞✲s❡❡ ❡✛❡❝ts ❢r♦♠ ❝❛♣✐t❛❧ ❛❞❥✉st♠❡♥t ❢r✐❝t✐♦♥s✱ ✜♥❛♥❝✐❛❧ ❢r✐❝t✐♦♥s✱ s❡❛r❝❤ ❢r✐❝t✐♦♥s ✐♥ t❤❡
❧❛❜♦r ♠❛r❦❡t✱ ♥♦♠✐♥❛❧ r✐❣✐❞✐t✐❡s✱ ❛♥❞ ❛❣❡♥❝② ♣r♦❜❧❡♠s✳

✸



t❛✐♥t② s❤♦❝❦s ❜❡②♦♥❞ t❤❡✐r tr❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ ✐♥✈❡st♠❡♥t ❛♥❞ ❤❛s ❛❧s♦ ❜r♦❛❞❡♥❡❞ t❤❡

s♦✉r❝❡s ♦❢ ✉♥❝❡rt❛✐♥t② st✉❞✐❡❞✳ ❚❤❡ ✜rst ♣❛♣❡rs ✐♥ t❤✐s ✈❡✐♥ ❤✐❣❤❧✐❣❤t ♥♦♥✲❧✐♥❡❛r✐t✐❡s ✐♥ t❤❡

◆❡✇ ❑❡②♥❡s✐❛♥ ♠♦❞❡❧✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ r♦❧❡ ♦❢ ♣r❡❝❛✉t✐♦♥❛r② ♣r✐❝❡ s❡tt✐♥❣✳✸ ❋❡r♥á♥❞❡③✲

❱✐❧❧❛✈❡r❞❡ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ❢♦r ❡①❛♠♣❧❡✱ ❧♦♦❦ ❛t ❛ ♠❡❞✐✉♠✲s❝❛❧❡ ❉❙●❊ ♠♦❞❡❧ à ❧❛ ❙♠❡ts

❛♥❞ ❲♦✉t❡rs ✭✷✵✵✼✮✳ ❚❤❡② ✜♥❞ t❤❛t ❛t t❤❡ ③❡r♦ ❧♦✇❡r ❜♦✉♥❞ ♦✉t♣✉t ❞r♦♣s ❜② ♠♦r❡ t❤❛♥

1% ❛❢t❡r ❛ t✇♦ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ s❤♦❝❦ t♦ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ t❛①❡s ✐❢ ❛ ❝♦✉♥t❡r✈❛✐❧✐♥❣

✜s❝❛❧ ♣♦❧✐❝② r❡s♣♦♥s❡ ✐s r✉❧❡❞ ♦✉t✳ ❖✛ t❤❡ ❩▲❇ t❤❡ ❞r♦♣ r❡❞✉❝❡s t♦ 0.1%.✹ ■♥ ❛ s✐♠✐❧❛r

❢r❛♠❡✇♦r❦✱ ❇❛s✉ ❛♥❞ ❇✉♥❞✐❝❦ ✭✷✵✶✷✮ ❤✐❣❤❧✐❣❤t t❤❡ ❧❛❜♦r ♠❛r❦❡t r❡s♣♦♥s❡ t♦ ✉♥❝❡rt❛✐♥t②

❛❜♦✉t ❛❣❣r❡❣❛t❡ ❚❋P ❛♥❞ t✐♠❡ ♣r❡❢❡r❡♥❝❡s✳ ❚❤❡② ❛r❣✉❡ t❤❛t✱ ✐❢ ✉♥❝❡rt❛✐♥t② ✐♥❝r❡❛s❡s✱ t❤❡

r❡♣r❡s❡♥t❛t✐✈❡ ❤♦✉s❡❤♦❧❞ ✇✐❧❧ ✇❛♥t t♦ s❛✈❡ ♠♦r❡ ❛♥❞ ❝♦♥s✉♠❡ ❧❡ss✳ ❚❤❡♥✱ ✇✐t❤ ❑✐♥❣ ❡t ❛❧✳

✭✶✾✽✽✮ ♣r❡❢❡r❡♥❝❡s✱ t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ❤♦✉s❡❤♦❧❞ ✇✐❧❧ ❛❧s♦ s✉♣♣❧② ♠♦r❡ ❧❛❜♦r✱ ✇❤✐❝❤ ✐♥ ❛

◆❡✇ ❑❡②♥❡s✐❛♥ ♠♦❞❡❧ ❞❡♣r❡ss❡s ♦✉t♣✉t t❤r♦✉❣❤ ❛ ✏♣❛r❛❞♦① ♦❢ t♦✐❧✳✑ ❲❤❡♥ ❧❛❜♦r s✉♣♣❧②

✐♥❝r❡❛s❡s✱ ✇❛❣❡s ❛♥❞ ❤❡♥❝❡ ♠❛r❣✐♥❛❧ ❝♦sts ❢♦r ✜r♠s ❢❛❧❧✳ ❚❤✐s ✐♥❝r❡❛s❡s ♠❛r❦✉♣s ✇❤❡♥

♣r✐❝❡s ❛r❡ st✐❝❦②✱ ✇❤✐❝❤ ✜♥❛❧❧② ❞❡♣r❡ss❡s ❞❡♠❛♥❞ ❢♦r ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ✐♥✈❡st♠❡♥t✱ ❛♥❞

❛ r❡❝❡ss✐♦♥ ❢♦❧❧♦✇s✳ ❖✈❡r❛❧❧✱ t❤❡② ✜♥❞ s✐♠✐❧❛r ❛❣❣r❡❣❛t❡ ❡✛❡❝ts ❛s ❋❡r♥á♥❞❡③✲❱✐❧❧❛✈❡r❞❡

❡t ❛❧✳ ✭✷✵✶✶✮✱ ✐♥ ♣❛rt✐❝✉❧❛r ❛t t❤❡ ③❡r♦✲❧♦✇❡r ❜♦✉♥❞✳

❲❤✐❧❡ ♦✉r ♣❛♣❡r ❛❧s♦ ❢♦❝✉s❡s ♦♥ ♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣s✱ ✐t ❞✐✛❡rs s✉❜st❛♥t✐❛❧❧② ✐♥

t❤❡ tr❛♥s♠✐ss✐♦♥ ❝❤❛♥♥❡❧✳ ❲❡ ❛r❡ ❛❣♥♦st✐❝ ❛❜♦✉t t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ✏♣❛r❛❞♦① ♦❢

t♦✐❧✱✑ ❜❡❝❛✉s❡ ✐t ❝r✉❝✐❛❧❧② r❡❧✐❡s ♦♥ ❛ ✇❡❛❧t❤ ❡✛❡❝t ✐♥ ❧❛❜♦r s✉♣♣❧②✳ ❲❡ t❤❡r❡❢♦r❡ ❛ss✉♠❡

●r❡❡♥✇♦♦❞ ❡t ❛❧✳ ✭✶✾✽✽✮ ♣r❡❢❡r❡♥❝❡s t♦ ❡❧✐♠✐♥❛t❡ ❛♥② ❞✐r❡❝t ✐♠♣❛❝t ♦❢ ✉♥❝❡rt❛✐♥t② ♦♥ ❧❛❜♦r

s✉♣♣❧② t♦ ✐s♦❧❛t❡ t❤❡ ❞❡♠❛♥❞ ❝❤❛♥♥❡❧ ♦❢ ♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣s ✐♥st❡❛❞✳✺ ▼♦r❡♦✈❡r✱ s✐♥❝❡

✇❡ ❢♦❝✉s ♦♥ ✐❞✐♦s②♥❝r❛t✐❝ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t②✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦❝❡ss

♦✉ts✐❞❡ t❤❡ ♠♦❞❡❧ ❢r♦♠ t❤❡ P❛♥❡❧ ❙t✉❞② ♦❢ ■♥❝♦♠❡ ❉②♥❛♠✐❝s ✭P❙■❉✮✳

❚❤✐s ❢♦❝✉s ♦♥ ✐❞✐♦s②♥❝r❛t✐❝ ✉♥❝❡rt❛✐♥t② ❛♥❞ t❤❡ r❡s♣♦♥s❡ ♦❢ ♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣s

❧✐♥❦s ♦✉r ♣❛♣❡r t♦ ❘❛✈♥ ❛♥❞ ❙t❡r❦ ✭✷✵✶✸✮ ❛♥❞ ❉❡♥ ❍❛❛♥ ❡t ❛❧✳ ✭✷✵✶✹✮✳ ❇♦t❤ ❤✐❣❤❧✐❣❤t

t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ ✉♥❡♠♣❧♦②♠❡♥t r✐s❦✳ ■♥ t❤❡✐r s❡t✉♣s✱ ❤♦✉s❡❤♦❧❞s ❢❛❝❡ ✉♥✲

❡♠♣❧♦②♠❡♥t r✐s❦ ✐♥ ❛♥ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts ♠♦❞❡❧ ✇✐t❤ ❧❛❜♦r ♠❛r❦❡t s❡❛r❝❤ ❛♥❞ ♥♦♠✐♥❛❧

❢r✐❝t✐♦♥s✳ ❇♦t❤ ♣❛♣❡rs ❞✐✛❡r ✐♥ t❤❡✐r ❛ss❡t ♠❛r❦❡t s❡t✉♣ ❛♥❞ t❤❡ s❤♦❝❦s ❝♦♥s✐❞❡r❡❞✳ ❘❛✈♥

❛♥❞ ❙t❡r❦ ✭✷✵✶✸✮ ❧♦♦❦ ❛t ❛ s❡t✉♣ ✇✐t❤ ❣♦✈❡r♥♠❡♥t ❜♦♥❞s ❛s ❛ ♠❡❛♥s ♦❢ s❛✈✐♥❣s✳ ❚❤❡②

t❤❡♥ st✉❞② ❛ ❥♦✐♥t s❤♦❝❦ t♦ ❥♦❜ s❡♣❛r❛t✐♦♥s ❛♥❞ t❤❡ s❤❛r❡ ♦❢ ❧♦♥❣✲t❡r♠ ✉♥❡♠♣❧♦②❡❞✳ ❚❤✐s

✐♥❝r❡❛s❡s ✐♥❝♦♠❡ r✐s❦ ❛♥❞ ❤❡♥❝❡ ❞❡♣r❡ss❡s ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❜❡❝❛✉s❡ ♦❢ ❤✐❣❤❡r ♣r❡❝❛✉✲

✸❲✐t❤ st✐❝❦② ♣r✐❝❡s✱ ✜r♠s ✇✐❧❧ t❛r❣❡t ❛ ❤✐❣❤❡r ♠❛r❦✉♣ t❤❡ ♠♦r❡ ✉♥❝❡rt❛✐♥ ❢✉t✉r❡ ❞❡♠❛♥❞ ✐s✳
✹❇♦r♥ ❛♥❞ P❢❡✐❢❡r ✭✷✵✶✹✮ r❡♣♦rt ❛♥ ♦✉t♣✉t ❞r♦♣ ♦❢ 0.025% ❢♦r ❛ s✐♠✐❧❛r ♠♦❞❡❧ ❛♥❞ ❛ s✐♠✐❧❛r ♣♦❧✐❝② r✐s❦

s❤♦❝❦ ✉♥❞❡r ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❝❛❧✐❜r❛t✐♦♥✳ ❘❡❣❛r❞✐♥❣ ❚❋P r✐s❦ t❤❡② ❤❛r❞❧② ✜♥❞ ❛♥② ❛❣❣r❡❣❛t❡ ❡✛❡❝t✳
✺❙✐♠✐❧❛r❧②✱ ✐♥ ❛ s❡❛r❝❤ ♠♦❞❡❧✱ ❤✐❣❤❡r ✉♥❝❡rt❛✐♥t② ❛❜♦✉t ♠❛t❝❤ q✉❛❧✐t② ♠✐❣❤t tr❛♥s❧❛t❡ ✐♥t♦ ❧♦♥❣❡r

s❡❛r❝❤ ❛♥❞ ♠♦r❡ ❡♥❞♦❣❡♥♦✉s s❡♣❛r❛t✐♦♥✳ ❚❤✉s ✐t ✐s ♥♦t ❝❧❡❛r ❛ ♣r✐♦r✐ ✇❤❡t❤❡r ❧❛❜♦r s✉♣♣❧② ✇♦✉❧❞
✐♥❝r❡❛s❡ ♦r ❞❡❝r❡❛s❡ ♦♥ ✐♠♣❛❝t✳

✹



t✐♦♥❛r② s❛✈✐♥❣s✳ ❚❤❡② ✜♥❞ t❤❛t s✉❝❤ ✜rst ♠♦♠❡♥t s❤♦❝❦s t♦ t❤❡ ❧❛❜♦r ♠❛r❦❡t ❝❛♥ ❜❡

s✐❣♥✐✜❝❛♥t❧② ♣r♦♣❛❣❛t❡❞ ❛♥❞ ❛♠♣❧✐✜❡❞ t❤r♦✉❣❤ t❤✐s ♠❡❝❤❛♥✐s♠✳

❉❡♥ ❍❛❛♥ ❡t ❛❧✳ ✭✷✵✶✹✮ ❝♦♥s✐❞❡r ❛ ♠♦❞❡❧ ✇✐t❤ ♠♦♥❡② ❛♥❞ ❡q✉✐t② ✐♥st❡❛❞✱ ✇❤❡r❡

❡q✉✐t② ✐s ♥♦t ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❛s ✐♥ ♦✉r ♠♦❞❡❧✱ ❜✉t ✐s ❡q✉❛t❡❞ ✇✐t❤ ✈❛❝❛♥❝②✲♦✇♥❡rs❤✐♣✳

■♥ ❛❞❞✐t✐♦♥✱ t❤❡② ❛ss✉♠❡ ✇❛❣❡ r✐❣✐❞✐t②✳ ❆s ✐♥ ♦✉r ♠♦❞❡❧✱ ♣♦♦r❡r ❤♦✉s❡❤♦❧❞s✱ ✐♥ t❤❡✐r

♠♦❞❡❧ t❤❡ ✉♥❡♠♣❧♦②❡❞✱ ❛r❡ t❤❡ ♠❛r❣✐♥❛❧ ❤♦❧❞❡rs ♦❢ ♠♦♥❡②✱ t❤❡ ❧♦✇✲r❡t✉r♥ ❛ss❡t✱ ❛s t❤❡②

❡✛❡❝t✐✈❡❧② ❞✐s❝♦✉♥t t❤❡ ❢✉t✉r❡ ♠♦r❡✳ ❲❤❡♥ ✉♥❡♠♣❧♦②♠❡♥t ❣♦❡s ✉♣✱ ❞❡♠❛♥❞ ❢♦r ♠♦♥❡②

✐♥❝r❡❛s❡s✳ ❚❤✐s ✐♥ t✉r♥ ❧❡❛❞s t♦ ❞❡✢❛t✐♦♥✱ ♣✉s❤✐♥❣ ✉♣ r❡❛❧ ✇❛❣❡s ❜❡❝❛✉s❡ ♥♦♠✐♥❛❧ ✇❛❣❡s

❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ st✐❝❦②✳ ❚❤✐s ❤❛s ❛ s❡❝♦♥❞✲r♦✉♥❞ ❡✛❡❝t ♦♥ ♠♦♥❡② ❞❡♠❛♥❞✳ ❇❡❝❛✉s❡ t❤❡

❧❛❜♦r ✐♥t❡♥s✐t② ♦❢ ♣r♦❞✉❝t✐♦♥ ❝❛♥♥♦t ❜❡ ❛❞❥✉st❡❞✱ ❤✐❣❤❡r r❡❛❧ ✇❛❣❡s ❞❡♣r❡ss t❤❡ ❡q✉✐t②

②✐❡❧❞ ♦♥ ❡①✐st✐♥❣ ❛♥❞ ♥❡✇❧② ❢♦r♠❡❞ ✈❛❝❛♥❝✐❡s✱ ✇❤✐❝❤ t❤❡♥ ✐♥❞✉❝❡s ♣♦rt❢♦❧✐♦ ❛❞❥✉st♠❡♥ts

❜② ❤♦✉s❡❤♦❧❞s t♦✇❛r❞s ♠♦♥❡② ❛♠♣❧✐❢②✐♥❣ t❤❡ ❞❡✢❛t✐♦♥s ❛♥❞ t❤❡ r❡❧❛t❡❞ ♦✉t♣✉t ❞r♦♣✳

❖✉r tr❛♥s♠✐ss✐♦♥ ♠❡❝❤❛♥✐s♠ s❤❛r❡s t♦ s♦♠❡ ❡①t❡♥t t❤✐s ❢❡❛t✉r❡✱ ❜✉t ❛❞❞✐t✐♦♥❛❧❧②

❤✐❣❤❧✐❣❤ts t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❧✐q✉✐❞✐t②✳ ❍♦✉s❡❤♦❧❞s ✐♥❝r❡❛s❡ t❤❡✐r ♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣s

✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ ❛ ♣♦rt❢♦❧✐♦ ❛❞❥✉st♠❡♥t t♦✇❛r❞ t❤❡ ❧✐q✉✐❞ ❛ss❡t✱ ❜❡❝❛✉s❡ ✐ts s❡r✈✐❝❡s ✐♥

❝♦♥s✉♠♣t✐♦♥ s♠♦♦t❤✐♥❣ ❜❡❝♦♠❡ ♠♦r❡ ✈❛❧✉❛❜❧❡ t♦ ❤♦✉s❡❤♦❧❞s✳ ❲❡ ✜♥❞ t❤❛t t❤❡ ❧✐q✉✐❞✐t②

❡✛❡❝t ✐s ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ t❤❡ r❡❧❛t✐✈❡ r❡t✉r♥ ❡✛❡❝t ✐♥ ♦✉r ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ❧❛❜♦r

✐♥t❡♥s✐t② ♦❢ ♣r♦❞✉❝t✐♦♥ ❝❛♥ ❜❡ ❛❞❥✉st❡❞✳

❋✐♥❛❧❧②✱ ♦✉r ✇♦r❦ r❡❧❛t❡s t♦ ●♦r♥❡♠❛♥♥ ❡t ❛❧✳ ✭✷✵✶✷✮✳ ❲❡ ❞✐s❝✉ss t❤❡ ❞✐str✐❜✉t✐♦♥❛❧

❝♦♥s❡q✉❡♥❝❡s ♦❢ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s ❛♥❞ ♦❢ s②st❡♠❛t✐❝ ♠♦♥❡t❛r② ♣♦❧✐❝② r❡s♣♦♥s❡✳ ❲❡ ✜♥❞

t❤❛t ❜♦t❤ ❞✐✛❡r❡♥t❧② ❛✛❡❝t ❤♦✉s❡❤♦❧❞s t❤❛t ❞✐✛❡r ✐♥ t❤❡✐r ♣♦rt❢♦❧✐♦s ❞✉❡ t♦ ❞✐✛❡r❡♥t✐❛❧

❛ss❡t ♣r✐❝❡ ♠♦✈❡♠❡♥ts✳ ❚❤✐s ♣♦rt❢♦❧✐♦ ❝♦♠♣♦s✐t✐♦♥ ❛s♣❡❝t ✐s ♥❡✇ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ●♦r♥❡✲

♠❛♥♥ ❡t ❛❧✳✱ ❜❡❝❛✉s❡ ✇❡ ✐♥tr♦❞✉❝❡ ❞❡❝✐s✐♦♥s r❡❣❛r❞✐♥❣ ♥♦♠✐♥❛❧ ✈❡rs✉s r❡❛❧ ❛ss❡t ❤♦❧❞✐♥❣s

t♦ t❤❡ ❤♦✉s❡❤♦❧❞✬s ♣r♦❜❧❡♠✳

✸ ▼♦❞❡❧

❲❡ ♠♦❞❡❧ ❛♥ ❡❝♦♥♦♠② ✐♥❤❛❜✐t❡❞ ❜② t✇♦ t②♣❡s ♦❢ ❛❣❡♥ts✿ ✭✇♦r❦❡r✲✮❤♦✉s❡❤♦❧❞s ❛♥❞ ❡♥✲

tr❡♣r❡♥❡✉rs✳ ❍♦✉s❡❤♦❧❞s s✉♣♣❧② ❝❛♣✐t❛❧ ❛♥❞ ❧❛❜♦r ❛♥❞ ❛r❡ s✉❜❥❡❝t t♦ ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦s

t♦ t❤❡✐r ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t②✳ ❚❤❡s❡ s❤♦❝❦s ❛r❡ ♣❡rs✐st❡♥t ❛♥❞ ❤❛✈❡ ❛ t✐♠❡✲✈❛r②✐♥❣ ✈❛r✐❛♥❝❡✳

❍♦✉s❡❤♦❧❞s s❡❧❢✲✐♥s✉r❡ ✐♥ ❛ ❧✐q✉✐❞ ♥♦♠✐♥❛❧ ❛ss❡t ✭♠♦♥❡②✮ ❛♥❞ ❛ ❧❡ss ❧✐q✉✐❞ ♣❤②s✐❝❛❧ ❛ss❡t

✭❝❛♣✐t❛❧✮✳ ▲✐q✉✐❞✐t② ♦❢ ♠♦♥❡② ✐s ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ s♣✐r✐t ♦❢ ❑❛♣❧❛♥ ❛♥❞ ❱✐♦❧❛♥t❡✬s ✭✷✵✶✹✮

♠♦❞❡❧ ♦❢ ✇❡❛❧t❤② ❤❛♥❞✲t♦✲♠♦✉t❤ ❝♦♥s✉♠❡rs✱ ✇❤❡r❡ ❤♦✉s❡❤♦❧❞s ❤♦❧❞ ❝❛♣✐t❛❧✱ ❜✉t tr❛❞✐♥❣

❝❛♣✐t❛❧ ✐s s✉❜❥❡❝t t♦ ❛ ❢r✐❝t✐♦♥✳ ❲❡ ♠♦❞❡❧ t❤✐s tr❛❞✐♥❣ ❢r✐❝t✐♦♥ ❛s ❧✐♠✐t❡❞ ♣❛rt✐❝✐♣❛t✐♦♥ ✐♥

t❤❡ ❛ss❡t ♠❛r❦❡t✳ ❊✈❡r② ♣❡r✐♦❞✱ ❛ ❢r❛❝t✐♦♥ ♦❢ ❤♦✉s❡❤♦❧❞s ✐s r❛♥❞♦♠❧② s❡❧❡❝t❡❞ t♦ tr❛❞❡

✺



♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✳ ❆❧❧ ♦t❤❡r ❤♦✉s❡❤♦❧❞s ♠❛② ♦♥❧② ❛❞❥✉st t❤❡✐r ♠♦♥❡② ❤♦❧❞✐♥❣s✳✻ ❲❤✐❧❡

♠♦♥❡② ✐s s✉❜❥❡❝t t♦ ❛♥ ✐♥✢❛t✐♦♥ t❛① ❛♥❞ ♣❛②s ♥♦ ❞✐✈✐❞❡♥❞✱ ❝❛♣✐t❛❧ ❝❛♥ ❜❡ r❡♥t❡❞ ♦✉t t♦

t❤❡ ✐♥t❡r♠❡❞✐❛t❡✲❣♦♦❞✲♣r♦❞✉❝✐♥❣ s❡❝t♦r ♦♥ ❛ ♣❡r❢❡❝t❧② ❝♦♠♣❡t✐t✐✈❡ r❡♥t❛❧ ♠❛r❦❡t✳ ❚❤✐s

s❡❝t♦r ❝♦♠❜✐♥❡s ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ s❡r✈✐❝❡s ✐♥t♦ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ❛♥❞ s❡❧❧s t❤❡♠ t♦ t❤❡

❡♥tr❡♣r❡♥❡✉rs✳

❊♥tr❡♣r❡♥❡✉rs ❝❛♣t✉r❡ ❛❧❧ ♣✉r❡ r❡♥ts ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t

❡♥tr❡♣r❡♥❡✉rs ❛r❡ r✐s❦ ♥❡✉tr❛❧✳ ❚❤❡② ♦❜t❛✐♥ r❡♥ts ❢r♦♠ ❛❞❥✉st✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡ ❝❛♣✐t❛❧

st♦❝❦ ❞✉❡ t♦ ❝♦♥✈❡① ❝❛♣✐t❛❧ ❛❞❥✉st♠❡♥t ❝♦sts ❛♥❞✱ ♠♦r❡ ✐♠♣♦rt❛♥t❧②✱ ❢r♦♠ ❞✐✛❡r❡♥t✐❛t✐♥❣

t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞✳ ❋❛❝✐♥❣ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥✱ t❤❡② s❡t ♣r✐❝❡s ❛❜♦✈❡ ♠❛r❣✐♥❛❧

❝♦sts ❢♦r t❤❡s❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s✳ Pr✐❝❡ s❡tt✐♥❣✱ ❤♦✇❡✈❡r✱ ✐s s✉❜❥❡❝t t♦ ❛ ♣r✐❝✐♥❣ ❢r✐❝✲

t✐♦♥ à ❧❛ ❈❛❧✈♦ ✭✶✾✽✸✮ s♦ t❤❛t ❡♥tr❡♣r❡♥❡✉rs ♠❛② ♦♥❧② ❛❞❥✉st t❤❡✐r ♣r✐❝❡s ✇✐t❤ s♦♠❡

♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ❡❛❝❤ ♣❡r✐♦❞✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s ❛r❡ ✜♥❛❧❧② ❜✉♥❞❧❡❞ ❛❣❛✐♥ t♦

t❤❡ ❝♦♠♣♦s✐t❡ ✜♥❛❧ ❣♦♦❞ ✉s❡❞ ❢♦r ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ✐♥✈❡st♠❡♥t✳

❚❤❡ ♠♦❞❡❧ ✐s ❝❧♦s❡❞ ❜② ❛ ♠♦♥❡t❛r② ❛✉t❤♦r✐t② t❤❛t ♣r♦✈✐❞❡s ♠♦♥❡② ✐♥ ♣♦s✐t✐✈❡ ♥❡t

s✉♣♣❧② ❛♥❞ ❛❞❥✉sts ♠♦♥❡② ❣r♦✇t❤ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡s❝r✐♣t✐♦♥s ♦❢ ❛ ❚❛②❧♦r t②♣❡ r✉❧❡✱

✇❤✐❝❤ r❡❛❝ts t♦ ✐♥✢❛t✐♦♥ ❞❡✈✐❛t✐♦♥s ❢r♦♠ t❛r❣❡t✳ ❆❧❧ s❡✐❣♥✐♦r❛❣❡ ✐s ✇❛st❡❞✳

✸✳✶ ❍♦✉s❡❤♦❧❞s

❚❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❡①✲❛♥t❡ ✐❞❡♥t✐❝❛❧ ❤♦✉s❡❤♦❧❞s ♦❢ ♠❡❛s✉r❡ ♦♥❡ ✐♥❞❡①❡❞ ❜② i✳ ❍♦✉s❡✲

❤♦❧❞s ❛r❡ ✐♥✜♥✐t❡❧② ❧✐✈❡❞✱ ❤❛✈❡ t✐♠❡✲s❡♣❛r❛❜❧❡ ♣r❡❢❡r❡♥❝❡s ✇✐t❤ t✐♠❡✲❞✐s❝♦✉♥t ❢❛❝t♦r β✱

❛♥❞ ❞❡r✐✈❡ ❢❡❧✐❝✐t② ❢r♦♠ ❝♦♥s✉♠♣t✐♦♥ cit ❛♥❞ ❧❡✐s✉r❡✳ ❚❤❡② ♦❜t❛✐♥ ✐♥❝♦♠❡ ❢r♦♠ s✉♣♣❧②✐♥❣

❧❛❜♦r ❛♥❞ ❢r♦♠ r❡♥t✐♥❣ ♦✉t ❝❛♣✐t❛❧✳ ❆ ❤♦✉s❡❤♦❧❞✬s ❧❛❜♦r ✐♥❝♦♠❡ wthitnit ✐s ❝♦♠♣♦s❡❞

♦❢ t❤❡ ✇❛❣❡ r❛t❡✱ wt✱ ❤♦✉rs ✇♦r❦❡❞✱ nit✱ ❛♥❞ ✐❞✐♦s②♥❝r❛t✐❝ ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t②✱ hit✱ ✇❤✐❝❤

❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❆❘✭✶✮✲♣r♦❝❡ss✿

log hit = ρh log hit−1 + ǫit, ǫit ∼ N (0, σht) . ✭✶✮

❍♦✉s❡❤♦❧❞s ❤❛✈❡ ●r❡❡♥✇♦♦❞✲❍❡r❝♦✇✐t③✲❍✉✛♠❛♥ ✭●❍❍✮ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♠❛①✐♠✐③❡ t❤❡

❞✐s❝♦✉♥t❡❞ s✉♠ ♦❢ ❢❡❧✐❝✐t②✿

V = E0 max
{cit,nit}

∞∑

t=0

βtu (cit − hitG(nit)) . ✭✷✮

✻❲❡ ❝❤♦♦s❡ t♦ ❡①❝❧✉❞❡ tr❛❞✐♥❣ ❛s ❛ ❝❤♦✐❝❡✱ ❛♥❞ ❤❡♥❝❡ ✇❡ ✉s❡ ❛ s✐♠♣❧✐✜❡❞ ❢r❛♠❡✇♦r❦ r❡❧❛t✐✈❡ t♦
❑❛♣❧❛♥ ❛♥❞ ❱✐♦❧❛♥t❡ ✭✷✵✶✹✮ ❢♦r ♥✉♠❡r✐❝❛❧ tr❛❝t❛❜✐❧✐t②✳ ❘❛♥❞♦♠ ♣❛rt✐❝✐♣❛t✐♦♥ ❦❡❡♣s t❤❡ ❤♦✉s❡❤♦❧❞s✬
✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❝♦♥❝❛✈❡✱ t❤✉s ♠❛❦✐♥❣ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s s✉✣❝✐❡♥t✱ ❛♥❞ t❤❡r❡❢♦r❡ ❛❧❧♦✇s ✉s t♦ ✉s❡ ❛
✈❛r✐❛♥t ♦❢ t❤❡ ❡♥❞♦❣❡♥♦✉s ❣r✐❞ ♠❡t❤♦❞ ❛s ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ♦✉r ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆
❢♦r ❞❡t❛✐❧s✳

✻



❚❤❡ ❢❡❧✐❝✐t② ❢✉♥❝t✐♦♥ t❛❦❡s ❝♦♥st❛♥t r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥ ✭❈❘❘❆✮ ❢♦r♠ ✇✐t❤ r✐s❦ ❛✈❡rs✐♦♥

ξ✿

u(xit) =
1

1− ξ
x1−ξ
it , ξ > 0,

✇❤❡r❡ xit = cit − hitG(nit) ✐s ❤♦✉s❡❤♦❧❞ i✬s ❝♦♠♣♦s✐t❡ ❞❡♠❛♥❞ ❢♦r t❤❡ ❜✉♥❞❧❡❞ ♣❤②s✐❝❛❧

❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞ cit ❛♥❞ ❧❡✐s✉r❡✳ ❚❤❡ ❢♦r♠❡r ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❜✉♥❞❧✐♥❣ ✈❛r✐❡t✐❡s j ♦❢

❞✐✛❡r❡♥t✐❛t❡❞ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞s ❛❝❝♦r❞✐♥❣ t♦ ❛ ❉✐①✐t✲❙t✐❣❧✐t③ ❛❣❣r❡❣❛t♦r✿

cit =

(∫

c
η−1
η

ijt dj

) η

η−1

.

❊❛❝❤ ♦❢ t❤❡s❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s ✐s ♦✛❡r❡❞ ❛t ♣r✐❝❡ pjt s♦ t❤❛t t❤❡ ❞❡♠❛♥❞ ❢♦r ❡❛❝❤ ♦❢

t❤❡ ✈❛r✐❡t✐❡s ✐s ❣✐✈❡♥ ❜②

cijt =

(
pjt
Pt

)−η

cit,

✇❤❡r❡ Pt =
(∫

p1−η
jt dj

) 1
1−η

✐s t❤❡ ❛✈❡r❛❣❡ ♣r✐❝❡ ❧❡✈❡❧✳

❚❤❡ ❞✐s✉t✐❧✐t② ♦❢ ✇♦r❦✱ hitG(nit)✱ ❞❡t❡r♠✐♥❡s ❛ ❤♦✉s❡❤♦❧❞✬s ❧❛❜♦r s✉♣♣❧② ❣✐✈❡♥ t❤❡

❛❣❣r❡❣❛t❡ ✇❛❣❡ r❛t❡ t❤r♦✉❣❤ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥✿

hitG
′(nit) = wthit. ✭✸✮

❲❡ ✇❡✐❣❤t t❤❡ ❞✐s✉t✐❧✐t② ♦❢ ✇♦r❦ ❜② hit t♦ ❡❧✐♠✐♥❛t❡ ❛♥② ❍❛rt♠❛♥✲❆❜❡❧ ❡✛❡❝ts ♦❢ ✉♥❝❡r✲

t❛✐♥t② ♦♥ ❧❛❜♦r s✉♣♣❧②✳ ❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥✱ ❛ ❤♦✉s❡❤♦❧❞✬s ❧❛❜♦r ❞❡❝✐s✐♦♥ ❞♦❡s

♥♦t r❡s♣♦♥❞ t♦ ✐❞✐♦s②♥❝r❛t✐❝ ♣r♦❞✉❝t✐✈✐t② hit✱ ❜✉t ♦♥❧② t♦ t❤❡ ❛❣❣r❡❣❛t❡ ✇❛❣❡ wt✳ ❚❤✉s

✇❡ ❝❛♥ ❞r♦♣ t❤❡ ❤♦✉s❡❤♦❧❞✲s♣❡❝✐✜❝ ✐♥❞❡① i✱ ❛♥❞ s❡t nit = Nt✳ ❙❝❛❧✐♥❣ t❤❡ ❞✐s✉t✐❧t② ♦❢

✇♦r❦✐♥❣ ❜② hit ❡✛❡❝t✐✈❡❧② s❡ts t❤❡ ♠✐❝r♦ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧② t♦ ③❡r♦✳ ❚❤❡r❡❢♦r❡✱ ✐t

s✐♠♣❧✐✜❡s t❤❡ ❝❛❧✐❜r❛t✐♦♥ ❛s ✇❡ ❝❛♥ ❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧ t♦ t❤❡ ✐♥❝♦♠❡ r✐s❦ t❤❛t ❤♦✉s❡❤♦❧❞s

❢❛❝❡ ✇✐t❤♦✉t t❤❡ ♥❡❡❞ t♦ ❜❛❝❦ ♦✉t t❤❡ ❛❝t✉❛❧ ♣r♦❞✉❝t✐✈✐t② s❤♦❝❦s✳ ❲❤❛t ✐s ♠♦r❡✱ ✇✐t❤♦✉t

t❤✐s ❛ss✉♠♣t✐♦♥✱ ❤✐❣❤❡r r❡❛❧✐③❡❞ ✉♥❝❡rt❛✐♥t② ❧❡❛❞s t♦ ❤✐❣❤❡r ♣r♦❞✉❝t✐✈✐t② ✐♥❡q✉❛❧✐t② ❛♥❞

❤❡♥❝❡ ✐♥❝r❡❛s❡s ❛❣❣r❡❣❛t❡ ❧❛❜♦r s✉♣♣❧②✳✼

❲❡ ❛ss✉♠❡ ❛ ❝♦♥st❛♥t ❋r✐s❝❤ ❡❧❛st✐❝✐t② ♦❢ ❛❣❣r❡❣❛t❡ ❧❛❜♦r s✉♣♣❧② ✇✐t❤ γ ❜❡✐♥❣ t❤❡

✐♥✈❡rs❡ ❡❧❛st✐❝✐t②✿

G(Nt) =
1

1 + γ
N1+γ

t , γ > 0,

❛♥❞ ✉s❡ t❤✐s t♦ s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝♦♠♣♦s✐t❡ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞ xit✳ ❊①♣❧♦✐t✲

✼❲✐t❤♦✉t t❤✐s ❛ss✉♠♣t✐♦♥✱ nit ✐♥❝r❡❛s❡s ✐♥ hit✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❛❣❣r❡❣❛t❡ ❡✛❡❝t✐✈❡ ❧❛❜♦r s✉♣♣❧②✱∫
hitnitdi✱ ✐♥❝r❡❛s❡s ✇❤❡♥ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ hit ✐♥❝r❡❛s❡s✳ ❲❤✐❧❡ ✐t ✇♦✉❧❞ ♥♦t ❝❤❛♥❣❡ t❤❡ ❤♦✉s❡❤♦❧❞✬s

♣r♦❜❧❡♠ ✐♥ ✐ts ❛ss❡t ❝❤♦✐❝❡s ❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ xit✱ ✐t ✇♦✉❧❞ ❝♦♠♣❧✐❝❛t❡ ❛❣❣r❡❣❛t✐♦♥✳

✼



✐♥❣ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ♦♥ ❧❛❜♦r s✉♣♣❧②✱ t❤❡ ❞✐s✉t✐❧✐t② ♦❢ ✇♦r❦✐♥❣ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞

✐♥ t❡r♠s ♦❢ t❤❡ ✇❛❣❡ r❛t❡✿

hitG(Nt) = hit
N1+γ

t

1 + γ
=
hitG

′(Nt)Nt

1 + γ
=
wthitNt

1 + γ
.

■♥ t❤✐s ✇❛② t❤❡ ❞❡♠❛♥❞ ❢♦r xit ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s✿

xit = cit − hitG(Nt) = cit −
wthitNt

1 + γ
.

❚♦t❛❧ ❧❛❜♦r ✐♥♣✉t s✉♣♣❧✐❡❞ ✐s ❣✐✈❡♥ ❜②✿

Ñt = Nt

∫

hitdi.

❋♦❧❧♦✇✐♥❣ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ✐❞✐♦s②♥❝r❛t✐❝ ✐♥❝♦♠❡ r✐s❦✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛ss❡t ♠❛r❦❡ts

❛r❡ ✐♥❝♦♠♣❧❡t❡✳ ❍♦✉s❡❤♦❧❞s ❝❛♥ ♦♥❧② tr❛❞❡ ✐♥ ♥♦♠✐♥❛❧ ♠♦♥❡②✱ m̃it✱ t❤❛t ❞♦❡s ♥♦t ❜❡❛r

❛♥② ✐♥t❡r❡st ❛♥❞ ✐♥ ❝❛♣✐t❛❧✱ kit✱ t♦ s♠♦♦t❤ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥✳ ❍♦❧❞✐♥❣s ♦❢ ❜♦t❤ ❛ss❡ts

❤❛✈❡ t♦ ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡✳ ▼♦r❡♦✈❡r✱ tr❛❞✐♥❣ ❝❛♣✐t❛❧ ✐s s✉❜❥❡❝t t♦ ❛ ❢r✐❝t✐♦♥✳

❚❤✐s tr❛❞✐♥❣ ❢r✐❝t✐♦♥ ❛❧❧♦✇s ♦♥❧② ❛ r❛♥❞♦♠❧② s❡❧❡❝t❡❞ ❢r❛❝t✐♦♥ ♦❢ ❤♦✉s❡❤♦❧❞s✱ ν✱ t♦

♣❛rt✐❝✐♣❛t❡ ✐♥ t❤❡ ❛ss❡t ♠❛r❦❡t ❢♦r ❝❛♣✐t❛❧ ❡✈❡r② ♣❡r✐♦❞✳ ❖♥❧② t❤❡s❡ ❤♦✉s❡❤♦❧❞s ❝❛♥ ❢r❡❡❧②

r❡❜❛❧❛♥❝❡ t❤❡✐r ♣♦rt❢♦❧✐♦s✳ ❆❧❧ ♦t❤❡r ❤♦✉s❡❤♦❧❞s ♦❜t❛✐♥ ❞✐✈✐❞❡♥❞s✱ ❜✉t ♠❛② ♦♥❧② ❛❞❥✉st

t❤❡✐r ♠♦♥❡② ❤♦❧❞✐♥❣s✳ ❋♦r t❤♦s❡ ❤♦✉s❡❤♦❧❞s ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ ❝❛♣✐t❛❧ ♠❛r❦❡t✱ t❤❡

❜✉❞❣❡t ❝♦♥str❛✐♥t r❡❛❞s✿

cit +mit+1 + qtkit+1 =
mit

πt
+ (qt + rt)kit + wthitNt, mit+1, kit+1 ≥ 0,

✇❤❡r❡ mit ✐s r❡❛❧ ♠♦♥❡② ❤♦❧❞✐♥❣s✱ kit ✐s ❝❛♣✐t❛❧ ❤♦❧❞✐♥❣s✱ qt ✐s t❤❡ ♣r✐❝❡ ♦❢ ❝❛♣✐t❛❧✱ rt ✐s

t❤❡ r❡♥t❛❧ r❛t❡ ♦r ✏❞✐✈✐❞❡♥❞✱✑ ❛♥❞ πt =
Pt

Pt−1
✐s t❤❡ ✐♥✢❛t✐♦♥ r❛t❡✳ ❲❡ ❞❡♥♦t❡ r❡❛❧ ♠♦♥❡②

❤♦❧❞✐♥❣s ♦❢ ❤♦✉s❡❤♦❧❞ i ❛t t❤❡ ❡♥❞ ♦❢ ♣❡r✐♦❞ t ❜② mit+1 :=
m̃it+1

Pt
✳

❙✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ cit = xit +
wthitNt

1+γ ❢♦r ❝♦♥s✉♠♣t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿

xit +mit+1 + qtkit+1 =
mit

πt
+ (qt + rt)kit +

γ

1 + γ
wthitNt, mit+1, kit+1 ≥ 0. ✭✹✮

❋♦r t❤♦s❡ ❤♦✉s❡❤♦❧❞s t❤❛t ❝❛♥♥♦t tr❛❞❡ ✐♥ t❤❡ ♠❛r❦❡t ❢♦r ❝❛♣✐t❛❧ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t

s✐♠♣❧✐✜❡s t♦✿

xit +mit+1 =
mit

πt
+ rtkit +

γ

1 + γ
wthitNt, mit ≥ 0. ✭✺✮

◆♦t❡ t❤❛t ✇❡ ❛ss✉♠❡ t❤❛t ❞❡♣r❡❝✐❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ✐s r❡♣❧❛❝❡❞ t❤r♦✉❣❤ ♠❛✐♥t❡♥❛♥❝❡ s✉❝❤

✽



t❤❛t t❤❡ ❞✐✈✐❞❡♥❞✱ rt✱ ✐s t❤❡ ♥❡t r❡t✉r♥ ♦♥ ❝❛♣✐t❛❧✳

❙✐♥❝❡ ❛ ❤♦✉s❡❤♦❧❞✬s s❛✈✐♥❣ ❞❡❝✐s✐♦♥ ✇✐❧❧ ❜❡ s♦♠❡ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❛t ❤♦✉s❡✲

❤♦❧❞✬s ✇❡❛❧t❤ ❛♥❞ ♣r♦❞✉❝t✐✈✐t②✱ t❤❡ ♣r✐❝❡ ❧❡✈❡❧✱ Pt✱ ❛♥❞ ❛❝❝♦r❞✐♥❣❧② ❛❣❣r❡❣❛t❡ r❡❛❧ ♠♦♥❡②✱

Mt+1 = M̃t+1

Pt
✱ ✇✐❧❧ ❜❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ Θt ♦❢ (mt, kt, ht)✳ ❚❤✐s ♠❛❦❡s

Θt ❛ st❛t❡ ✈❛r✐❛❜❧❡ ♦❢ t❤❡ ❤♦✉s❡❤♦❧❞✬s ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ❡✈♦❧✈❡s ❛s ❛

r❡s✉❧t ♦❢ t❤❡ ❡❝♦♥♦♠②✬s r❡❛❝t✐♦♥ t♦ s❤♦❝❦s t♦ ✉♥❝❡rt❛✐♥t② t❤❛t ✇❡ ♠♦❞❡❧ ❛s t✐♠❡ ✈❛r✐❛t✐♦♥s

✐♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ ✐♥❝♦♠❡ s❤♦❝❦s✱ σ2ht✳ ❚❤✐s ✈❛r✐❛♥❝❡ ❢♦❧❧♦✇s ❛ st♦❝❤❛st✐❝

✈♦❧❛t✐❧✐t② ♣r♦❝❡ss✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ s❡♣❛r❛t❡ s❤♦❝❦s t♦ t❤❡ ✈❛r✐❛♥❝❡ ❢r♦♠ s❤♦❝❦s t♦ t❤❡

❧❡✈❡❧ ♦❢ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡✳

σ2ht = σ̄2 exp(st), st = ρsst−1 + εt, εt ∼ N
(

− σ2
s

2(1−ρ2s)
, σs

)

, ✭✻✮

✇❤❡r❡ σ̄2 ✐s t❤❡ st❡❛❞② st❛t❡ ❧❛❜♦r r✐s❦ t❤❛t ❤♦✉s❡❤♦❧❞s ❢❛❝❡✱ ❛♥❞ s s❤✐❢ts t❤✐s r✐s❦✳ ❙❤♦❝❦s

εt t♦ ✐♥❝♦♠❡ r✐s❦ ❛r❡ t❤❡ ♦♥❧② ❛❣❣r❡❣❛t❡ s❤♦❝❦s ✐♥ ♦✉r ♠♦❞❡❧✳

❲✐t❤ t❤✐s s❡t✉♣✱ t❤❡ ❞②♥❛♠✐❝ ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❛ ❤♦✉s❡❤♦❧❞ ✐s t❤❡♥ ❝❤❛r❛❝t❡r✐③❡❞

❜② t✇♦ ❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥s✿ Va ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❤♦✉s❡❤♦❧❞ ❝❛♥ ❛❞❥✉st ✐ts ❝❛♣✐t❛❧

❤♦❧❞✐♥❣s ❛♥❞ Vn ♦t❤❡r✇✐s❡✿

Va(m, k, h; Θ, s) =maxk′,m′
a
u[x(m,m′

a, k, k
′, h)]

+ β
[
νEV a(m′

a, k
′, h′,Θ′, s′) + (1− ν)EV n(m′

a, k
′, h′,Θ′, s′)

]

Vn(m, k, h; Θ, s) =maxm′
n
u[x(m,m′

n, k, k, h)]

+ β
[
νEV a(m′

n, k, h
′,Θ′, s′) + (1− ν)EV n(m′

n, k, h
′,Θ′, s′)

]
✭✼✮

■♥ ❧✐♥❡ ✇✐t❤ t❤✐s ♥♦t❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦♣t✐♠❛❧ ❝♦♥s✉♠♣t✐♦♥ ♣♦❧✐❝✐❡s ❢♦r t❤❡ ❛❞✲

❥✉st♠❡♥t ❛♥❞ ♥♦♥✲❛❞❥✉st♠❡♥t ❝❛s❡s ❛s x∗a ❛♥❞ x∗n✱ t❤❡ ♠♦♥❡② ❤♦❧❞✐♥❣ ♣♦❧✐❝✐❡s ❛s m∗
a ❛♥❞

m∗
n✱ ❛♥❞ t❤❡ ❝❛♣✐t❛❧ ✐♥✈❡st♠❡♥t ♣♦❧✐❝② ❛s k∗✳ ❉❡t❛✐❧s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝✲

t✐♦♥s ✭s♠♦♦t❤ ❛♥❞ ❝♦♥❝❛✈❡✮ ❛♥❞ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s ✭❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ t♦t❛❧

r❡s♦✉r❝❡s✮✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ✇❡ ❡♠♣❧♦② t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣♦❧✐❝②

❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳

✸✳✷ ■♥t❡r♠❡❞✐❛t❡ ●♦♦❞s Pr♦❞✉❝❡rs

■♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ❛r❡ ♣r♦❞✉❝❡❞ ✇✐t❤ ❛ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✿

Yt = Ñα
t K

(1−α)
t .

▲❡tMCt ❜❡ t❤❡ r❡❧❛t✐✈❡ ♣r✐❝❡ ❛t ✇❤✐❝❤ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞ ✐s s♦❧❞ t♦ ❡♥tr❡♣r❡♥❡✉rs✳

✾



❚❤❡ ✐♥t❡r♠❡❞✐❛t❡✲❣♦♦❞ ♣r♦❞✉❝❡r ♠❛①✐♠✐③❡s ♣r♦✜ts✱

MCtYt =MCtÑ
α
t K

(1−α)
t − wtÑt − (rt + δ)Kt,

❜✉t ✐t ♦♣❡r❛t❡s ✐♥ ♣❡r❢❡❝t❧② ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡ts✱ s✉❝❤ t❤❛t t❤❡ r❡❛❧ ✇❛❣❡ ❛♥❞ t❤❡ ✉s❡r

❝♦sts ♦❢ ❝❛♣✐t❛❧ ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝ts ♦❢ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧✿

wt = αMCt

(

Kt/Ñt

)1−α
, ✭✽✮

rt + δ = (1− α)MCt

(

Ñt/Kt

)α
. ✭✾✮

✸✳✸ ❊♥tr❡♣r❡♥❡✉rs

❊♥tr❡♣r❡♥❡✉rs ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞ ❛♥❞ s❡t ♣r✐❝❡s✳ ❚❤❡② ❛r❡ r✐s❦ ♥❡✉tr❛❧

❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡ ❞✐s❝♦✉♥t ❢❛❝t♦r ❛s ❤♦✉s❡❤♦❧❞s✳ ❲❡ ❛ss✉♠❡ t❤❛t ♦♥❧② t❤❡ ❝❡♥tr❛❧

❜❛♥❦ ❝❛♥ ✐ss✉❡ ♠♦♥❡② s♦ t❤❛t ❡♥tr❡♣r❡♥❡✉rs ♣❛rt✐❝✐♣❛t❡ ✐♥ ♥❡✐t❤❡r t❤❡ ♠♦♥❡② ♥♦r t❤❡

❝❛♣✐t❛❧ ♠❛r❦❡t✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❣✐✈❡s ✉s tr❛❝t❛❜✐❧✐t② ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t s❡♣❛r❛t❡s t❤❡

❡♥tr❡♣r❡♥❡✉rs✬ ♣r✐❝❡ s❡tt✐♥❣ ♣r♦❜❧❡♠ ❢r♦♠ t❤❡ ❤♦✉s❡❤♦❧❞s✬ s❛✈✐♥❣ ♣r♦❜❧❡♠✳ ■t ❡♥❛❜❧❡s

✉s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣r✐❝❡ s❡tt✐♥❣ ♦❢ ❡♥tr❡♣r❡♥❡✉rs ✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t

❤♦✉s❡❤♦❧❞s✬ ✐♥t❡rt❡♠♣♦r❛❧ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣✳ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ❝♦♥s✉♠♣t✐♦♥

♦❢ ❡♥tr❡♣r❡♥❡✉r j ❡q✉❛❧s ❤❡r ❝✉rr❡♥t ♣r♦✜ts✱ Πjt✳ ❇② s❡tt✐♥❣ t❤❡ ♣r✐❝❡s ♦❢ ✜♥❛❧ ❣♦♦❞s✱

❡♥tr❡♣r❡♥❡✉rs ♠❛①✐♠✐③❡ ❡①♣❡❝t❡❞ ❞✐s❝♦✉♥t❡❞ ❢✉t✉r❡ ♣r♦✜ts✿

E0

∞∑

t=0

βtΠjt. ✭✶✵✮

❊♥tr❡♣r❡♥❡✉rs ❜✉② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞ ❛t ❛ ♣r✐❝❡ ❡q✉❛❧❧✐♥❣ t❤❡ ♥♦♠✐♥❛❧ ♠❛r❣✐♥❛❧

❝♦sts✱ MCtPt✱ ✇❤❡r❡ MCt ✐s t❤❡ r❡❛❧ ♠❛r❣✐♥❛❧ ❝♦sts ❛t ✇❤✐❝❤ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞

✐s tr❛❞❡❞ ❞✉❡ t♦ ♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥✱ ❛♥❞ t❤❡♥ ❞✐✛❡r❡♥t✐❛t❡ t❤❡♠ ✇✐t❤♦✉t t❤❡ ♥❡❡❞ ♦❢

❛❞❞✐t✐♦♥❛❧ ✐♥♣✉t ❢❛❝t♦rs✳ ❚❤❡ ❣♦♦❞s t❤❛t ❡♥tr❡♣r❡♥❡✉rs ♣r♦❞✉❝❡ ❝♦♠❡ ✐♥ ✈❛r✐❡t✐❡s ✉♥✐✲

❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ✉♥✐t ✐♥t❡r✈❛❧ ❛♥❞ ❡❛❝❤ ✐♥❞❡①❡❞ ❜② j ∈ [0, 1]✳ ❊♥tr❡♣r❡♥❡✉rs ❛r❡

♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t♦rs✱ ❛♥❞ ❤❡♥❝❡ ❝❤❛r❣❡ ❛ ♠❛r❦✉♣ ♦✈❡r t❤❡✐r ♠❛r❣✐♥❛❧ ❝♦sts✳ ❚❤❡②

❛r❡✱ ❤♦✇❡✈❡r✱ s✉❜❥❡❝t t♦ ❛ ❈❛❧✈♦ ✭✶✾✽✸✮ ♣r✐❝❡ s❡tt✐♥❣ ❢r✐❝t✐♦♥✱ ❛♥❞ ❝❛♥ ♦♥❧② ✉♣❞❛t❡ t❤❡✐r

♣r✐❝❡s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② θ✳ ❚❤❡② ♠❛①✐♠✐③❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ❢✉t✉r❡ ❞✐s❝♦✉♥t❡❞ ♣r♦✜ts

❜② s❡tt✐♥❣ t♦❞❛②✬s ♣r✐❝❡✱ pjt✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r✐❝❡ s❡tt✐♥❣ ❢r✐❝t✐♦♥✿

max
{pjt}

∞∑

s=0

(θβ)sEΠjt,t+s =
∞∑

s=0

(θβ)sEYjt,t+s(pjt −MCt+sPt+s) ✭✶✶✮

✶✵



s.t. : Yjt,t+s =

(
pjt
Pt+s

)−η

Yt+s,

✇❤❡r❡ Πjt,t+s ✐s t❤❡ ♣r♦✜ts ❛♥❞ Yjt,t+s ✐s t❤❡ ♣r♦❞✉❝t✐♦♥ ❧❡✈❡❧ ✐♥ t+ s ♦❢ ❛ ✜r♠ ❥ t❤❛t s❡t

♣r✐❝❡s ✐♥ t✳

❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ pjt✿

∞∑

s=0

(θβ)sEYjt,t+s








p∗jt
Pt−1

− η

η − 1
︸ ︷︷ ︸

µ

MCt+s
Pt+s

Pt−1








= 0, ✭✶✷✮

✇❤❡r❡ µ ✐s t❤❡ st❛t✐❝ ♦♣t✐♠❛❧ ♠❛r❦✉♣✳

❘❡❝❛❧❧ t❤❛t ❡♥tr❡♣r❡♥❡✉rs ❛r❡ r✐s❦ ♥❡✉tr❛❧ ❛♥❞ t❤❛t t❤❡② ❞♦ ♥♦t ✐♥t❡r❛❝t ✇✐t❤ ❤♦✉s❡✲

❤♦❧❞s ✐♥ ❛♥② ✐♥t❡rt❡♠♣♦r❛❧ tr❛❞❡s✳ ▼♦r❡♦✈❡r✱ ❛❣❣r❡❣❛t❡ s❤♦❝❦s t♦ t❤❡ ❡❝♦♥♦♠② ❛r❡ s♠❛❧❧

❛♥❞ ❤♦♠♦s❝❡❞❛st✐❝✱ s✐♥❝❡ t❤❡ ♦♥❧② ❛❣❣r❡❣❛t❡ s❤♦❝❦ ✇❡ ❝♦♥s✐❞❡r ✐s t❤❡ s❤♦❝❦ t♦ t❤❡ ✈❛r✐✲

❛♥❝❡ ♦❢ ❤♦✉s❞❡❤♦❧❞ ✐♥❝♦♠❡ s❤♦❝❦s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ❡♥tr❡♣r❡♥❡✉rs✬ ♣❧❛♥♥✐♥❣

♣r♦❜❧❡♠ ❧♦❝❛❧❧② ❜② ❧♦❣✲❧✐♥❡❛r✐③✐♥❣ ❛r♦✉♥❞ t❤❡ ③❡r♦ ✐♥✢❛t✐♦♥ st❡❛❞② st❛t❡✱ ✇✐t❤♦✉t ❤❛✈✐♥❣

t♦ ❦♥♦✇ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤♦✉s❡❤♦❧❞s✬ ♣r♦❜❧❡♠✳ ❚❤✐s ②✐❡❧❞s✱ ❛❢t❡r s♦♠❡ t❡❞✐♦✉s ❛❧❣❡❜r❛

✭s❡❡✱ ❡✳❣✳✱ ●❛❧í ✭✷✵✵✽✮✮✱ t❤❡ ◆❡✇ ❑❡②♥❡s✐❛♥ P❤✐❧❧✐♣s ❝✉r✈❡✿

log πt = βEt(log πt+1) + κ(logMCt + µ), ✭✶✸✮

✇❤❡r❡

κ =
(1− θ)(1− βθ)

θ
.

❲❡ ❛ss✉♠❡ t❤❛t ❜❡s✐❞❡s ❞✐✛❡r❡♥t✐❛t✐♥❣ ❣♦♦❞s ❛♥❞ ♦❜t❛✐♥✐♥❣ ❛ r❡♥t ❢r♦♠ t❤❡ ♠❛r❦✉♣

t❤❡② ❝❤❛r❣❡✱ ❡♥tr❡♣r❡♥❡✉rs ❛❧s♦ ♦❜t❛✐♥ ❛♥❞ ❝♦♥s✉♠❡ r❡♥ts ❢r♦♠ ❛❞❥✉st✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡

❝❛♣✐t❛❧ st♦❝❦✳ ❙✐♥❝❡ t❤❡ ❞✐✈✐❞❡♥❞ ②✐❡❧❞ ✐s ❜❡❧♦✇ t❤❡✐r t✐♠❡✲♣r❡❢❡r❡♥❝❡ r❛t❡✱ ✐♥ ❡q✉✐❧✐❜✲

r✐✉♠ ❡♥tr❡♣r❡♥❡✉rs ♥❡✈❡r ❤♦❧❞ ❝❛♣✐t❛❧✳ ❚❤❡ ❝♦st ♦❢ ❛❞❥✉st✐♥❣ t❤❡ st♦❝❦ ♦❢ ❝❛♣✐t❛❧ ✐s
φ
2

(
∆Kt+1

Kt

)2
Kt +∆Kt+1✳ ❍❡♥❝❡✱ ❡♥tr❡♣r❡♥❡✉rs ✇✐❧❧ ❛❞❥✉st t❤❡ st♦❝❦ ♦❢ ❝❛♣✐t❛❧ ✉♥t✐❧ t❤❡

✶✶



❢♦❧❧♦✇✐♥❣ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✿✽

qt = 1 + φ
∆Kt+1

Kt
. ✭✶✹✮

✸✳✹ ●♦♦❞s✱ ▼♦♥❡②✱ ❈❛♣✐t❛❧✱ ❛♥❞ ▲❛❜♦r ▼❛r❦❡t ❈❧❡❛r✐♥❣

❚❤❡ ❧❛❜♦r ♠❛r❦❡t ❝❧❡❛rs ❛t t❤❡ ❝♦♠♣❡t✐t✐✈❡ ✇❛❣❡ ❣✐✈❡♥ ✐♥ ✭✽✮❀ s♦ ❞♦❡s t❤❡ ♠❛r❦❡t ❢♦r

❝❛♣✐t❛❧ s❡r✈✐❝❡s ✐❢ ✭✾✮ ❤♦❧❞s✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠♦♥❡② s✉♣♣❧② ✐s ❣✐✈❡♥ ❜② ❛ ♠♦♥❡t❛r②

♣♦❧✐❝② r✉❧❡ t❤❛t ❛❞❥✉sts t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ ♠♦♥❡② ✐♥ ♦r❞❡r t♦ st❛❜✐❧✐③❡ ✐♥✢❛t✐♦♥✿

Mt+1

Mt
= (θ1/πt)

1+θ2

(
Mt

Mt−1

)θ3

✭✶✺✮

❍❡r❡ Mt+1 ✐s t❤❡ r❡❛❧ ❜❛❧❛♥❝❡s ❛t t❤❡ ❡♥❞ ♦❢ ♣❡r✐♦❞ t ✭✇✐t❤ t❤❡ t✐♠✐♥❣ ❛❧✐❣♥❡❞ t♦ ♦✉r

♥♦t❛t✐♦♥ ❢♦r t❤❡ ❤♦✉s❡❤♦❧❞s✬ ❜✉❞❣❡t ❝♦♥str❛✐♥t✮✳ ❚❤❡ ❝♦❡✣❝✐❡♥t θ1 ≥ 1 ❞❡t❡r♠✐♥❡s st❡❛❞②✲

st❛t❡ ✐♥✢❛t✐♦♥✱ ❛♥❞ θ2 ≥ 0 t❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛tt❡♠♣ts t♦ st❛❜✐❧✐③❡

✐♥✢❛t✐♦♥ ❛r♦✉♥❞ ✐ts st❡❛❞②✲st❛t❡ ✈❛❧✉❡✿ t❤❡ ❧❛r❣❡r θ2 t❤❡ str♦♥❣❡r ✐s t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡

❝❡♥tr❛❧ ❜❛♥❦ t♦ ❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ ✐♥✢❛t✐♦♥ t❛r❣❡t✳ ❲❤❡♥ θ2 → ∞ ✐♥✢❛t✐♦♥ ✐s ♣❡r❢❡❝t❧②

st❛❜✐❧✐③❡❞ ❛t ✐ts st❡❛❞②✲st❛t❡ ✈❛❧✉❡✳ θ3 ≥ 0 ❝❛♣t✉r❡s ♣❡rs✐st❡♥❝❡ ✐♥ ♠♦♥❡② ❣r♦✇t❤✳ ❲❡

❛ss✉♠❡ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✇❛st❡s ❛♥② s❡✐❣♥✐♦r❛❣❡ ❜✉②✐♥❣ ✜♥❛❧ ❣♦♦❞s ❛♥❞ ❝❤♦♦s❡ t❤❡

❛❜♦✈❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❢♦r ✐ts s✐♠♣❧✐❝✐t②✳✾

✽◆♦t❡ t❤❛t ✇❡ ❛ss✉♠❡ ❝❛♣✐t❛❧ ❛❞❥✉st♠❡♥t ❝♦sts ♦♥❧② ♦♥ ♥❡✇ ❝❛♣✐t❛❧ ✭♦r ♦♥ t❤❡ ❛❝t✐✈❡ ❞❡str✉❝t✐♦♥ ♦❢ ♦❧❞
❝❛♣✐t❛❧✮ ❜✉t ♥♦t ♦♥ t❤❡ r❡♣❧❛❝❡♠❡♥t ♦❢ ❞❡♣r❡❝✐❛t✐♦♥✳ ❉❡♣r❡❝✐❛t❡❞ ❝❛♣✐t❛❧ ✐s ❛ss✉♠❡❞ t♦ ❜❡ r❡♣❧❛❝❡❞ ❛t t❤❡
❝♦st ♦❢ ♦♥❡✲t♦✲♦♥❡ ✐♥ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞s✱ ❛♥❞ r❡♣❧❛❝❡♠❡♥t ✐s ❢♦r❝❡❞ ❜❡❢♦r❡ t❤❡ ❝❛♣✐t❛❧ st♦❝❦ ✐s ❛❞❥✉st❡❞
❛t ❛ ❝♦st✳ ❚❤✐s ❞✐✛❡r❡♥t✐❛❧ tr❡❛t♠❡♥t ♦❢ ❞❡♣r❡❝✐❛t✐♦♥ ❛♥❞ ♥❡t ✐♥✈❡st♠❡♥t s✐♠♣❧✐✜❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠
❝♦♥❞✐t✐♦♥s s✉❜st❛♥t✐❛❧❧②✱ ❜❡❝❛✉s❡ t❤❡ ✉s❡r ❝♦st ♦❢ ❝❛♣✐t❛❧ ❛♥❞ ❤❡♥❝❡ t❤❡ ❞✐✈✐❞❡♥❞ ♣❛✐❞ t♦ ❤♦✉s❡❤♦❧❞s ❞♦
♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♥❡①t ♣❡r✐♦❞✬s st♦❝❦ ♦❢ ❝❛♣✐t❛❧✱ ❛♥❞ t❤❡ ❞❡❝✐s✐♦♥s ♦❢ ♥♦♥✲❛❞❥✉st❡rs ❛r❡ ♥♦t ✐♥✢✉❡♥❝❡❞
❜② t❤❡ ♣r✐❝❡ ♦❢ ❝❛♣✐t❛❧ qt✳ ◗✉❛♥t✐t❛t✐✈❡❧②✱ t❤❡ ✢✉❝t✉❛t✐♦♥s ✐♥ ❞✐✈✐❞❡♥❞s t❤❛t ♠❛✐♥t❡♥❛♥❝❡ ❛t ♣r✐❝❡ qt
✇♦✉❧❞ ❜r✐♥❣ ❛❜♦✉t ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳ ❯♣♦♥ ❛ ✷ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ s❤♦❝❦ t♦ ✉♥❝❡rt❛✐♥t②✱ qt ❢❛❧❧s t♦ ✵✳✾✻ ✕
❤❡♥❝❡ r❡❞✉❝✐♥❣ ❞❡♣r❡❝✐❛t✐♦♥ ❝♦st ❜② ✹ ❜❛s✐s ♣♦✐♥ts q✉❛rt❡r❧② ✉♥❞❡r t❤❡ ❛❧t❡r♥❛t✐✈❡ s♣❡❝✐✜❝❛t✐♦♥ ✇❤❡r❡
♠❛✐♥t❡♥❛♥❝❡ ❝♦♠❡s ❛t ❝♦st qt✳

✾❋♦r t❤❡ ❜❛s❡❧✐♥❡ ❝❛❧✐❜r❛t✐♦♥ t❤✐s ✐s ❛♥ ✐♥♥♦❝✉♦✉s ❛ss✉♠♣t✐♦♥✳ ❲✐t❤ ❝♦♥st❛♥t ♥♦♠✐♥❛❧ ♠♦♥❡② ❣r♦✇t❤✱
t❤❡ ❝❤❛♥❣❡s ✐♥ s❡✐❣♥✐♦r❛❣❡ ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ✐♥ ❛❜s♦❧✉t❡ t❡r♠s✳ ❙t❡❛❞②✲st❛t❡ s❡✐❣♥✐♦r❛❣❡ ✐s ✳✻✹✪ ♦❢ ❛♥♥✉❛❧
♦✉t♣✉t✱ s✐♥❝❡ ♠♦♥❡② ❣r♦✇t❤ ✐s ✷✪ ❛♥❞ t❤❡ ♠♦♥❡②✲t♦✲♦✉t♣✉t r❛t✐♦ ✐s ✸✷✪✳ ❲❤❡♥ ✐♥✢❛t✐♦♥ ❞r♦♣s✱ s❛②✱
❢r♦♠ ✷✪ t♦ ✵✱ t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ s❡✐❣♥✐♦r❛❣❡ ✐♥❝r❡❛s❡s✱ ❜✉t ♦♥❧② ❢r♦♠ ✳✻✹✪ t♦ ✳✻✻✪ ♦❢ ♦✉t♣✉t✳ ❆s θ2 → ∞✱
s❡✐❣♥✐♦r❛❣❡ ♦❝❝❛s✐♦♥❛❧❧② t✉r♥s s❧✐❣❤t❧② ♥❡❣❛t✐✈❡✳ ■t ✐s ♥✉♠❡r✐❝❛❧❧② ✈❡r② ❡①♣❡♥s✐✈❡ t♦ ♣✉t ❛ ❝♦♥str❛✐♥t ♦♥
Mt✱ ❛♥❞ ❤❡♥❝❡ ✇❡ ❛❜st❛✐♥ ❢r♦♠ ❞♦✐♥❣ s♦ t♦ ❦❡❡♣ t❤❡ ❞②♥❛♠✐❝ ♣r♦❜❧❡♠ tr❛❝t❛❜❧❡✳ ❚❤✐s ✉♥❜♦✉♥❞❡❞♥❡ss
♦❢ s❡✐❣♥✐♦r❛❣❡ ♦♥❧② ❛✛❡❝ts t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣♦❧✐❝②✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ❝♦♠♠✐t
t♦ ❞❡❝r❡❛s❡ s❡✐❣♥✐♦r❛❣❡ ♠♦r❡ ✐♥ t❤❡ ❢✉t✉r❡ ✇✐t❤♦✉t t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ ✭✇❡❛❦❧②✮ ♣♦s✐t✐✈❡ s❡✐❣♥✐♦r❛❣❡✳
❖♥❡ ♣♦ss✐❜❧❡ ❛ss✉♠♣t✐♦♥ t♦ r❛t✐♦♥❛❧✐③❡ t❤✐s ✐s t♦ ❛ss✉♠❡ t❤❛t s❡✐❣♥✐♦r❛❣❡ ✐s ♥♦t ✇❛st❡❞ ♦♥ ❣♦✈❡r♥♠❡♥t
❝♦♥s✉♠♣t✐♦♥ ❜✉t ✐s ✉s❡❞ t♦ st♦r❡ ❣♦♦❞s ✐♥ ❛♥ ✐♥❡✣❝✐❡♥t ✇❛②✳

✶✷



❚❤❡ ♠♦♥❡② ♠❛r❦❡t ❝❧❡❛rs ✇❤❡♥❡✈❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❤♦❧❞s✿

(θ1/πt)
1+θ2

(
Mt

Mt−1

)θ3

Mt =

∫

[νm∗
a(m, k, h; qt, πt) + (1− ν)m∗

n(m, k, h; qt, πt)]

Θt(m, k, h)dmdkdh, ✭✶✻✮

✇✐t❤ t❤❡ ❡♥❞✲♦❢✲♣❡r✐♦❞ r❡❛❧ ♠♦♥❡② ❤♦❧❞✐♥❣s ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ♣❡r✐♦❞ ❣✐✈❡♥ ❜②

Mt :=

∫

mΘt(m, k, h)dmdkdh.

▲❛st✱ t❤❡ ♠❛r❦❡t ❢♦r ❝❛♣✐t❛❧ ❤❛s t♦ ❝❧❡❛r✿

qt = 1 + φ
Kt+1 −Kt

Kt
= 1 + νφ

K∗
t+1 −Kt

Kt
, ✭✶✼✮

K∗
t+1 :=

∫

k∗(m, k, h; qt, πt)Θt(m, k, h)dmdkdh,

Kt+1 = Kt + ν(K∗
t+1 −Kt),

✇❤❡r❡ t❤❡ ✜rst ❡q✉❛t✐♦♥ st❡♠s ❢r♦♠ ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ❣♦♦❞s✱ t❤❡

s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❞❡✜♥❡s t❤❡ ❛❣❣r❡❣❛t❡ s✉♣♣❧② ♦❢ ❢✉♥❞s ❢r♦♠ ❤♦✉s❡❤♦❧❞s tr❛❞✐♥❣ ❝❛♣✐t❛❧✱

❛♥❞ t❤❡ t❤✐r❞ ❡q✉❛t✐♦♥ ❞❡✜♥❡s t❤❡ ❧❛✇ ♦❢ ♠♦t✐♦♥ ♦❢ ❛❣❣r❡❣❛t❡ ❝❛♣✐t❛❧✳ ❚❤❡ ❣♦♦❞s ♠❛r❦❡t

t❤❡♥ ❝❧❡❛rs ❞✉❡ t♦ ❲❛❧r❛s✬ ❧❛✇✱ ✇❤❡♥❡✈❡r ❜♦t❤ ♠♦♥❡② ❛♥❞ ❝❛♣✐t❛❧ ♠❛r❦❡ts ❝❧❡❛r✳

✸✳✺ ❘❡❝✉rs✐✈❡ ❊q✉✐❧✐❜r✐✉♠

❆ r❡❝✉rs✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♦✉r ♠♦❞❡❧ ✐s ❛ s❡t ♦❢ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s {x∗a, x∗n,m∗
a,m

∗
n, k

∗}✱
✈❛❧✉❡ ❢✉♥❝t✐♦♥s {Va, Vn}✱ ♣r✐❝✐♥❣ ❢✉♥❝t✐♦♥s {r, w, π, q}✱ ❛❣❣r❡❣❛t❡ ❝❛♣✐t❛❧ ❛♥❞ ❧❛❜♦r s✉♣♣❧②

❢✉♥❝t✐♦♥s {N,K}✱ ❞✐str✐❜✉t✐♦♥s Θt ♦✈❡r ✐♥❞✐✈✐❞✉❛❧ ❛ss❡t ❤♦❧❞✐♥❣s ❛♥❞ ♣r♦❞✉❝t✐✈✐t②✱ ❛♥❞

❛ ♣❡r❝❡✐✈❡❞ ❧❛✇ ♦❢ ♠♦t✐♦♥ Γ✱ s✉❝❤ t❤❛t

✶✳ ●✐✈❡♥ {Va, Vn}✱ Γ✱ ♣r✐❝❡s✱ ❛♥❞ ❞✐str✐❜✉t✐♦♥s✱ t❤❡ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s {x∗a, x∗n,m∗
a,m

∗
n, k

∗}
s♦❧✈❡ t❤❡ ❤♦✉s❡❤♦❧❞s✬ ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠✱ ❛♥❞ ❣✐✈❡♥ t❤❡ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s {x∗a, x∗n,m∗

a,m
∗
n, k

∗}✱
♣r✐❝❡s ❛♥❞ ❞✐str✐❜✉t✐♦♥s✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s {Va, Vn} ❛r❡ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❇❡❧❧♠❛♥

❡q✉❛t✐♦♥s ✭✼✮✳

✷✳ ❚❤❡ ❧❛❜♦r✱ t❤❡ ✜♥❛❧✲❣♦♦❞s✱ t❤❡ ♠♦♥❡②✱ t❤❡ ❝❛♣✐t❛❧✱ ❛♥❞ t❤❡ ✐♥t❡r♠❡❞✐❛t❡✲❣♦♦❞ ♠❛r✲

❦❡ts ❝❧❡❛r✱ ✐✳❡✳✱ ✭✽✮✱ ✭✶✸✮✱ ✭✶✻✮✱ ❛♥❞ ✭✶✼✮ ❤♦❧❞✳

✸✳ ❚❤❡ ❛❝t✉❛❧ ❧❛✇ ♦❢ ♠♦t✐♦♥ ❛♥❞ t❤❡ ♣❡r❝❡✐✈❡❞ ❧❛✇ ♦❢ ♠♦t✐♦♥ Γ ❝♦✐♥❝✐❞❡✱ ✐✳❡✳✱ Θ′ =

Γ(Θ, s′)✳

✶✸



✹ ◆✉♠❡r✐❝❛❧ ■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠ ✭✼✮ ❛♥❞ ❤❡♥❝❡ t❤❡ r❡❝✉rs✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ♥♦t ❝♦♠♣✉t❛❜❧❡✱ ❜❡❝❛✉s❡

✐t ✐♥✈♦❧✈❡s t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♦❜❥❡❝t Θt✳

✹✳✶ ❑r✉s❡❧❧✲❙♠✐t❤ ❊q✉✐❧✐❜r✐✉♠

❚♦ t✉r♥ t❤✐s ♣r♦❜❧❡♠ ✐♥t♦ ❛ ❝♦♠♣✉t❛❜❧❡ ♦♥❡✱ ✇❡ ❛ss✉♠❡ t❤❛t ❤♦✉s❡❤♦❧❞s ♣r❡❞✐❝t ❢✉t✉r❡

♣r✐❝❡s ♦♥❧② ♦♥ t❤❡ ❜❛s✐s ♦❢ ❛ r❡str✐❝t❡❞ s❡t ♦❢ ♠♦♠❡♥ts✱ ❛s ✐♥ ❑r✉s❡❧❧ ❛♥❞ ❙♠✐t❤ ✭✶✾✾✼✱

✶✾✾✽✮✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ♠❛❦❡ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❤♦✉s❡❤♦❧❞s ❝♦♥❞✐t✐♦♥ t❤❡✐r ❡①♣❡❝t❛✲

t✐♦♥s ♦♥❧② ♦♥ ❧❛st ♣❡r✐♦❞✬s ❛❣❣r❡❣❛t❡ r❡❛❧ ♠♦♥❡② ❤♦❧❞✐♥❣s✱ Mt✱ ❧❛st ♣❡r✐♦❞✬s ❛❣❣r❡❣❛t❡

r❡❛❧ ♠♦♥❡② ❣r♦✇t❤✱ ∆(logMt)✱ t❤❡ ❛❣❣r❡❣❛t❡ st♦❝❦ ♦❢ ❝❛♣✐t❛❧✱ Kt✱ ❛♥❞ t❤❡ ✉♥❝❡rt❛✐♥t②

st❛t❡✱ st✳ ❚❤❡ r❡❛s♦♥✐♥❣ ❜❡❤✐♥❞ t❤✐s ❝❤♦✐❝❡ ❣♦❡s ❛s ❢♦❧❧♦✇s✿ ✭✶✻✮ ❞❡t❡r♠✐♥❡s ✐♥✢❛t✐♦♥✱

✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♣❡r✐♦❞ ♠♦♥❡② st♦❝❦ ❛♥❞ ❧❛st ♣❡r✐♦❞✬s ♠♦♥❡②

❣r♦✇t❤✳ ❖♥❝❡ ✐♥✢❛t✐♦♥ ✐s ✜①❡❞✱ t❤❡ P❤✐❧❧✐♣s ❝✉r✈❡ ✭✶✸✮ ❞❡t❡r♠✐♥❡s ♠❛r❦✉♣s ❛♥❞ ❤❡♥❝❡

✇❛❣❡s ❛♥❞ ❞✐✈✐❞❡♥❞s✳ ❚❤❡s❡ ✇✐❧❧ ♣✐♥ ❞♦✇♥ ❛ss❡t ♣r✐❝❡s ❜② ♠❛❦✐♥❣ t❤❡ ♠❛r❣✐♥❛❧ ✐♥✈❡st♦r

✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ♠♦♥❡② ❛♥❞ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✳ ■❢ ❛ss❡t✲❞❡♠❛♥❞ ❢✉♥❝t✐♦♥s✱ m∗
a,n ❛♥❞ k∗✱

❛r❡ s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ ❧✐♥❡❛r ✐♥ ❤✉♠❛♥ ❝❛♣✐t❛❧✱ h✱ ❛♥❞ ✐♥ ♥♦♥✲❤✉♠❛♥ ✇❡❛❧t❤✱ m, k✱ ❛t t❤❡

♠❛ss ♦❢ Θt✱ ✇❡ ❝❛♥ ❡①♣❡❝t ❛♣♣r♦①✐♠❛t❡ ❛❣❣r❡❣❛t✐♦♥ t♦ ❤♦❧❞✳ ❋♦r ♦✉r ❡①❡r❝✐s❡✱ t❤❡ ❢♦✉r

❛❣❣r❡❣❛t❡ st❛t❡s ✕ st✱ Mt✱ ∆(logMt)✱ ❛♥❞ Kt ✕ ❛r❡ s✉✣❝✐❡♥t t♦ ❞❡s❝r✐❜❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢

t❤❡ ❛❣❣r❡❣❛t❡ ❡❝♦♥♦♠②✳✶✵

❲❤✐❧❡ t❤❡ ❧❛✇ ♦❢ ♠♦t✐♦♥ ❢♦r st ✐s ♣✐♥♥❡❞ ❞♦✇♥ ❜② ✭✻✮✱ ❤♦✉s❡❤♦❧❞s ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❣✲

❧✐♥❡❛r ❢♦r❡❝❛st✐♥❣ r✉❧❡s ❢♦r ❝✉rr❡♥t ✐♥✢❛t✐♦♥ ❛♥❞ t❤❡ ♣r✐❝❡ ♦❢ ❝❛♣✐t❛❧✱ ✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts

❞❡♣❡♥❞ ♦♥ t❤❡ ✉♥❝❡rt❛✐♥t② st❛t❡✿

log πt = β1π(st) + β2π(st) logMt + β3π(st) logKt + β4π(st)∆(logMt), ✭✶✽✮

log qt = β1q (st) + β2q (st) logMt + β3q (st) logKt + β4q (st)∆(logMt). ✭✶✾✮

❚❤❡ ❧❛✇ ♦❢ ♠♦t✐♦♥ ❢♦r r❡❛❧ ♠♦♥❡② ❤♦❧❞✐♥❣s✱ Mt✱ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♠♦♥❡t❛r② ♣♦❧✐❝②

r✉❧❡ ❛♥❞ ✐s ❣✐✈❡♥ ❜②✿

logMt+1 = logMt + (1 + θ2)(log θ1 − log πt) + θ3∆(logMt).

❚❤❡ ❧❛✇ ♦❢ ♠♦t✐♦♥ ❢♦r Kt r❡s✉❧ts ❢r♦♠ ✭✶✼✮✳

❋❧✉❝t✉❛t✐♦♥s ✐♥ q ❛♥❞ π ❤❛♣♣❡♥ ❢♦r t✇♦ r❡❛s♦♥s✿ ❆s ✉♥❝❡rt❛✐♥t② ❣♦❡s ✉♣✱ t❤❡ s❡❧❢✲

✶✵❲✐t❤♦✉t ♣❡rs✐st❡♥❝❡ ✐♥ ♠♦♥❡② ❣r♦✇t❤✱ ❊q✉❛t✐♦♥ ✭✶✻✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥∆(logMt) ❛♥②♠♦r❡ ♠❛❦✐♥❣
✐t ❛ r❡❞✉♥❞❛♥t st❛t❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ s❡t β4

π,q = 0✳

✶✹



✐♥s✉r❛♥❝❡ s❡r✈✐❝❡ t❤❛t ❤♦✉s❡❤♦❧❞s r❡❝❡✐✈❡ ❢r♦♠ t❤❡ ✐❧❧✐q✉✐❞ ❝❛♣✐t❛❧ ❣♦♦❞ ❞❡❝r❡❛s❡s✳ ■♥

❛❞❞✐t✐♦♥✱ t❤❡ r❡♥t❛❧ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❢❛❧❧s ❛s ✜r♠s✬ ♠❛r❦✉♣s ✐♥❝r❡❛s❡✳ ❲❤❡♥ ♠❛❦✐♥❣ t❤❡✐r

✐♥✈❡st♠❡♥t ❞❡❝✐s✐♦♥s✱ ❤♦✉s❡❤♦❧❞s ♥❡❡❞ t♦ ♣r❡❞✐❝t t❤❡ ♥❡①t ♣❡r✐♦❞✬s ❝❛♣✐t❛❧ ♣r✐❝❡ q′ t♦

❞❡t❡r♠✐♥❡ t❤❡ ❡①♣❡❝t❡❞ r❡t✉r♥ ♦♥ t❤❡✐r ✐♥✈❡st♠❡♥t✳ ❙✐♥❝❡ ❛❧❧ ♦t❤❡r ♣r✐❝❡s ❛r❡ ❦♥♦✇♥

❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♠❛r❦✉♣✱ ♦♥❧② π′ ❛♥❞ q′ ♥❡❡❞ t♦ ❜❡ ♣r❡❞✐❝t❡❞✳

❚❡❝❤♥✐❝❛❧❧②✱ ✜♥❞✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s s✐♠✐❧❛r t♦ ❑r✉s❡❧❧ ❛♥❞ ❙♠✐t❤ ✭✶✾✾✼✮✱ ❛s ✇❡ ♥❡❡❞

t♦ ✜♥❞ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡s ✇✐t❤✐♥ ❡❛❝❤ ♣❡r✐♦❞✳ ❈♦♥❝r❡t❡❧②✱ t❤✐s ♠❡❛♥s t❤❡ ♣♦s✐t❡❞

r✉❧❡s✱ ✭✶✽✮ ❛♥❞ ✭✶✾✮✱ ❛r❡ ✉s❡❞ t♦ s♦❧✈❡ ❢♦r ❤♦✉s❡❤♦❧❞s✬ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s✳ ❍❛✈✐♥❣ s♦❧✈❡❞ ❢♦r

t❤❡ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ❢♦r❡❝❛st✐♥❣ r✉❧❡s✱ ✇❡ t❤❡♥ s✐♠✉❧❛t❡ n ✐♥❞❡♣❡♥❞❡♥t

s❡q✉❡♥❝❡s ♦❢ ❡❝♦♥♦♠✐❡s ❢♦r t = 1, . . . , T ♣❡r✐♦❞s✱ ❦❡❡♣✐♥❣ tr❛❝❦ ♦❢ t❤❡ ❛❝t✉❛❧ ❞✐str✐❜✉t✐♦♥

Θt✳ ■♥ ❡❛❝❤ s✐♠✉❧❛t✐♦♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s st❛rts ❢r♦♠ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉✲

t✐♦♥ ✐♠♣❧✐❡❞ ❜② ♦✉r ♠♦❞❡❧ ✇✐t❤♦✉t ❛❣❣r❡❣❛t❡ r✐s❦✳ ❲❡ t❤❡♥ ❝❛❧❝✉❧❛t❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t

t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝✐❡s ❢♦r ♠❛r❦❡t ❝❧❡❛r✐♥❣ ✐♥✢❛t✐♦♥ r❛t❡s ❛♥❞ ❝❛♣✐t❛❧ ♣r✐❝❡s ❛ss✉♠✐♥❣ t❤❛t

❤♦✉s❡❤♦❧❞s r❡s♦rt t♦ t❤❡ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s ❞❡r✐✈❡❞ ✉♥❞❡r r✉❧❡ ✭✶✽✮ ❛♥❞ ✭✶✾✮ ❢r♦♠ ♣❡r✐♦❞

t+1 ♦♥✇❛r❞✳ ❍❛✈✐♥❣ ❞❡t❡r♠✐♥❡❞ t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞✬s

❞✐str✐❜✉t✐♦♥ Θt+1✳ ■♥ ❞♦✐♥❣ s♦✱ ✇❡ ♦❜t❛✐♥ n s❡q✉❡♥❝❡s ♦❢ ❡q✉✐❧✐❜r✐❛✳ ❚❤❡ ✜rst 250 ♦❜s❡r✈❛✲

t✐♦♥s ♦❢ ❡❛❝❤ s✐♠✉❧❛t✐♦♥ ❛r❡ ❞✐s❝❛r❞❡❞ t♦ ♠✐♥✐♠✐③❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥✳

❲❡ ♥❡①t r❡✲❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✭✶✽✮ ❛♥❞ ✭✶✾✮ ❢r♦♠ t❤❡ s✐♠✉❧❛t❡❞ ❞❛t❛ ❛♥❞ ✉♣❞❛t❡

t❤❡ ♣❛r❛♠❡t❡rs ❛❝❝♦r❞✐♥❣❧②✳ ❇② ✉s✐♥❣ n = 20 ❛♥❞ T = 750✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♠❛❦❡ ✉s❡ ♦❢

♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s ❛♥❞ ♦❜t❛✐♥ 10.000 ❡q✉✐❧✐❜r✐✉♠ ♦❜s❡r✈❛t✐♦♥s✳ ❙✉❜s❡q✉❡♥t❧②✱

✇❡ r❡❝❛❧❝✉❧❛t❡ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s ❛♥❞ ✐t❡r❛t❡ ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ❢♦r❡❝❛st✐♥❣ r✉❧❡s✳

❚❤❡ ♣♦s✐t❡❞ r✉❧❡s ✭✶✽✮ ❛♥❞ ✭✶✾✮ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❛❣❣r❡❣❛t❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡❝♦♥✲

♦♠② ❢❛✐r❧② ✇❡❧❧✳ ❚❤❡ ♠✐♥✐♠❛❧ ✇✐t❤✐♥ s❛♠♣❧❡ R2 ✐s ❛❜♦✈❡ 99%✳ ❆❧s♦ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡

♣❡r❢♦r♠❛♥❝❡ ✭s❡❡ ❉❡♥ ❍❛❛♥ ✭✷✵✶✵✮✮ ♦❢ t❤❡ ❢♦r❡❝❛st✐♥❣ r✉❧❡s ✐s ❣♦♦❞✳ ❙❡❡ ❆♣♣❡♥❞✐① ❉✳

✹✳✷ ❙♦❧✈✐♥❣ t❤❡ ❍♦✉s❡❤♦❧❞ P❧❛♥♥✐♥❣ Pr♦❜❧❡♠

■♥ s♦❧✈✐♥❣ ❢♦r t❤❡ ❤♦✉s❡❤♦❧❞s✬ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s ✇❡ ❛♣♣❧② ❛♥ ❡♥❞♦❣❡♥♦✉s ❣r✐❞♣♦✐♥t ♠❡t❤♦❞

❛s ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞ ✐♥ ❈❛rr♦❧❧ ✭✷✵✵✻✮ ❛♥❞ ❡①t❡♥❞❡❞ ❜② ❍✐♥t❡r♠❛✐❡r ❛♥❞ ❑♦❡♥✐❣❡r

✭✷✵✶✵✮✱ ✐t❡r❛t✐♥❣ ♦✈❡r t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✳ ❲❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ ♣r♦✲

❞✉❝t✐✈✐t② ♣r♦❝❡ss ❜② ❛ ❞✐s❝r❡t❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ✶✼ st❛t❡s ❛♥❞ t✐♠❡✲✈❛r②✐♥❣ tr❛♥s✐t✐♦♥

♣r♦❜❛❜✐❧✐t✐❡s✱ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ❜② ❚❛✉❝❤❡♥ ✭✶✾✽✻✮✳ ❚❤❡ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②

♣r♦❝❡ss ✐s ❛♣♣r♦①✐♠❛t❡❞ ✐♥ t❤❡ s❛♠❡ ✈❡✐♥ ✉s✐♥❣ ✼ st❛t❡s✳✶✶ ❉❡t❛✐❧s ♦♥ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥

✶✶❲❡ s♦❧✈❡ t❤❡ ❤♦✉s❡❤♦❧❞ ♣♦❧✐❝✐❡s ❢♦r ✸✵ ♣♦✐♥ts ♦♥ t❤❡ ❣r✐❞ ❢♦r ♠♦♥❡② ❛♥❞ ✺✵ ♣♦✐♥ts ♦♥ t❤❡ ❣r✐❞ ❢♦r
❝❛♣✐t❛❧ ✉s✐♥❣ ❡q✉✐✲❞✐st❛♥t ❣r✐❞s ♦♥ ❧♦❣ s❝❛❧❡ ♣❧✉s ♦✉t❧✐❡rs✳ ❋♦r ❛❣❣r❡❣❛t❡ ♠♦♥❡② ❛♥❞ ❝❛♣✐t❛❧ ❤♦❧❞✐♥❣s ✇❡
✉s❡ ❛ r❡❧❛t✐✈❡❧② ❝♦❛rs❡ ❣r✐❞ ♦❢ ✸ ♣♦✐♥ts ❡❛❝❤✳ ❲❡ ❡①♣❡r✐♠❡♥t❡❞ ✇✐t❤ ❝❤❛♥❣✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❣r✐❞♣♦✐♥ts
✇✐t❤♦✉t ❛ ♥♦t✐❝❡❛❜❧❡ ✐♠♣❛❝t ♦♥ r❡s✉❧ts✳ ❙❡❡ ❆♣♣❡♥❞✐① ❉✳

✶✺



❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✹✳

✺ ❈❛❧✐❜r❛t✐♦♥

❲❡ ❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧ t♦ t❤❡ ❯✳❙✳ ❡❝♦♥♦♠②✳ ❚❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠♦❞❡❧ ✐♥ st❡❛❞②

st❛t❡ ✇✐t❤♦✉t ✢✉❝t✉❛t✐♦♥s ✐♥ ✉♥❝❡rt❛✐♥t② ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ t✐♠❡✲❛✈❡r❛❣❡s ♦❢

t❤❡ s✐♠✉❧❛t❡❞ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ♠♦❞❡❧ ✇✐t❤ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s✳ ❍❡♥❝❡ ✇❡ ❝❛♥♥♦t ✉s❡ t❤❡

st❡❛❞② st❛t❡ t♦ ❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧✱ ❜✉t ✐♥st❡❛❞ ✐t❡r❛t❡ ♦✈❡r t❤❡ ❢✉❧❧ ♠♦❞❡❧ t♦ ♠❛t❝❤

t❤❡ ❝❛❧✐❜r❛t✐♦♥ t❛r❣❡ts✳✶✷ ❚❤❡ ❛❣❣r❡❣❛t❡ ❞❛t❛ ✉s❡❞ ❢♦r ❝❛❧✐❜r❛t✐♦♥ s♣❛♥s ✶✾✽✵ t♦ ✷✵✶✷✳

❖♥❡ ♣❡r✐♦❞ ✐♥ t❤❡ ♠♦❞❡❧ r❡❢❡rs t♦ ❛ q✉❛rt❡r ♦❢ ❛ ②❡❛r✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs ❛s

s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡s ✶ ❛♥❞ ✷ ✐s ❡①♣❧❛✐♥❡❞ ♥❡①t✳ ❲❡ ♣r❡s❡♥t t❤❡ ♣❛r❛♠❡t❡rs ❛s ✐❢ t❤❡②

✇❡r❡ ✐♥❞✐✈✐❞✉❛❧❧② ❝❤❛♥❣❡❞ ✐♥ ♦r❞❡r t♦ ♠❛t❝❤ ❛ s♣❡❝✐✜❝ ❞❛t❛ ♠♦♠❡♥t✱ ❜✉t ❛❧❧ ❝❛❧✐❜r❛t❡❞

♣❛r❛♠❡t❡rs ❛r❡ ❞❡t❡r♠✐♥❡❞ ❥♦✐♥t❧② ♦❢ ❝♦✉rs❡✳

✺✳✶ ■♥❝♦♠❡ Pr♦❝❡ss

❲❡ ❡st✐♠❛t❡ t❤❡ ✐♥❝♦♠❡ ♣r♦❝❡ss ❛♥❞ ❤❡♥❝❡ ✉♥❝❡rt❛✐♥t② ❢❛❝❡❞ ❜② ❤♦✉s❡❤♦❧❞s ❢r♦♠ ✐♥✲

❝♦♠❡ ❞❛t❛ ✐♥ t❤❡ ❈r♦ss✲◆❛t✐♦♥❛❧ ❊q✉✐✈❛❧❡♥t ❋✐❧❡ ✭❈◆❊❋✮ ♦❢ t❤❡ P❛♥❡❧ ❙t✉❞② ♦❢ ■♥❝♦♠❡

❉②♥❛♠✐❝s ✭P❙■❉✮✱ ❡①❝❧✉❞✐♥❣ t❤❡ ❧♦✇✲✐♥❝♦♠❡ s❛♠♣❧❡✳ ❲❡ ❝♦♥str✉❝t ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡

❛s ♣r❡✲t❛① ❧❛❜♦r ✐♥❝♦♠❡ ♣❧✉s ♣r✐✈❛t❡ ❛♥❞ ♣✉❜❧✐❝ tr❛♥s❢❡rs ♠✐♥✉s ❛❧❧ t❛①❡s✱ ❛♥❞ ❝♦♥tr♦❧

❢♦r ♦❜s❡r✈❛❜❧❡ ❤♦✉s❡❤♦❧❞ ❝❤❛r❛❝t❡r✐st✐❝s ✐♥ ❛ ✜rst st❛❣❡ r❡❣r❡ss✐♦♥✳ ❲❡ ✉s❡ t❤❡ r❡s✐❞✉❛❧

✐♥❝♦♠❡ t♦ ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ❣♦✈❡r♥✐♥❣ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ ✐♥❝♦♠❡ ♣r♦❝❡ss ρs, ρh, σ̄✱

❛♥❞ σs✳

■♥ ❛ ✜rst st❛❣❡ r❡❣r❡ss✐♦♥ ❢♦r ❧♦❣✲✐♥❝♦♠❡✱ ✇❡ ❝♦♥tr♦❧ ♥♦♥♣❛r❛♠❡tr✐❝❛❧❧② ❢♦r t❤❡ ❡✛❡❝ts

♦❢ ❛❣❡✱ ❤♦✉s❡❤♦❧❞ s✐③❡✱ ❛♥❞ ❡❞✉❝❛t✐♦♥❛❧ ❛tt❛✐♥♠❡♥t ❛♥❞ ♣❛r❛♠❡tr✐❝❛❧❧② ✇✐t❤ ✉♣ t♦ sq✉❛r❡❞✲

♦r❞❡r t❡r♠s ✐♥ ❛❣❡ ❢♦r t❤❡ ❛❣❡✲❡❞✉❝❛t✐♦♥ ✐♥t❡r❛❝t✐♦♥✳ ❲❡ t❤❡♥ ❣❡♥❡r❛t❡ ✈❛r✐❛♥❝❡s ❛♥❞ ✜rst

❛♥❞ s❡❝♦♥❞ ♦r❞❡r ❛✉t♦✲❝♦✈❛r✐❛♥❝❡s ♦❢ r❡s✐❞✉❛❧ ✐♥❝♦♠❡ ❜② ❛❣❡ ❣r♦✉♣s ❢♦r t❤❡ ②❡❛rs ✶✾✼✵✲

✷✵✵✾✳ ❇❛s❡❞ ♦♥ t❤❡s❡ ❛❣❡✲②❡❛r ✈❛r✐❛♥❝❡s ❛♥❞ ❝♦✈❛r✐❛♥❝❡s✱ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡sts

❛r❡ ❡st✐♠❛t❡❞ ❜② ❣❡♥❡r❛❧✐③❡❞ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts ✭●▼▼✮✳ ❲❡ ✜♥❞ t❤❛t t❤❡ ✐♠♣❧✐❡❞

q✉❛rt❡r❧② ❛✉t♦❝♦rr❡❧❛t✐♦♥ ♦❢ t❤❡ ♣❡rs✐st❡♥t ❝♦♠♣♦♥❡♥t ♦❢ ✐♥❝♦♠❡✱ ρh✱ ✐s 0.976 ❛♥❞ t❤❡

❛✈❡r❛❣❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ q✉❛rt❡r❧② ♣❡rs✐st❡♥t ✐♥❝♦♠❡ s❤♦❝❦s ✐s σ̄ = 0.078✳ ❚❤❡

✐♠♣❧✐❡❞ q✉❛rt❡r❧② ♣❡rs✐st❡♥❝❡ ♦❢ ✐♥❝♦♠❡ r✐s❦✱ ρs✱ ✐s 0.903 ❛♥❞ t❤✉s ✐♥ ❧✐♥❡ ✇✐t❤ ❜✉s✐♥❡ss

❝②❝❧❡ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ ❛♥♥✉❛❧ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥ ❢♦r ✐♥❝♦♠❡ r✐s❦✱ σs

σ̄ ✱ ✐s 0.62✱ ✇❤✐❝❤

✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡st✐♠❛t❡s ✐♥ ❙t♦r❡s❧❡tt❡♥ ❡t ❛❧✳ ✭✷✵✵✹✮✳✶✸ ❚❛❜❧❡ ✶ s✉♠♠❛r✐③❡s t❤❡

✶✷❆s t❤✐s ✐s ✈❡r② ❡①♣❡♥s✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧✲✇✐s❡✱ ✇❡ ♠❛t❝❤ t❤❡ t❛r❣❡t✲r❛t✐♦s ✇✐t❤✐♥ ✰✴✲ ✶✪✳
✶✸❙t♦r❡s❧❡tt❡♥ ❡t ❛❧✳ ❡st✐♠❛t❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ♣❡rs✐st❡♥t s❤♦❝❦s t♦ ❛♥♥✉❛❧ ✐♥❝♦♠❡ t♦ ❜❡ 126% ❤✐❣❤❡r ✐♥

t✐♠❡s ♦❢ ❜❡❧♦✇ ❛✈❡r❛❣❡ ●❉P ❣r♦✇t❤ t❤❛♥ ✐♥ t✐♠❡s ♦❢ ❛❜♦✈❡ ❛✈❡r❛❣❡ ●❉P ❣r♦✇t❤✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡
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❚❛❜❧❡ ✶✿ ❊st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✐♥❝♦♠❡ ♣r♦❝❡ss

P❛r❛♠❡t❡r ❱❛❧✉❡ ❉❡s❝r✐♣t✐♦♥

ρh 0.976 P❡rs✐st❡♥❝❡ ♦❢ ✐♥❝♦♠❡
σ̄ 0.078 ❆✈❡r❛❣❡ ❙❚❉ ♦❢ ✐♥♥♦✈❛t✐♦♥s t♦ ✐♥❝♦♠❡

ρs 0.903 P❡rs✐st❡♥❝❡ ♦❢ t❤❡ ✐♥❝♦♠❡✲✐♥♥♦✈❛t✐♦♥ ✈❛r✐❛♥❝❡✱ σ2h
σs 0.277 ❈♦♥❞✐t✐♦♥❛❧ ❙❚❉ ✭❧♦❣ s❝❛❧❡✮ ♦❢ σ2h

◆♦t❡s✿ ❆❧❧ ✈❛❧✉❡s ❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ q✉❛rt❡r❧② ❢r❡q✉❡♥❝② ♦❢ t❤❡ ♠♦❞❡❧✳ ❋♦r
❞❡t❛✐❧s ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ s❡❡ ❆♣♣❡♥❞✐① ❇✳

♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✱ ✇❤❡r❡ t❤❡ ✈❛❧✉❡s ❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ q✉❛rt❡r❧② ❢r❡q✉❡♥❝② ♦❢ ♦✉r

♠♦❞❡❧✳ ❉❡t❛✐❧s ♦♥ ❞❛t❛ s❡❧❡❝t✐♦♥ ❛♥❞ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐①

❇✳

✺✳✷ Pr❡❢❡r❡♥❝❡s ❛♥❞ ❚❡❝❤♥♦❧♦❣②

❲❤✐❧❡ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ✐♥❝♦♠❡ ♣r♦❝❡ss ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❛t❛✱ ❛❧❧ ♦t❤❡r ♣❛r❛♠❡t❡rs

❛r❡ ❝❛❧✐❜r❛t❡❞ ✇✐t❤✐♥ t❤❡ ♠♦❞❡❧✳ ❚❛❜❧❡ ✷ s✉♠♠❛r✐③❡s ♦✉r ❝❛❧✐❜r❛t✐♦♥✳ ■♥ ❞❡t❛✐❧✱ ✇❡ ❝❤♦♦s❡

t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛s ❢♦❧❧♦✇s✳

✺✳✷✳✶ ❍♦✉s❡❤♦❧❞s

❋♦r t❤❡ ❢❡❧✐❝✐t② ❢✉♥❝t✐♦♥✱ u = 1
1−ξx

1−ξ✱ ✇❡ s❡t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥

ξ = 4✱ ❛s ✐♥ ❑❛♣❧❛♥ ❛♥❞ ❱✐♦❧❛♥t❡ ✭✷✵✶✹✮✳ ❚❤❡ t✐♠❡✲❞✐s❝♦✉♥t ❢❛❝t♦r✱ β✱ ❛♥❞ t❤❡ ❛ss❡t

♠❛r❦❡t ♣❛rt✐❝✐♣❛t✐♦♥ ❢r❡q✉❡♥❝②✱ ν✱ ❛r❡ ❥♦✐♥t❧② ❝❛❧✐❜r❛t❡❞ t♦ ♠❛t❝❤ t❤❡ r❛t✐♦s ♦❢ ❧✐q✉✐❞

❛♥❞ ✐❧❧✐q✉✐❞ ❛ss❡ts t♦ ♦✉t♣✉t✳ ❲❡ ❡q✉❛t❡ ✐❧❧✐q✉✐❞ ❛ss❡ts t♦ ❛❧❧ ❝❛♣✐t❛❧ ❣♦♦❞s ❛t ❝✉rr❡♥t

r❡♣❧❛❝❡♠❡♥t ✈❛❧✉❡s✳ ❚❤✐s ✐♠♣❧✐❡s ❢♦r t❤❡ t♦t❛❧ ✈❛❧✉❡ ♦❢ ✐❧❧✐q✉✐❞ ❛ss❡ts r❡❧❛t✐✈❡ t♦ ♥♦♠✐♥❛❧

●❉P ❛ ❝❛♣✐t❛❧✲t♦✲♦✉t♣✉t r❛t✐♦ ♦❢ 286%✳ ■♥ ♦✉r ❜❛s❡❧✐♥❡ ❝❛❧✐❜r❛t✐♦♥✱ t❤✐s ✐♠♣❧✐❡s ❛♥

❛♥♥✉❛❧ r❡❛❧ r❡t✉r♥ ❢♦r ✐❧❧✐q✉✐❞ ❛ss❡ts ♦❢ 3.2%✳ ❲❡ ❡q✉❛t❡ ❧✐q✉✐❞ ❛ss❡ts t♦ ❝❧❛✐♠s ♦❢ t❤❡

♣r✐✈❛t❡ s❡❝t♦r ❛❣❛✐♥st t❤❡ ❣♦✈❡r♥♠❡♥t ❛♥❞ ♥♦t t♦ ✐♥s✐❞❡ ♠♦♥❡②✱ ❜❡❝❛✉s❡ t❤❡ ♥❡t ✈❛❧✉❡ ♦❢

✐♥s✐❞❡ ❝❧❛✐♠s ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✇✐t❤ ✐♥✢❛t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❧♦♦❦ ❛t ❛✈❡r❛❣❡ ❯✳❙✳ ❢❡❞❡r❛❧

✉♥❝♦♥❞✐t✐♦♥❛❧ ❛♥♥✉❛❧ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥ ♦❢ s ✐s r♦✉❣❤❧② ✵✳✺✳
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❞❡❜t ❢♦r t❤❡ ②❡❛rs ✶✾✽✵ t♦ ✷✵✶✷ ❤❡❧❞ ❜② ❞♦♠❡st✐❝ ♣r✐✈❛t❡ ❛❣❡♥ts ♣❧✉s t❤❡ ♠♦♥❡t❛r② ❜❛s❡✳

❚❤✐s ②✐❡❧❞s ❛♥ ❛♥♥✉❛❧ ♠♦♥❡②✲t♦✲♦✉t♣✉t r❛t✐♦ ♦❢ 32%✳ ❋♦r ❞❡t❛✐❧s ♦♥ t❤❡ st❡❛❞②✲st❛t❡

❛ss❡t ❞✐str✐❜✉t✐♦♥✱ s❡❡ ❆♣♣❡♥❞✐① ❈✳ ❚❤❡ ❝❛❧✐❜r❛t❡❞ ♣❛rt✐❝✐♣❛t✐♦♥ ❢r❡q✉❡♥❝② ν = 4.25% ✐s

❝❧♦s❡ t♦ ❑❛♣❧❛♥ ❛♥❞ ❱✐♦❧❛♥t❡✬s ❡st✐♠❛t❡ ❢♦r ✇♦r❦✐♥❣ ❤♦✉s❡❤♦❧❞s ✐♥ t❤❡✐r st❛t❡✲❞❡♣❡♥❞❡♥t

♣❛rt✐❝✐♣❛t✐♦♥ ❢r❛♠❡✇♦r❦✳ ❲❡ t❛❦❡ ❛ ❝♦♥s❡r✈❛t✐✈❡ ✈❛❧✉❡ ❢♦r t❤❡ ✐♥✈❡rs❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t②

♦❢ ❧❛❜♦r s✉♣♣❧②✱ γ = 2✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡st✐♠❛t❡s ❜② ♠✐❝r♦❡❝♦♥♦♠❡tr✐❝ st✉❞✐❡s✳

❲❡ ♣r♦✈✐❞❡ ❛ r♦❜✉st♥❡ss ❝❤❡❝❦ ✇✐t❤ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ✐♥✈❡rs❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r

s✉♣♣❧②✱ γ = 1✱ ✇❤✐❝❤ ❢♦❧❧♦✇s t❤❡ ◆❡✇ ❑❡②♥❡s✐❛♥ ❧✐t❡r❛t✉r❡ ✭❈❤❡tt② ❡t ❛❧✳ ✭✷✵✶✶✮✮✳

❚❛❜❧❡ ✷✿ ❈❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs

P❛r❛♠❡t❡r ❱❛❧✉❡ ❉❡s❝r✐♣t✐♦♥ ❚❛r❣❡t

❍♦✉s❡❤♦❧❞s

β ✵✳✾✽✼ ❉✐s❝♦✉♥t ❢❛❝t♦r K/Y = 286% ✭❛♥♥✉❛❧✮
ν ✹✳✷✺✪ P❛rt✐❝✐♣❛t✐♦♥ ❢r❡q✉❡♥❝② M/Y = 32% ✭❛♥♥✉❛❧✮
ξ ✹ ❈♦❡✣❝✐❡♥t ♦❢ r❡❧✳ r✐s❦ ❛✈✳ ❑❛♣❧❛♥ ❛♥❞ ❱✐♦❧❛♥t❡ ✭✷✵✶✹✮
γ ✷ ■♥✈❡rs❡ ♦❢ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ❙t❛♥❞❛r❞ ✈❛❧✉❡

■♥t❡r♠❡❞✐❛t❡ ●♦♦❞s

α ✵✳✼✸ ❙❤❛r❡ ♦❢ ❧❛❜♦r ■♥❝♦♠❡ s❤❛r❡ ♦❢ ❧❛❜♦r ♦❢ ✷✴✸
δ ✶✳✸✺✪ ❉❡♣r❡❝✐❛t✐♦♥ r❛t❡ ◆■P❆✿ ❋✐①❡❞ ❛ss❡ts

❋✐♥❛❧ ●♦♦❞s

κ ✵✳✵✾ Pr✐❝❡ st✐❝❦✐♥❡ss ▼❡❛♥ ♣r✐❝❡ ❞✉r❛t✐♦♥ ♦❢ ✹ q✉❛rt❡rs
µ ✵✳✶✵ ▼❛r❦✉♣ ✶✵✪ ♠❛r❦✉♣ ✭st❛♥❞❛r❞ ✈❛❧✉❡✮

❈❛♣✐t❛❧ ●♦♦❞s

φ ✷✷✵ ❈❛♣✐t❛❧ ❛❞❥✉st♠❡♥t ❝♦sts ❘❡❧❛t✐✈❡ ✐♥✈❡st♠❡♥t ✈♦❧❛t✐❧✐t② ♦❢ ✸

▼♦♥❡t❛r② P♦❧✐❝② ✭❋r✐❡❞♠❛♥✬s k% r✉❧❡✮
θ1 ✶✳✵✵✺ ▼♦♥❡② ❣r♦✇t❤ ✷✪ ♣✳❛✳
θ2 ✵ ❘❡❛❝t✐♦♥ t♦ ✐♥✢❛t✐♦♥ ❞❡✈✐❛t✐♦♥s
θ3 ✵ P❡rs✐st❡♥❝❡ ✐♥ ♠♦♥❡② ❣r♦✇t❤
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❚❛❜❧❡ ✸✿ ❆❧t❡r♥❛t✐✈❡ ♠♦♥❡t❛r② ♣♦❧✐❝② r✉❧❡s

P❛r❛♠❡t❡r ❱❛❧✉❡ ❉❡s❝r✐♣t✐♦♥ ❚❛r❣❡t

■♥✢❛t✐♦♥ ❙t❛❜✐❧✐③❛t✐♦♥

θ1 ✶✳✵✵✺ ▼♦♥❡② ❣r♦✇t❤ ✷✪ ♣✳❛✳
θ2 ✶✵✵✵ ❘❡❛❝t✐♦♥ t♦ ✐♥✢❛t✐♦♥ ❞❡✈✐❛t✐♦♥s ◆♦ ❞❡✈✐❛t✐♦♥s ❢r♦♠ t❛r❣❡t
θ3 ✵ P❡rs✐st❡♥❝❡ ✐♥ ♠♦♥❡② ❣r♦✇t❤

❋❡❞ P♦❧✐❝② ❘✉❧❡ ✭P♦st✲✶✾✽✵✮

θ1 ✶✳✵✵✺ ▼♦♥❡② ❣r♦✇t❤ ✷✪ ♣✳❛✳
θ2 ✵✳✸✺ ❘❡❛❝t✐♦♥ t♦ ✐♥✢❛t✐♦♥ ❞❡✈✐❛t✐♦♥s ❈❤♦✇❞❤✉r② ❛♥❞ ❙❝❤❛❜❡rt ✭✷✵✵✽✮
θ3 ✵✳✾ P❡rs✐st❡♥❝❡ ✐♥ ♠♦♥❡② ❣r♦✇t❤ ❈❤♦✇❞❤✉r② ❛♥❞ ❙❝❤❛❜❡rt ✭✷✵✵✽✮

◆♦t❡s✿ ❋♦r t❤❡ ❋❡❞ ♣♦❧✐❝② r✉❧❡ ❛s ✇❡❧❧ ❛s ❛❧❧ r♦❜✉st♥❡ss ❝❤❡❝❦s✱ ✇❡ r❡❝❛❧✐❜r❛t❡ t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r
❛♥❞ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❢r❡q✉❡♥❝② ♦❢ ❤♦✉s❡❤♦❧❞s t♦ ♠❛t❝❤ t❤❡ t❛r❣❡t❡❞ ❝❛♣✐t❛❧ ❛♥❞ ♠♦♥❡② t♦ ♦✉t♣✉t
r❛t✐♦s ❛♥❞ t❤❡ ❝❛♣✐t❛❧ ❛❞❥✉st♠❡♥t ❝♦sts t♦ ♠❛t❝❤ ❛ r❡❧❛t✐✈❡ ✐♥✈❡st♠❡♥t ✈♦❧❛t✐❧✐t② ♦❢ ✸✳

✺✳✷✳✷ ■♥t❡r♠❡❞✐❛t❡✱ ❋✐♥❛❧✱ ❛♥❞ ❈❛♣✐t❛❧ ●♦♦❞s Pr♦❞✉❝❡rs

❲❡ ♣❛r❛♠❡t❡r✐③❡ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞ ♣r♦❞✉❝❡r ❛❝❝♦r❞✐♥❣

t♦ t❤❡ ❯✳❙✳ ◆❛t✐♦♥❛❧ ■♥❝♦♠❡ ❛♥❞ Pr♦❞✉❝t ❆❝❝♦✉♥ts ✭◆■P❆✮✳ ■♥ t❤❡ ❯✳❙✳ ❡❝♦♥♦♠② t❤❡

✐♥❝♦♠❡ s❤❛r❡ ♦❢ ❧❛❜♦r ✐s ❛❜♦✉t ✷✴✸✳ ❆❝❝♦✉♥t✐♥❣ ❢♦r ♣r♦✜ts ✇❡ ❤❡♥❝❡ s❡t α = 0.73✳

❚♦ ❝❛❧✐❜r❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❡♥tr❡♣r❡♥❡✉rs✬ ♣r♦❜❧❡♠✱ ✇❡ ✉s❡ st❛♥❞❛r❞ ✈❛❧✉❡s ❢♦r

♠❛r❦✉♣ ❛♥❞ ♣r✐❝❡ st✐❝❦✐♥❡ss t❤❛t ❛r❡ ✇✐❞❡❧② ❡♠♣❧♦②❡❞ ✐♥ t❤❡ ◆❡✇ ❑❡②♥❡s✐❛♥ ❧✐t❡r❛t✉r❡✳

❚❤❡ P❤✐❧❧✐♣s ❝✉r✈❡ ♣❛r❛♠❡t❡r κ ✐♠♣❧✐❡s ❛♥ ❛✈❡r❛❣❡ ♣r✐❝❡ ❞✉r❛t✐♦♥ ♦❢ ✹ q✉❛rt❡rs✱ ❛ss✉♠✐♥❣

✢❡①✐❜❧❡ ❝❛♣✐t❛❧ ❛t t❤❡ ✜r♠ ❧❡✈❡❧✳ ❚❤❡ st❡❛❞②✲st❛t❡ ♠❛r❣✐♥❛❧ ❝♦sts✱ exp(−µ) = 0.91✱ ✐♠♣❧②

❛ ♠❛r❦✉♣ ♦❢ 10%✳ ❚❤❡ ❡♥tr❡♣r❡♥❡✉rs✬ ❛♥❞ ❤♦✉s❡❤♦❧❞s✬ ❞✐s❝♦✉♥t ❢❛❝t♦r ❛r❡ ❡q✉❛❧✳

❲❡ ❝❛❧✐❜r❛t❡ t❤❡ ❛❞❥✉st♠❡♥t ❝♦st ♦❢ ❝❛♣✐t❛❧✱ φ = 220✱ t♦ ♠❛t❝❤ ❛♥ ✐♥✈❡st♠❡♥t t♦

♦✉t♣✉t ✈♦❧❛t✐❧✐t② ♦❢ ✸✳

✺✳✷✳✸ ❈❡♥tr❛❧ ❇❛♥❦

❲❡ s❡t t❤❡ ❛✈❡r❛❣❡ ❣r♦✇t❤ r❛t❡ ♦❢ ♠♦♥❡②✱ θ1✱ s✉❝❤ t❤❛t ♦✉r ♠♦❞❡❧ ♣r♦❞✉❝❡s ❛♥ ❛✈❡r❛❣❡

❛♥♥✉❛❧ ✐♥✢❛t✐♦♥ r❛t❡ ♦❢ ✷✪✱ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ✉s✉❛❧ ✐♥✢❛t✐♦♥ t❛r❣❡ts ♦❢ ❝❡♥tr❛❧ ❜❛♥❦s

❛♥❞ r♦✉❣❤❧② ❡q✉❛❧ t♦ ❛✈❡r❛❣❡ ✐♥✢❛t✐♦♥ ✐♥ t❤❡ ❯✳❙✳ ❜❡t✇❡❡♥ ✶✾✽✵ ❛♥❞ ✷✵✶✷✳ ❚♦ s✐♠♣❧✐❢②
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❋✐❣✉r❡ ✷✿ ❙❤❛r❡ ♦❢ ❧✐q✉✐❞ ❛ss❡ts ✐♥ t♦t❛❧ ♥❡t ✇♦rt❤ ❛❣❛✐♥st ♣❡r❝❡♥t✐❧❡s ♦❢ ✇❡❛❧t❤

Percentile of Wealth Distribution
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Model
Survey of Consumer Finances 2004

◆♦t❡s✿ ❋♦r ❣r❛♣❤✐❝❛❧ ✐❧❧✉str❛t✐♦♥ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❛♥ ❊♣❛♥❡❝❤♥✐❦♦✈ ❑❡r♥❡❧✲✇❡✐❣❤t❡❞
❧♦❝❛❧ ❧✐♥❡❛r s♠♦♦t❤❡r ✇✐t❤ ❜❛♥❞✇✐❞t❤ 0.15✳ ❋♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♥❡t ❧✐q✉✐❞ ❛ss❡ts
s❡❡ ❋✐❣✉r❡ ✶✳

t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ ❢♦r ❡①♣♦s✐t✐♦♥❛❧ ♣✉r♣♦s❡✱ ✇❡ ❛ss✉♠❡ ✐♥ ♦✉r ❜❛s❡❧✐♥❡

s❡t✉♣ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❢♦❧❧♦✇s ❋r✐❡❞♠❛♥✬s k% r✉❧❡ ❛♥❞ ❤❡♥❝❡ s❡t θ2 ❛♥❞ θ3 t♦

✵✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❛❞❞✐t✐♦♥❛❧ ♣♦❧✐❝② r✉❧❡s✱ s❡❡ ❚❛❜❧❡ ✸✳ ❋✐rst✱ ✇❡ s❡t

θ2 = 1000 ❛♥❞ θ3 = 0✱ t♦ ❡①❛♠✐♥❡ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s ✇✐t❤♦✉t ♠♦✈❡♠❡♥ts ✐♥ t❤❡ ♣r✐❝❡

❧❡✈❡❧✳ ❙❡❝♦♥❞✱ ✇❡ ❝❛❧✐❜r❛t❡ t♦✇❛r❞s t❤❡ ♣♦st✲✶✾✽✵s ♠♦♥❡② s✉♣♣❧② r✉❧❡ ♦❢ t❤❡ ❋❡❞❡r❛❧

❘❡s❡r✈❡ ❛s ❡st✐♠❛t❡❞ ✐♥ ❈❤♦✇❞❤✉r② ❛♥❞ ❙❝❤❛❜❡rt ✭✷✵✵✽✮ t♦ q✉❛♥t✐❢② t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢

✉♥❝❡rt❛✐♥t② s❤♦❝❦s t♦ t❤❡ ❯✳❙✳ ❜✉s✐♥❡ss ❝②❝❧❡ ♦✈❡r t❤✐s ♣❡r✐♦❞✳ ❚❤✐s ✐♠♣❧✐❡s θ2 = 0.35

❛♥❞ θ3 = 0.9✳✶✹

✷✵



✻ ◗✉❛♥t✐t❛t✐✈❡ ❘❡s✉❧ts

✻✳✶ ❍♦✉s❡❤♦❧❞ P♦rt❢♦❧✐♦s ❛♥❞ t❤❡ ■♥❞✐✈✐❞✉❛❧ ❘❡s♣♦♥s❡ t♦ ❯♥❝❡rt❛✐♥t②

■♥ ♦✉r ♠♦❞❡❧✱ ❤♦✉s❡❤♦❧❞s ❤♦❧❞ ♠♦♥❡② ❜❡❝❛✉s❡ ✐t ♣r♦✈✐❞❡s ❜❡tt❡r s❤♦rt✲t❡r♠ ❝♦♥s✉♠♣t✐♦♥

s♠♦♦t❤✐♥❣ t❤❛♥ ❝❛♣✐t❛❧✱ ❛s t❤❡ ❧❛tt❡r ❝❛♥ ♦♥❧② ❜❡ tr❛❞❡❞ ✐♥❢r❡q✉❡♥t❧②✳ ❚❤✐s ✈❛❧✉❡ ♦❢

❧✐q✉✐❞✐t② ❞❡❝r❡❛s❡s ✐♥ t❤❡ ❛♠♦✉♥t ♦❢ ♠♦♥❡② ❛ ❤♦✉s❡❤♦❧❞ ❤♦❧❞s✱ ❜❡❝❛✉s❡ ❛ ❤♦✉s❡❤♦❧❞ r✐❝❤

✐♥ ❧✐q✉✐❞ ❛ss❡ts ✇✐❧❧ ❧✐❦❡❧② ❜❡ ❛❜❧❡ t♦ t❛♣ ✐♥t♦ ✐ts ✐❧❧✐q✉✐❞ ✇❡❛❧t❤ ❜❡❢♦r❡ r✉♥♥✐♥❣ ❞♦✇♥ ❛❧❧

❧✐q✉✐❞ ✇❡❛❧t❤✳ ❋♦r t❤✐s r❡❛s♦♥✱ r✐❝❤❡r ❤♦✉s❡❤♦❧❞s✱ ✇❤♦ t②♣✐❝❛❧❧② ❤♦❧❞ ❜♦t❤ ♠♦r❡ ♠♦♥❡②

❛♥❞ ♠♦r❡ ❝❛♣✐t❛❧✱ ❤♦❧❞ ❧❡ss ❧✐q✉✐❞ ♣♦rt❢♦❧✐♦s✳ ❚❤❡ ♣♦♦r❡st ❤♦✉s❡❤♦❧❞s✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱

❤♦❧❞ ❛❧♠♦st ❛❧❧ t❤❡✐r ✇❡❛❧t❤ ✐♥ t❤❡ ❧✐q✉✐❞ ❛ss❡t✳ ❚❤✐s ❤♦❧❞s tr✉❡ ✐♥ t❤❡ ❛❝t✉❛❧ ❞❛t❛ ❛s

✇❡❧❧ ❛s ✐♥ ♦✉r ♠♦❞❡❧✳ ❲❤✐❧❡ ♦✉r ♠♦❞❡❧ ♠❛t❝❤❡s r❡❧❛t✐✈❡❧② ✇❡❧❧ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❛❝t✉❛❧

❧✐q✉✐❞✐t② s❤❛r❡ ♦❢ ❤♦✉s❡❤♦❧❞ ♣♦rt❢♦❧✐♦s ❛t ❛❧❧ ✇❡❛❧t❤ ♣❡r❝❡♥t✐❧❡s✱ ✐t s❧✐❣❤t❧② ✉♥❞❡r❡st✐♠❛t❡s

t❤❡ s❤❛r❡ ♦❢ ❧✐q✉✐❞ ❛ss❡ts ❢♦r t❤❡ ❧♦✇❡st ❞❡❝✐❧❡s❀ s❡❡ ❋✐❣✉r❡ ✷✱ ✇❤✐❝❤ ❝♦♠♣❛r❡s ♦✉r ♠♦❞❡❧

t♦ t❤❡ ❙✉r✈❡② ♦❢ ❈♦♥s✉♠❡r ❋✐♥❛♥❝❡s ✷✵✵✹✳

❙♦ ✇❤❛t ❤❛♣♣❡♥s t♦ t♦t❛❧ s❛✈✐♥❣s ❛♥❞ ✐ts ❝♦♠♣♦s✐t✐♦♥ ✇❤❡♥ ✉♥❝❡rt❛✐♥t② ✐♥❝r❡❛s❡s❄ ■♥

r❡s♣♦♥s❡ t♦ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t②✱ ❤♦✉s❡❤♦❧❞s ❛✐♠ ❢♦r ❤✐❣❤❡r ♣r❡❝❛✉t✐♦♥❛r②

s❛✈✐♥❣s t♦ ❜❡ ✐♥ ❛ ❜❡tt❡r ♣♦s✐t✐♦♥ t♦ s♠♦♦t❤ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥✳ ❙✐♥❝❡ t❤❡ ❧✐q✉✐❞ ❛ss❡t

✐s ❜❡tt❡r s✉✐t❡❞ t♦ t❤✐s ♣✉r♣♦s❡✱ ❤♦✉s❡❤♦❧❞s ✜rst ✐♥❝r❡❛s❡ t❤❡✐r ❞❡♠❛♥❞ ❢♦r t❤✐s ❛ss❡t ✕

✐♥ ❢❛❝t✱ t❤❡② ❡✈❡♥ r❡❞✉❝❡ ❤♦❧❞✐♥❣s ♦❢ t❤❡ ✐❧❧✐q✉✐❞ ❛ss❡t t♦ ✐♥❝r❡❛s❡ t❤❡ ❧✐q✉✐❞✐t② ♦❢ t❤❡✐r

♣♦rt❢♦❧✐♦✳ ❋✐❣✉r❡ ✸ s❤♦✇s ❤♦✇ ❤♦✉s❡❤♦❧❞s✬ ♣♦rt❢♦❧✐♦ ❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ ♣♦❧✲

✐❝② r❡❛❝t t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✉♥❝❡rt❛✐♥t② ✇✐t❤♦✉t ✐♠♣♦s✐♥❣ ❛♥② ♠❛r❦❡t ❝❧❡❛r✐♥❣✳ ❚❤❡ t♦♣

♣❛♥❡❧s ❞✐s♣❧❛②s t❤❡ r❡❧❛t✐✈❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ♣♦rt❢♦❧✐♦ ❧✐q✉✐❞✐t② ❝♦♠♣❛r❡❞

t♦ t❤❡ ❛✈❡r❛❣❡ ✉♥❝❡rt❛✐♥t② st❛t❡✳ ❋♦r t❤✐s ❡①❡r❝✐s❡✱ ✇❡ ❡✈❛❧✉❛t❡ ❤♦✉s❡❤♦❧❞s✬ ❝♦♥s✉♠♣✲

t✐♦♥ ♣♦❧✐❝✐❡s ❛♥❞ t❤❡ ♣♦rt❢♦❧✐♦ ❝❤♦✐❝❡ ♦❢ ❛❞❥✉st❡rs ❛♥❞ ♥♦♥✲❛❞❥✉st❡rs ❛❢t❡r ❛ ✷ st❛♥❞❛r❞

❞❡✈✐❛t✐♦♥ s❤♦❝❦ t♦ ✉♥❝❡rt❛✐♥t②✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ ✐♥❝♦♠❡ s❤♦❝❦s ❜②

✺✺✪✳ ❲❡ ❤❡r❡ ♣❡r❢♦r♠ ❛ ♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ❛♥❛❧②s✐s ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ♣♦❧✐❝✐❡s ✉♥❞❡r

t❤❡ ❡①♣❡❝t❛t✐♦♥ t❤❛t ❛❧❧ ♣r✐❝❡s ❛r❡ ❛t t❤❡✐r st❡❛❞②✲st❛t❡ ✈❛❧✉❡s ✐s♦❧❛t✐♥❣ ❤❡♥❝❡ t❤❡ ❞✐r❡❝t

❡✛❡❝t ♦❢ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t②✳ ❆❝r♦ss ❛❧❧ ✇❡❛❧t❤ ❧❡✈❡❧s✱ ❤♦✉s❡❤♦❧❞s ✇✐s❤ t♦ ✐♥❝r❡❛s❡ t❤❡✐r

s❛✈✐♥❣s ✭✐✳❡✳✱ ❞❡❝r❡❛s❡ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥✮ ❛s ✇❡❧❧ ❛s t❤❡ ❧✐q✉✐❞✐t② ♦❢ t❤❡✐r ♣♦rt❢♦❧✐♦s ✇❤❡♥

✉♥❝❡rt❛✐♥t② ❣♦❡s ✉♣✳ ❆❞❥✉st❡rs ❝❛♥ ❞♦ s♦ ❜② t✐♣♣✐♥❣ ✐♥t♦ t❤❡✐r ❝❛♣✐t❛❧ ❛❝❝♦✉♥t ❛♥❞ t❤✉s

t❤❡✐r ❝♦♥s✉♠♣t✐♦♥ ❢❛❧❧s ❧❡ss✳ ❚❤✐s ✢✐❣❤t t♦ ❧✐q✉✐❞✐t② ❧❡❛❞s t♦ ❢❛❧❧✐♥❣ ❞❡♠❛♥❞ ❢♦r ❝❛♣✐t❛❧

❡✈❡♥ t❤♦✉❣❤ t♦t❛❧ s❛✈✐♥❣s ✐♥❝r❡❛s❡✳

❚❤❡ ❜♦tt♦♠ ♣❛♥❡❧s ♦❢ ❋✐❣✉r❡ ✸ ❞✐s♣❧❛② t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ ✇❡❛❧t❤ ♣❡r❝❡♥t✐❧❡ t♦

t❤❡ t♦t❛❧ ❝❤❛♥❣❡ ✐♥ ❞❡♠❛♥❞ ❢♦r ♠♦♥❡② ❛♥❞ ❝❛♣✐t❛❧✳ ❱❛❧✉❡s ❛❜♦✈❡ ✭❜❡❧♦✇✮ ♦♥❡ ✐♠♣❧② t❤❛t

✶✹❖r✐❣✐♥❛❧❧②✱ ❈❤♦✇❞❤✉r② ❛♥❞ ❙❝❤❛❜❡rt r❡♣♦rt ❚❛②❧♦r r✉❧❡s ❢♦r ♠♦♥❡② ✐♥❝❧✉❞✐♥❣ ❛ r❡❛❝t✐♦♥ t♦ t❤❡ ♦✉t♣✉t
❣❛♣✳ ❲❡ ♦❜t❛✐♥ θ2 = 0.35 ❜② ✉s✐♥❣ t❤❡ P❤✐❧❧✐♣s ❝✉r✈❡ ❢r♦♠ ♦✉r ♠♦❞❡❧ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♦✉t♣✉t ❣❛♣✳

✷✶



❋✐❣✉r❡ ✸✿ P❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ r❡s♣♦♥s❡ ✕ ❈❤❛♥❣❡ ✐♥ ✐♥❞✐✈✐❞✉❛❧ ♣♦❧✐❝② ✉♣♦♥ ❛♥ ✉♥❝❡rt❛✐♥t②
s❤♦❝❦ ❦❡❡♣✐♥❣ ♣r✐❝❡s ❛♥❞ ❡①♣❡❝t❛t✐♦♥s ❝♦♥st❛♥t ❛t st❡❛❞②✲st❛t❡ ✈❛❧✉❡s

❈♦♥s✉♠♣t✐♦♥ r❡s♣♦♥s❡ ∆ log(cit) ▲✐q✉✐❞✐t② r❡s♣♦♥s❡ ∆ log[ mit+1

mit+1+qtkit+1
]
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◆♦t❡s✿ ❚♦♣ P❛♥❡❧s✿ ❘❡❛❝t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ ❛♥❞ ♣♦rt❢♦❧✐♦ ❧✐q✉✐❞✐t② ♦❢ ❛❞❥✉st❡rs
❛♥❞ ♥♦♥✲❛❞❥✉st❡rs ❛t ❝♦♥st❛♥t ♣r✐❝❡s ❛♥❞ ♣r✐❝❡ ❡①♣❡❝t❛t✐♦♥s r❡❧❛t✐✈❡ t♦ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦✉♥t❡r♣❛rt
❛t ❛✈❡r❛❣❡ ✉♥❝❡rt❛✐♥t②✳ ❚❤❡ ♣♦❧✐❝✐❡s ❛r❡ ❛✈❡r❛❣❡❞ ✉s✐♥❣ ❢r❡q✉❡♥❝② ✇❡✐❣❤ts ❢r♦♠ t❤❡ st❡❛❞②✲st❛t❡
✇❡❛❧t❤ ❞✐str✐❜✉t✐♦♥ ❛♥❞ r❡♣♦rt❡❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❛ ❤♦✉s❡❤♦❧❞ ❢❛❧❧✐♥❣ ✐♥t♦ t❤❡ ①✲t❤ ✇❡❛❧t❤ ♣❡r❝❡♥t✐❧❡✳
❍✐❣❤ ✉♥❝❡rt❛✐♥t② ❝♦rr❡s♣♦♥❞s t♦ ❛ t✇♦ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ s❤♦❝❦✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ ❛ ✺✺✪ ✐♥❝r❡❛s❡
✐♥ ✉♥❝❡rt❛✐♥t②✳
❇♦tt♦♠ P❛♥❡❧s✿ ❋r❛❝t✐♦♥ ♦❢ t♦t❛❧ ❞❡♠❛♥❞ ❝❤❛♥❣❡ ❢♦r ♠♦♥❡② ❛♥❞ ❝❛♣✐t❛❧ ❛❝❝♦✉♥t❡❞ ❢♦r ❜② ❛❧❧
❤♦✉s❡❤♦❧❞s ✐♥ ❛ ❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ✇❡❛❧t❤ ❞r✐str✐❜✉t✐♦♥✳
❆s ✇✐t❤ t❤❡ ❞❛t❛✱ ✇❡ ✉s❡ ❛♥ ❊♣❛♥❡❝❤♥✐❦♦✈ ❑❡r♥❡❧✲✇❡✐❣❤t❡❞ ❧♦❝❛❧ ❧✐♥❡❛r s♠♦♦t❤❡r ✇✐t❤ ❜❛♥❞✇✐❞t❤
0.15✳
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◆♦t❡s✿ ❈❤❛♥❣❡ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧✐q✉✐❞✐t② ❛t ❛❧❧ ♣❡r❝❡♥t✐❧❡s ♦❢ t❤❡ ✇❡❛❧t❤ ❞✐str✐❜✉t✐♦♥ ❛t
❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s ❛♥❞ ♣r✐❝❡ ❡①♣❡❝t❛t✐♦♥s ❢♦r s = {1, 8} q✉❛rt❡rs ❛❢t❡r ❛ t✇♦ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥
s❤♦❝❦ t♦ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t②✳ ❚❤❡ ❧✐q✉✐❞✐t② ♦❢ t❤❡ ♣♦rt❢♦❧✐♦s ✐s ❛✈❡r❛❣❡❞ ✉s✐♥❣ ❢r❡q✉❡♥❝② ✇❡✐❣❤ts
❢r♦♠ t❤❡ st❡❛❞②✲st❛t❡ ✇❡❛❧t❤ ❞✐str✐❜✉t✐♦♥ ❛♥❞ r❡♣♦rt❡❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❛ ❤♦✉s❡❤♦❧❞ ❢❛❧❧✐♥❣ ✐♥t♦ t❤❡
①✲t❤ ✇❡❛❧t❤ ♣❡r❝❡♥t✐❧❡✳ ❚❤❡ ❧❡❢t✲❤❛♥❞ ♣❛♥❡❧ s❤♦✇s t❤❡ ❝❤❛♥❣❡ ✐♥❝❧✉❞✐♥❣ ❝❤❛♥❣❡s ✐♥ ♣r✐❝❡s❀ t❤❡
r✐❣❤t✲❤❛♥❞ ♣❛♥❡❧ s❤♦✇s t❤❡ ♣✉r❡ q✉❛♥t✐t② r❡s♣♦♥s❡s✳ ❆s ✇✐t❤ t❤❡ ❞❛t❛✱ ✇❡ ✉s❡ ❛♥ ❊♣❛♥❡❝❤♥✐❦♦✈
❑❡r♥❡❧✲✇❡✐❣❤t❡❞ ❧♦❝❛❧ ❧✐♥❡❛r s♠♦♦t❤❡r ✇✐t❤ ❜❛♥❞✇✐❞t❤ 0.15✳

❛ ❝❡rt❛✐♥ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ✇❡❛❧t❤ ❞✐str✐❜✉t✐♦♥ ✐s ❝♦♥tr✐❜✉t✐♥❣ ♠♦r❡ ✭❧❡ss✮ t❤❛♥ ♣r♦♣♦r✲

t✐♦♥❛❧❧②✳ ❲❡ ✜♥❞ t❤❛t ❛❧♠♦st ❛❧❧ ✇❡❛❧t❤ ❣r♦✉♣s ❛r❡ ❡q✉❛❧❧② ✐♠♣♦rt❛♥t ❢♦r t❤❡ ❝❤❛♥❣❡

✐♥ t♦t❛❧ ❛ss❡t ❞❡♠❛♥❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♣♦♦r❡r ❤♦✉s❡❤♦❧❞s✱ ✇❤✐❧❡ ♠❛❦✐♥❣ ✉♣ ❛ s♠❛❧❧❡r

❢r❛❝t✐♦♥ ♦❢ t♦t❛❧ ❛ss❡t ❞❡♠❛♥❞✱ ♦❜s❡r✈❡ ❧❛r❣❡r ❝❤❛♥❣❡s ✐♥ t❤❡✐r ❛ss❡t ♣♦s✐t✐♦♥s ❛♥❞ ❤❡♥❝❡

❛r❡ ❛s ✐♠♣♦rt❛♥t ❛s r✐❝❤❡r ❤♦✉s❡❤♦❧❞s ❢♦r t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❝❤❛♥❣❡s✳

❚❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❧✐q✉✐❞✐t② ♦❢ ❤♦✉s❡❤♦❧❞ ♣♦rt❢♦❧✐♦s ✐♥ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ✐s ❞✐s♣❧❛②❡❞

✐♥ ❋✐❣✉r❡ ✹❀ t❤❡ ❧❡❢t✲❤❛♥❞ ♣❛♥❡❧ s❤♦✇s t❤❡ ❝❤❛♥❣❡ ✐♥ ✈❛❧✉❡ t❡r♠s❀ t❤❡ r✐❣❤t✲❤❛♥❞ ♣❛♥❡❧

s❤♦✇s t❤❡ ❝❤❛♥❣❡ ✐♥ q✉❛♥t✐t✐❡s✱ ✐✳❡✳✱ ❛t ❝♦♥st❛♥t ♣r✐❝❡s✳ P♦rt❢♦❧✐♦ ❧✐q✉✐❞✐t② ✐♥✐t✐❛❧❧② ✐♥✲

❝r❡❛s❡s ❛t ❛❧❧ ✇❡❛❧t❤ ❧❡✈❡❧s ✕ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ ✈❛❧✉❡ t❡r♠s ❜❡❝❛✉s❡ t❤❡ ♣r✐❝❡ ♦❢ ✐❧❧✐q✉✐❞

❛ss❡ts ❞r♦♣s s❤❛r♣❧② ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❚❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ s❤❛r❡ ♦❢

❧✐q✉✐❞ ❛ss❡ts ✐s ❧❡❛st ♣r♦♥♦✉♥❝❡❞ ❢♦r t❤❡ ♣♦♦r❡st✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ✐♥❝♦♠❡ ❡✛❡❝t✳

❆❢t❡r t✇♦ ②❡❛rs✱ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❧✐q✉✐❞✐t② ✐s ❝♦♥❝❡♥tr❛t❡❞ ❛t ❤♦✉s❡❤♦❧❞s s♦♠❡✇❤❛t ❜❡❧♦✇

♠❡❞✐❛♥ ✇❡❛❧t❤✳ ❇② t❤❡♥✱ r✐❝❤ ❤♦✉s❡❤♦❧❞s ❤❛✈❡ ♣❛rt✐❛❧❧② r❡✈❡rs❡❞ t❤❡✐r ♣♦rt❢♦❧✐♦ s❤❛r❡s

❛s t❤❡② ❛❧s♦ ✐♥❝r❡❛s❡ t❤❡✐r s❛✈✐♥❣s ✐♥ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✱ ❡①♣❧♦✐t✐♥❣ ❧♦✇❡r ❝❛♣✐t❛❧ ♣r✐❝❡s✳

■♥t❡r❡st✐♥❣❧②✱ t❤✐s ♣✐❝t✉r❡ ✐s ❡①❛❝t❧② ✇❤❛t ✇❡ ❢♦✉♥❞ ✐♥ ❋✐❣✉r❡ ✶✱ ✇❤❡r❡ t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡

❧✐q✉✐❞✐t② ♦❢ t❤❡ ♣♦rt❢♦❧✐♦s ✐s str♦♥❣❡st ❢♦r t❤❡ ❧♦✇❡r ♠✐❞❞❧❡ ❝❧❛ss✳ ❖♥❧② t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢

❝❤❛♥❣❡s ✐♥ t❤❡ ❧✐q✉✐❞✐t② ♦❢ ❤♦✉s❡❤♦❧❞ ♣♦rt❢♦❧✐♦s ❞✉r✐♥❣ t❤❡ ●r❡❛t ❘❡❝❡ss✐♦♥ ✐s ♠✉❝❤ ♠♦r❡

❞r❛♠❛t✐❝✳
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✻✳✷ ❆❣❣r❡❣❛t❡ ❈♦♥s❡q✉❡♥❝❡s ♦❢ ❯♥❝❡rt❛✐♥t② ❙❤♦❝❦s

✻✳✷✳✶ ▼❛✐♥ ❋✐♥❞✐♥❣s

❚❤✐s s✐♠✉❧t❛♥❡♦✉s ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❞❡♠❛♥❞ ❢♦r ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❝❛♣✐t❛❧ ✉♣♦♥ ❛♥ ✐♥❝r❡❛s❡

✐♥ ✉♥❝❡rt❛✐♥t② ❧❡❛❞s t♦ ❛ ❞❡❝❧✐♥❡ ✐♥ ♦✉t♣✉t✳ ❋✐❣✉r❡ ✺ ❞✐s♣❧❛②s t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡s ♦❢

♦✉t♣✉t ❛♥❞ ✐ts ❝♦♠♣♦♥❡♥ts✱ r❡❛❧ ❜❛❧❛♥❝❡s ❛♥❞ t❤❡ ❝❛♣✐t❛❧ st♦❝❦ ❛s ✇❡❧❧ ❛s ❛ss❡t ♣r✐❝❡s

❛♥❞ r❡t✉r♥s ❢♦r ♦✉r ❜❛s❡❧✐♥❡ ❝❛❧✐❜r❛t✐♦♥✳ ❚❤❡ ❛ss✉♠❡❞ ♠♦♥❡t❛r② ♣♦❧✐❝② ❢♦❧❧♦✇s ❛ str✐❝t

♠♦♥❡② ❣r♦✇t❤ r✉❧❡✱ ✐✳❡✳✱ ✐t ✐s ♥♦t r❡s♣♦♥s✐✈❡ t♦ ✐♥✢❛t✐♦♥✳ ❆❢t❡r ❛ t✇♦ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ ♣r♦❞✉❝t✐✈✐t② s❤♦❝❦s✱ ♦✉t♣✉t ❞r♦♣s ♦♥ ✐♠♣❛❝t ❜②

0.5% ❛♥❞ ♦♥❧② r❡t✉r♥s t♦ t❤❡ ♥♦r♠❛❧ ❣r♦✇t❤ ♣❛t❤ ❛❢t❡r r♦✉❣❤❧② ✷✵ q✉❛rt❡rs✳ ❖✈❡r t❤❡

✜rst ②❡❛r t❤❡ ♦✉t♣✉t ❞r♦♣ ✐s 0.37% ♦♥ ❛✈❡r❛❣❡✳

❚❤❡ ♦✉t♣✉t ❞r♦♣ ✐♥ ♦✉r ♠♦❞❡❧ r❡s✉❧ts ❢r♦♠ ❤♦✉s❡❤♦❧❞s ✐♥❝r❡❛s✐♥❣ t❤❡✐r ♣r❡❝❛✉t✐♦♥❛r②

s❛✈✐♥❣s ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ ❛ ♣♦rt❢♦❧✐♦ ❛❞❥✉st♠❡♥t t♦✇❛r❞ t❤❡ ❧✐q✉✐❞ ❛ss❡t✳ ■♥ t✐♠❡s ♦❢

❤✐❣❤ ✉♥❝❡rt❛✐♥t②✱ ❤♦✉s❡❤♦❧❞s ❞✐s❧✐❦❡ ✐❧❧✐q✉✐❞ ❛ss❡ts ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❧✐♠✐t❡❞ ✉s❡ ❢♦r s❤♦rt✲

r✉♥ ❝♦♥s✉♠♣t✐♦♥ s♠♦♦t❤✐♥❣✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ ♣r✐❝❡ ♦❢ ❝❛♣✐t❛❧ ❞❡❝r❡❛s❡s ♦♥ ✐♠♣❛❝t ❜② 4%✳

❙✐♥❝❡ t❤❡ ❞❡♠❛♥❞ ❢♦r t❤❡ ❧✐q✉✐❞ ❛ss❡t ✐s ❛ ❞❡♠❛♥❞ ❢♦r ♣❛♣❡r ❛♥❞ ♥♦t ❢♦r ✭✐♥✈❡st♠❡♥t✮

❣♦♦❞s✱ ❞❡♠❛♥❞ ❢♦r ❜♦t❤ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ✐♥✈❡st♠❡♥t ❣♦♦❞s ❢❛❧❧s✳

❚❤✐s ❞❡❝r❡❛s❡ ✐♥ ❞❡♠❛♥❞ ♣✉ts ♣r❡ss✉r❡ ♦♥ ♣r✐❝❡s✳ ■♥✢❛t✐♦♥ ❢❛❧❧s ❜② ✻✺ ❜❛s✐s ♣♦✐♥ts

♦♥ ✐♠♣❛❝t✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♠❛r❦✉♣ ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❚❤✉s✱ t❤❡ ♠❛r❣✐♥❛❧ r❡t✉r♥

♦♥ ❝❛♣✐t❛❧✱ rt✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞ ❞❡❝❧✐♥❡✱ ✇❤✐❧❡ t❤❡ r❡t✉r♥ ♦♥ ♠♦♥❡②

❣♦❡s ✉♣✳ ❚❤❡r❡❜②✱ t❤❡ ✢✐❣❤t t♦ ❧✐q✉✐❞✐t② ✐♥❝r❡❛s❡s t❤❡ r❡❧❛t✐✈❡ r❡t✉r♥ ♦❢ ♠♦♥❡②✱ ✇❤✐❝❤

❢✉rt❤❡r ❛♠♣❧✐✜❡s t❤❡ ♣♦rt❢♦❧✐♦ ❛❞❥✉st♠❡♥t✳ ■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❡①❝❡ss st♦❝❦ ✈♦❧❛t✐❧✐t② ♣✉③③❧❡✱

✉♥❝❡rt❛✐♥t② s❤♦❝❦s ♠♦✈❡ ❝❛♣✐t❛❧ ♣r✐❝❡s ❛♥❞ ❡①♣❡❝t❡❞ r❡t✉r♥s ♠✉❝❤ ♠♦r❡ ✭❛♥❞ ✐♥ t❤❡

♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✮ t❤❛♥ t❤❡② ♠♦✈❡ ❞✐✈✐❞❡♥❞s ✭✻✺ ✈s✳ ✲✹ ❜❛s✐s ♣♦✐♥ts✱ q✉❛rt❡r❧②✮✳

✻✳✷✳✷ ❙t❛❜✐❧✐③❛t✐♦♥ P♦❧✐❝②

❍♦✇ ♠✉❝❤ ♦❢ t❤✐s ✐s ❞r✐✈❡♥ ❜② t❤❡ ✐♥❝r❡❛s❡❞ ✈❛❧✉❡ ♦❢ ❧✐q✉✐❞✐t②✱ ❛♥❞ ❤♦✇ ♠✉❝❤ ❜② t❤❡

❞✐✛❡r❡♥t✐❛❧ ✐♠♣❛❝t ♦❢ ❞✐s✐♥✢❛t✐♦♥ ♦♥ t❤❡ r❡t✉r♥ ♦❢ ♠♦♥❡② ❛♥❞ ♦♥ ❞✐✈✐❞❡♥❞s❄ ❲❡ ❝❛♥

✐s♦❧❛t❡ t❤❡ ✢✐❣❤t t♦ ❧✐q✉✐❞✐t② ❢r♦♠ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥ r❡❧❛t✐✈❡ r❡t✉r♥s ❜② ❧♦♦❦✐♥❣ ❛t

❛ ♠♦♥❡t❛r② ♣♦❧✐❝② t❤❛t ✐s st❛❜✐❧✐③✐♥❣ t❤❡ ❡❝♦♥♦♠② ✕ s❡tt✐♥❣ θ2 = 1000, θ3 = 0✳ ❯♥❞❡r t❤✐s

♣♦❧✐❝②✱ ✐♥✢❛t✐♦♥ ✐s ✜①❡❞ ❛♥❞ ♦✉t♣✉t ❜❛r❡❧② ♠♦✈❡s✳ ❆❧s♦ ❞✐✈✐❞❡♥❞s ❛r❡ ✈✐rt✉❛❧❧② ❝♦♥st❛♥t✳

❚❤✉s✱ t❤❡ r❡❧❛t✐✈❡✲r❡t✉r♥ ❡✛❡❝t ✈❛♥✐s❤❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ str✐❝t ✐♥✢❛t✐♦♥ t❛r❣❡t✐♥❣✳ ❚❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ✐♠♣✉❧s❡ r❡s♣♦♥s❡s ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✻✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡

st❛❜✐❧✐③❛t✐♦♥✱ t❤❡ ♣r✐❝❡ ♦❢ ❝❛♣✐t❛❧ ❢❛❧❧s ❧❡ss✱ ❜✉t ✐t st✐❧❧ ❢❛❧❧s ❜② ♠♦r❡ t❤❛♥ 2%✳ ❚❤❡

❡①♣❡❝t❡❞ r❡t✉r♥ ♦♥ ❝❛♣✐t❛❧ ✐♥❝r❡❛s❡s ❜② ❛❜♦✉t ✺✵ ❜❛s✐s ♣♦✐♥ts✳ ❚❤❡ t♦t❛❧ ✐♥❝♦♠❡ ♦❢

❤♦✉s❡❤♦❧❞s ❛❧♠♦st st❛②s ❝♦♥st❛♥t ✐♥ t❤❡ ✜rst ✺ ②❡❛rs ❛♥❞ ❤❡♥❝❡ ♠♦♥❡② ❞❡♠❛♥❞ ♣❡❛❦s ❛t

✷✹
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◆♦t❡s✿ ❊①♣❡❝t❡❞ ♥❡t r❡❛❧ r❡t✉r♥✿ Eqt+1+rt
qt

✳
■♠♣✉❧s❡ r❡s♣♦♥s❡s t♦ ❛ ✷ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ ♣r♦❞✉❝t✐✈✐t②✳
❲❡ ❣❡♥❡r❛t❡ t❤❡s❡ ✐♠♣✉❧s❡s ❜② ❛✈❡r❛❣✐♥❣ ♦✈❡r ✶✵✵✳✵✵✵ ✐♥❞❡♣❡♥❞❡♥t s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❧❛✇ ♦❢
♠♦t✐♦♥s✱ ❊q✉❛t✐♦♥s ✶✽ ❛♥❞ ✶✾✱ t❤❛t s✐♠✉❧t❛♥❡♦✉s❧② r❡❝❡✐✈❡ t❤❡ s❤♦❝❦ ✐♥ T = 500✳ ❆❧❧ r❛t❡s
✭✐♥✢❛t✐♦♥✱ ❞✐✈✐❞❡♥❞s✱ ❡t❝✳✮ ❛r❡ ♥♦t ❛♥♥✉❛❧✐③❡❞✳
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In.ation

◆♦t❡s✿ ❊①♣❡❝t❡❞ ♥❡t r❡❛❧ r❡t✉r♥✿ Eqt+1+rt
qt

✳
■♠♣✉❧s❡ r❡s♣♦♥s❡s t♦ ❛ ✷ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ ♣r♦❞✉❝t✐✈✐t②✳
❲❡ ❣❡♥❡r❛t❡ t❤❡s❡ ✐♠♣✉❧s❡s ❜② ❛✈❡r❛❣✐♥❣ ♦✈❡r ✶✵✵✳✵✵✵ ✐♥❞❡♣❡♥❞❡♥t s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❧❛✇ ♦❢
♠♦t✐♦♥s✱ ❊q✉❛t✐♦♥s ✶✽ ❛♥❞ ✶✾✱ t❤❛t s✐♠✉❧t❛♥❡♦✉s❧② r❡❝❡✐✈❡ t❤❡ s❤♦❝❦ ✐♥ T = 500✳ ❆❧❧ r❛t❡s
✭✐♥✢❛t✐♦♥✱ ❞✐✈✐❞❡♥❞s✱ ❡t❝✳✮ ❛r❡ ♥♦t ❛♥♥✉❛❧✐③❡❞✳
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❛♥ ❡✈❡♥ ❤✐❣❤❡r ❧❡✈❡❧ t❤❛♥ ✇✐t❤♦✉t st❛❜✐❧✐③❛t✐♦♥✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣♦rt❢♦❧✐♦ ❛❞❥✉st♠❡♥t ✐s t♦ ❛ ❧❛r❣❡ ❡①t❡♥t ❞r✐✈❡♥ ❜② ❛ ✢✐❣❤t t♦ ❧✐q✲

✉✐❞✐t②✳ ❆❢t❡r r♦✉❣❤❧② ✷✳✺ ②❡❛rs✱ r❡❛❧ ❜❛❧❛♥❝❡s ❤❛✈❡ ✐♥❝r❡❛s❡❞ t♦ ❛ ♣♦✐♥t ✇❤❡r❡ ❤♦✉s❡❤♦❧❞s

❛r❡ ✇❡❧❧ ✐♥s✉r❡❞ ❛♥❞ ✇❛♥t t♦ ✐♥❝r❡❛s❡ t❤❡✐r ❤♦❧❞✐♥❣s ♦❢ t❤❡ ✐❧❧✐q✉✐❞ ❛ss❡t ❛❣❛✐♥✳

✻✳✷✳✸ ◗✉❛♥t✐t❛t✐✈❡ ■♠♣♦rt❛♥❝❡✿ ❋❡❞ P♦❧✐❝② ❘✉❧❡

❋✐❣✉r❡ ✼ ❞✐s♣❧❛②s t❤❡ ❛❣❣r❡❣❛t❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ s❤♦❝❦s t♦ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ r✐s❦ ✉s✐♥❣

t❤❡ ❋❡❞✬s ♣♦st✲✶✾✽✵✬s ♠♦♥❡② s✉♣♣❧② r❡❛❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛s ❡st✐♠❛t❡❞ ❜② ❈❤♦✇❞❤✉r② ❛♥❞

❙❝❤❛❜❡rt ✭✷✵✵✽✮✳ ❚❤❡ r❡s✉❧ts ❛r❡ r♦✉❣❤❧② ❤❛❧❢ ✇❛② ❜❡t✇❡❡♥ ♣❡r❢❡❝t st❛❜✐❧✐③❛t✐♦♥ ❛♥❞

❝♦♥st❛♥t ♠♦♥❡② ❣r♦✇t❤✳

✻✳✷✳✹ ❍♦✇ ■♠♣♦rt❛♥t ■s t❤❡ ✭■❧✮❧✐q✉✐❞✐t② ♦❢ ❈❛♣✐t❛❧❄

❖✉r ❝❛❧✐❜r❛t✐♦♥ s✉❣❣❡sts t❤❛t ❤♦✉s❡❤♦❧❞s ❝❛♥ ❛❞❥✉st t❤❡✐r ❝❛♣✐t❛❧ ❤♦❧❞✐♥❣s ♦♥ ❛✈❡r❛❣❡

❡✈❡r② ✷✸✳✺ q✉❛rt❡rs✳ ❚❤✐s r❡str✐❝t❡❞ ❛❝❝❡ss t♦ s❛✈✐♥❣s ✐♥ ❝❛♣✐t❛❧ ❧✐♠✐ts ✐ts ✉s❡ ❢♦r s❤♦rt✲r✉♥

❝♦♥s✉♠♣t✐♦♥ s♠♦♦t❤✐♥❣ ❝♦♥s✐❞❡r❛❜❧②✳ ■❢ ❝❛♣✐t❛❧ ✇❡r❡ ❡❛s✐❡r t♦ ❛❝❝❡ss✱ ✐t ✇♦✉❧❞ ❜❡❝♦♠❡

♠♦r❡ ❛♥❞ ♠♦r❡ ♦❢ ❛ s✉❜st✐t✉t❡ ❢♦r ♠♦♥❡② ✐♥ t❡r♠s ♦❢ ✐ts ✉s❡ ❢♦r ❝♦♥s✉♠♣t✐♦♥ s♠♦♦t❤✐♥❣✳

❍❡♥❝❡✱ ❛❣❣r❡❣❛t❡ ♠♦♥❡② ❤♦❧❞✐♥❣s ❞❡❝❧✐♥❡ ❛s ν ✐♥❝r❡❛s❡s✳ ❋✐❣✉r❡ ✽ ♣❧♦ts t❤❡ ✐♠♣✉❧s❡

r❡s♣♦♥s❡s ❢♦r ❛♥ ❛✈❡r❛❣❡ ❛❞❥✉st♠❡♥t ❢r❡q✉❡♥❝② ♦❢ ❧❡ss t❤❛♥ ❛ ②❡❛r ✭ν = 35%✮✳ ■♥ t❤✐s

❝❛s❡ ♠♦♥❡② ❤♦❧❞✐♥❣s ❛r❡ ♦♥❧② ✽✳✺✪ ♦❢ ❛♥♥✉❛❧ ♦✉t♣✉t ♦♥ ❛✈❡r❛❣❡✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦

t❤❡ ❯✳❙✳ ♠♦♥❡t❛r② ❜❛s❡✳✶✺

❋✐❣✉r❡ ✽ s❤♦✇s t❤❛t t❤❡ ♦✉t♣✉t ❞r♦♣ ✐s ✈❡r② s✐♠✐❧❛r ✇✐t❤ ❛ ❤✐❣❤❡r ♣♦rt❢♦❧✐♦ ❛❞❥✉st✲

♠❡♥t ❢r❡q✉❡♥❝②✱ ❛❧t❤♦✉❣❤ t❤❡ s❤❛r❡ ♦❢ ♠♦♥❡② ✐♥ t❤❡ ❡❝♦♥♦♠② ✐s s✐❣♥✐✜❝❛♥t❧② s♠❛❧❧❡r ❛♥❞

❝❛♣✐t❛❧ ✐s ✈❡r② ❧✐q✉✐❞ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ❜❛s❡❧✐♥❡ ❝❛❧✐❜r❛t✐♦♥✳ ▼♦♥❡② ❞❡♠❛♥❞ r❡❛❝ts

♠♦r❡ ❡❧❛st✐❝❛❧❧② t♦ ✉♥❝❡rt❛✐♥t② ❛s ♠♦r❡ ❤♦✉s❡❤♦❧❞s ❛r❡ ❛❜❧❡ t♦ ❛❞❥✉st t❤❡✐r ♣♦rt❢♦❧✐♦✳ ❈♦♥✲

s❡q✉❡♥t❧②✱ t❤❡ ✢✐❣❤t t♦ ❧✐q✉✐❞✐t② ✐s str♦♥❣❡r ❛♥❞ ❤❛♣♣❡♥s ❢❛st❡r t❤❛♥ ✇✐t❤ ♠♦r❡ ✐❧❧✐q✉✐❞

❝❛♣✐t❛❧ ✕ ✐♥ t❤❡ ❜✉✐❧❞✲✉♣ ❛♥❞ ✐♥ t❤❡ r❡✈❡rs❡✳

■♥ s✉♠♠❛r②✱ t❤❡ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❡✛❡❝ts ♦❢ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s ❛r❡ r♦❜✉st t♦ ❝❤❛♥❣❡s

✐♥ ν✳ ❲❤✐❧❡ ✐♥ t❤❡ ❧✐♠✐t ✇✐t❤ ♣❡r❢❡❝t❧② ❧✐q✉✐❞ ❝❛♣✐t❛❧ ♠♦♥❡② ✐s ❞r✐✈❡♥ ♦✉t ♦❢ t❤❡ ❡❝♦♥✲

♦♠②✱ t❤❡ ❡❝♦♥♦♠② s❡❡♠s t♦ ♥♦t ❝♦♥✈❡r❣❡ t♦✇❛r❞ t❤❡ ✏❆✐②❛❣❛r✐✑ ❡❝♦♥♦♠② ✇✐t❤♦✉t ♠♦♥❡②

❛♥❞ ♣❡r❢❡❝t❧② ❧✐q✉✐❞ ❝❛♣✐t❛❧✳ ■♥ t❤❡ ✏❆✐②❛❣❛r✐✑ ❝❛s❡✱ ✐♥✈❡st♠❡♥t r❡♣❧❛❝❡s ❝♦♥s✉♠♣t✐♦♥ ❞❡✲

♠❛♥❞ ♦♥❡✲❢♦r✲♦♥❡ ✇❤❡♥ ✉♥❝❡rt❛✐♥t② ❤✐ts✳ ❆s ❧♦♥❣ ❛s ❤♦✉s❡❤♦❧❞s ❤♦❧❞ ❡✈❡♥ t✐♥② ❛♠♦✉♥ts

♦❢ ♠♦♥❡② ❢♦r ❧✐q✉✐❞✐t②✲❝♦♥s✉♠♣t✐♦♥ s♠♦♦t❤✐♥❣ r❡❛s♦♥s✱ t❤❡ ✈❛❧✉❡ ♦❢ ♠♦♥❡② ✐♥❝r❡❛s❡s

✇✐t❤ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t② ❛♥❞ ♠♦♥❡② ❞❡♠❛♥❞ ✐s ❤✐❣❤❡r ✐♥ ✉♥❝❡rt❛✐♥ t✐♠❡s✱ ✇❤✐❝❤ ❝r❡❛t❡s

❞❡✢❛t✐♦♥❛r② ♣r❡ss✉r❡s✳

✶✺❲❡ ✉s❡ t❤❡ ❙t✳ ▲♦✉✐s ❋❡❞ ❛❞❥✉st❡❞ ❛♥♥✉❛❧ ♠♦♥❡t❛r② ❜❛s❡ ❢r♦♠ ✶✾✽✵ t♦ ✷✵✶✷✳

✷✼



❋✐❣✉r❡ ✼✿ ❯♥❝❡rt❛✐♥t② s❤♦❝❦ ✉♥❞❡r ❋❡❞✬s ♣♦st✲✽✵✬s r❡❛❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛s ❡st✐♠❛t❡❞ ✐♥
❈❤♦✇❞❤✉r② ❛♥❞ ❙❝❤❛❜❡rt ✭✷✵✵✽✮
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◆♦t❡s✿ ❊①♣❡❝t❡❞ ♥❡t r❡❛❧ r❡t✉r♥✿ Eqt+1+rt
qt

✳
■♠♣✉❧s❡ r❡s♣♦♥s❡s t♦ ❛ ✷ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ ♣r♦❞✉❝t✐✈✐t②✳
❲❡ ❣❡♥❡r❛t❡ t❤❡s❡ ✐♠♣✉❧s❡s ❜② ❛✈❡r❛❣✐♥❣ ♦✈❡r ✶✵✵✳✵✵✵ ✐♥❞❡♣❡♥❞❡♥t s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❧❛✇ ♦❢
♠♦t✐♦♥s✱ ❊q✉❛t✐♦♥s ✶✽ ❛♥❞ ✶✾✱ t❤❛t s✐♠✉❧t❛♥❡♦✉s❧② r❡❝❡✐✈❡ t❤❡ s❤♦❝❦ ✐♥ T = 500✳ ❆❧❧ r❛t❡s
✭✐♥✢❛t✐♦♥✱ ❞✐✈✐❞❡♥❞s✱ ❡t❝✳✮ ❛r❡ ♥♦t ❛♥♥✉❛❧✐③❡❞✳

✷✽



❋✐❣✉r❡ ✽✿ ❯♥❝❡rt❛✐♥t② s❤♦❝❦ ✇✐t❤ ❧✐q✉✐❞ ❝❛♣✐t❛❧ ✭ν = 35%✮
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In.ation

◆♦t❡s✿ ❊①♣❡❝t❡❞ ♥❡t r❡❛❧ r❡t✉r♥✿ Eqt+1+rt
qt

✳
■♠♣✉❧s❡ r❡s♣♦♥s❡s t♦ ❛ ✷ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ ♣r♦❞✉❝t✐✈✐t②✳
❲❡ ❣❡♥❡r❛t❡ t❤❡s❡ ✐♠♣✉❧s❡s ❜② ❛✈❡r❛❣✐♥❣ ♦✈❡r ✶✵✵✳✵✵✵ ✐♥❞❡♣❡♥❞❡♥t s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❧❛✇ ♦❢
♠♦t✐♦♥s✱ ❊q✉❛t✐♦♥s ✶✽ ❛♥❞ ✶✾✱ t❤❛t s✐♠✉❧t❛♥❡♦✉s❧② r❡❝❡✐✈❡ t❤❡ s❤♦❝❦ ✐♥ T = 500✳ ❆❧❧ r❛t❡s
✭✐♥✢❛t✐♦♥✱ ❞✐✈✐❞❡♥❞s✱ ❡t❝✳✮ ❛r❡ ♥♦t ❛♥♥✉❛❧✐③❡❞✳
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■♥ ♦t❤❡r ✇♦r❞s✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s ✇✐❧❧ ❛✛❡❝t ❛❣❣r❡❣❛t❡

❞❡♠❛♥❞ ♥❡❣❛t✐✈❡❧② ♦♥❧② ✐❢ t❤❡② tr✐❣❣❡r ♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣s ✐♥ ♣❛♣❡r ❛♥❞ ♥♦t ✐♥ r❡❛❧

❛ss❡ts✳ ■♥ ♦✉r ♠♦❞❡❧✱ ✐t ✐s t❤❡ ✐♥❝r❡❛s❡❞ ✈❛❧✉❡ ♦❢ ❧✐q✉✐❞✐t② t❤❛t ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡

♣♦rt❢♦❧✐♦ ❛❞❥✉st♠❡♥t t♦✇❛r❞ ♠♦♥❡②✳

✻✳✸ ❘❡❞✐str✐❜✉t✐✈❡ ❛♥❞ ❲❡❧❢❛r❡ ❊✛❡❝ts

❙♦ ❢❛r ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ t❤❡ ❛❣❣r❡❣❛t❡ ❞✐♠❡♥s✐♦♥ ♦❢ ❛♥ ✉♥❝❡rt❛✐♥t② s❤♦❝❦ ❛♥❞ ✐ts r❡♣❡r✲

❝✉ss✐♦♥s✳ ❙✐♥❝❡ s✉❝❤ s❤♦❝❦s ❛✛❡❝t t❤❡ ♣r✐❝❡ ❧❡✈❡❧✱ ❛ss❡t ♣r✐❝❡s✱ ❞✐✈✐❞❡♥❞s✱ ❛♥❞ ✇❛❣❡s

❞✐✛❡r❡♥t❧②✱ ♦✉r ♠♦❞❡❧ ♣r❡❞✐❝ts t❤❛t ♥♦t ❛❧❧ ❛❣❡♥ts ✭❡q✉❛❧❧②✮ ❧♦s❡ ❢r♦♠ t❤❡ ❞❡❝❧✐♥❡ ✐♥ ❝♦♥✲

s✉♠♣t✐♦♥ ✉♣♦♥ ❛♥ ✉♥❝❡rt❛✐♥t② s❤♦❝❦✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ❝❛♣✐t❛❧ ♣r✐❝❡s ❢❛❧❧✱ t❤♦s❡ ❛❣❡♥ts t❤❛t

❛r❡ r✐❝❤ ✐♥ ❤✉♠❛♥ ❝❛♣✐t❛❧ ❜✉t ❤♦❧❞ ❧✐tt❧❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❝♦✉❧❞ ❛❝t✉❛❧❧② ❣❛✐♥ ❢r♦♠ t❤❡

✉♥❝❡rt❛✐♥t② s❤♦❝❦✳ ❚❤❡s❡ ❛❣❡♥ts ❛r❡ ♥❡t s❛✈❡rs✳ ❚❤❡② ✐♥❝r❡❛s❡ t❤❡✐r ❤♦❧❞✐♥❣s ♦❢ ♣❤②s✐❝❛❧

❝❛♣✐t❛❧ ❛♥❞ ❝❛♥ ❞♦ s♦ ♥♦✇ ♠♦r❡ ❝❤❡❛♣❧②✳

❚♦ q✉❛♥t✐❢② ❛♥❞ ✉♥❞❡rst❛♥❞ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ✉♥❝❡rt❛✐♥t② s❤♦❝❦

❛♥❞ ♦❢ s②st❡♠❛t✐❝ ♣♦❧✐❝② r❡s♣♦♥s❡✱ ♦♥❡ ✇♦✉❧❞ ♥♦r♠❛❧❧② ❥✉st ❧♦♦❦ ❛t t❤❡ ❝❤❛♥❣❡ ✐♥ ❛

❤♦✉s❡❤♦❧❞✬s ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ s♦❧✈✐♥❣ ❞✐r❡❝t❧② ❢♦r t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s

♣r♦❤✐❜✐t✐✈❡❧② t✐♠❡ ❝♦♥s✉♠✐♥❣ ✐♥ ♦✉r ♠♦❞❡❧✱ ✇❡ ✐♥st❡❛❞ s✐♠✉❧❛t❡ ❛♥❞ ❝♦♠♣❛r❡ t✇♦ s❡ts ♦❢

❡❝♦♥♦♠✐❡s✿ ♦♥❡ ✇❤❡r❡ t❤❡ ✉♥❝❡rt❛✐♥t② st❛t❡ s✐♠♣❧② ❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ ✐ts ▼❛r❦♦✈ ❝❤❛✐♥

♣r♦♣❡rt✐❡s ❛♥❞ ❛♥♦t❤❡r s❡t ✇❤❡r❡✱ ❛t t✐♠❡ T ✱ ✇❡ ❡①♦❣❡♥♦✉s❧② ✐♥❝r❡❛s❡ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t②✱

σ2ht✱ ❜② s❡tt✐♥❣ t❤❡ s❤♦❝❦ t♦ ✉♥❝❡rt❛✐♥t② t♦ ǫT = 2σs✱ ❛ ✷ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥❝r❡❛s❡✳ ❲❡

t❤❡♥ ❧❡t t❤❡ ❡❝♦♥♦♠✐❡s ❡✈♦❧✈❡ st♦❝❤❛st✐❝❛❧❧②✳ ❲❡ tr❛❝❡ ❛❣❡♥ts ♦✈❡r t❤❡ ♥❡①t S ♣❡r✐♦❞s ❢♦r

❜♦t❤ s❡ts ♦❢ ❡❝♦♥♦♠✐❡s✱ ❛♥❞ tr❛❝❦ t❤❡✐r ♣❡r✐♦❞✲❢❡❧✐❝✐t② uiT+t t♦ ❝❛❧❝✉❧❛t❡ ❢♦r ❡❛❝❤ ❛❣❡♥t

✇✐t❤ ✐♥❞✐✈✐❞✉❛❧ st❛t❡ (h,m, k) ✐♥ ♣❡r✐♦❞ T t❤❡ ❞✐s❝♦✉♥t❡❞ ❡①♣❡❝t❡❞ ❢❡❧✐❝✐t② str❡❛♠ ♦✈❡r

t❤❡ ♥❡①t S ♣❡r✐♦❞s ❛s✿

vS(h,m, k) = E

[
S∑

t=0

βtuT+t

∣
∣
∣
∣
∣
(hT ,mT , kT ) = (h,m, k)

]

,

✇❤❡r❡ uT+t ✐s t❤❡ ❢❡❧✐❝✐t② str❡❛♠ ✐♥ ♣❡r✐♦❞ T + t ✉♥❞❡r t❤❡ ❤♦✉s❡❤♦❧❞✬s ♦♣t✐♠❛❧ s❛✈✐♥❣

♣♦❧✐❝②✳ ❋♦r ❧❛r❣❡ S✱ vS ❛♣♣r♦①✐♠❛t❡s t❤❡ ❛❝t✉❛❧ ❤♦✉s❡❤♦❧❞✬s ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳

❲❡ t❤❡♥ ❞❡t❡r♠✐♥❡ ❛♥ ❡q✉✐✈❛❧❡♥t ❝♦♥s✉♠♣t✐♦♥ t❛① t❤❛t ❤♦✉s❡❤♦❧❞s ✇♦✉❧❞ ❜❡ ✇✐❧❧✐♥❣

t♦ ❢❛❝❡ ♦✈❡r t❤❡ ♥❡①t S q✉❛rt❡rs ✐♥ ♦r❞❡r t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ✉♥❝❡rt❛✐♥t② s❤♦❝❦ ❛t t✐♠❡ T

❛s✿

❈❊ = −
(

vs❤♦❝❦S

v♥♦ s❤♦❝❦

S

)1/ξ

+ 1. ✭✷✵✮

❋✐❣✉r❡ ✾ ❞✐s♣❧❛②s t❤❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡s ✐♥ vS ❢♦r S = 20 q✉❛rt❡rs ✐♥ t❡r♠s ♦❢ ❝♦♥✲

✸✵



❋✐❣✉r❡ ✾✿ ❲❡❧❢❛r❡ ❛❢t❡r ✺ ②❡❛rs

❈♦♥st❛♥t ♠♦♥❡② ❣r♦✇t❤ ■♥✢❛t✐♦♥ st❛❜✐❧✐③❛t✐♦♥
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◆♦t❡s✿ ❲❡❧❢❛r❡ ❝♦sts ✐♥ t❡r♠s ♦❢ ❝♦♥s✉♠♣t✐♦♥ ❡q✉✐✈❛❧❡♥ts ✭❈❊✮ ❛s ❞❡✜♥❡❞ ✐♥ ✭✷✵✮✳ ❚❤❡
❣r❛♣❤s r❡❢❡r t♦ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ♦❢ ❈❊ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✇♦ ❞✐s♣❧❛②❡❞
❞✐♠❡♥s✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠✐ss✐♥❣ ❞✐♠❡♥s✐♦♥ ❤❛s ❜❡❡♥ ✐♥t❡❣r❛t❡❞ ♦✉t✳ ❈❛♣✐t❛❧
❛♥❞ ♠♦♥❡② ❛r❡ r❡♣♦rt❡❞ ✐♥ t❡r♠s ♦❢ q✉❛rt❡r❧② ✐♥❝♦♠❡✳

✸✶



s✉♠♣t✐♦♥ ❡q✉✐✈❛❧❡♥ts✱ ❈❊✱ ❜❡t✇❡❡♥ t❤❡ t✇♦ s❡ts ♦❢ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❚❤✐s

t✐♠❡ ❤♦r✐③♦♥ ❝❛♣t✉r❡s t❤❡ ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ r❡❝❡ss✐♦♥ ❢♦❧❧♦✇✐♥❣ t❤❡ ✉♥❝❡rt❛✐♥t②

s❤♦❝❦✳ ❙❡❡ ❆♣♣❡♥❞✐① ❊ ❢♦r ❛♥ ❛ss❡ss♠❡♥t ♦❢ ✇❡❧❢❛r❡ ❛❢t❡r ♠♦r❡ t❤❛♥ ✼✺ ②❡❛rs✱ ✇❤❡♥ t❤❡

✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✱ (hT ,mT , kT )✱ ❤❛s ✇❛s❤❡❞ ♦✉t ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❛♥❞ t❤❡

✉♥❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❛❧♠♦st ✐❞❡♥t✐❝❛❧✳ ❖❢ ❝♦✉rs❡✱ ✐♥ t❤❡ ❧♦♥❣ r✉♥ t❤❡r❡ ❛r❡ ♥♦

❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ s❡ts ♦❢ ❡❝♦♥♦♠✐❡s✳

❖♥ ❛✈❡r❛❣❡✱ ❤♦✉s❡❤♦❧❞s ✇♦✉❧❞ ❜❡ ✇✐❧❧✐♥❣ t♦ ❢♦r❣♦ r♦✉❣❤❧② ✵✳✹✶✪ ♦❢ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥

♦✈❡r ✺ ②❡❛rs t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ✉♥❝❡rt❛✐♥t② s❤♦❝❦✳ ❚❤✐s ❛✈❡r❛❣❡ ❧♦ss ♠❛s❦s ❤❡t❡r♦❣❡♥❡♦✉s

❡✛❡❝ts ❛❝r♦ss ❤♦✉s❡❤♦❧❞s ✇✐t❤ ❞✐✛❡r❡♥t ❛ss❡t ♣♦s✐t✐♦♥s ❛♥❞ ❤✉♠❛♥ ❝❛♣✐t❛❧✳ ❲❤✐❧❡ ♠♦♥❡✲

t❛r② ♣♦❧✐❝② ❝❛♥ r❡❞✉❝❡ t❤❡ ❝♦st t♦ r♦✉❣❤❧② ✵✳✷✺✪ ♦♥ ❛✈❡r❛❣❡✱ ✐t ❛❧s♦ s❤✐❢ts t❤❡ ❜✉r❞❡♥ ♦❢

t❤❡ s❤♦❝❦ ❜❡t✇❡❡♥ ❤♦✉s❡❤♦❧❞s✳ ❋✐❣✉r❡ ✾ ❞✐s♣❧❛②s t❤❡ ❡①♣❡❝t❡❞ ✇❡❧❢❛r❡ ❝♦sts ♦❢ ❤♦✉s❡❤♦❧❞s

❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t✇♦ ♦❢ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ (h,m, k)✲s♣❛❝❡ ✕ ✐♥t❡❣r❛t✐♥❣ ♦✉t t❤❡

♠✐ss✐♥❣ ❞✐♠❡♥s✐♦♥✳

❲✐t❤♦✉t st❛❜✐❧✐③❛t✐♦♥✱ ♠♦♥❡② r✐❝❤ ❛♥❞ ♣❤②s✐❝❛❧ ❛ss❡t ♣♦♦r ❤♦✉s❡❤♦❧❞s ❧♦s❡ t❤❡ ❧❡❛st✳

❚❤❡s❡ ❛r❡ ❤♦✉s❡❤♦❧❞s t❤❛t t②♣✐❝❛❧❧② ❛❝q✉✐r❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r t❤❡✐r ♠♦♥❡②

❤♦❧❞✐♥❣s✱ ❛♥❞ t❤❡② ❝❛♥ ❞♦ s♦ ❛t ❢❛✈♦r❛❜❧❡ ❝❛♣✐t❛❧ ♣r✐❝❡s ❛❢t❡r t❤❡ ✉♥❝❡rt❛✐♥t② s❤♦❝❦✳ ❋♦r ❛

s✐♠✐❧❛r r❡❛s♦♥✱ t❤❡ st❡❡♣♥❡ss ♦❢ t❤❡ ❣r❛❞✐❡♥t ✐♥ ❤✉♠❛♥ ❝❛♣✐t❛❧ ✐s r❡❧❛t✐✈❡❧② ♠♦❞❡st✳ ❆❢t❡r

t❤❡ s❤♦❝❦✱ ❤✉♠❛♥ ❝❛♣✐t❛❧ r✐❝❤ ❤♦✉s❡❤♦❧❞s s✉✛❡r ❢r♦♠ ❧♦✇❡r ✇❛❣❡s✱ ❜✉t ❛s s❛✈❡rs t❤❡② ❛r❡

♣❛rt❧② ❝♦♠♣❡♥s❛t❡❞✱ ❜❡❝❛✉s❡ t❤❡② ❝❛♥ ❛❝q✉✐r❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❛t ❧♦✇❡r ♣r✐❝❡s✳ ❚❛❜❧❡ ✹

s✉♠♠❛r✐③❡s t❤❡ ✜❣✉r❡s ♥✉♠❡r✐❝❛❧❧②✳ ■♥ t❤✐s t❛❜❧❡✱ ✇❡ ❝♦♥❞✐t✐♦♥ ♦♥ ❥✉st ♦♥❡ ❞✐♠❡♥s✐♦♥

♦❢ t❤❡ ❤♦✉s❡❤♦❧❞s✬ ♣♦rt❢♦❧✐♦✱ ❛♥❞ ❞✐s♣❧❛② t❤❡ ❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❣❛✐♥s✳ ❲❡ ❞♦ s♦

✐♥ t✇♦ ✇❛②s✿ ❋✐rst✱ ✇❡ ❝❛❧❝✉❧❛t❡ ✇❡❧❢❛r❡ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♦♥❡ ❛ss❡t t❛❦✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦t❤❡r t✇♦ ❛ss❡ts ✐♥t♦ ❛❝❝♦✉♥t✳ ❙❡❝♦♥❞✱ ✇❡ ❛❧s♦ r❡♣♦rt ✇❡❧❢❛r❡ ❡✛❡❝ts

❛t ♠❡❞✐❛♥ ❛ss❡t ❤♦❧❞✐♥❣s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♦t❤❡r ❛ss❡ts✳ ❚❤❡ ❧❛tt❡r ✐s♦❧❛t❡s t❤❡ ❞✐r❡❝t

❡✛❡❝t ✐♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ✐♥t❡r❡st✳

❚❛❜❧❡ ✹ ❛♥❞ ❋✐❣✉r❡ ✾ s❤♦✇s t❤❛t t❤❡ ✐♥t❡r✈❡♥t✐♦♥ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❤❡❧♣s ❤♦✉s❡❤♦❧❞s

✇✐t❤ ❤✐❣❤ ❛♠♦✉♥ts ♦❢ ♣❤②s✐❝❛❧ ❛ss❡ts✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡❛❧t❤② ❛❣❡♥ts ✇✐t❤ ❧♦✇ ❤✉♠❛♥ ❝❛♣✐t❛❧

♣r♦✜t t❤❡ ♠♦st ❢r♦♠ st❛❜✐❧✐③❛t✐♦♥✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ ❝❛♣✐t❛❧ ♣♦♦r ❜✉t ❤✉♠❛♥✲❝❛♣✐t❛❧ r✐❝❤

❤♦✉s❡❤♦❧❞s ♣r♦✜t t❤❡ ❧❡❛st ❢r♦♠ st❛❜✐❧✐③❛t✐♦♥✱ ❜❡❝❛✉s❡ ✐t ✐s t❤❡♠ ✇❤♦ ✜♥❛♥❝❡ t❤❡ ✐♥❝r❡❛s❡❞

♠♦♥❡② s✉♣♣❧② ❛♥❞ t❤❡② ❝♦♠♣❛r❛t✐✈❡❧② s✉✛❡r ❢r♦♠ st❛❜❧❡ ♣r✐❝❡s ❢♦r t❤❡ ♣❤②s✐❝❛❧ ❛ss❡t✳

✸✷



❚❛❜❧❡ ✹✿ ❲❡❧❢❛r❡ ❛❢t❡r ✺ ②❡❛rs

P♦❧✐❝② r❡❣✐♠❡✿ ❈♦♥st❛♥t ♠♦♥❡② ❣r♦✇t❤

◗✉✐♥t✐❧❡s ♦❢ ♠♦♥❡② ❤♦❧❞✐♥❣s ◗✉✐♥t✐❧❡s ♦❢ ❝❛♣✐t❛❧ ❤♦❧❞✐♥❣s
✶✳ ✷✳ ✸✳ ✹✳ ✺✳ ✶✳ ✷✳ ✸✳ ✹✳ ✺✳

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✼✵ ✲✵✳✺✺ ✲✵✳✹✶ ✲✵✳✷✽ ✲✵✳✶✹ ✲✵✳✹✵ ✲✵✳✸✻ ✲✵✳✸✽ ✲✵✳✹✶ ✲✵✳✹✻
▼❡❞✐❛♥ ✲✵✳✼✷ ✲✵✳✺✾ ✲✵✳✹✸ ✲✵✳✷✻ ✲✵✳✵✷ ✲✵✳✹✽ ✲✵✳✹✺ ✲✵✳✹✻ ✲✵✳✹✽ ✲✵✳✺✷

◗✉✐♥t✐❧❡s ♦❢ ❍✉♠❛♥ ❈❛♣✐t❛❧

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✹✼ ✲✵✳✹✼ ✲✵✳✹✸ ✲✵✳✸✹ ✲✵✳✸✸
▼❡❞✐❛♥ ✲✵✳✹✹ ✲✵✳✹✻ ✲✵✳✹✺ ✲✵✳✸✾ ✲✵✳✹✹

P♦❧✐❝② r❡❣✐♠❡✿ ■♥✢❛t✐♦♥ st❛❜✐❧✐③❛t✐♦♥

◗✉✐♥t✐❧❡s ♦❢ ♠♦♥❡② ❤♦❧❞✐♥❣s ◗✉✐♥t✐❧❡s ♦❢ ❝❛♣✐t❛❧ ❤♦❧❞✐♥❣s
✶✳ ✷✳ ✸✳ ✹✳ ✺✳ ✶✳ ✷✳ ✸✳ ✹✳ ✺✳

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✶✻ ✲✵✳✷✾ ✲✵✳✸✵ ✲✵✳✷✻ ✲✵✳✷✸ ✲✵✳✸✸ ✲✵✳✷✼ ✲✵✳✷✹ ✲✵✳✷✷ ✲✵✳✶✾
▼❡❞✐❛♥ ✲✵✳✸✶ ✲✵✳✸✶ ✲✵✳✷✽ ✲✵✳✷✶ ✲✵✳✶✵ ✲✵✳✹✸ ✲✵✳✸✹ ✲✵✳✷✽ ✲✵✳✷✸ ✲✵✳✶✺

◗✉✐♥t✐❧❡s ♦❢ ❤✉♠❛♥ ❝❛♣✐t❛❧

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✵✻ ✲✵✳✶✼ ✲✵✳✷✻ ✲✵✳✸✵ ✲✵✳✹✵
▼❡❞✐❛♥ ✲✵✳✵✼ ✲✵✳✶✼ ✲✵✳✷✾ ✲✵✳✸✹ ✲✵✳✹✼

P♦❧✐❝② r❡❣✐♠❡✿ ❋❡❞ ♣♦❧✐❝② r✉❧❡

◗✉✐♥t✐❧❡s ♦❢ ♠♦♥❡② ❤♦❧❞✐♥❣s ◗✉✐♥t✐❧❡s ♦❢ ❝❛♣✐t❛❧ ❤♦❧❞✐♥❣s
✶✳ ✷✳ ✸✳ ✹✳ ✺✳ ✶✳ ✷✳ ✸✳ ✹✳ ✺✳

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✹✷ ✲✵✳✹✷ ✲✵✳✸✺ ✲✵✳✷✼ ✲✵✳✶✾ ✲✵✳✸✻ ✲✵✳✸✷ ✲✵✳✸✶ ✲✵✳✸✷ ✲✵✳✸✷
▼❡❞✐❛♥ ✲✵✳✺✸ ✲✵✳✹✻ ✲✵✳✸✻ ✲✵✳✷✹ ✲✵✳✵✼ ✲✵✳✹✺ ✲✵✳✸✾ ✲✵✳✸✼ ✲✵✳✸✻ ✲✵✳✸✹

◗✉✐♥t✐❧❡s ♦❢ ❤✉♠❛♥ ❝❛♣✐t❛❧

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✷✻ ✲✵✳✸✷ ✲✵✳✸✺ ✲✵✳✸✷ ✲✵✳✸✼
▼❡❞✐❛♥ ✲✵✳✷✹ ✲✵✳✸✶ ✲✵✳✸✼ ✲✵✳✸✻ ✲✵✳✹✺

◆♦t❡s✿ ❲❡❧❢❛r❡ ❝♦sts ✐♥ t❡r♠s ♦❢ ❝♦♥s✉♠♣t✐♦♥ ❡q✉✐✈❛❧❡♥ts ✭❈❊✮ ❛s ❞❡✜♥❡❞ ✐♥ ✭✷✵✮✳ ❈♦♥❞✐✲
t✐♦♥❛❧ r❡❢❡rs t♦ ✐♥t❡❣r❛t✐♥❣ ♦✉t t❤❡ ♠✐ss✐♥❣ ❞✐♠❡♥s✐♦♥s✱ ✇❤❡r❡❛s ▼❡❞✐❛♥ r❡❢❡rs t♦ ♠❡❞✐❛♥
❛ss❡t ❤♦❧❞✐♥❣s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♦t❤❡r ❛ss❡ts✳ ❲❡ tr❛❝❦ ❤♦✉s❡❤♦❧❞s ♦✈❡r ✷✵ q✉❛rt❡rs ❛♥❞
❛✈❡r❛❣❡ ♦✈❡r ✶✵✵ ✐♥❞❡♣❡♥❞❡♥t ♠♦❞❡❧ s✐♠✉❧❛t✐♦♥s✳

✸✸



✼ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ❡①❛♠✐♥❡s ❤♦✇ ✈❛r✐❛t✐♦♥s ✐♥ ✉♥❝❡rt❛✐♥t② ❛❜♦✉t ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ ❛✛❡❝t t❤❡

♠❛❝r♦❡❝♦♥♦♠② t❤r♦✉❣❤ ♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣s✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ❞❡✈❡❧♦♣ ❛ ♥♦✈❡❧ ❛♥❞

tr❛❝t❛❜❧❡ ❢r❛♠❡✇♦r❦ t❤❛t ❝♦♠❜✐♥❡s ♥♦♠✐♥❛❧ r✐❣✐❞✐t✐❡s ❛♥❞ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts ✐♥ ✇❤✐❝❤

❤♦✉s❡❤♦❧❞s ❝❤♦♦s❡ ♣♦rt❢♦❧✐♦s ♦❢ ❧✐q✉✐❞ ♣❛♣❡r ❛♥❞ ✐❧❧✐q✉✐❞ ♣❤②s✐❝❛❧ ❛ss❡ts ✕ ♠❡r❣✐♥❣ ✐♥❝♦♠✲

♣❧❡t❡ ♠❛r❦❡ts ✇✐t❤ ✇❡❛❧t❤② ❤❛♥❞✲t♦✲♠♦✉t❤ ❝♦♥s✉♠❡rs ❛♥❞ ◆❡✇ ❑❡②♥❡s✐❛♥ ♠♦❞❡❧✐♥❣✳ ■♥

t❤✐s ♠♦❞❡❧✱ ❤✐❣❤❡r ✉♥❝❡rt❛✐♥t② ❛❜♦✉t ✐♥❝♦♠❡ tr✐❣❣❡rs ❛ ✢✐❣❤t t♦ ❧✐q✉✐❞✐t② ❜❡❝❛✉s❡ ✐t ✐s

s✉♣❡r✐♦r ❢♦r s❤♦rt✲r✉♥ ❝♦♥s✉♠♣t✐♦♥ s♠♦♦t❤✐♥❣✳ ❚❤✐s r❡❞✉❝❡s ♥♦t ♦♥❧② ❝♦♥s✉♠♣t✐♦♥ ❜✉t

❛❧s♦ ✐♥✈❡st♠❡♥t ❛♥❞ ❤❡♥❝❡ ❞❡♣r❡ss❡s ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t②✳

❈❛❧✐❜r❛t✐♥❣ t❤❡ ♠♦❞❡❧ t♦ ♠❛t❝❤ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✉♥❝❡rt❛✐♥t② ❛❜♦✉t ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡

✐♥ t❤❡ ❯✳❙✳✱ ✇❡ ✜♥❞ t❤❛t ❛ s♣✐❦❡ ✐♥ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t② ❝❛♥ ❧❡❛❞ t♦ s✉❜st❛♥t✐✈❡ ♦✉t♣✉t✱

❝♦♥s✉♠♣t✐♦♥✱ ❛♥❞ ✐♥✈❡st♠❡♥t ❧♦ss❡s✳ ❚❤✐s ♠❛② ❤❡❧♣ ✉s t♦ ✉♥❞❡rst❛♥❞ t❤❡ s❧♦✇ r❡❝♦✈❡r②

♦❢ t❤❡ ❯✳❙✳ ❡❝♦♥♦♠② ❞✉r✐♥❣ t❤❡ ●r❡❛t ❘❡❝❡ss✐♦♥✱ ❢♦r ✇❤✐❝❤ ✇❡ ❞♦❝✉♠❡♥t ❛ s❤✐❢t t♦✇❛r❞

❧✐q✉✐❞ ❛ss❡ts ❛❝r♦ss ❛❧❧ ♣❡r❝❡♥t✐❧❡s ♦❢ t❤❡ ❯✳❙✳ ✇❡❛❧t❤ ❞✐str✐❜✉t✐♦♥✳ ❲❡ ✜♥❞ t❤❛t ❛ t✇♦

st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥❝r❡❛s❡ ✐♥ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t② ❣❡♥❡r❛t❡s ♦✉t♣✉t ❧♦ss❡s t❤❛t

❛r❡ s✐③❛❜❧❡✳

❚❤❡ ✇❡❧❢❛r❡ ❡✛❡❝ts ♦❢ s✉❝❤ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s ❝r✉❝✐❛❧❧② ❞❡♣❡♥❞ ♦♥ ❛ ❤♦✉s❡❤♦❧❞✬s ❛ss❡t

♣♦s✐t✐♦♥ ❛♥❞ t❤❡ st❛♥❝❡ ♦❢ ♠♦♥❡t❛r② ♣♦❧✐❝②✳ ▼♦♥❡t❛r② ♣♦❧✐❝② t❤❛t ❞r❛st✐❝❛❧❧② ✐♥❝r❡❛s❡s

t❤❡ ♠♦♥❡② s✉♣♣❧② ✐♥ t✐♠❡s ♦❢ ✐♥❝r❡❛s❡❞ ✉♥❝❡rt❛✐♥t② ❧✐♠✐ts t❤❡ ♥❡❣❛t✐✈❡ ✇❡❧❢❛r❡ ❡✛❡❝ts ♦❢

✉♥❝❡rt❛✐♥t② s❤♦❝❦s ❜✉t r❡❞✐str✐❜✉t❡s ❢r♦♠ t❤❡ ❛ss❡t ♣♦♦r t♦ t❤❡ ❛ss❡t r✐❝❤✳

❘❡❢❡r❡♥❝❡s

❆✐②❛❣❛r✐✱ ❙✳ ❘✳ ✭✶✾✾✹✮✳ ❯♥✐♥s✉r❡❞ ■❞✐♦s②♥❝r❛t✐❝ ❘✐s❦ ❛♥❞ ❆❣❣r❡❣❛t❡ ❙❛✈✐♥❣✳ ❚❤❡ ◗✉❛r✲

t❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✵✾✭✸✮✿✻✺✾✕✻✽✹✳

❆r❡❧❧❛♥♦✱ ❈✳✱ ❇❛✐✱ ❨✳✱ ❛♥❞ ❑❡❤♦❡✱ P✳ ✭✷✵✶✷✮✳ ❋✐♥❛♥❝✐❛❧ ♠❛r❦❡ts ❛♥❞ ✢✉❝t✉❛t✐♦♥s ✐♥

✉♥❝❡rt❛✐♥t②✳ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢ ▼✐♥♥❡❛♣♦❧✐s ❘❡s❡❛r❝❤ ❉❡♣❛rt♠❡♥t ❙t❛✛ ❘❡♣♦rt

✹✻✻✳

❇❛❝❤♠❛♥♥✱ ❘✳ ❛♥❞ ❇❛②❡r✱ ❈✳ ✭✷✵✶✸✮✳ ❲❛✐t✲❛♥❞✲s❡❡✬ ❜✉s✐♥❡ss ❝②❝❧❡s❄ ❏♦✉r♥❛❧ ♦❢ ▼♦♥❡t❛r②

❊❝♦♥♦♠✐❝s✱ ✻✵✭✻✮✿✼✵✹✕✼✶✾✳

❇❛s✉✱ ❙✳ ❛♥❞ ❇✉♥❞✐❝❦✱ ❇✳ ✭✷✵✶✷✮✳ ❯♥❝❡rt❛✐♥t② s❤♦❝❦s ✐♥ ❛ ♠♦❞❡❧ ♦❢ ❡✛❡❝t✐✈❡ ❞❡♠❛♥❞✳

◆❇❊❘ ❲♦r❦✐♥❣ P❛♣❡r ❙❡r✐❡s✱ ✶✽✹✷✵✳

✸✹



❇❛✉♠♦❧✱ ❲✳ ❏✳ ✭✶✾✺✷✮✳ ❚❤❡ tr❛♥s❛❝t✐♦♥s ❞❡♠❛♥❞ ❢♦r ❝❛s❤✿ ❆♥ ✐♥✈❡♥t♦r② t❤❡♦r❡t✐❝ ❛♣✲

♣r♦❛❝❤✳ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✻✻✭✹✮✿♣♣✳ ✺✹✺✕✺✺✻✳

❇❡✇❧❡②✱ ❚✳ ✭✶✾✽✵✮✳ ■♥t❡r❡st ❜❡❛r✐♥❣ ♠♦♥❡② ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st♦❝❦ ♦❢ ❝❛♣✐t❛❧✳ ♠✐♠❡♦✳

❇❧♦♦♠✱ ◆✳ ✭✷✵✵✾✮✳ ❚❤❡ ✐♠♣❛❝t ♦❢ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✼✼✭✸✮✿✻✷✸✕✻✽✺✳

❇♦r♥✱ ❇✳ ❛♥❞ P❢❡✐❢❡r✱ ❏✳ ✭✷✵✶✹✮✳ P♦❧✐❝② r✐s❦ ❛♥❞ t❤❡ ❜✉s✐♥❡ss ❝②❝❧❡✳ ❏♦✉r♥❛❧ ♦❢ ▼♦♥❡t❛r②

❊❝♦♥♦♠✐❝s✱ ✻✽✿✻✽✕✽✺✳

❈❛❧✈♦✱ ●✳ ❆✳ ✭✶✾✽✸✮✳ ❙t❛❣❣❡r❡❞ ♣r✐❝❡s ✐♥ ❛ ✉t✐❧✐t②✲♠❛①✐♠✐③✐♥❣ ❢r❛♠❡✇♦r❦✳ ❏♦✉r♥❛❧ ♦❢

▼♦♥❡t❛r② ❊❝♦♥♦♠✐❝s✱ ✶✷✭✸✮✿✸✽✸✕✸✾✽✳

❈❛rr♦❧❧✱ ❈✳ ✭✷✵✵✻✮✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❡♥❞♦❣❡♥♦✉s ❣r✐❞♣♦✐♥ts ❢♦r s♦❧✈✐♥❣ ❞②♥❛♠✐❝ st♦❝❤❛st✐❝

♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs✱ ✾✶✭✸✮✿✸✶✷✕✸✷✵✳

❈❤❡tt②✱ ❘✳✱ ●✉r❡♥✱ ❆✳✱ ▼❛♥♦❧✐✱ ❉✳✱ ❛♥❞ ❲❡❜❡r✱ ❆✳ ✭✷✵✶✶✮✳ ❆r❡ ♠✐❝r♦ ❛♥❞ ♠❛❝r♦ ❧❛❜♦r

s✉♣♣❧② ❡❧❛st✐❝✐t✐❡s ❝♦♥s✐st❡♥t❄ ❛ r❡✈✐❡✇ ♦❢ ❡✈✐❞❡♥❝❡ ♦♥ t❤❡ ✐♥t❡♥s✐✈❡ ❛♥❞ ❡①t❡♥s✐✈❡

♠❛r❣✐♥s✳ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✵✶✭✸✮✿✹✼✶✕✹✼✺✳

❈❤♦✇❞❤✉r②✱ ■✳ ❛♥❞ ❙❝❤❛❜❡rt✱ ❆✳ ✭✷✵✵✽✮✳ ❋❡❞❡r❛❧ r❡s❡r✈❡ ♣♦❧✐❝② ✈✐❡✇❡❞ t❤r♦✉❣❤ ❛ ♠♦♥❡②

s✉♣♣❧② ❧❡♥s✳ ❏♦✉r♥❛❧ ♦❢ ▼♦♥❡t❛r② ❊❝♦♥♦♠✐❝s✱ ✺✺✭✹✮✿✽✷✺✕✽✸✹✳

❈❤r✐st✐❛♥♦✱ ▲✳✱ ▼♦tt♦✱ ❘✳✱ ❛♥❞ ❘♦st❛❣♥♦✱ ▼✳ ✭✷✵✶✵✮✳ ❋✐♥❛♥❝✐❛❧ ❢❛❝t♦rs ✐♥ ❡❝♦♥♦♠✐❝

✢✉❝t✉❛t✐♦♥s✳ ❊❈❇ ❲♦r❦✐♥❣ P❛♣❡r ✶✶✾✷✳

❈❤✉❣❤✱ ❙✳ ✭✷✵✶✷✮✳ ❋✐r♠ r✐s❦ ❛♥❞ ❧❡✈❡r❛❣❡✲❜❛s❡❞ ❜✉s✐♥❡ss ❝②❝❧❡s✳ ♠✐♠❡♦✱ ❯♥✐✈❡rs✐t② ♦❢

▼❛r②❧❛♥❞✳

❉❡♥ ❍❛❛♥✱ ❲✳✱ ❘✐❡❣❧❡r✱ ▼✳✱ ❛♥❞ ❘❡♥❞❛❤❧✱ P✳ ✭✷✵✶✹✮✳ ❯♥❡♠♣❧♦②♠❡♥t ✭❢❡❛rs✮✱ ♣r❡❝❛✉t✐♦♥✲

❛r② s❛✈✐♥❣s✱ ❛♥❞ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞✳ ■♥ ✷✵✶✹ ▼❡❡t✐♥❣ P❛♣❡rs✱ ♥✉♠❜❡r ✶✵✻✷✳ ❙♦❝✐❡t② ❢♦r

❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s✳

❉❡♥ ❍❛❛♥✱ ❲✳ ❏✳ ✭✷✵✶✵✮✳ ❆ss❡ss✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛❣❣r❡❣❛t❡ ❧❛✇ ♦❢ ♠♦t✐♦♥ ✐♥ ♠♦❞❡❧s

✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❛❣❡♥ts✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✸✹✭✶✮✿✼✾✕✾✾✳

❋❡r♥á♥❞❡③✲❱✐❧❧❛✈❡r❞❡✱ ❏✳✱ ●✉❡rró♥✲◗✉✐♥t❛♥❛✱ P✳ ❆✳✱ ❑✉❡st❡r✱ ❑✳✱ ❛♥❞ ❘✉❜✐♦✲❘❛♠ír❡③✱ ❏✳

✭✷✵✶✶✮✳ ❋✐s❝❛❧ ✈♦❧❛t✐❧✐t② s❤♦❝❦s ❛♥❞ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t②✳ ◆❇❊❘ ❲♦r❦✐♥❣ P❛♣❡r ❙❡r✐❡s✱

✶✼✸✶✼✳

●❛❧í✱ ❏✳ ✭✷✵✵✽✮✳ ▼♦♥❡t❛r② P♦❧✐❝②✱ ■♥✢❛t✐♦♥✱ ❛♥❞ t❤❡ ❇✉s✐♥❡ss ❈②❝❧❡✿ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦

t❤❡ ◆❡✇ ❑❡②♥❡s✐❛♥ ❋r❛♠❡✇♦r❦✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✳

✸✺



●✐❧❝❤r✐st✱ ❙✳✱ ❙✐♠✱ ❏✳ ❲✳✱ ❛♥❞ ❩❛❦r❛❥➨❡❦✱ ❊✳ ✭✷✵✶✹✮✳ ❯♥❝❡rt❛✐♥t②✱ ✜♥❛♥❝✐❛❧ ❢r✐❝t✐♦♥s✱ ❛♥❞

✐♥✈❡st♠❡♥t ❞②♥❛♠✐❝s✳ ◆❇❊❘ ❲♦r❦✐♥❣ P❛♣❡r ❙❡r✐❡s✱ ✷✵✵✸✽✳

●♦r♥❡♠❛♥♥✱ ◆✳✱ ❑✉❡st❡r✱ ❑✳✱ ❛♥❞ ◆❛❦❛❥✐♠❛✱ ▼✳ ✭✷✵✶✷✮✳ ▼♦♥❡t❛r② ♣♦❧✐❝② ✇✐t❤ ❤❡t❡r♦❣❡✲

♥❡♦✉s ❛❣❡♥ts✳ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢ P❤✐❧❛❞❡❧♣❤✐❛✱ ❲P ◆♦✳ ✶✷✲✷✶✳

●r❡❡♥✇♦♦❞✱ ❏✳✱ ❍❡r❝♦✇✐t③✱ ❩✳✱ ❛♥❞ ❍✉✛♠❛♥✱ ●✳ ❲✳ ✭✶✾✽✽✮✳ ■♥✈❡st♠❡♥t✱ ❝❛♣❛❝✐t② ✉t✐❧✐③❛✲

t✐♦♥✱ ❛♥❞ t❤❡ r❡❛❧ ❜✉s✐♥❡ss ❝②❝❧❡✳ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✼✽✭✸✮✿✹✵✷✕✹✶✼✳

❍✐♥t❡r♠❛✐❡r✱ ❚✳ ❛♥❞ ❑♦❡♥✐❣❡r✱ ❲✳ ✭✷✵✶✵✮✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❡♥❞♦❣❡♥♦✉s ❣r✐❞♣♦✐♥ts ✇✐t❤

♦❝❝❛s✐♦♥❛❧❧② ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥ts ❛♠♦♥❣ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝

❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✸✹✭✶✵✮✿✷✵✼✹✕✷✵✽✽✳

❑❛♣❧❛♥✱ ●✳ ❛♥❞ ❱✐♦❧❛♥t❡✱ ●✳ ▲✳ ✭✷✵✶✹✮✳ ❆ ♠♦❞❡❧ ♦❢ t❤❡ ❝♦♥s✉♠♣t✐♦♥ r❡s♣♦♥s❡ t♦ ✜s❝❛❧

st✐♠✉❧✉s ♣❛②♠❡♥ts✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✽✷✿✶✶✾✾✕✶✷✸✾✳

❑✐♥❣✱ ❘✳ ●✳✱ P❧♦ss❡r✱ ❈✳ ■✳✱ ❛♥❞ ❘❡❜❡❧♦✱ ❙✳ ❚✳ ✭✶✾✽✽✮✳ Pr♦❞✉❝t✐♦♥✱ ❣r♦✇t❤ ❛♥❞ ❜✉s✐♥❡ss

❝②❝❧❡s✿ ■✳ ❚❤❡ ❜❛s✐❝ ♥❡♦❝❧❛ss✐❝❛❧ ♠♦❞❡❧✳ ❏♦✉r♥❛❧ ♦❢ ▼♦♥❡t❛r② ❊❝♦♥♦♠✐❝s✱ ✷✶✭✷✮✿✶✾✺ ✕

✷✸✷✳

❑r✉s❡❧❧✱ P✳ ❛♥❞ ❙♠✐t❤✱ ❆✳ ❆✳ ✭✶✾✾✼✮✳ ■♥❝♦♠❡ ❛♥❞ ✇❡❛❧t❤ ❤❡t❡r♦❣❡♥❡✐t②✱ ♣♦rt❢♦❧✐♦ ❝❤♦✐❝❡✱

❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ❛ss❡t r❡t✉r♥s✳ ▼❛❝r♦❡❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s✱ ✶✭✵✷✮✿✸✽✼✕✹✷✷✳

❑r✉s❡❧❧✱ P✳ ❛♥❞ ❙♠✐t❤✱ ❆✳ ❆✳ ✭✶✾✾✽✮✳ ■♥❝♦♠❡ ❛♥❞ ✇❡❛❧t❤ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t❤❡ ♠❛❝r♦❡❝♦♥✲

♦♠②✳ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✵✻✭✺✮✿✽✻✼✕✽✾✻✳

◆❛♥❝② ▲✳ ❙t♦❦❡②✱ ❘♦❜❡rt ❊✳ ▲✉❝❛s✱ ❊✳ ❈✳ P✳ ✭✶✾✽✾✮✳ ❘❡❝✉rs✐✈❡ ▼❡t❤♦❞s ✐♥ ❊❝♦♥♦♠✐❝

❉②♥❛♠✐❝s✳ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

◆❛r✐t❛✱ ❋✳ ✭✷✵✶✶✮✳ ❍✐❞❞❡♥ ❛❝t✐♦♥s✱ r✐s❦✲t❛❦✐♥❣ ❛♥❞ ✉♥❝❡rt❛✐♥t② s❤♦❝❦s✳ ♠✐♠❡♦✱ ❯♥✐✈❡rs✐t②

♦❢ ▼✐♥♥❡s♦t❛✳

P❛♥♦✉s✐✱ ❱✳ ❛♥❞ P❛♣❛♥✐❦♦❧❛♦✉✱ ❉✳ ✭✷✵✶✷✮✳ ■♥✈❡st♠❡♥t✱ ✐❞✐♦s②♥❝r❛t✐❝ r✐s❦✱ ❛♥❞ ♦✇♥❡rs❤✐♣✳

❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✻✼✭✸✮✿✶✶✶✸✕✶✶✹✽✳

❘❛✈♥✱ ▼✳ ❖✳ ❛♥❞ ❙t❡r❦✱ ❱✳ ✭✷✵✶✸✮✳ ❏♦❜ ✉♥❝❡rt❛✐♥t② ❛♥❞ ❞❡❡♣ r❡❝❡ss✐♦♥s✳ ♠✐♠❡♦✳

❙❛♥t♦s✱ ▼✳ ❙✳ ✭✶✾✾✶✮✳ ❙♠♦♦t❤♥❡ss ♦❢ t❤❡ ♣♦❧✐❝② ❢✉♥❝t✐♦♥ ✐♥ ❞✐s❝r❡t❡ t✐♠❡ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s✳

❊❝♦♥♦♠❡tr✐❝❛✱ ✺✾✭✺✮✿✶✸✻✺✕✶✸✽✷✳

❙❝❤❛❛❧✱ ❊✳ ✭✷✵✶✷✮✳ ❯♥❝❡rt❛✐♥t②✱ ♣r♦❞✉❝t✐✈✐t② ❛♥❞ ✉♥❡♠♣❧♦②♠❡♥t ✐♥ t❤❡ ❣r❡❛t r❡❝❡ss✐♦♥✳

❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢ ▼✐♥♥❡❛♣♦❧✐s✱ ♠✐♠❡♦✳
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❙♠❡ts✱ ❋✳ ❛♥❞ ❲♦✉t❡rs✱ ❘✳ ✭✷✵✵✼✮✳ ❙❤♦❝❦s ❛♥❞ ❢r✐❝t✐♦♥s ✐♥ ✉s ❜✉s✐♥❡ss ❝②❝❧❡s✿ ❆ ❜❛②❡s✐❛♥

❉❙●❊ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✾✼✭✸✮✿✺✽✻✕✻✵✻✳

❙t♦r❡s❧❡tt❡♥✱ ❑✳✱ ❚❡❧♠❡r✱ ❈✳ ■✳✱ ❛♥❞ ❨❛r♦♥✱ ❆✳ ✭✷✵✵✶✮✳ ❚❤❡ ✇❡❧❢❛r❡ ❝♦st ♦❢ ❜✉s✐♥❡ss ❝②❝❧❡s

r❡✈✐s✐t❡❞✿ ❋✐♥✐t❡ ❧✐✈❡s ❛♥❞ ❝②❝❧✐❝❛❧ ✈❛r✐❛t✐♦♥ ✐♥ ✐❞✐♦s②♥❝r❛t✐❝ r✐s❦✳ ❊✉r♦♣❡❛♥ ❊❝♦♥♦♠✐❝

❘❡✈✐❡✇✱ ✹✺✭✼✮✿✶✸✶✶✕✶✸✸✾✳

❙t♦r❡s❧❡tt❡♥✱ ❑✳✱ ❚❡❧♠❡r✱ ❈✳ ■✳✱ ❛♥❞ ❨❛r♦♥✱ ❆✳ ✭✷✵✵✹✮✳ ❈②❝❧✐❝❛❧ ❞②♥❛♠✐❝s ✐♥ ✐❞✐♦s②♥❝r❛t✐❝

❧❛❜♦r ♠❛r❦❡t r✐s❦✳ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✶✷✭✸✮✿✻✾✺✕✼✶✼✳

❚❛✉❝❤❡♥✱ ●✳ ✭✶✾✽✻✮✳ ❋✐♥✐t❡ st❛t❡ ♠❛r❦♦✈✲❝❤❛✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s t♦ ✉♥✐✈❛r✐❛t❡ ❛♥❞ ✈❡❝t♦r

❛✉t♦r❡❣r❡ss✐♦♥s✳ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs✱ ✷✵✭✷✮✿✶✼✼ ✕ ✶✽✶✳

❚♦❜✐♥✱ ❏✳ ✭✶✾✺✻✮✳ ❚❤❡ ✐♥t❡r❡st✲❡❧❛st✐❝✐t② ♦❢ tr❛♥s❛❝t✐♦♥s ❞❡♠❛♥❞ ❢♦r ❝❛s❤✳ ❚❤❡ ❘❡✈✐❡✇ ♦❢

❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ✸✽✭✸✮✿♣♣✳ ✷✹✶✕✷✹✼✳

❱❛✈r❛✱ ❏✳ ✭✷✵✶✹✮✳ ■♥✢❛t✐♦♥ ❞②♥❛♠✐❝s ❛♥❞ t✐♠❡✲✈❛r②✐♥❣ ✈♦❧❛t✐❧✐t②✿ ◆❡✇ ❡✈✐❞❡♥❝❡ ❛♥❞ ❛♥

ss ✐♥t❡r♣r❡t❛t✐♦♥✳ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✷✾✭✶✮✿✷✶✺✕✷✺✽✳
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❆ ❉②♥❛♠✐❝ P❧❛♥♥✐♥❣ Pr♦❜❧❡♠ ✇✐t❤ ❚✇♦ ❆ss❡ts

❚❤❡ ❞②♥❛♠✐❝ ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❛ ❤♦✉s❡❤♦❧❞ ✐♥ t❤❡ ♠♦❞❡❧ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t✇♦

❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥s✱ Va ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❤♦✉s❡❤♦❧❞ ❝❛♥ ❛❞❥✉st ✐ts ❝❛♣✐t❛❧ ❤♦❧❞✐♥❣s

❛♥❞ Vn ♦t❤❡r✇✐s❡

Va(m, k, h; Θ, s) =maxk′,m′
a∈Γa

u[x(m,m′
a, k, k

′, h)]

+ β
[
νEV a(m′

a, k
′, h′,Θ′, s′) + (1− ν)EV n(m′

a, k
′, h′,Θ′, s′)

]

Vn(m, k, h; Θ, s) =maxm′
n∈Γn

u[x(m,m′
n, k, k, h)]

+ β
[
νEV a(m′

n, k, h
′,Θ′, s′) + (1− ν)EV n(m′

n, k, h
′,Θ′, s′)

]
✭✷✶✮

✇❤❡r❡ t❤❡ ❜✉❞❣❡t s❡ts ❛r❡ ❣✐✈❡♥ ❜②

Γa(m, k, h; Θ, s) = {m′, k′ ≥ 0|q(Θ, s)(k′ − k) +m′ ≤ γ

1 + γ
w(Θ, s)hN + r(Θ, s)k +

m

π(Θ, s)
}

✭✷✷✮

Γn(m, k, h; Θ, s) = {m′ ≥ 0|m′ ≤ γ

1 + γ
w(Θ, s)hN + r(Θ, s)k +

m

π(Θ, s)
} ✭✷✸✮

x(m,m′, k, k′, h) =
γ

1 + γ
w(Θ, s)hN + r(Θ, s)k +

m

π(Θ, s)
− q(Θ, s)(k′ − k)−m′ ✭✷✹✮

❚♦ s❛✈❡ ♦♥ ♥♦t❛t✐♦♥✱ ❧❡t Ω ❜❡ t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ✐❞✐♦s②♥❝r❛t✐❝ st❛t❡ ✈❛r✐❛❜❧❡s ❝♦♥tr♦❧❧❡❞

❜② t❤❡ ❤♦✉s❡❤♦❧❞✱ ❧❡t Z ❜❡ t❤❡ s❡t ♦❢ ♣♦t❡♥t✐❛❧ ❛❣❣r❡❣❛t❡ st❛t❡s✱ ❧❡t Γi : Ω → Ω ❜❡ t❤❡

❝♦rr❡s♣♦♥❞❡♥❝❡ ❞❡s❝r✐❜✐♥❣ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝♦♥str❛✐♥ts✱ ❛♥❞ ❧❡t Ai(z) = {(ω, y) ∈ Ω × Ω :

y ∈ Γi(ω, z)} ❜❡ t❤❡ ❣r❛♣❤ ♦❢ Γi✳ ❍❡♥❝❡ t❤❡ st❛t❡s ❛♥❞ ❝♦♥tr♦❧s ♦❢ t❤❡ ❤♦✉s❡❤♦❧❞ ♣r♦❜❧❡♠

❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s

Ω ={ω = (m, k) ∈ R2
+ : m, k ≤ ∞} ✭✷✺✮

z ={h,Θ, s} ✭✷✻✮

❛♥❞ t❤❡ r❡t✉r♥ ❢✉♥❝t✐♦♥ F : A→ R r❡❛❞s✿

F (Γi(ω, z), ω; z) =
x1−γ
i

1− γ
✭✷✼✮

❉❡✜♥❡ t❤❡ ✈❛❧✉❡ ❜❡❢♦r❡ t❤❡ ❛❞❥✉st♠❡♥t✴♥♦♥✲❛❞❥✉st♠❡♥t s❤♦❝❦ r❡❛❧✐③❡s ❛s

v(ω, z) := νVa(ω, z) + (1− ν)Vn(ω, z).

◆♦✇ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❤♦✉s❡❤♦❧❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❞❡✜✲

✸✽



♥✐t✐♦♥s ❛❜♦✈❡ ✐♥ ❛ ❝♦♠♣❛❝t ❢♦r♠✿

Va(ω, z) = max
y∈Γa(ω,z)

[F (ω, y; z) + βwEv(y, z
′)] ✭✷✽✮

Vn(ω, z) = max
y∈Γn(ω,z)

[F (ω, y; z) + βwEv(y, z
′)]. ✭✷✾✮

❋✐♥❛❧❧② ✇❡ ❞❡✜♥❡ t❤❡ ♠❛♣♣✐♥❣ T : C(Ω) → C(Ω)✱ ✇❤❡r❡ C(Ω) ✐s t❤❡ s♣❛❝❡ ♦❢ ❜♦✉♥❞❡❞✱

❝♦♥t✐♥✉♦✉s ❛♥❞ ✇❡❛❦❧② ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s✳

(Tv)(ω, z) = νVa(ω, z) + (1− ν)Vn(ω, z) ✭✸✵✮

Va(ω, z) = max
y∈Γa(ω,z)

[F (ω, y; z) + βwEv(y, z
′)]

Vn(ω, z) = max
y∈Γn(ω,z)

[F (ω, y; z) + βwEv(y, z
′)].

❆✳✶ Pr♦♣❡rt✐❡s ♦❢ Pr✐♠✐t✐✈❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r✐♠✐t✐✈❡s ♦❢ t❤❡ ♣r♦❜❧❡♠ ♦❜✈✐♦✉s❧② ❤♦❧❞✿

P ✶✳ Pr♦♣❡rt✐❡s ♦❢ s❡ts Ω,Γa(ω, z),Γn(ω, z)

✶✳ Ω ✐s ❛ ❝♦♥✈❡① s✉❜s❡t ♦❢ R3✳

✷✳ Γi(·, z) : Ω → Ω ✐s ♥♦♥✲❡♠♣t②✱ ❝♦♠♣❛❝t✲✈❛❧✉❡❞✱ ❝♦♥t✐♥✉♦✉s✱ ♠♦♥♦t♦♥❡ ❛♥❞ ❝♦♥✈❡①

❢♦r ❛❧❧ ③✳

P ✷✳ Pr♦♣❡rt✐❡s ♦❢ r❡t✉r♥ ❢✉♥❝t✐♦♥ F

F ✐s ❜♦✉♥❞❡❞✱ ❝♦♥t✐♥✉♦✉s✱ str♦♥❣❧② ❝♦♥❝❛✈❡✱ C2 ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ t❤❡ ✐♥t❡r✐♦r ♦❢ A✱

❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ❡❛❝❤ ♦❢ ✐ts ✜rst t✇♦ ❛r❣✉♠❡♥ts✳

❆✳✷ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❱❛❧✉❡ ❛♥❞ P♦❧✐❝② ❋✉♥❝t✐♦♥s

▲❡♠♠❛ ✶✳ ❚❤❡ ♠❛♣♣✐♥❣ T ❞❡✜♥❡❞ ❜② t❤❡ ❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥ ❢♦r v ❢✉❧✜❧❧s ❇❧❛❝❦✇❡❧❧✬s s✉❢✲

✜❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ❝♦♥tr❛❝t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ ❜♦✉♥❞❡❞✱ ❝♦♥t✐♥✉♦✉s ❛♥❞ ✇❡❛❦❧② ❝♦♥❝❛✈❡

❢✉♥❝t✐♦♥s C(Ω)✳

❛✮ ■t s❛t✐s✜❡s ❞✐s❝♦✉♥t✐♥❣✳

❜✮ ■t ✐s ♠♦♥♦t♦♥✐❝✳

❝✮ ■t ♣r❡s❡r✈❡s ❜♦✉♥❞❡❞♥❡ss ✭❛ss✉♠✐♥❣ ❛♥ ❛r❜✐tr❛r② ♠❛①✐♠✉♠ ❝♦♥s✉♠♣t✐♦♥ ❧❡✈❡❧✮✳
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❞✮ ■t ♣r❡s❡r✈❡s str✐❝t ❝♦♥❝❛✈✐t②✳

❍❡♥❝❡✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥ ✐s str✐❝t❧② ❝♦♥❝❛✈❡✳ ❚❤❡ ♣♦❧✐❝② ✐s ❛ s✐♥❣❧❡✲

✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ✐♥ (m, k)✱ ❛♥❞ s♦ ✐s ♦♣t✐♠❛❧ ❝♦♥s✉♠♣t✐♦♥✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♣r♦❝❡❡❞s ✐t❡♠ ❜② ✐t❡♠ ❛♥❞ ❝❧♦s❡❧② ❢♦❧❧♦✇s ◆❛♥❝② ▲✳ ❙t♦❦❡② ✭✶✾✽✾✮

t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ❤♦✉s❡❤♦❧❞ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❡①t❡♥❞❡❞ ♠♦❞❡❧ ❝♦♥s✐sts ♦❢ t✇♦

❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥s✳

❛✮ ❉✐s❝♦✉♥t✐♥❣

▲❡t a ∈ R+ ❛♥❞ t❤❡ r❡st ❜❡ ❞❡✜♥❡❞ ❛s ❛❜♦✈❡✳ ❚❤❡♥ ✐t ❤♦❧❞s t❤❛t✿

(T (v + a))(ω, z) =ν max
y∈Γa(ω,z)

[F (ω, y, z) + βwEv(y, z
′) + a]

+ (1− ν) max
y∈Γn(ω,z)

[F (ω, y, z) + βwEv(y, z
′) + a]

=(Tv)(ω, z) + βwa

❆❝❝♦r❞✐♥❣❧②✱ T ❢✉❧✜❧❧s ❞✐s❝♦✉♥t✐♥❣✳

❜✮ ▼♦♥♦t♦♥✐❝✐t②

▲❡t g : Ω× Z → R2✱ f : Ω× Z → R2 ❛♥❞ g(ω, z) ≥ f(ω, z) ∀ω, z ∈ Ω× Z✱ t❤❡♥ ✐t

❢♦❧❧♦✇s t❤❛t✿

(Tg)(ω, z) =ν max
y∈Γa(ω,z)

[F (ω, y, z) + βwEg(y, z
′)]

+ (1− ν) max
y∈Γn(ω,z)

[F (ω, y, z) + βwEg(y, z
′)]

≥ν max
y∈Γa(ω,z)

[F (ω, y, z) + βwEf(y, z
′)]

+ (1− ν) max
y∈Γn(ω,z)

[F (ω, y, z) + βwEf(y, z
′)]

=Tf(ω, z)

❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❢♦r ✇❤✐❝❤ Tg ✐s t❤❡ ♠❛①✐♠✐③❡❞ ✈❛❧✉❡ ✐s ✉♥✐❢♦r♠❧② ❤✐❣❤❡r

t❤❛♥ t❤❡ ❢✉♥❝t✐♦♥ ❢♦r ✇❤✐❝❤ Tf ✐s t❤❡ ♠❛①✐♠✐③❡❞ ✈❛❧✉❡✳ ❚❤❡r❡❢♦r❡✱ T ♣r❡s❡r✈❡s

♠♦♥♦t♦♥✐❝✐t②✳

❝✮ ❇♦✉♥❞❡❞♥❡ss

❋r♦♠ ♣r♦♣❡rt✐❡s P✶ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♠❛♣♣✐♥❣ T ❞❡✜♥❡s ❛ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

♦✈❡r t❤❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ [F (ω, y)+βwEv(y, z
′))] ♦✈❡r t❤❡ ❝♦♠♣❛❝t

✹✵



s❡ts Γi(ω, z) ❢♦r i = {a, n}✳ ❍❡♥❝❡ t❤❡ ♠❛①✐♠✉♠ ✐s ❛tt❛✐♥❡❞✳ ❙✐♥❝❡ F ❛♥❞ v ❛r❡

❜♦✉♥❞❡❞✱ Tv ✐s ❛❧s♦ ❜♦✉♥❞❡❞✳

❞✮ ❙tr✐❝t ❈♦♥❝❛✈✐t②

▲❡t f ∈ C ′′(Ω)✱ ✇❤❡r❡ C
′′
✐s t❤❡ s❡t ♦❢ ❜♦✉♥❞❡❞✱ ❝♦♥t✐♥✉♦✉s✱ str✐❝t❧② ❝♦♥❝❛✈❡ ❢✉♥❝✲

t✐♦♥s ♦♥ Ω✳ ❙✐♥❝❡ t❤❡ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ str✐❝t❧② ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s ✐s str✐❝t❧②

❝♦♥❝❛✈❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t Ti[C
′′(Ω)] ⊆ C ′′(Ω)✱ ✇❤❡r❡ Ti ✐s ❞❡✜♥❡❞ ❜②

Tiv = max
y∈Γi(ω,z)

[F (ω, y, z) + βwEv(y, z
′)], i ∈ {a, n}

▲❡t ω0 6= ω1, θ ∈ (0, 1), ωθ = θω0 + (1− θ)ω1✳

▲❡t yj ∈ Γi(ωj , z) ❜❡ t❤❡ ♠❛①✐♠✐③❡r ♦❢ (Tif)(ωj) ❢♦r j = {0, 1} ❛♥❞ i = {a, n}✱
yθ = θy0 + (1− θ)y1✳

(Tif)(ωθ, z) ≥[F (ωθ, yθ, z) + βwEf(yθ, z
′)]

>θ[F (ω0, y0, z) + βwEf(y0, z
′))] + (1− θ)[F (ω1, y1, z) + βwEf(y1, z

′)]

=θ(Tf)(ω0, z) + (1− θ)(Tf)(ω1, z)

❚❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ yθ ❜❡✐♥❣ ❢❡❛s✐❜❧❡ ❜❡❝❛✉s❡ ♦❢ ❝♦♥✈❡① ❜✉❞❣❡t s❡ts✳

❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ str✐❝t ❝♦♥❝❛✈✐t② ♦❢ f ✳ ❙✐♥❝❡ ω0 ❛♥❞ ω1

❛r❡ ❛r❜✐tr❛r②✱ ✐t ❢♦❧❧♦✇s t❤❛t Tif ✐s str✐❝t❧② ❝♦♥❝❛✈❡✱ ❛♥❞ s✐♥❝❡ f ✐s ❛r❜✐tr❛r② t❤❛t

T [C ′′(Ω)] ⊆ C ′′(Ω)✳

▲❡♠♠❛ ✷✳ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s C2 ❛♥❞ t❤❡ ♣♦❧✐❝② ❢✉♥❝t✐♦♥ C1 ❞✐✛❡r❡♥t✐❛❜❧❡✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❤♦✐❝❡ s❡t P✶✱ ♦❢ t❤❡ r❡t✉r♥ ❢✉♥❝t✐♦♥ P✷✱ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s

♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♣r♦✈❡♥ ✐♥ ✭✶✮ ❢✉❧✜❧❧ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❙❛♥t♦s✬s ✭✶✾✾✶✮ t❤❡♦r❡♠ ♦♥

t❤❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ t❤❡ ♣♦❧✐❝② ❢✉♥❝t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ t❤❡♦r❡♠✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥

✐s C2 ❛♥❞ t❤❡ ♣♦❧✐❝② ❢✉♥❝t✐♦♥ C1 ❞✐✛❡r❡♥t✐❛❜❧❡✳

◆♦t❡ t❤❛t str♦♥❣ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ r❡t✉r♥ ❢✉♥❝t✐♦♥ ❤♦❧❞s ❢♦r ❈❘❘❆ ✉t✐❧✐t②✱ ❜❡❝❛✉s❡ ♦❢ t❤❡

❛r❜✐tr❛r② ♠❛①✐♠✉♠ ✇❡ s❡t ❢♦r ❝♦♥s✉♠♣t✐♦♥✳

▲❡♠♠❛ ✸✳ ❚❤❡ t♦t❛❧ s❛✈✐♥❣s S∗
i := m∗

i (ω, z) + q(z)k∗i (ω, z) ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ c∗i , i ∈
{a, n} ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ ω ✐❢ r(z) ✐s ♣♦s✐t✐✈❡✳ ■♥ t❤❡ ❛❞❥✉st♠❡♥t ❝❛s❡ t♦t❛❧ s❛✈✐♥❣s ❛♥❞

❝♦♥s✉♠♣t✐♦♥ ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ t♦t❛❧ r❡s♦✉r❝❡s Ra = [q(z)+ r(z)]k+m/π(z) ❢♦r ❛♥② r✭③✮✳

✹✶



Pr♦♦❢✳ ❉❡✜♥❡ ṽ(S, z) := max{m,k|m+q(z)k≤S}Ev(m, k; z
′) ❛♥❞ r❡s♦✉r❝❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥♦

❛❞❥✉st♠❡♥t Rn = r(z)k +m/π(z)✳ ❙✐♥❝❡ v ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ❛♥❞ ✐♥❝r❡❛s✐♥❣✱ s♦ ✐s ṽ ❜②

t❤❡ ❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳❞✮✳ ◆♦✇ ✇❡ ❝❛♥ ✭r❡✮✇r✐t❡ t❤❡ ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠ ❛s

Va(m, k; z) = max
S≤ γ

1+γ
w(z)hN+Ra

[u(
γ

1 + γ
w(z)hN + [q(z) + r(z)]k +m/π(z)− S) + βW ṽ(S, z)]

Vn(m, k; z) = max
m′≤ γ

1+γ
w(z)hN+Rn

[u(
γ

1 + γ
w(z)hN + r(z)k +m/π(z)−m′) + βWEv(m

′, k; z′)].

❉✉❡ t♦ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭s✉✣❝✐❡♥t✮ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✿

∂u
(

γ
1+γw(z)hN + [q(z) + r(z)]k +m/π(z)− S

)

∂c
= βW

∂ṽ(S, z)

∂S

∂u
(

γ
1+γw(z)hN + r(z)k +m/π(z)−m′

)

∂c
= βW

∂v(m′, k; z)

∂m′
. ✭✸✶✮

❙✐♥❝❡ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡s ❛r❡ ❞❡❝r❡❛s✐♥❣ ✐♥ ω = (m, k)✱ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ S ✭r❡s♣❡❝t✐✈❡❧②

m′✮✱ ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ S ✭r❡s♣❡❝t✐✈❡❧②m′✮✱ S∗
i =

{

qk′ +m′ ✐❢ i = a

qk +m′ ✐❢ i = n
♠✉st ❜❡ ✐♥❝r❡❛s✐♥❣ ✐♥ ω✳

❙✐♥❝❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✶✮ ✐s ❤❡♥❝❡ ❞❡❝r❡❛s✐♥❣ ✐♥ ω✱ s♦ ♠✉st ❜❡ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡

♦❢ ✭✸✶✮✳ ❍❡♥❝❡ ❝♦♥s✉♠♣t✐♦♥ ♠✉st ❜❡ ✐♥❝r❡❛s✐♥❣ ✐♥ ω✳

❚❤❡ ❧❛st st❛t❡♠❡♥t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ s❛♠❡ ♣r♦♦❢✳

❆✳✸ ❊✉❧❡r ❊q✉❛t✐♦♥s

❉❡♥♦t❡ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝✐❡s ❢♦r ❝♦♥s✉♠♣t✐♦♥✱ ❢♦r ♠♦♥❡② ❤♦❧❞✐♥❣s ❛♥❞ ❝❛♣✐t❛❧ ❛s x∗i ,m
∗
i , k

∗, i ∈
{a, n} r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r ❛♥ ✐♥♥❡r s♦❧✉t✐♦♥ ✐♥ t❤❡ ✭♥♦♥✲✮❛❞❥✉st♠❡♥t

❝❛s❡ r❡❛❞✿

k∗ :
∂u(x∗a)

∂x
q =βE

[

ν
∂Va(m

∗
a, k

∗; z′)

∂k
+ (1− ν)

∂Vn(m
′
a, k

′; z′)

∂k

]

✭✸✷✮

m∗
a :
∂u(x∗a)

∂x
=βE

[

ν
∂Va(m

∗
a, k

∗; z′)

∂m
+ (1− ν)

∂Vn(m
∗
a, k

∗; z′)

∂m

]

✭✸✸✮

m∗
n :
∂u(x∗n)

∂x
=βE

[

ν
∂Va(m

∗
n, k; z

′)

∂m
+ (1− ν)

∂Vn(m
∗
n, k; z

′)

∂m

]

✭✸✹✮

◆♦t❡ t❤❡ s✉❜t❧❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✭✸✸✮ ❛♥❞ ✭✸✹✮✱ ✇❤✐❝❤ ❧✐❡s ✐♥ t❤❡ ❞✐✛❡r❡♥t ❝❛♣✐t❛❧ st♦❝❦s

k′ ✈s✳ k ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❡①♣r❡ss✐♦♥s✳

✹✷



❉✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ k ❛♥❞ m✱ ✇❡ ♦❜t❛✐♥✿

∂Va(m, k; z)

∂k
=
∂u[x∗a(m, k; z)]

∂x
(q(z) + r(z)) ✭✸✺✮

∂Va(m, k; z)

∂m
=
∂u[x∗a(m, k; z)]

∂x
π(z)−1 ✭✸✻✮

∂Vn(m, k; z)

∂m
=
∂u[x∗n(m, k; z)]

∂x
π(z)−1 ✭✸✼✮

∂Vn(m, k; z)

∂k
= r(z)

∂u[x∗n(m, k; z)]

∂x
✭✸✽✮

+ βE

[

ν
∂Va[m

∗
n(m, k; z), k; z

′]

∂k
+ (1− ν)

∂V n[m∗
n(m, k; z), k; z

′]

∂k

]

= r(z)
∂u[x∗n(m, k; z)]

∂x
+ βνE

∂u{x∗a[m∗
n(m, k; z), k; z], k; z

′}
∂x

(q(z′) + r(z′))

+ β(1− ν)E
∂Vn{[m∗

n(m, k; z), k; z], k; z
′}

∂k

s✉❝❤ t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ♥♦♥✲❛❞❥✉st♠❡♥t ✐s ❞❡✜♥❡❞ r❡❝✉rs✐✈❡❧②✳

◆♦✇ ✇❡ ❝❛♥ ♣❧✉❣ t❤❡ s❡❝♦♥❞ s❡t ♦❢ ❡q✉❛t✐♦♥s ✐♥t♦ t❤❡ ✜rst s❡t ♦❢ ❡q✉❛t✐♦♥s ❛♥❞ ♦❜t❛✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ❊✉❧❡r ❡q✉❛t✐♦♥s ✭✐♥ s❧✐❣❤t❧② s❤♦rt❡♥❡❞ ♥♦t❛t✐♦♥✮✿

∂u[x∗a(m, k; z)]

∂x
q(z) =βE

[

ν
∂u[x∗a(m

∗
a, k

∗; z′)]

∂x
[q(z′) + r(z′)] + (1− ν)

∂V n(m∗
a, k

′; z′)

∂k′

]

✭✸✾✮

∂u[x∗a(m, k; z)]

∂x
=βEπ′(z′)−1

[

ν
∂u[x∗a(m

∗
a, k

∗; z′)]

∂x
+ (1− ν)

∂u[x∗n(m
∗
a, k

′; z′)]

∂x

]

✭✹✵✮

∂u[x∗n(m, k, ; z)]

∂x
=βEπ′(z′)−1

[

ν
∂u[x∗a(m

′
n, k; z

′)]

∂x
+ (1− ν)

∂u[x∗n(m
∗
n, k; z

′)]

∂x

]

✭✹✶✮

❆✳✹ ❆❧❣♦r✐t❤♠

❚❤❡ ❛❧❣♦r✐t❤♠ ✇❡ ✉s❡ t♦ s♦❧✈❡ ❢♦r ♦♣t✐♠❛❧ ♣♦❧✐❝✐❡s ❣✐✈❡♥ t❤❡ ❑r✉s❡❧❧✲❙♠✐t❤ ❢♦r❡❝❛st✐♥❣

r✉❧❡s ✐s ❛ ✈❡rs✐♦♥ ♦❢ ❍✐♥t❡r♠❛✐❡r ❛♥❞ ❑♦❡♥✐❣❡r✬s ✭✷✵✶✵✮ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❡♥❞♦❣❡♥♦✉s ❣r✐❞

♠❡t❤♦❞✱ ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞ ❜② ❈❛rr♦❧❧ ✭✷✵✵✻✮✳

■t ✇♦r❦s ✐t❡r❛t✐✈❡❧② ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♣♦❧✐❝✐❡s ❛s ❢♦❧❧♦✇s✿ ❙t❛rt ✇✐t❤ s♦♠❡ ❣✉❡ss ❢♦r

t❤❡ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s x∗a ❛♥❞ x∗n ♦♥ ❛ ❣✐✈❡♥ ❣r✐❞ (m, k) ∈M ×K✳ ❉❡✜♥❡ t❤❡ s❤❛❞♦✇ ✈❛❧✉❡

✹✸



♦❢ ❝❛♣✐t❛❧

β−1ψ(m, k; z) :=νE

{
∂u{x∗a[m∗

n(m, k, z), k; z
′]}

∂x
[q(z′) + r(z′)]

}

✭✹✷✮

+ (1− ν)E
∂Vn[m

∗
n(m, k, z), k; z

′]

∂k

= νE

{
∂u{x∗a[m∗

n(m, k, z), k; z
′]}

∂x
[q(z′) + r(z′)]

}

+ (1− ν)E

{
∂u{x∗n(m∗

n(m, k, z), k; z
′)]

∂x
r(z′)

}

+ (1− ν)E
{
ψ[m∗

n(m, k, z), k; z
′]
}
.

●✉❡ss ✐♥✐t✐❛❧❧② ψ = 0✳ ❚❤❡♥

✶✳ ❙♦❧✈❡ ❢♦r ❛♥ ✉♣❞❛t❡ ♦❢ x∗n ❜② st❛♥❞❛r❞ ❡♥❞♦❣❡♥♦✉s ❣r✐❞ ♠❡t❤♦❞s ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✹✶✮✱

❛♥❞ ❞❡♥♦t❡ m∗
n(m, k; z) ❛s t❤❡ ♦♣t✐♠❛❧ ♠♦♥❡② ❤♦❧❞✐♥❣s ✇✐t❤♦✉t ❝❛♣✐t❛❧ ❛❞❥✉st♠❡♥t✳

✷✳ ❋✐♥❞ ❢♦r ❡✈❡r② k′ ♦♥✲❣r✐❞ s♦♠❡ ✭♦✛✲❣r✐❞✮ ✈❛❧✉❡ ♦❢ m̃∗
a(k

′; z) s✉❝❤ t❤❛t ❝♦♠❜✐♥✐♥❣

✭✹✵✮ ❛♥❞ ✭✸✾✮ ②✐❡❧❞s✿

0 = νE

{
∂u[x∗a(m̃

∗
a(k

′, z), k′; z′)]

∂x

[
q(z′) + r(z′)

q(z)
− π(z′)−1

]}

✭✹✸✮

+ (1− ν)E

{
∂u[x∗n(m̃

∗
a(k

′, z), k′; z′)]

∂x

[
r(z′)

q(z)
− π(z′)−1

]}

+ (1− ν)E

[
ψ(m̃∗

a(k
′, z), k′; z′)

q(z)

]

◆✳❇✳ t❤❛t Eψ t❛❦❡s t❤❡ st♦❝❤❛st✐❝ tr❛♥s✐t✐♦♥s ✐♥ h′ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ❞♦❡s ♥♦t r❡♣❧❛❝❡

t❤❡ ❡①♣❡❝t❛t✐♦♥s ♦♣❡r❛t♦r ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ψ✳ ■❢ ♥♦ s♦❧✉t✐♦♥ ❡①✐sts✱ s❡t m̃∗
a = 0✳

❯♥✐q✉❡♥❡ss ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❡①✐st❡♥❝❡✮ ♦❢ m̃∗
a ❢♦❧❧♦✇s ❢r♦♠ t❤❡ str✐❝t ❝♦♥❝❛✈✐t② ♦❢ v✳

✸✳ ❙♦❧✈❡ ❢♦r t♦t❛❧ ✐♥✐t✐❛❧ r❡s♦✉r❝❡s✱ ❜② s♦❧✈✐♥❣ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥ ✭✹✵✮ ❢♦r x̃∗(k′, z)✱

s✉❝❤ t❤❛t✿

x̃∗(k′, z)

=
∂u

∂x

−1{

βEπ(z′)−1

[

ν
∂u{x∗a[m∗

a(k
′, z), k′; z′]}

∂x
+ (1− ν)

∂u{x∗n[m∗
a(k

′, z), k′; z′]

∂x

]}

✭✹✹✮

✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❡①♣r❡ss✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ✐♥t❡r♣♦❧❛t✐♥❣ x∗a(m
∗
a(k

′, z), k′, z′)

❢r♦♠ t❤❡ ♦♥✲❣r✐❞ ❣✉❡ss❡s x∗a(m, k; z) ❛♥❞ t❛❦✐♥❣ ❡①♣❡❝t❡❞ ✈❛❧✉❡s ✇✐t❤ r❡s♣❡❝t t♦ z′✳

❚❤✐s ✇❛② ✇❡ ♦❜t❛✐♥ t♦t❛❧ ♥♦♥✲❤✉♠❛♥ r❡s♦✉r❝❡s R̃a(k
′, z) t❤❛t ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤

✹✹



♣❧❛♥s (m∗(k′), k′) ❛♥❞ ❛ ❝♦♥s✉♠♣t✐♦♥ ♣♦❧✐❝② ˜̃x∗a(R̃a(k
′, z), z) ✐♥ t♦t❛❧ r❡s♦✉r❝❡s✳

✹✳ ❙✐♥❝❡ ✭❝♦♥s✉♠♣t✐♦♥✮ ♣♦❧✐❝✐❡s ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ r❡s♦✉r❝❡s✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❝♦♥s✉♠♣t✐♦♥

♣♦❧✐❝② ✉♣❞❛t❡s ❛s ❢♦❧❧♦✇s✿ ❈❛❧❝✉❧❛t❡ t♦t❛❧ r❡s♦✉r❝❡s ❢♦r ❡❛❝❤ (m, k) ♣❛✐r Ra(m, k) =

(q+r)k+m/π ❛♥❞ ✉s❡ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♣♦❧✐❝② ♦❜t❛✐♥❡❞ ❜❡❢♦r❡ t♦ ✉♣❞❛t❡ x∗a(m, k, z)

❜② ✐♥t❡r♣♦❧❛t✐♥❣ ❛t Ra(m, k) ❢r♦♠ t❤❡ s❡t
{

(˜̃x∗a(R̃a(k
′, z), z), Ra(k

′, z))
∣
∣
∣k′ ∈ K

}

✳✶✻

✺✳ ❯♣❞❛t❡ ψ✿ ❈❛❧❝✉❧❛t❡ ❛ ♥❡✇ ✈❛❧✉❡ ♦❢ ψ ✉s✐♥❣ ✭✸✽✮✱ s✉❝❤ t❤❛t✿

ψnew(m, k, z) =βνE

{
∂u{x∗a[m∗

n(m, k, z), k; z
′]}

∂x
[q(z′) + r(z′)]

}

+ β(1− ν)E

{
∂u{x∗n(m∗

n(m, k, z), k; z
′)]

∂x
r(z′)

}

+ β(1− ν)E
{

ψold[m∗
n(m, k, z), k; z

′]
}

. ✭✹✺✮

♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ✉♣❞❛t❡❞ ❝♦♥s✉♠♣t✐♦♥ ♣♦❧✐❝✐❡s✳

❇ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ❙t♦❝❤❛st✐❝ ❱♦❧❛t✐❧✐t② Pr♦❝❡ss ❢♦r ❍♦✉s❡✲

❤♦❧❞ ■♥❝♦♠❡

❇✳✶ ■♥❝♦♠❡ Pr♦❝❡ss

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♦❜s❡r✈❡❞ ❧♦❣✲✐♥❝♦♠❡ ♦❢ ❛ ❤♦✉s❡❤♦❧❞✱ yi,a,t✱ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❢♦✉r ❝♦♠✲

♣♦♥❡♥ts✿ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt f(oi,a,t)✱ ❛ tr❛♥s✐t♦r② ♣❛rt τi,a,t✱ ❛ ♣❡rs✐st❡♥t ♣❛rt hi,a,t✱ ❛♥❞

❛ ♣❡r♠❛♥❡♥t ♣❛rt µi s✉❝❤ t❤❛t✿

yi,a,t = f(oi,a,t) + y∗i,a,t, ✭✹✻✮

y∗i,a,t = τi,a,t + hi,a,t + µi, ✭✹✼✮

hi,a,t = ρhhi,a−1,t−1 + ǫi,a,t, ✭✹✽✮

✇❤❡r❡ oi,a,t ✐s ♦❜s❡r✈❛❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❤♦✉s❡❤♦❧❞✬s ❤❡❛❞✱ y∗i,a,t ✐s t❤❡ st♦❝❤❛st✐❝

❝♦♠♣♦♥❡♥t ♦❢ ❛ ❤♦✉s❡❤♦❧❞✬s ✐♥❝♦♠❡ ✭✏r❡s✐❞✉❛❧ ✐♥❝♦♠❡✑✮✱ t ✐s ❝❛❧❡♥❞❛r t✐♠❡✱ ❛♥❞ a ✐s t❤❡

❤♦✉s❡❤♦❧❞✬s ②❡❛rs ♦❢ ❧❛❜♦r ♠❛r❦❡t ❡①♣❡r✐❡♥❝❡✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛❧❧ ❤♦✉s❡❤♦❧❞s st❛rt ✇✐t❤

hi,0,t = 0 ✇❤❡♥ t❤❡② ❡♥t❡r t❤❡ ❧❛❜♦r ♠❛r❦❡t✳

❋♦r t❤❡ s❤♦❝❦s ǫi,a,t t♦ t❤❡ ♣❡rs✐st❡♥t ♣❛rt h ✇❡ ❛ss✉♠❡ t❤❡♠ t♦ ❜❡ ●❛✉ss✐❛♥✱ ǫi,a,t ∼
N(0, σǫ,2t )✱ ✇✐t❤ ❛ t✐♠❡✲✈❛r②✐♥❣ ✈❛r✐❛♥❝❡ t❤❛t ❢♦❧❧♦✇s ❛♥ ❆❘✭✶✮ ♣r♦❝❡ss ✭✐♥ ❧♦❣s✮ ♣❧✉s

✶✻■❢ ❛ ❜♦✉♥❞❛r② s♦❧✉t✐♦♥ m̃∗(0) > 0 ✐s ❢♦✉♥❞✱ ✇❡ ✉s❡ t❤❡ ✏♥✑ ♣r♦❜❧❡♠ t♦ ♦❜t❛✐♥ ❝♦♥s✉♠♣t✐♦♥ ♣♦❧✐❝✐❡s
❢♦r r❡s♦✉r❝❡s ❜❡❧♦✇ m̃∗(0)✳

✹✺



q✉❛❞r❛t✐❝ tr❡♥❞✳

log σǫ,2t = (1− ρs)µs + ξ1t+ ξ2t
2 + ρs log σ

ǫ,2
t−1 + εt, ✭✹✾✮

εt ∼ N(0, σ2s). ✭✺✵✮

❋♦r t❤❡ ✈❛r✐❛♥❝❡s ♦❢ t❤❡ ✜①❡❞ ❡✛❡❝t µi ✇❡ ❛ss✉♠❡ t❤❡♠ t♦ ❜❡ ❝♦❤♦rt s♣❡❝✐✜❝✱ s✉❝❤ t❤❛t

µi ∼ N(0, σµ,2t−a)✱ ✇❤❡r❡ t − a ❞❡♥♦t❡s t❤❡ ❜✐rt❤ ❝♦❤♦rt✳ ❲❡ ❛ss✉♠❡ t❤❡ tr❛♥s✐t♦r② ❝♦♠✲

♣♦♥❡♥t✱ τi,a,t ∼ N(0, σ2τ )✱ t♦ ❤❛✈❡ ❛ ❝♦♥st❛♥t ✈❛r✐❛♥❝❡✳

❇✳✶✳✶ ■♥❝♦♠❡ ❱❛r✐❛♥❝❡s

❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ r❡s✐❞✉❛❧ ✐♥❝♦♠❡✱ y∗i,a,t✱ ✐s ❣✐✈❡♥ ❜②

σy,2a,t = σ2τ + σ2µ,t−a + σh,2a,t , ✭✺✶✮

σh,2a,t = ρ2hσ
h,2
a−1,t−1 + σǫ,2t ; σh,20,t = 0, ✭✺✷✮

log σǫ,2t = (1− ρs)µs + ξ1t+ ξ2t
2 + ρs log σ

ǫ,2
t−1 + εt, εt ∼ N(0, σ2s). ✭✺✸✮

❲❡ ✉s❡ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s t♦ ✐❞❡♥t✐❢② t❤❡ ♣❛r❛♠❡t❡rs ❣♦✈❡r♥✐♥❣ t❤❡ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②

♣r♦❝❡ss✱ ❊q✉❛t✐♦♥ ✭✻✮✱ {ρh, ρs, σ̄, σ2s} ❢r♦♠ t❤❡ ❞❛t❛✳✶✼

❇✳✷ ❉❛t❛

❲❡ t❛❦❡ t❤❡ ✶✾✼✵✲✷✵✵✾ ❈r♦ss✲◆❛t✐♦♥❛❧ ❊q✉✐✈❛❧❡♥t ❋✐❧❡ ✭❈◆❊❋✮ ♦❢ t❤❡ P❛♥❡❧ ❙t✉❞② ♦❢

■♥❝♦♠❡ ❉②♥❛♠✐❝s ✭P❙■❉✮ ❛♥❞ ❞r♦♣ t❤❡ ❧♦✇ ✐♥❝♦♠❡ s❛♠♣❧❡✳ ❲❡ ❦❡❡♣ ❛❧❧ ❤♦✉s❡❤♦❧❞s ✐♥

t❤❡ s❛♠♣❧❡ t❤❛t ❤❛✈❡ ❛t ❧❡❛st t✇♦ ❜✉t ♥♦ ♠♦r❡ t❤❛♥ ✶✵ ❤♦✉s❡❤♦❧❞ ♠❡♠❜❡rs ✇❤♦ ✇♦r❦

❝♦♠❜✐♥❡❞ ❛t ❧❡❛st ✶✵✹✵ ❤♦✉rs ♣❡r ②❡❛r ❛♥❞ ❛ ♠❛❧❡ ❤♦✉s❡❤♦❧❞ ❤❡❛❞ ♥♦ ②♦✉♥❣❡r t❤❛♥ ✷✺

❛♥❞ ♥♦t ♦❧❞❡r t❤❛♥ ✺✺✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❛❣❡ ♦❢ ✷✺ t♦ ✺✺ t♦ ❛❜str❛❝t ❢r♦♠ t❤❡ ❡✛❡❝ts ♦❢

❤♦✉s❡❤♦❧❞ ❢♦r♠❛t✐♦♥ ❛♥❞ r❡t✐r❡♠❡♥t✳ ❲❡ ❝♦♥str✉❝t ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ ❛s ♣r❡✲t❛① ❧❛❜♦r

✐♥❝♦♠❡ ♣❧✉s ♣r✐✈❛t❡ ❛♥❞ ♣✉❜❧✐❝ tr❛♥s❢❡rs ♠✐♥✉s ❛❧❧ t❛①❡s✳ ❚❤❡s❡ s❡❧❡❝t✐♦♥ ❝r✐t❡r✐❛ ②✐❡❧❞ ❛

s❛♠♣❧❡ t❤❛t ❤❛s ♦♥ ❛✈❡r❛❣❡ ❛❜♦✉t ✶✽✶✺ ♦❜s❡r✈❛t✐♦♥s ❢♦r ❡❛❝❤ ②❡❛r ♦❢ t❤❡ s✉r✈❡②✳

❇✳✸ ❊st✐♠❛t✐♦♥

❖✉r ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♣r♦❝❡❡❞s ✐♥ t✇♦ st❡♣s✳ ❋✐rst ✇❡ ❡st✐♠❛t❡ t❤❡ ❞❡t❡r♠✐♥✐st✐❝

❝♦♠♣♦♥❡♥t✱ f(oi,a,t) ✭❊q✳ ✭✺✹✮✮✱ ❜② r✉♥♥✐♥❣ ❛♥ ❖▲❙ r❡❣r❡ss✐♦♥ ♦❢ ❧♦❣ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡

♦♥ t✐♠❡ ❞✉♠♠✐❡s✱ ❛❣❡ ❞✉♠♠✐❡s✱ s❝❤♦♦❧✐♥❣ ❞✉♠♠✐❡s ✐♥t❡r❛❝t❡❞ ✇✐t❤ ✉♣ t♦ ❛ q✉❛❞r❛t✐❝

✶✼❲❤❡r❡ σ̄ = sqrt(exp(µs +
σ2
s

(1−ρ2s)
) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧❡✈❡❧✲♠❡❛♥ ♦❢ ❊q✉❛t✐♦♥ ✭✺✸✮✳

✹✻



❛❣❡ tr❡♥❞✱ ❛♥❞ ❤♦✉s❡❤♦❧❞ s✐③❡ ❞✉♠♠✐❡s✳

f(oi,a,t) = θ0 + θT1 Dt + θT2 xi,a,t, ✭✺✹✮

✇❤❡r❡ Dt ✐s ❛ ✈❡❝t♦r ♦❢ ②❡❛r ❞✉♠♠② ✈❛r✐❛❜❧❡s✱ t = {1970, ..., 1997, 1999, 2001, 2003,
2005, 2007, 2009}✱ ❛♥❞ xi,a,t ✐s ❛ ✈❡❝t♦r ❝♦♥t❛✐♥✐♥❣ ❛❧❧ r❡♠❛✐♥✐♥❣ r❡❣r❡ss♦rs ❢♦r ❤♦✉s❡❤♦❧❞

i ✇✐t❤ a ②❡❛rs ♦❢ ❧❛❜♦r ♠❛r❦❡t ❡①♣❡r✐❡♥❝❡ ❛t ❞❛t❡ t✳ ❲❡ ❡❧✐♠✐♥❛t❡ ❛♥② ♦❜s❡r✈❛t✐♦♥ ✇❤❡r❡

t❤❡ r❡s✐❞✉❛❧ ♦❢ t❤✐s r❡❣r❡ss✐♦♥✱ y∗i,a,t✱ ❜❡❧♦♥❣s t♦ t❤❡ ❜♦tt♦♠ ♦r t♦♣ ♣❡r ♣❡r❝❡♥t ♦❢ ❛❧❧

r❡s✐❞✉❛❧s ❢♦r ❛♥ ❛❣❡ ❣r♦✉♣✳

❋r♦♠ t❤❡ r❡s✐❞✉❛❧s ♦❢ t❤✐s r❡❣r❡ss✐♦♥✱ ✇❡ t❤❡♥ ❝❛❧❝✉❧❛t❡ t❤❡ s❛♠♣❧❡ ✈❛r✐❛♥❝❡ ✇✐t❤✐♥ ❛♥

❛❣❡✲②❡❛r ❝❡❧❧✱ s2a,t✱ ❛❝r♦ss ❛❣❡s✱ a = {1, . . . , 31}✱ ❛♥❞ t✐♠❡s t ❛s ✇❡❧❧ ❛s ❝♦✈❛r✐❛♥❝❡s c1a,t =

cov(y∗i,a,t, y
∗
i,a−1,t−1) ❛♥❞ c

2
a,t = cov(y∗i,a,t, y

∗
i,a−2,t−2)✳ ❚❤✐s ②✐❡❧❞s ✾✾✷ s❛♠♣❧❡✲✈❛r✐❛♥❝❡ ❛♥❞

✶✼✾✽ s❛♠♣❧❡✲❝♦✈❛r✐❛♥❝❡ ❡st✐♠❛t❡s✱ ✇❤❡r❡ ❡❛❝❤ ❡st✐♠❛t❡ ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ ♦♥ ❛✈❡r❛❣❡

✺✺ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡ ❧♦❣✲✐♥❝♦♠❡ r❡s✐❞✉❛❧✳

●✐✈❡♥ t❤❡ ✐♥❝♦♠❡ ♣r♦❝❡ss ❛s ❧❛✐❞ ♦✉t ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡st✐♠❛t❡s ❢♦r ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡ s2 ❛♥❞ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ❛✉t♦

❝♦✈❛r✐❛♥❝❡s ✐♥ r❡s✐❞✉❛❧ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡ c1, c2 ❢♦r ❡❛❝❤ ❛❣❡✲②❡❛r ❝♦♠❜✐♥❛t✐♦♥✳

s2a,t = σµ,2t−a + σ2τ +
a−1∑

j=1

ρ2jh σ
h,2
a−j,t−j + ψs

a,t ✭✺✺✮

c1a,t = σµ,2t−a + ρhσ
h,2
a−1,t−1 + ψc1

a,t ✭✺✻✮

c2a,t = σµ,2t−a + ρ2hσ
h,2
a−2,t−2 + ψc2

a,t ✭✺✼✮

✇❤❡r❡ σh,2a,t ♦❜❡②s ❊q✉❛t✐♦♥s ✭✺✷✮ ❛♥❞ ✭✺✸✮ ❛♥❞ ψ ❛r❡ t❤❡ r❡s✐❞✉❛❧s✳

❇✳✹ ❘❡s✉❧ts

❇✳✹✳✶ ❋✐rst✲❙t❛❣❡ ❘❡❣r❡ss✐♦♥

❚❤❡ ✜rst✲st❛❣❡ r❡❣r❡ss✐♦♥✱ ❊q✉❛t✐♦♥ ✭✺✹✮✱ ❝♦♥tr♦❧s ❢♦r ♦❜s❡r✈❛❜❧❡ ❤♦✉s❡❤♦❧❞ ❝❤❛r❛❝t❡r✐st✐❝s

❛♥❞ ❤❡♥❝❡ ✜❧t❡rs ♦✉t t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝r♦ss✲s❡❝t✐♦♥❛❧ ✈❛r✐❛t✐♦♥ ✐♥ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡✳ ❚❤❡

r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❛❜❧❡ t♦ ❡①✐st✐♥❣ st✉❞✐❡s✱ ✐♠♣❧②✐♥❣ ❛ ❝♦♥❝❛✈❡ ❡❛r♥✐♥❣s ❢✉♥❝t✐♦♥ ✐♥ ❛❣❡

❛♥❞ ❡❞✉❝❛t✐♦♥✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛❣❡✲❡❞✉❝❛t✐♦♥ ✐♥t❡r❛❝t✐♦♥s ❛s ✇❡❧❧ ❛s ❝♦♥tr♦❧❧✐♥❣ ❢♦r ❛❣❡✱

❡❞✉❝❛t✐♦♥✱ ❛♥❞ ❤♦✉s❡❤♦❧❞ s✐③❡ ♥♦♥♣❛r❛♠❡tr✐❝❛❧❧② ❝♦♥s✐❞❡r❛❜❧② r❛✐s❡s t❤❡ R2 = 0.6✳

❚❤❡ r❡s✐❞✉❛❧s ♦❢ t❤✐s r❡❣r❡ss✐♦♥ ②✐❡❧❞ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ ❝♦♠♣♦♥❡♥t ♦❢ ✐♥❝♦♠❡✱ y∗i,a,t✱

❢r♦♠ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ ❝r♦ss✲s❡❝t✐♦♥❛❧ ✈❛r✐❛t✐♦♥ ✐♥ ❤♦✉s❡❤♦❧❞ ✐♥❝♦♠❡✳

❋✐❣✉r❡ ✶✵ ❞❡♣✐❝ts t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ ✐♥❝♦♠❡ ❜② ❛❣❡ ❛✈❡r❛❣❡❞ ❛❝r♦ss ✶✾✼✵✲✷✵✵✾✳

✹✼



❋✐❣✉r❡ ✶✵✿ ■❞✐♦s②♥❝r❛t✐❝ ❝r♦ss✲s❡❝t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ❜② ❛❣❡

25 30 35 40 45 50 55
0.12

0.14

0.16

0.18

0.2

0.22

Age

R
es
id
u
a
l
V
a
ri
a
n
ce

s
2 a

◆♦t❡s✿ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ❛✈❡r❛❣❡❞ ❛❝r♦ss t✐♠❡
❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ r❡s✐❞✉❛❧s ♦❢ t❤❡ ✜rst✲st❛❣❡ r❡❣r❡ss✐♦♥✳

❚❤❡ ✈❛r✐❛♥❝❡ ❛t ❧❛❜♦r ♠❛r❦❡t ❡♥tr② ✐s ❛❧r❡❛❞② s✉❜st❛♥t✐❛❧ ❛♥❞ ✐t ✐♥❝r❡❛s❡s ❜② ❛❜♦✉t ✺✵✪

❛❢t❡r ✸✵ ②❡❛rs ♦❢ ❧❛❜♦r ♠❛r❦❡t ♣❛rt✐❝✐♣❛t✐♦♥✳ ❚❤❡ ✐♥✐t✐❛❧ ❞✐s♣❡rs✐♦♥ ❤❡❧♣s t♦ ✐❞❡♥t✐❢②

σ2τ + σµ,2t−a✱ ✇❤❡r❡❛s t❤❡ r❛t❡ ♦❢ ✐♥❝r❡❛s❡ ❝♦♥t❛✐♥s ✐♥❢♦r♠❛t✐♦♥ ♦♥ σh,2a,t ✳

❇✳✹✳✷ P❛r❛♠❡t❡r ❊st✐♠❛t❡s

❲❡ ❡st✐♠❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ❜② t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts ✭●▼▼✮

♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠ ♦❢ sq✉❛r❡❞ r❡s✐❞✉❛❧s ψ2 ❣✐✈❡♥ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ✐♥ ❊q✉❛t✐♦♥s

✭✺✺✮✱ ✭✺✻✮✱ ❛♥❞ ✭✺✼✮✿

(

ρh ρs µs ξ1 ξ2 σµ,2t σ2τ σǫ,2t

)

, ✭✺✽✮

❢♦r t = {1939, ..., 1969, . . . , 2009}✳
❲❡ ❝❛♥ tr❛❝❦ t❤❡ ❤✐st♦r② ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ♣❡rs✐st❡♥t ✐♥❝♦♠❡ s❤♦❝❦s✱ σǫ,2t ✱ ❜❛❝❦ t♦ t❤❡

②❡❛r ✇❤❡♥ t❤❡ ♦❧❞❡st ❝♦❤♦rts ❛t t❤❡ st❛rt ♦❢ t❤❡ s✉r✈❡② ✐♥ ✶✾✼✵ ❡♥t❡r❡❞ t❤❡ ❧❛❜♦r ♠❛r❦❡t✳

❚❤✐s ✇❛② ✇❡ ♦❜t❛✐♥ ❛ t✐♠❡ s❡r✐❡s ❢♦r ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t② ❣♦✐♥❣ ❜❛❝❦ t♦ ✶✾✸✾✱ s❡❡ ❋✐❣✉r❡

✶✶✳

❚❛❜❧❡ ✺ s✉♠♠❛r✐③❡s t❤❡ ♣❛r❛♠❡t❡rs ✈❛❧✉❡s ♦❢ ✐♥t❡r❡st✳ P❡rs✐st❡♥t s❤♦❝❦s t♦ ✐❞✐♦s②♥✲

❝r❛t✐❝ ✐♥❝♦♠❡ ❤❛✈❡ ❛♥ ❛♥♥✉❛❧ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ♦❢ ρh = 0.9069 ❛♥❞ ❛♥ ❛✈❡r❛❣❡ st❛♥✲

❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ σ̄ = sqrt(exp(µs +
var(σǫ,2

t )
2(1−ρ2s)

) = 0.1483 ✕ s✐♠✐❧❛r t♦ t❤❡ ❡st✐♠❛t❡s

❜② ❙t♦r❡s❧❡tt❡♥ ❡t ❛❧✳ ✭✷✵✵✹✮✳ ❋♦r s❤♦❝❦s t♦ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ♣❡rs✐st❡♥t ✐♥❝♦♠❡ s❤♦❝❦s✱

✹✽



✇❡ ❡st✐♠❛t❡ ❛♥ ❛♥♥✉❛❧ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ♦❢ ρs = 0.6651 ❛♥❞ ❛ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥ ♦❢
σs√
1−ρ2s

= sqrt(exp(
var(σǫ,2

t )
(1−ρ2s)

)− 1) = 0.607✳

❚❛❜❧❡ ✺✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s

ρh ρs σ̄ σs√
1−ρ2s

✵✳✾✵✻✾ ✵✳✻✻✺✶ ✵✳✶✹✽✸ ✵✳✻✵✼✵

◆♦t❡s✿ ❲❤❡r❡ σ̄ ✐♥ ❊q✉❛t✐♦♥ ✻ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✭❧❡✈❡❧✲✮♠❡❛♥ ♦❢ t❤❡ ♣❡r✲

s✐st❡♥t ❝♦♠♣♦♥❡♥t✱ sqrt(exp(µs+
var(σǫ,2

t )
(1−ρ2

s)
)✱ ❛♥❞ t❤❡ r✐s❦✲s❤✐❢t✐♥❣ ♣❛r❛♠❡t❡r

s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥ ✐♠♣❧✐❡❞ ❜② t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡

♣❡rs✐st❡♥t ❝♦♠♣♦♥❡♥t✱ sqrt(exp(
var(σǫ,2

t )
(1−ρ2

s)
)−1)✳ ❚❤❡s❡ ❛♥♥✉❛❧ ❡st✐♠❛t❡s ❛r❡

t❤❡♥ ❝♦♥✈❡rt❡❞ t♦ q✉❛rt❡r❧② ❢r❡q✉❡♥❝②✳

❋✐❣✉r❡ ✶✶✿ ■❞✐♦s②♥❝r❛t✐❝ ✐♥❝♦♠❡ ✉♥❝❡rt❛✐♥t② ✶✾✸✾✲✷✵✵✾
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◆♦t❡s✿ ❈♦♥str✉❝t❡❞ t✐♠❡ s❡r✐❡s ❢♦r t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ♣❡rs✐st❡♥t ✐❞✐♦s②♥❝r❛t✐❝ ✐♥❝♦♠❡ s❤♦❝❦s ❜❛s❡❞
♦♥ P❙■❉ ❞❛t❛✳ ❚❤❡ s❡❝♦♥❞ ♣❛♥❡❧ ✐s ✇✐t❤♦✉t t❤❡ ❧✐♥❡❛r✲q✉❛❞r❛t✐❝ tr❡♥❞✳

❈ ❆ss❡t ❉✐str✐❜✉t✐♦♥

❚❛❜❧❡ ✻ s✉♠♠❛r✐③❡s t❤❡ ✇❡❛❧t❤ ❞✐str✐❜✉t✐♦♥ ✐♠♣❧✐❡❞ ❜② ♦✉r ♠♦❞❡❧ ✭✐✳❡✳✱ ❢♦r t❤❡ ❜❛s❡❧✐♥❡

❝❛❧✐❜r❛t✐♦♥ ✇✐t❤♦✉t ✢✉❝t✉❛t✐♦♥s ✐♥ ✉♥❝❡rt❛✐♥t②✮✳ ❆s ✇✐t❤ ❛♥② ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts ♠♦❞❡❧

t❤❛t ❞♦❡s ♥♦t r❡s♦rt t♦ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ♣r❡❢❡r❡♥❝❡s ♦r ❡①tr❡♠❡❧② s❦❡✇❡❞ ♣r♦❝❡ss❡s ❢♦r

✐❞✐♦s②♥❝r❛t✐❝ ♣r♦❞✉❝t✐✈✐t②✱ ✇❡ ❢❛✐❧ t♦ ♠❛t❝❤ t❤❡ s❦❡✇♥❡ss ✐♥ ✇❡❛❧t❤ ❞♦❝✉♠❡♥t❡❞ ❢♦r t❤❡

❯✳❙✳ ❲❤❡r❡❛s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✇❡❛❧t❤ ❤❡❧❞ ❜② t❤❡ r✐❝❤❡st q✉✐♥t✐❧❡ ✐s ❛❜♦✉t ✽✵✪ ✐♥ t❤❡ ❯✳❙✳✱

✹✾



t❤❡ t♦♣ q✉✐♥t✐❧❡ ✐♥ ♦✉r ♠♦❞❡❧ ❤♦❧❞s ♦♥❧② ✹✶✪ ♦❢ t♦t❛❧ ✇❡❛❧t❤✳ ❚❤❡ s❛♠❡ ❞✐s❝r❡♣❛♥❝② ❤♦❧❞s

❢♦r t❤❡ ●✐♥✐ ❝♦❡✣❝✐❡♥t✱ ✇❤❡r❡ ♦✉r ♠♦❞❡❧ ❢❛❧❧s s❤♦rt ❛s ✇❡❧❧ ✕ ✵✳✸✽ ✈❡rs✉s ✵✳✽ ✐♥ t❤❡ ❞❛t❛✳

❚❛❜❧❡ ✻✿ ❆ss❡t ❞✐str✐❜✉t✐♦♥

◗✉✐♥t✐❧❡s ●✐♥✐✲❈♦❡✛✳
✶st ✷♥❞ ✸r❞ ✹t❤ ✺t❤

❋r❛❝t✐♦♥ ♦❢ t♦t❛❧ ✇❡❛❧t❤ ✸✳✻✷ ✶✵✳✾✸ ✶✼✳✾✽ ✷✻✳✶✻ ✹✶✳✸✶ ✵✳✸✽
✳✳✳s❤❛r❡ ❤❡❧❞ ✐♥ ♠♦♥❡② ✸✶✳✾✾ ✶✽✳✺✹ ✶✷✳✺✻ ✽✳✸✷ ✺✳✺✹
✳✳✳s❤❛r❡ ❤❡❧❞ ✐♥ ❝❛♣✐t❛❧ ✻✽✳✵✶ ✽✶✳✹✻ ✽✼✳✹✹ ✾✶✳✻✽ ✾✹✳✹✻

❋r❛❝t✐♦♥ ✇✐t❤♦✉t ♠♦♥❡② ✵✳✽✼ ✶✳✵✵ ✶✳✻✶ ✷✳✹✷ ✷✳✻✺
❋r❛❝t✐♦♥ ✇✐t❤♦✉t ❝❛♣✐t❛❧ ✹✳✸✵ ✵✳✶✷ ✵✳✵✷ ✵✳✵✵ ✵✳✵✵

❚❤❡s❡ s❤♦rt❝♦♠✐♥❣s ❛r❡✱ ❤♦✇❡✈❡r✱ ♥♦t ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡ ❢♦r ♦✉r tr❛♥s♠✐ss✐♦♥ ♠❡❝❤✲

❛♥✐s♠✳ ❚❤❡ t♦♣ q✉✐♥t✐❧❡ ✐s ✇❡❧❧ ✐♥s✉r❡❞✱ ❜❡❝❛✉s❡ t❤❡② ❤♦❧❞ ❛ s✐③❛❜❧❡ ❛♠♦✉♥t ♦❢ ❧✐q✉✐❞

❛ss❡ts✳ ❍❡♥❝❡✱ t❤❡② ❛r❡ ❧❡❛st ❛✛❡❝t❡❞ ❜② ✉♣s ❛♥❞ ❞♦✇♥s ✐♥ ✉♥❝❡rt❛✐♥t②✳ ❚❤❡ ❧♦✇❡r q✉✐♥✲

t✐❧❡s ❛r❡ t❤❡ ♦♥❡s ❜✉✐❧❞✐♥❣ ✉♣ ♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣s ❛♥❞ t❤✉s t❤❡ ♦♥❡s t❤❛t r❡❛❝t str♦♥❣❡st

t♦ ❝❤❛♥❣❡s ✐♥ ✉♥❝❡rt❛✐♥t②✳ ■♥ t❤✐s ❞✐♠❡♥s✐♦♥ ♦✉r ♠♦❞❡❧ r❡♣❧✐❝❛t❡s t❤❡ ❞❛t❛ ❢❛✐r❧② ✇❡❧❧✳

❚❤❡ ♣♦♦r❡st q✉✐♥t✐❧❡ ✐♥ t❤❡ ❯✳❙✳ ❤❛s ❛❜♦✉t ③❡r♦ ✇❡❛❧t❤ ♦♥ ❛✈❡r❛❣❡ ✕ ✐♥❝❧✉❞✐♥❣ ✐♥❞❡❜t❡❞

❤♦✉s❡❤♦❧❞s✳ ❚❤❡ ♣♦♦r❡st ❤♦✉s❡❤♦❧❞s ✐♥ ♦✉r ♠♦❞❡❧ ❤♦❧❞ ♦♥❧② ❢❡✇ ❛ss❡ts ✕ ✸✳✻✪ ♦❢ t♦t❛❧

✇❡❛❧t❤✳

❖✉r ♠♦❞❡❧ ❛❧s♦ ❤❛s ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ r❛t✐♦ ♦❢ ❧✐q✉✐❞ t♦ ✐❧❧✐q✉✐❞ ❛ss❡ts ❝♦♥❞✐t✐♦♥❛❧

♦♥ ❤♦✇ r✐❝❤ ❤♦✉s❡❤♦❧❞s ❛r❡ ✐♥ t♦t❛❧✳ ❍♦✉s❡❤♦❧❞s s❛✈❡ ✐♥ ♠♦♥❡② ❜❡❝❛✉s❡ ✐t ♣r♦✈✐❞❡s ❜❡tt❡r

s❤♦rt✲t❡r♠ ❝♦♥s✉♠♣t✐♦♥ s♠♦♦t❤✐♥❣ t❤❛♥ ❝❛♣✐t❛❧✳ ❚❤✐s ✈❛❧✉❡ ♦❢ ❧✐q✉✐❞✐t② ❞❡❝r❡❛s❡s ✐♥ t❤❡

❛♠♦✉♥t ♦❢ ♠♦♥❡② ❛ ❤♦✉s❡❤♦❧❞ ❤♦❧❞s✳ ❍❡♥❝❡✱ ♦✉r ♠♦❞❡❧ ✐♠♣❧✐❡s t❤❛t t❤❡ s❤❛r❡ ♦❢ ❧✐q✉✐❞

❛ss❡ts ✐♥ t❤❡ ♣♦rt❢♦❧✐♦ ❞❡❝❧✐♥❡s ✐♥ t♦t❛❧ ✇❡❛❧t❤✳ ❋✐❣✉r❡ ✶✷ ♣❧♦ts t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ ♦✉r

♠♦❞❡❧ ❛♥❞ t❤❡ ❞❛t❛ ❡q✉✐✈❛❧❡♥t t❛❦❡♥ ❢r♦♠ t❤❡ ❙✉r✈❡② ♦❢ ❈♦♥s✉♠❡r ❋✐♥❛♥❝❡s ✷✵✵✹ ✭❙❈❋✮

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥s ❜② ❑❛♣❧❛♥ ❛♥❞ ❱✐♦❧❛♥t❡ ✭✷✵✶✹✮✳ ❚❤❡ ♣♦♦r❡st ❤♦✉s❡❤♦❧❞s ✐♥

t❤❡ ❯✳❙✳ ❛♥❞ ✐♥ ♦✉r ♠♦❞❡❧ ♣r❡❞♦♠✐♥❛♥t❧② ❤♦❧❞ ❧✐q✉✐❞ ❛ss❡ts✳ ❚❤❡ s❤❛r❡ ♦❢ ❧✐q✉✐❞ ❛ss❡ts

t❤❡♥ r❛♣✐❞❧② ❢❛❧❧s ❜❡❧♦✇ ✷✵✪ ✐♥ ❜♦t❤ ❣r❛♣❤s✱ ❜✉t r✐s❡s ❛❣❛✐♥ ✐♥ t❤❡ ❙❈❋ ❢♦r t❤❡ r✐❝❤❡st

❤♦✉s❡❤♦❧❞s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ st♦❝❦s✱ ♠✉t✉❛❧ ❢✉♥❞s✱ ❛♥❞ ♥♦♥✲❣♦✈❡r♥♠❡♥t❛❧ ❜♦♥❞ ❤♦❧❞✐♥❣s

❛r❡ ❝♦♥❝❡♥tr❛t❡❞ ❛t t❤❡ t♦♣ q✉✐♥t✐❧❡s ❛s ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❜r♦❛❞ ❧✐q✉✐❞✐t②

♠❡❛s✉r❡✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s ❛❧❧ ♦❢ t❤♦s❡✱ t♦ t❤❡ ♥❛rr♦✇ ❞❡✜♥✐t✐♦♥✳ ■❢ ✇❡ ❛❧s♦ ❡①❝❧✉❞❡ t❤♦s❡

❛ss❡ts t❤❛t ✉s✉❛❧❧② ✐♥❞✉❝❡ s♦♠❡ tr❛♥s❛❝t✐♦♥ ❝♦st ✭❡✳❣✳✱ ❛ ❝♦♠♠✐ss✐♦♥✮ ✇❤❡♥ ❛❝q✉✐r✐♥❣

✺✵



❋✐❣✉r❡ ✶✷✿ ❙❤❛r❡ ♦❢ ❧✐q✉✐❞ ❛ss❡ts ♦❢ t♦t❛❧ ♥❡t ✇♦rt❤ ❛❣❛✐♥st ♣❡r❝❡♥t✐❧❡s ♦❢ t♦t❛❧ ✇❡❛❧t❤ ✐♥
✷✵✵✹
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SCF (broad de-nition of liquid assets)
SCF (narrow de-nition of liquid assets)

◆♦t❡s✿ ❲❡ ❝♦♠♣❛r❡ ♦✉r ♠❡❛s✉r❡ ♦❢ ❧✐q✉✐❞ ♥❡t ✇♦rt❤ ✭s❡❡ ❋✐❣✉r❡ ✶✮ t♦ ❛
❜r♦❛❞❡r ❞❡✜♥✐t✐♦♥ ♦❢ ❧✐q✉✐❞ ❛ss❡ts t❤❛t ✐♥❝❧✉❞❡s ♠✉t✉❛❧ ❢✉♥❞s✱ st♦❝❦s✱ ❛♥❞ ♥♦♥✲
❣♦✈❡r♥♠❡♥t❛❧ ❜♦♥❞s ❛s ✐♥ ❑❛♣❧❛♥ ❛♥❞ ❱✐♦❧❛♥t❡ ✭✷✵✶✹✮✳ ❋♦r ❣r❛♣❤✐❝❛❧ ✐❧❧✉str❛t✐♦♥
✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❛♥ ❊♣❛♥❡❝❤♥✐❦♦✈ ❑❡r♥❡❧✲✇❡✐❣❤t❡❞ ❧♦❝❛❧ ❧✐♥❡❛r s♠♦♦t❤❡r ✇✐t❤ ❜❛♥❞✲
✇✐❞t❤ 0.15✳

t❤❡♠ ❢r♦♠ ❛ ❜❛♥❦ ♦r ❜r♦❦❡r✱ t❤❡ s❤❛r❡ ♦❢ ❧✐q✉✐❞ ❛ss❡ts ✐s s✉❜st❛♥t✐❛❧❧② r❡❞✉❝❡❞ ❢♦r t❤❡

❛ss❡t r✐❝❤✳

❉ ◗✉❛❧✐t② ♦❢ t❤❡ ◆✉♠❡r✐❝❛❧ ❙♦❧✉t✐♦♥

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❢♦r❡❝❛st✐♥❣ r✉❧❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② r❡❣r❡ss✐♥❣ t❤❡♠ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡

❛❧❣♦r✐t❤♠ ♦♥ ✶✵✳✵✵✵ ♦❜s❡r✈❛t✐♦♥s✳ ❲❡ ❣❡♥❡r❛t❡ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❜② s✐♠✉❧❛t✐♥❣ t❤❡ ♠♦❞❡❧

✐♥ ♣❛r❛❧❧❡❧ ♦♥ ✷✵ ♠❛❝❤✐♥❡s✱ ❧❡tt✐♥❣ ❡❛❝❤ ❡❝♦♥♦♠② r✉♥ ❢♦r ✼✺✵ ♣❡r✐♦❞s ❛♥❞ ❞✐s❝❛r❞✐♥❣ t❤❡

✜rst ✷✺✵ ♣❡r✐♦❞s✳ ❚❤❡ R2 ✐s ❣❡♥❡r❛❧❧② ❛❜♦✈❡ 99% ❢♦r ❛❧❧ ❝❛❧✐❜r❛t✐♦♥s❀ s❡❡ ❚❛❜❧❡s ✾ ❛♥❞

✶✵✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♣❡r❢❡❝t st❛❜✐❧✐③❛t✐♦♥✱ πt ✐s ✈✐rt✉❛❧❧② ❝♦♥st❛♥t✱ s✉❝❤ t❤❛t t❤❡ R2 ♦❢ t❤❡

π✲❢♦r❡❝❛st✐♥❣ ✐s ❛ ♥♦♥s❡♥s✐❝❛❧ st❛t✐st✐❝✳ ❋✐❣✉r❡ ✶✸ s❤♦✇s t❤❛t ♦✉r r❡s✉❧ts ❛r❡ r♦❜✉st t♦

✐♥❝r❡❛s✐♥❣ t❤❡ r❡s♦❧✉t✐♦♥ ❢♦r t❤❡ ❛❣❣r❡❣❛t❡ st❛t❡ ✈❛r✐❛❜❧❡s✳

❋♦❧❧♦✇✐♥❣ ❉❡♥ ❍❛❛♥ ✭✷✵✶✵✮✱ ✇❡ ❛❧s♦ t❡st t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❢♦r❡✲

✺✶



❝❛st✐♥❣ r✉❧❡s✳ ❋♦r t❤✐s ✇❡ ✐♥✐t✐❛❧✐③❡ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ❢♦r❡❝❛st✐♥❣ r✉❧❡s ❛t st❡❛❞② st❛t❡

✈❛❧✉❡s✱ ❢❡❡❞ ✐♥ t❤❡ s❛♠❡ s❤♦❝❦ s❡q✉❡♥❝❡✱ ❜✉t ♦t❤❡r✇✐s❡ ❧❡t t❤❡♠ r✉♥ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❋✐❣✲

✉r❡ ✶✹ ♣❧♦ts t✐♠❡ s❡r✐❡s ♦❢ t❤❡ ♣r✐❝❡s q ❛♥❞ π ❛s ✇❡❧❧ ❛s t❤❡ st❛t❡s K ❛♥❞ M t❛❦❡♥ ❢r♦♠

t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ❢♦r❡❝❛st✐♥❣ r✉❧❡s✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❢♦r❡❝❛st✐♥❣ r✉❧❡s

tr❛❝❦ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♠♦❞❡❧ ✇✐t❤♦✉t ❛♥② t❡♥❞❡♥❝② ♦❢ ❞✐✈❡r❣❡♥❝❡✳ ❚❛❜❧❡

✼ s✉♠♠❛r✐③❡s t❤❡ ♠❡❛♥ ❛♥❞ ♠❛①✐♠✉♠ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s❡r✐❡s ❣❡♥❡r❛t❡❞ ❜② t❤❡

♠♦❞❡❧ ❛♥❞ t❤❡ ❢♦r❡❝❛st✐♥❣ r✉❧❡s✳ ❚❤❡ ♠❡❛♥ ❡rr♦r ❢♦r ❛❧❧ ❢♦✉r t✐♠❡ s❡r✐❡s ✐s ❧❡ss t❤❛♥ 0.3%✳

❚❤❡ ♠❛①✐♠✉♠ ❡rr♦rs ❛r❡ s♠❛❧❧✱ t♦♦✳

❚❛❜❧❡ ✼✿ ❋♦r❡❝❛st✐♥❣ ❡rr♦rs

Pr✐❝❡ ♦❢ ❝❛♣✐t❛❧ qt ❈❛♣✐t❛❧ Kt ■♥✢❛t✐♦♥ πt ❘❡❛❧ ♠♦♥❡② Mt

▼❡❛♥ ❊rr♦r ✵✳✷✽ ✵✳✵✼ ✵✳✵✶ ✵✳✷✷
▼❛① ❊rr♦r ✶✳✷✵ ✵✳✷✵ ✵✳✵✼ ✵✳✻✾

◆♦t❡s✿ P❡r❝❡♥t❛❣❡ ❞✐✛❡r❡♥❝❡s ✐♥ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛sts ❜❡t✇❡❡♥ ❢♦r❡❝❛st✐♥❣ r✉❧❡s ❛♥❞
♠♦❞❡❧ ❢♦r t = {1, ..., 1.500}❀ s❡❡ ❉❡♥ ❍❛❛♥ ✭✷✵✶✵✮✳

✺✷



❋✐❣✉r❡ ✶✸✿ ❯♥❝❡rt❛✐♥t② s❤♦❝❦ ✇✐t❤ ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ✐♥ ❑ ❛♥❞ ▼

❖✉t♣✉t Yt✱ ❈❛♣✐t❛❧ Kt✱
❈♦♥s✉♠♣t✐♦♥ Ct ❘❡❛❧ ♠♦♥❡② Mt ■♥✈❡st♠❡♥t It
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❊ ❲❡❧❢❛r❡

❚❛❜❧❡ ✽ ♣r♦✈✐❞❡s t❤❡ ❧♦♥❣ r✉♥ ✇❡❧❢❛r❡ ❡✛❡❝ts ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t st❛❜✐❧✐③❛t✐♦♥ ❛❢t❡r ✼✺ ②❡❛rs

✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ❜❛❝❦ ❛t ✐ts st❡❛❞② st❛t❡✳

❚❛❜❧❡ ✽✿ ❲❡❧❢❛r❡ ❛❢t❡r ✼✺ ②❡❛rs

P♦❧✐❝② r❡❣✐♠❡✿ ❈♦♥st❛♥t ♠♦♥❡② ❣r♦✇t❤

◗✉✐♥t✐❧❡s ♦❢ ♠♦♥❡② ❤♦❧❞✐♥❣s ◗✉✐♥t✐❧❡s ♦❢ ❝❛♣✐t❛❧ ❤♦❧❞✐♥❣s
✶✳ ✷✳ ✸✳ ✹✳ ✺✳ ✶✳ ✷✳ ✸✳ ✹✳ ✺✳

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✶✺ ✲✵✳✶✸ ✲✵✳✶✶ ✲✵✳✵✽ ✲✵✳✵✹ ✲✵✳✵✽ ✲✵✳✵✽ ✲✵✳✵✾ ✲✵✳✶✶ ✲✵✳✶✸
▼❡❞✐❛♥ ✲✵✳✶✼ ✲✵✳✶✹ ✲✵✳✶✵ ✲✵✳✵✻ ✵✳✵✷ ✲✵✳✶✵ ✲✵✳✶✵ ✲✵✳✶✶ ✲✵✳✶✷ ✲✵✳✶✹

◗✉✐♥t✐❧❡s ♦❢ ❍✉♠❛♥ ❈❛♣✐t❛❧

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✵✼ ✲✵✳✵✾ ✲✵✳✶✶ ✲✵✳✶✵ ✲✵✳✶✷
▼❡❞✐❛♥ ✲✵✳✵✺ ✲✵✳✵✾ ✲✵✳✶✶ ✲✵✳✶✷ ✲✵✳✶✼

P♦❧✐❝② r❡❣✐♠❡✿ ■♥✢❛t✐♦♥ st❛❜✐❧✐③❛t✐♦♥

◗✉✐♥t✐❧❡s ♦❢ ♠♦♥❡② ❤♦❧❞✐♥❣s ◗✉✐♥t✐❧❡s ♦❢ ❝❛♣✐t❛❧ ❤♦❧❞✐♥❣s
✶✳ ✷✳ ✸✳ ✹✳ ✺✳ ✶✳ ✷✳ ✸✳ ✹✳ ✺✳

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✵✷ ✲✵✳✵✹ ✲✵✳✵✺ ✲✵✳✵✺ ✲✵✳✵✻ ✲✵✳✵✹ ✲✵✳✵✹ ✲✵✳✵✹ ✲✵✳✵✺ ✲✵✳✵✺
▼❡❞✐❛♥ ✲✵✳✵✺ ✲✵✳✵✹ ✲✵✳✵✸ ✲✵✳✵✷ ✲✵✳✵✵ ✲✵✳✵✺ ✲✵✳✵✸ ✲✵✳✵✸ ✲✵✳✵✸ ✲✵✳✵✸

◗✉✐♥t✐❧❡s ♦❢ ❤✉♠❛♥ ❝❛♣✐t❛❧

❈♦♥❞✐t✐♦♥❛❧ ✵✳✵✶ ✲✵✳✵✶ ✲✵✳✵✸ ✲✵✳✵✻ ✲✵✳✶✶
▼❡❞✐❛♥ ✵✳✵✷ ✲✵✳✵✶ ✲✵✳✵✸ ✲✵✳✵✻ ✲✵✳✶✸

P♦❧✐❝② r❡❣✐♠❡✿ ❋❡❞ ♣♦❧✐❝② r✉❧❡

◗✉✐♥t✐❧❡s ♦❢ ♠♦♥❡② ❤♦❧❞✐♥❣s ◗✉✐♥t✐❧❡s ♦❢ ❝❛♣✐t❛❧ ❤♦❧❞✐♥❣s
✶✳ ✷✳ ✸✳ ✹✳ ✺✳ ✶✳ ✷✳ ✸✳ ✹✳ ✺✳

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✵✽ ✲✵✳✵✾ ✲✵✳✵✽ ✲✵✳✵✻ ✲✵✳✵✺ ✲✵✳✵✻ ✲✵✳✵✻ ✲✵✳✵✼ ✲✵✳✵✼ ✲✵✳✵✾
▼❡❞✐❛♥ ✲✵✳✶✶ ✲✵✳✵✽ ✲✵✳✵✻ ✲✵✳✵✹ ✵✳✵✵ ✲✵✳✵✼ ✲✵✳✵✻ ✲✵✳✵✼ ✲✵✳✵✼ ✲✵✳✵✽

◗✉✐♥t✐❧❡s ♦❢ ❤✉♠❛♥ ❝❛♣✐t❛❧

❈♦♥❞✐t✐♦♥❛❧ ✲✵✳✵✸ ✲✵✳✵✺ ✲✵✳✵✼ ✲✵✳✵✽ ✲✵✳✶✶
▼❡❞✐❛♥ ✲✵✳✵✶ ✲✵✳✵✹ ✲✵✳✵✼ ✲✵✳✵✾ ✲✵✳✶✺

◆♦t❡s✿ ❲❡❧❢❛r❡ ❝♦sts ✐♥ t❡r♠s ♦❢ ❝♦♥s✉♠♣t✐♦♥ ❡q✉✐✈❛❧❡♥ts ✭❈❊✮ ❛s ❞❡✜♥❡❞ ✐♥ ✭✷✵✮✳ ❈♦♥❞✐t✐♦♥❛❧
r❡❢❡rs t♦ ✐♥t❡❣r❛t✐♥❣ ♦✉t t❤❡ ♠✐ss✐♥❣ ❞✐♠❡♥s✐♦♥s✱ ✇❤❡r❡❛s ▼❡❞✐❛♥ r❡❢❡rs t♦ ♠❡❞✐❛♥ ❛ss❡t ❤♦❧❞✲
✐♥❣s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♦t❤❡r ❛ss❡ts✳ ❲❡ tr❛❝❦ ❤♦✉s❡❤♦❧❞s ♦✈❡r ✸✵✵ q✉❛rt❡rs ❛♥❞ ❛✈❡r❛❣❡ ♦✈❡r
✶✵✵ ✐♥❞❡♣❡♥❞❡♥t ♠♦❞❡❧ s✐♠✉❧❛t✐♦♥s✳

✺✺



❋ ❘♦❜✉st♥❡ss ❈❤❡❝❦s

❋♦r t❤❡ r✐s❦ ❛✈❡rs✐♦♥ ♣❛r❛♠❡t❡r✱ t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧②✱ t❤❡ ❛✈❡r❛❣❡ ♠❛r❦✉♣✱

❛♥❞ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ♣r✐❝❡ ❛❞❥✉st♠❡♥t✱ ✇❡ t❛❦❡ st❛♥❞❛r❞ ✈❛❧✉❡s ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ❛s

t❤❡r❡ ✐s ♥♦ ❞✐r❡❝t ❝♦✉♥t❡r♣❛rt ✐♥ t❤❡ ❞❛t❛✳ ❚♦ ❛❝❝♦✉♥t ❢♦r t❤✐s ❧♦♦s❡ ❝❛❧✐❜r❛t✐♦♥ str❛t❡❣②✱

✇❡ ❝❤❡❝❦ t❤❡ r♦❜✉st♥❡ss ♦❢ ♦✉r ✜♥❞✐♥❣s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛ss✉♠❡❞ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✳

❲❡ ❞♦ s♦ ❜② ✈❛r②✐♥❣ ♦♥❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛t ❛ t✐♠❡ ✇❤✐❧❡ r❡❝❛❧✐❜r❛t✐♥❣ t❤❡ ❞✐s❝♦✉♥t

❢❛❝t♦r ❛♥❞ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❢r❡q✉❡♥❝② ♦❢ ❤♦✉s❡❤♦❧❞s t♦ ♠❛t❝❤ t❤❡ t❛r❣❡t❡❞ ❝❛♣✐t❛❧ ❛♥❞

♠♦♥❡② t♦ ♦✉t♣✉t r❛t✐♦s ❛♥❞ t❤❡ ❝❛♣✐t❛❧ ❛❞❥✉st♠❡♥t ❝♦sts t♦ ♠❛t❝❤ ❛ r❡❧❛t✐✈❡ ✐♥✈❡st♠❡♥t

✈♦❧❛t✐❧✐t② ♦❢ ✸✳✶✽

❲❡ ✜♥❞ ♦✉r r❡s✉❧ts t♦ ❜❡ r♦❜✉st t♦ ❛❧❧ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣❛r❛♠❡t❡r ✈❛r✐❛t✐♦♥s✳ ❚❤❡ ✐♠✲

♣✉❧s❡ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❢♦r ♦✉t♣✉t✱ ❝♦♥s✉♠♣t✐♦♥✱ ✐♥✈❡st♠❡♥t✱ ❛♥❞ ✐♥✢❛t✐♦♥ ❛r❡ ❞✐s♣❧❛②❡❞

✐♥ ❋✐❣✉r❡ ✶✺✳ ❚❤❡ ♦✉t♣✉t ❞r♦♣ ♦♥ ✐♠♣❛❝t ❛❧✇❛②s r❡♠❛✐♥s ❛r♦✉♥❞ ✵✳✺✪ ✕ t❤❡ r❡s✉❧t ♦❢ ♦✉r

❜❛s❡❧✐♥❡ ❝❛❧✐❜r❛t✐♦♥✳ ❑❡② ❢♦r t❤✐s r♦❜✉st♥❡ss ✐s t❤❡ r❡❝❛❧✐❜r❛t✐♦♥ ♦❢ ♦t❤❡r ♣❛r❛♠❡t❡rs✳ ❋♦r

❡①❛♠♣❧❡✱ ✐❢ ❤♦✉s❡❤♦❧❞s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❧❡ss r✐s❦ ❛✈❡rs❡✱ t❤❡♥ ❝❛♣✐t❛❧ ♠✉st ❜❡ ❧❡ss ❧✐q✉✐❞

t♦ ♠❛t❝❤ t❤❡ ♦❜s❡r✈❡❞ ❤♦❧❞✐♥❣s ♦❢ ❧✐q✉✐❞ ❛ss❡ts✳ ❚❤❡r❡❢♦r❡✱ ✇❤✐❧❡ ❛ ❧♦✇❡r r✐s❦ ❛✈❡rs✐♦♥

♠❛❦❡s t❤❡ ✐♥❝r❡❛s❡ ✐♥ ♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣s ❧❡ss ♣r♦♥♦✉♥❝❡❞✱ t❤❡ ✐♥❢❡rr❡❞ ❧♦✇❡r ❧✐q✉✐❞✐t②

♦❢ ❝❛♣✐t❛❧ ✐♥t❡♥s✐✜❡s t❤❡ ❧✐q✉✐❞✐t② ❡✛❡❝t✳ ❚❤✐s ❧❡❛✈❡s t❤❡ ♦✉t♣✉t ❡✛❡❝t ❛❧♠♦st ✉♥❝❤❛♥❣❡❞✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ st❛❜✐❧✐t② ♦❢ ♦✉r r❡s✉❧ts st❡♠s ❢r♦♠ t❤❡ ♠♦❞❡❧ ✐♥❤❡r❡♥t tr❛❞❡✲♦✛s✳

✶✽❋♦r t❤❡ r♦❜✉st♥❡ss ❝❤❡❝❦ ✇❤❡r❡ ✇❡ s❡t t❤❡ ✐♥✈❡rs❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② t♦ ✶✱ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❜❡❝♦♠❡s s♦
❛ttr❛❝t✐✈❡ t♦ ❤♦✉s❡❤♦❧❞s✱ t❤❛t t❤❡ ❝❛❧✐❜r❛t✐♦♥ ❢♦r❝❡s ❝❛♣✐t❛❧ t♦ ❜❡❝♦♠❡ ✈❡r② ✐❧❧✐q✉✐❞ ✐♥ ♦r❞❡r t♦ ♠❛t❝❤
t❤❡ ♦❜s❡r✈❡❞ ♠♦♥❡② t♦ ♦✉t♣✉t r❛t✐♦✳ ❚❤❡♥✱ ❤♦✇❡✈❡r✱ ✐♥✈❡st♠❡♥t ♠♦✈❡s s♦ ❧✐tt❧❡ ✭❛s ❝❧♦s❡ t♦ ♥♦❜♦❞② ❝❛♥
tr❛❞❡✮ t❤❛t t❤❡r❡ ✐s ♥♦ ♣♦s✐t✐✈❡ ❛❞❥✉st♠❡♥t ❝♦st s✉❝❤ t❤❛t t❤❡ r❡❧❛t✐✈❡ ✐♥✈❡st♠❡♥t ✈♦❧❛t✐❧✐t② ✐s ✸✳ ■♥ t❤❡s❡
❝❛s❡s ✇❡ ❛ss✉♠❡ ♥♦ ❝❛♣✐t❛❧ ❛❞❥✉st♠❡♥t ❝♦sts✳

✺✻



❋✐❣✉r❡ ✶✺✿ ❯♥❝❡rt❛✐♥t② s❤♦❝❦ ✕ ❘♦❜✉st♥❡ss

❖✉t♣✉t Yt ❈♦♥s✉♠♣t✐♦♥ Ct ■♥✈❡st♠❡♥t It ■♥✢❛t✐♦♥ πt
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▼❛r❦✉♣ µ
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◆♦t❡s✿ ❙❡❡ ❋✐❣✉r❡ ✺ ♦r ✻✳
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● ❊q✉✐❧✐❜r✐✉♠ ❋♦r❡❝❛st✐♥❣ ❘✉❧❡s

❚❛❜❧❡s ✾ t♦ ✶✶ ❞✐s♣❧❛② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❛✇s ♦❢ ♠♦t✐♦♥ ❢♦r t❤❡ ❑r✉s❡❧❧✲❙♠✐t❤ ❡q✉✐❧✐❜r✐✉♠✳

❚❛❜❧❡ ✾✿ ▲❛✇s ♦❢ ♠♦t✐♦♥ ❢♦r t❤❡ ♣r✐❝❡ ♦❢ ❝❛♣✐t❛❧

❇❛s❡❧✐♥❡ ξ κ µ γ

θ2 = 0 θ2 = 103 θ2 = .35 ✸✯ ✺ ✵✳✵✹ ✵✳✺ ✺✯ ✶✺ ✶✯

θ3 = 0 θ3 = 0 θ3 = .9

β1
q

s1 ✶✳✼✶ ✶✳✸✾ ✶✳✼✺ ✵✳✼✾ ✷✳✵✸ ✸✳✹✻ ✲✵✳✹✹ ✵✳✶✺ ✷✳✸✻ ✺✳✶✽
s2 ✶✳✼✶ ✶✳✹✶ ✶✳✼✺ ✵✳✽✼ ✷✳✵✶ ✸✳✸✵ ✲✵✳✸✻ ✵✳✻✼ ✷✳✸✹ ✺✳✼✵
s3 ✶✳✼✵ ✶✳✺✵ ✶✳✼✼ ✵✳✽✾ ✶✳✾✾ ✸✳✶✾ ✲✵✳✸✾ ✵✳✺✸ ✷✳✸✸ ✺✳✽✺
s4 ✶✳✻✾ ✶✳✺✺ ✶✳✼✽ ✵✳✾✵ ✷✳✵✵ ✸✳✶✵ ✲✵✳✸✼ ✵✳✸✺ ✷✳✸✸ ✺✳✾✻
s5 ✶✳✼✵ ✶✳✻✷ ✶✳✼✾ ✵✳✾✶ ✷✳✵✸ ✸✳✵✾ ✲✵✳✸✺ ✵✳✷✷ ✷✳✸✹ ✻✳✵✹
s6 ✶✳✼✷ ✶✳✻✻ ✶✳✽✵ ✵✳✾✸ ✷✳✵✺ ✸✳✵✸ ✲✵✳✸✾ ✵✳✸✸ ✷✳✸✺ ✻✳✷✾
s7 ✶✳✽✷ ✶✳✼✺ ✶✳✽✷ ✶✳✵✵ ✷✳✶✹ ✸✳✵✻ ✲✵✳✷✺ ✵✳✺✶ ✷✳✹✵ ✻✳✺✽

β2
q

s1 ✵✳✺✵ ✵✳✶✷ ✵✳✷✷ ✵✳✶✹ ✵✳✻✸ ✵✳✻✺ ✵✳✹✻ ✵✳✵✽ ✵✳✼✹ ✶✳✵✷
s2 ✵✳✺✷ ✵✳✶✸ ✵✳✷✹ ✵✳✶✻ ✵✳✻✺ ✵✳✻✽ ✵✳✹✼ ✵✳✶✵ ✵✳✼✺ ✶✳✶✼
s3 ✵✳✺✸ ✵✳✶✹ ✵✳✷✻ ✵✳✶✼ ✵✳✻✻ ✵✳✻✾ ✵✳✹✽ ✵✳✶✷ ✵✳✼✼ ✶✳✸✵
s4 ✵✳✺✹ ✵✳✶✺ ✵✳✷✼ ✵✳✶✾ ✵✳✻✽ ✵✳✻✾ ✵✳✺✵ ✵✳✶✸ ✵✳✼✽ ✶✳✹✺
s5 ✵✳✺✺ ✵✳✶✻ ✵✳✷✾ ✵✳✷✷ ✵✳✻✾ ✵✳✻✾ ✵✳✺✶ ✵✳✶✺ ✵✳✼✽ ✶✳✻✵
s6 ✵✳✺✽ ✵✳✶✽ ✵✳✸✶ ✵✳✷✹ ✵✳✼✶ ✵✳✻✾ ✵✳✺✹ ✵✳✶✼ ✵✳✼✽ ✶✳✽✵
s7 ✵✳✻✶ ✵✳✷✵ ✵✳✸✹ ✵✳✷✾ ✵✳✼✹ ✵✳✼✸ ✵✳✺✼ ✵✳✷✵ ✵✳✼✾ ✷✳✵✹

β3
q

s1 ✲✵✳✽✻ ✲✵✳✽✸ ✲✶✳✵✸ ✲✵✳✹✺ ✲✶✳✵✵ ✲✶✳✾✼ ✵✳✺✺ ✲✵✳✵✹ ✲✶✳✷✷ ✲✷✳✽✼
s2 ✲✵✳✽✻ ✲✵✳✽✺ ✲✶✳✵✸ ✲✵✳✹✾ ✲✵✳✾✾ ✲✶✳✽✻ ✵✳✹✾ ✲✵✳✸✻ ✲✶✳✷✶ ✲✸✳✶✽
s3 ✲✵✳✽✼ ✲✵✳✾✵ ✲✶✳✵✹ ✲✵✳✺✶ ✲✵✳✾✾ ✲✶✳✼✾ ✵✳✹✾ ✲✵✳✷✻ ✲✶✳✷✶ ✲✸✳✷✺
s4 ✲✵✳✽✼ ✲✵✳✾✹ ✲✶✳✵✺ ✲✵✳✺✶ ✲✶✳✵✵ ✲✶✳✼✹ ✵✳✹✽ ✲✵✳✶✺ ✲✶✳✷✷ ✲✸✳✷✾
s5 ✲✵✳✽✽ ✲✵✳✾✾ ✲✶✳✵✻ ✲✵✳✺✵ ✲✶✳✵✸ ✲✶✳✼✹ ✵✳✹✻ ✲✵✳✵✼ ✲✶✳✷✸ ✲✸✳✸✵
s6 ✲✵✳✾✵ ✲✶✳✵✷ ✲✶✳✵✼ ✲✵✳✺✶ ✲✶✳✵✺ ✲✶✳✼✷ ✵✳✹✽ ✲✵✳✶✸ ✲✶✳✷✺ ✲✸✳✹✷
s7 ✲✵✳✾✽ ✲✶✳✵✽ ✲✶✳✶✵ ✲✵✳✺✺ ✲✶✳✶✸ ✲✶✳✼✹ ✵✳✸✽ ✲✵✳✷✸ ✲✶✳✸✶ ✲✸✳✺✻

R2

✾✾✳✺✺ ✾✽✳✺✹ ✾✾✳✼✵ ✾✽✳✺✷ ✾✾✳✼✹ ✾✾✳✺✽ ✾✾✳✹✵ ✾✽✳✼✼ ✾✾✳✺✼ ✾✾✳✵✵

✯ ❋♦r r❡❛❞❛❜✐❧✐t② t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❧❛✇ ♦❢ ♠♦t✐♦♥ ❛r❡ ♠✉t✐♣❧✐❡❞ ❜② 10.000✳

✺✽



❚❛❜❧❡ ✶✵✿ ▲❛✇s ♦❢ ♠♦t✐♦♥ ❢♦r ✐♥✢❛t✐♦♥

❇❛s❡❧✐♥❡ ξ κ µ γ

θ2 = 0 θ2 = 103 θ2 = .35 ✸ ✺ ✵✳✵✹ ✵✳✺ ✺ ✶✺ ✶
θ3 = 0 θ3 = 0 θ3 = .9

β1
π

s1 ✷✳✽✵ ✵✳✹✽ ✵✳✵✽ ✶✷✳✹✻ ✷✳✻✺ ✹✹✳✷✵ ✲✶✾✳✹✾ ✹✵✳✼✹ ✸✳✼✻ ✻✳✵✼
s2 ✷✳✸✼ ✵✳✹✾ ✵✳✺✵ ✶✸✳✶✾ ✷✳✹✵ ✹✸✳✺✾ ✲✶✾✳✸✵ ✸✸✳✹✶ ✸✳✺✹ ✻✳✸✹
s3 ✷✳✶✻ ✵✳✹✾ ✶✳✷✵ ✶✹✳✸✻ ✷✳✹✹ ✹✹✳✶✹ ✲✶✾✳✸✶ ✷✼✳✽✺ ✸✳✺✻ ✻✳✺✼
s4 ✶✳✻✼ ✵✳✹✾ ✶✳✹✾ ✶✹✳✸✸ ✷✳✶✼ ✹✶✳✶✼ ✲✶✾✳✷✶ ✷✶✳✻✸ ✸✳✷✻ ✻✳✺✺
s5 ✶✳✶✾ ✵✳✹✾ ✶✳✽✷ ✶✹✳✵✽ ✶✳✽✻ ✸✼✳✽✼ ✲✶✾✳✺✺ ✶✽✳✽✻ ✷✳✽✼ ✻✳✻✸
s6 ✶✳✵✵ ✵✳✹✾ ✷✳✷✵ ✶✸✳✾✾ ✶✳✹✶ ✸✹✳✼✻ ✲✶✾✳✾✷ ✷✳✵✻ ✷✳✺✹ ✻✳✺✻
s7 ✵✳✺✾ ✵✳✹✾ ✷✳✶✽ ✶✸✳✺✹ ✵✳✼✼ ✷✽✳✾✺ ✲✷✵✳✻✷ ✲✸✾✳✻✵ ✷✳✷✾ ✻✳✷✽

β2
π

s1 ✹✳✶✾ ✲✵✳✵✵ ✵✳✺✸ ✹✳✶✽ ✸✳✽✼ ✶✵✳✵✻ ✷✳✽✸ ✸✳✸✻ ✹✳✵✸ ✷✳✼✾
s2 ✹✳✸✶ ✵✳✵✵ ✵✳✼✶ ✹✳✻✹ ✸✳✾✼ ✶✶✳✹✹ ✷✳✽✺ ✸✳✽✼ ✹✳✶✷ ✸✳✵✾
s3 ✹✳✸✾ ✵✳✵✵ ✵✳✽✼ ✺✳✵✹ ✹✳✵✻ ✶✶✳✾✼ ✷✳✽✾ ✹✳✸✵ ✹✳✷✸ ✸✳✸✼
s4 ✹✳✹✼ ✵✳✵✵ ✶✳✵✷ ✺✳✹✷ ✹✳✶✹ ✶✷✳✵✼ ✷✳✾✻ ✹✳✻✾ ✹✳✷✽ ✸✳✻✺
s5 ✹✳✺✼ ✵✳✵✵ ✶✳✶✾ ✺✳✽✺ ✹✳✷✻ ✶✷✳✶✾ ✸✳✵✻ ✺✳✶✸ ✹✳✸✻ ✸✳✾✽
s6 ✹✳✼✻ ✵✳✵✵ ✶✳✸✽ ✻✳✸✾ ✹✳✹✷ ✶✷✳✸✹ ✸✳✷✶ ✺✳✻✹ ✹✳✹✾ ✹✳✸✾
s7 ✺✳✶✼ ✵✳✵✵ ✶✳✻✼ ✼✳✷✼ ✹✳✽✵ ✶✸✳✶✾ ✸✳✹✾ ✻✳✹✹ ✹✳✽✽ ✺✳✵✸

β3
π

s1 ✶✳✶✼ ✵✳✵✶ ✵✳✼✽ ✲✺✳✷✺ ✶✳✶✹ ✲✷✷✳✾✷ ✶✹✳✾✾ ✲✷✷✳✼✸ ✵✳✼✶ ✲✶✳✼✽
s2 ✶✳✷✼ ✵✳✵✶ ✵✳✹✾ ✲✺✳✼✻ ✶✳✶✶ ✲✷✷✳✷✺ ✶✹✳✼✸ ✲✶✽✳✷✸ ✵✳✼✹ ✲✷✳✵✶
s3 ✶✳✷✷ ✵✳✵✶ ✵✳✵✵ ✲✻✳✺✽ ✵✳✾✷ ✲✷✷✳✽✶ ✶✹✳✻✷ ✲✶✹✳✽✸ ✵✳✻✶ ✲✷✳✷✷
s4 ✶✳✸✻ ✵✳✵✶ ✲✵✳✷✷ ✲✻✳✺✾ ✵✳✾✷ ✲✷✶✳✷✹ ✶✹✳✹✻ ✲✶✶✳✵✹ ✵✳✻✽ ✲✷✳✷✻
s5 ✶✳✹✽ ✵✳✵✶ ✲✵✳✹✼ ✲✻✳✹✻ ✵✳✾✺ ✲✶✾✳✺✵ ✶✹✳✻✵ ✲✾✳✸✼ ✵✳✽✶ ✲✷✳✸✹
s6 ✶✳✹✵ ✵✳✵✶ ✲✵✳✼✽ ✲✻✳✹✸ ✶✳✵✺ ✲✶✽✳✵✸ ✶✹✳✼✺ ✵✳✾✶ ✵✳✽✽ ✲✷✳✸✹
s7 ✶✳✹✽ ✵✳✵✶ ✲✵✳✽✸ ✲✻✳✵✽ ✶✳✷✾ ✲✶✹✳✼✶ ✶✺✳✶✸ ✷✻✳✺✷ ✵✳✾✼ ✲✷✳✶✸

R2

✾✾✳✽✼ ✽✽✳✼✼ ✾✾✳✻✻ ✾✾✳✽✾ ✾✾✳✽✹ ✾✾✳✵✽ ✾✾✳✽✶ ✾✾✳✽✾ ✾✾✳✼✸ ✾✾✳✽✼

◆♦t❡s✿ ❋♦r r❡❛❞❛❜✐❧✐t② ❛❧❧ ✈❛❧✉❡s ❛r❡ ♠✉t✐♣❧✐❡❞ ❜② 100✳

✺✾



❚❛❜❧❡ ✶✶✿ ▲❛✇s ♦❢ ♠♦✲
t✐♦♥ ❢♦r ❢❡❞ ♣♦❧✐❝② r✉❧❡
❝♦♥t✐♥✉❡❞

❇❛s❡❧✐♥❡

θ2 = .35 θ2 = .35
θ3 = .9 θ3 = .9

β4
q β4

π

s1 ✺✳✻✺ ✶✾✳✹✸
s2 ✷✺✳✶✽ ✷✵✳✽✹
s3 ✸✸✳✺✶ ✷✵✳✼✶
s4 ✸✻✳✽✸ ✷✵✳✸✷
s5 ✹✼✳✽✵ ✶✾✳✸✾
s6 ✼✵✳✵✷ ✶✽✳✼✽
s7 ✶✶✻✳✻✾ ✶✾✳✶✺

◆♦t❡s✿ ❋♦r r❡❛❞❛❜✐❧✐t② ❛❧❧
✈❛❧✉❡s ❛r❡ ♠✉t✐♣❧✐❡❞ ❜②
100✳

✻✵


