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Abstract

We apply linear algebra techniques to precise interprocedural
dataflow analysis. Specifically, we describe analyses that deter-
mine for each program point identities that are valid among the
program variables whenever control reaches that program point.
Our analyses fully interpret assignment statements with affine ex-
pressions on the right hand side while considering other assign-
ments as non-deterministic and ignoring conditions at branches.
Under this abstraction, the analysis computes the set of all affine
relations and, more generally, all polynomial relations of bounded
degree precisely. Therunning time of our algorithmsislinear inthe
program size and polynomial in the number of occurring variables.
We also show how to deal with affine preconditions and local vari-
ables and indicate how to handle parameters and return values of
procedures.

Categories and Subject Descriptors: F3.1 [Logics and Mean-
ings of Programs]: Specifying and Verifying and Reasoning about
Programs; D.3.3 [Programming Languages]: Language Constructs
and Features—procedures, functions, and subroutines; D.3.4 [Pro-
gramming Languages]: Processors—compilers; D.3.4 [Program-
ming Languages]: Processors—optimization

General Terms. agorithms, theory, verification.

Keywords:. interprocedura analysis, linear algebra, weakest pre-
condition, affine relation, polynomial relation.

1 Introduction

The field of program analysis is concerned with designing algo-
rithms that compute information about the dynamic behavior of
programs by a static analysis. Such information is useful in many
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circumstances. Important application areas are optimizing com-
pilers and validation or verification of programs. An often used
simplification isto work with intraprocedural or context-insensitive
analyses. Intraprocedural analysestreat bodies of single procedures
(or methods) inisolation, while context-insensitive anal yses assume
conservatively that a procedure called at one call site may return to
any other call site of this procedure. The context-insensitive ap-
proach, though interprocedural, till islimited in the quality of the
computed information: if only weak information about one partic-
ular calling context of a procedure or method is available, this may
affect al other calling contexts. The design of context-sensitive in-
terprocedural analyses that mirror the actual call/return behavior of
programs is generally deemed to be challenging. Here, if we speak
about interprocedural analyses without further qualification, we al-
ways will mean context-sensitive ones.

In this paper, we show how linear algebra techniques can be used
for interprocedural flow analysis. Our specific god is to determine
for each program point affine and, more generally, polynomial re-
lations that are valid among the program variables whenever con-
trol reaches that program point. An affine relation is a condition
of the form ag + Zinﬂa,-xi =0, where ag, ..., an are constants and
X1,...,Xn ae program variables; a polynomial relation is a condi-
tion of the form p(x1,...,Xn) = O, where p is amulti-variate poly-
nomia inxy,...,Xn. Wecall an analysis precise (w.r.t. agiven class
of programs) if it computes for every program point u of a program
all valid relations of the given form which arevalid along every fea-
sible program path reaching u. (A program path is called feasible if
it mirrors the actual call/return behavior of procedures.)

Looking for valid affine and polynomial relationsisarather general
question with many applications. First of al, many classical data
flow analysis problems can be seen as problems about affine and
polynomials relations. Some examples are: finding definite equali-
tiesamong variableslike x = y; constant propagation, i.e. detecting
variables or expressions with a constant value at run-time; discov-
ery of symbolic constants like x = 5y + 2 or even x = yZ + 42;
detection of complex common sub-expressions where even expres-
sions are sought which are syntactically different but have the same
value at run-time; and discovery of loop induction variables. Karr
[10] aso discusses applications in connection with parallelization
of do-loops.

Affine and polynomia relations found by an automatic anaysis
routine are also useful in program verification contexts, asthey pro-
vide non-trivial valid assertions about the program. In particular,
certain loop invariants can be discovered in this way fully automat-
icaly. As affine and, even more, polynomial relations express quite
complex relationships among variables, the discovered assertions



may form the backbone of the program proof and thus significantly
simplify the verification task.

In this paper we consider affine programs for which our analy-
sis will be precise, i.e.,, compute not some but all affine relations
which are valid at a program point. We then extend this analysis
to compute all valid polynomia relations up to a given degree d
and to take affine preconditions into account completely. Affine
programs differ from ordinary programs over integers in that they
have non-deterministic (instead of conditional) branching, and con-
tain only assignments where the right-hand sides either equal “?”
denoting an unknown value, or are affine expressions such as in
X3 = X1 — 3X2 + 7. Clearly, in practice our analyses can aso be
applied to arbitrary programs simply by ignoring the conditions at
branchings and simulating input operations and non-affine right-
hand sides in assignments through assignments of unknown values.

To use linear algebra for program analysisis not anew idea. In his
seminal paper [10], Karr presents an intraprocedural analysis that
determines al intraprocedurally valid affine relations in an affine
program. However, the potential of linear algebra has never been
exploited fully. We extend Karr's work in three respects. Firstly,
we describe a precise interprocedural analysis of affine programs.
Secondly, we extend our algorithm to an algorithm that computes
all interprocedurally valid polynomial relations of degree bounded
by some fixed d. Thirdly, we show how to treat local variables and
indicate how to handle parameters and result values of procedures.
Our base algorithm as well as the extended algorithms run in time
linear in the program size and polynomial in the number of program
variables.

The key observation onto which our algorithms are based isthat the
weakest precondition of an affine or polynomial relation a along a
singlerun of an affine program can be determined by means of alin-
ear transformation applied to a. The set of al linear transformations
of a vector space again forms a vector space and we can compute
for each program point u the finite-dimensional subspace generated
by the linear transformations induced by the program runs reaching
u. A relation a turns out to be valid at u if and only if the sub-
space of linear transformations computed for u transforms a into O
(or arelation implied by the precondition, respectively). Thisim-
plies that the set of all valid relations can be computed as the set
of solutions of alinear equation system. Thus, finite-dimensional
subspaces of linear transformation describe the effect of procedure
calls precisely enough.

The program in Figure 1 illustrates the kind of properties our anal-
yses can handle. It consists of two procedures Main and P. After
memorizing the (unknown) initial value of variable x; in variable
Xo and initializing X3 by zero, Main calls P. Procedure P can either
terminate without changing any variable or cal itself recursively.
In the latter case, it increments x; by X2 + 1 and x3 by 1 before the
recursive call and decrements x; by x, afterwards. Therefore, the
total effect of each instance of P with a recursive call is to incre-
ment both x; and x3 by one. Thus, upon termination of the call to
PinMain (i.e., a program point 3), x3 holds the number of recur-
sive calls of P and x; the value x, + x3. Consequently, the fina
assignment in Main always assigns zero to x;. More formally, this
amounts to saying that the affine relation x; —x, —x3 = Qisvalid
at program point 3 and that the affine relation x; = 0 is valid at
program point 4.

Another interesting relationship between the variables holds when-
ever Piscadled. As mentioned, variable x3 counts the number of
recursive cals, and, thus, how often x; has been incremented by
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Figure 1. An example program.

x2 + 1. Consequently, at any call to P variable x; holds the value
X2 4 X3(X2 + 1) = XoX3 + X2 + X3. This amounts to saying that the
polynomial relation (of degree 2) xpx3 — X1 + X2 + X3 = 0 is vaid
at program points 2, 5and 7.

Related Work

Unlike our algorithm, Karr's intraprocedural algorithm [10] works
with aforward propagation of affine spaces and uses quite compli-
cated subroutines to deal with join points and assignments x; :=t
where the affine right-hand side depends on the variable x; on the
left-hand side. Similar to our approach, it abstracts non-affine as-
signments and general guards. Due to the forward propagation
strategy, however, it is able to handle positive affine guards pre-
cisely. In[13] we observe that, in absence of affine guards, check-
ing agiven affinerelation for validity at a program point can be per-
formed by asimpler backward propagating a gorithm whichin turn
isgeneralized to abackward propagating agorithm for checking ar-
bitrary polynomial relations for polynomial programs (where poly-
nomia right hand side of assignments are interpreted) in [15, 14].
In a recent paper, Gulwani and Necula [8] present a probabilistic
analysisfor finding affine relationships. Their algorithm isalso just
intraprocedurally applicable but asymptotically faster than Karr's—
at the price of a (small) probability of yielding non-valid affine re-
lations.

A generalization of these approaches to the interprocedural caseis
not obvious. The functional approach of Sharir/Pnueli [20, 11] to
designing interprocedural data flow analysesislimited to finite lat-
tices of data flow informations. Accordingly, it has successfully
been applied to the detection of copy constants [17]. In copy con-
stant detection only assignments of the form x := a are treated ex-
actly whereaisaconstant or avariable. Thelattice of affine spaces,
however, isclearly infinite. The call string approach of [20], on the
other hand, is applicable to more general lattices but abstracts the
call/return behavior of procedures. Thus, it does not lead to precise
interprocedural analyses. In more recent work on precise interpro-
cedura analysis, Horwitz et a. propose a polynomial-time algo-
rithm for detecting linear constants [9] interproceduraly. In lin-
ear constant detection only those affine assignments are interpreted
whose right-hand sides contain at most one occurrence of a vari-
able. We strictly improve on these results as our analyses treat all
affine assignments exactly and determine more general properties.



Figure 2. Another example program.

A generalization of Karr’s algorithm in another direction is the use
of polyhedra instead of affine spaces for approximately represent-
ing sets of program states; the classic reference is Cousot's and
Halbwachs' paper [6]. Polyhedra alow to determine besides affine
equalities also affine inequalities like 3x1 + 5x, < 7x3. Since the
lattice of polyhedra has infinite height, widenings must be used to
ensure termination of theanalysis (see[2] for arecent discussion)—
making it unsuitable for precise analyses. Sets of affine inequal-
ities, however, alow to relate the values of variables before and
after a procedure call (arelational analysis in the terminology of
Cousot)—thus naturally allowing for an interprocedural general-
ization. A relational analysis, however, that uses affine spaces or
polyhedra for approximating the relational semantics of procedures
is not precise enough to detect al valid affine relations in a pro-
gram with procedures. For a simple example see Figure 2. The
truerelational semantics of procedure P isdescribed by the formula
X =XgVX=2-Xg— 2) where xg represents the initial and x the fi-
nal value of the variable. The best approximation of this relation
by an affine space or polyhedron is described by the formula true.
It is obvious that this approximation of P’'s semantics is too weak
to detect that the affinerelation x = 2 isvalid at program point 2 in
procedure Main.

The paper is organized as follows. In Section 2, we formally in-
troduce the programs to be analyzed together with their semantics.
In Section 3, we introduce affine relations, their weakest precondi-
tions along a program run and explain our algorithm for this special
case. In Section 4, we generalize our approach to deal with arbitrary
polynomial relations of bounded degree. In Section 5, we extend
our approach to procedures with local variables and in Section 6 we
show how to take into account affine preconditions completely.

2 Affine Programs

We model programs by systems of non-deterministic flow graphs
that can recursively call each other as in Figure 1. Let X =
{X1,...,Xk} bethe set of (global) variablesthe program operates on.
We use x to denote the column vector® of variablesx = (xg, ..., x)".
We assume that the variables take values in afixed field F. In prac-
tice, F isthe field of rational numbers. Then a state assigning val-
ues to the variables is conveniently modeled by a k-dimensional
(column) vector X = (Xq,..., %)t € F¥; x is the value assigned to
variable x;. Note that we distinguish variables and their values by
using a different font. For astate x, avariable x; and avalue ¢ € T,
we write X[x; — ¢] for the state (X, ..., X_1,C,Xi+1,- -, Xk)"

We assume that the basic statements in the program are either affine

1The superscript “t” denotes the transpose operation which mir-
rors amatrix at the main diagonal and changes a row vector into a
column vector (and vice versa).
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assignments of the form x; = to + IK 1 tix; (with tj € F for i =
0,...,k and xj € X) or non-deterministic assignments of the form
Xj :=? (with xj € X). Assignments X; := X;j have no effect onto
the program state. They are also called skip statements and omitted
in pictures. Non-deterministic assignments X :=? represent a safe
abstraction of statements in a source program our analysis cannot
handle precisely, for example of assignments x; := t with non-affine
expressionst or of read statements read(x;). Let Stmt be the set of
basic statements.

A program comprises afinite set Proc of procedure namesthat con-
tains a distinguished procedure Main. Execution starts with a call
to Main. Each procedure name p € Proc is associated with a con-
trol flow graph Gp = (Np, Ep, Ap, €p,I'p) that consists of:

e aset Np of program points;
e aset of edges Ep C Np x Np;

e amapping Ap : Ep — Stmt U Proc that annotates each edge
with a basic statement of the form described above or a pro-
cedure call;

e aspecial entry (or start) point €y € Np; and
e aspecial return point rp € Np.

We assume that the program points of different procedures are dis-
joint: Np M Ng = 0 for p # g. This can always be enforced by re-
naming program points.

We write N for UpcprocNp, E for Upeproc Ep, and A for
Upeproc Ap- We agree that Base = {e | A(e) € Stmt} is the set
of base edges and Callp = {e | A(e) = p} is the set of edges that
call procedure p.

The core part of our algorithm can be understood as a precise ab-
stract interpretation of a constraint system characterizing the pro-
gram executions that reach program points. We represent program
executions or runs by sequences of affine assignments. Formally, a
runr isafinite sequence

=$%1;...Sm

of assignments s of the form xj :=t where xj € X and t =

to+ Zrzltixi for some tg,...,tx € F. We write Runs for the set
of runs. The set of runs reaching program point u € N can be char-
acterized as the least solution of a system of subset constraints on
run sets (see, e.g., [19] for a similar approach for explicitly paral-
lel programs). We start by defining the program executions of base
edges einisolation. If e isannotated by an affine assignment, i.e.,
A(e) = xj :=t, it givesrise to asingle execution: S(e) = {x; :=t}.
The effect of base edges e annotated by a non-deterministic assign-
ment x;j :=7?is captured by all runs that assign some value from I
tox;:

S(e) = {xj:=c|ceF}.

Thus, we capture the effect of non-deterministic assignments by
collecting all constant assignments. Next, we characterize same-
level runs. Same-level runs of procedures capture complete runs of
procedures in isolation. As auxiliary sets we consider same-level
runs of program nodes, i.e., those runs that reach a program point u
in a procedure p from a call to p on same-level, i.e., after al pro-
cedures called by p have terminated. The same-level runs of proce-
dures and program nodes are the smallest solution of the constraint
system S:



(Sl S(q) 2 S(rq)

[S2]  S(eg) 2 {e}

[S3] S(v) 2 S(u);S(e) ife=(u,v) € Base
[$4 S(v) 2S(u);S(p) ife=(u,v) e Callp

where “€” denotes the empty run, and the operator “;” denotes con-
catenation of run sets. By [S1], the set of same-level runs of a pro-
cedure g comprises al same-level runs reaching the return point of
g. By [S2], the set of same-level runs of the entry point of a pro-
cedure contains the empty run. By [S3] and [$4], a same-level run
for a program point v is obtained by considering an ingoing edge
e= (u,v). Inboth cases, we concatenate a same-level run reaching
u with arun corresponding to the edge. If e is abase edge, we con-
catenate with an edge from S(e). If eisacall to a procedure p, we
take a same-level run of p.

Next, we characterize the runs that reach program points. They are
the smallest solution of the constraint system R:

[R1] R(Main) D {e}
[R2] R(p) O R(u) if (u,-) € Callp
[R3] R(u) D R(p); S(u) if ue Np

By [R1], the procedure Main is reachable by the empty path. By
[R2], every procedure p is reachable by a path reaching a call of
p. By [R3], we obtain a run reaching a program point u in some
procedure p, by composing arun reaching p with a same-level run
reaching u.

So far, we have furnished procedural flow graphs with a symbolic
operational semantics only by describing the sets of sequences
of assignments possibly reaching program points. Each of these
runs gives rise to a transformation of the underlying program state
x € F¥. Every assignment statement x; := t induces a state transfor-
mation [[x;j :=t]] : FX — F¥ given by

[Ixj :=t]x = x[xj = t(x)],

wheret(x) isthe value of term t in state x. This definition isinduc-
tively extended to runs: [[e] = Id, where Id isthe identical mapping
and [ra]] = [[a o [[r].

The state transformation of an affine assignment x; :=to+ Zr:lti Xi
is an affine transformation. Hence, it can be written in the form
[Xj == t]x = Ax+ b with a matrix A € FK and a (column) vector

b € F¥. More specifically, A and b have the form indicated below:

i1 0 0
A= t ..t b=t (1
0 | Ik 0

Here, |; isthe unit matrix with i rows and columns and O denotes
zero matrices and vectors of appropriate dimension. In b, ty appears
as j-th component.

Asacomposition of affine transformations, the state transformer of
arunisan affinetransformation aswell. For any runr, let A, € F<<K
and by € F be such that [[r]x = Ax+by.

3 Affine Relationsand Weakest Preconditions

An affine relation over avector space]Fk isan equation ag + aix1 +
...aXx = 0 for some g € F. Geometrically, it can be viewed as a
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hyper-plane in the k-dimensional vector space FX. Such a relation
can be represented as apolynomial of degree at most 1 (namely, the
left-hand side) or, equivalently, asacolumn vector a = (ay, ..., ax)".
In particular, the set of al affine relations forms an F-vector space
which isisomorphic to F¥*1, The vector y € F¥ satisfies the affine
relation aiff ag+a -y=O0whered = (ay,...,a)! and “-” denotes
scalar product. We write y |= a to denote this fact. Geometrically,
this means that the point y is an element of the hyper-plane de-
scribed by a.

The &ffine relation a is valid after a single run r iff [[r]}x = a for
al x e ¥, i.e, iff ag+a - [[r]x = 0 for al x € F¥; x represents
the unknown initial state. Thus, ag+ & - [[r]}x = 0 is the weakest
precondition for validity of the affine relation a after run r. We
have

a+a - [rx=0
[Choice of A; and by ]
ap+a (Ax+b)=0
[Linearity, rearrangement]
(ap+a-br)+a-Ax=0
[Law x- Ay = A'x-y from linear algebral
(a+a br) +(Ala) - x=0
From this characterization we see that the weakest precondition is
again an affine relation. Even better: The mapping that assigns

to each affine relation its weakest precondition before run r is the
linear map described by the following (k+ 1) x (k+ 1) matrix W:

iff

iff

iff

L )
W= (5T @

In particular, we have proved that for every x € F¥:
[rixEa iff xEWa. 3

Thus, the matrix W provides us with a finite description of the
weakest precondition transformer for affine relations of a single
program execution r.

Notethat the only affinerelation which istruefor all program states
istherelation 0= (0, ...,0)'. Thus, theaffinerelation aisvalid after
runr iff W a= 0, because theinitial stateisarbitrary. Accordingly,
the affine relation aiis valid at a program point u, iff it isvalid after
al runsr € R(u). Summarizing, we have:

LEMMA 1. Theaffinerelation a € F<*1 isvalid at program point
uiffWa=0for all r € R(u).

Thus, the set W = {W |r € R(u)} gives us a handle to solve the
validity problem for affine relations. The problem is that we do
not know how to represent W in a finitary way—Iet alone how to
compute it. In this place, we recall from linear algebra that the set
of (k+ 1) x (k+ 1) matrices again forms an F-vector space. The
dimension of this vector space equals (k4 1). We observe:

LEMMA 2. Let M denote a set of n x n matrices.

a) For every W € M, the set {a | Wa = 0} forms a subspace of
.

b) As an intersection of vector spaces, the set {a | VW € M :
Wa = 0} forms a subspace of F".



c) For every a € I, the following three statements are equiva-
lent:

— Wa=0for al W e M;
— Wa=0for all W € Span(M).
— Wa=0for all W in abasis of Span(M).

Here, Span(M) denotes the vector space generated by the elements
in M, i.e, the vector space of al linear combinations of elements
in M. We conclude that we can work with Span(W ), i.e., the sub-
space of Fk+1x(k+1) generated by W without losing interesting
information. As a subspace of the vector space Fk+1)x(k+1) of dj-
mension (k-+1)2, Span(W ) can be described by abasis of at most
(k+1)? matrices. Indeed, due to the special form of the matrices
W —in the first column all but the first entry are zero—Span(W )
can have at most dimension k2 +k+ 1.

Based on these observations, we can determine the set of all affine
relations at program point u from a basis of Span({W |r € R(u)})
and estimate the complexity of the resulting algorithm. For simplic-
ity we use here and in the following unit cost measure for arithmetic
operations.

THEOREM 1. Assume we are given a basis B for the set
Span({W | r € R(u)}). Then we have:

a) Affinerelationac F<t1 isvalid at program point uiff Wa = 0
for all W € B.

b) A basis for the subspace of all affine relations valid at pro-
gram point u can be computed in time O (K°).

ProoOF. Statement a) follows directly from Lemma 1 and
Lemma2,c).

For seeing b), consider that by a) the affine relation a is valid at u
iff aisasolution of al the equations

k
Zwijaj =0
j=0
for each matrix W = (wij) € Bandi =0,... k.

The basis B contains at most O (k?) matrices each of which con-
tributes k+ 1 equations. Thus, we must determine, the solution of
an equation system with O (k%) equations over k+ 1 variables. This
can be done, e.g. by Gaussian elimination, in time O(k5). O

So we are left with the task to compute, for every program point u,
(abasis of) Span({W | r € R(u)}). This subspace of Fk+1)x(k+1)
can be seen as an abstraction of the set R(u) of program executions
reaching u. We are going to compute it by an abstract interpretation
of the constraint system for R(u) from Section 2. Recall that the
set of subspaces of a finite-dimensional F-vector space V forms a
complete lattice (w.r.t. the ordering set inclusion) where the least
element is given by the 0-dimensional vector space consisting of
the O-vector only. The least upper bound of two spaces Vi,V> is
given by:
ViUV, Span(Vl UVZ)

{vit+ve [vi eVi}.

We denote the complete |attice of subspaces of V by Sub(V). The
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height of Sub(V), i.e,, the maximal length of a strictly increasing
chain, equals the dimension of V.

The desired abstraction of run setsis described by the mapping o :
oRuns _, Sub(F(k+1)x(k+l)) :

o(R) = Span({Wr [ r € R}).

Thus, we have:

o0) = Span(0) = {0}
o({r}) = Span({W})

for asingle runr. By Equation (2) we get for the empty run,
o({e}) = Span({lk11})

because Ac = I and b = 0.

The mapping o is monotonic (w.r.t. subset ordering on sets of runs
and subspaces.) Also it is not hard to see that it commutes with
arbitrary unions.

In order to solve the constraint system for the run sets R(u) over
abstract domain Sub(IFk+1) > (k+1)) e need adequate abstract ver-
sions of the operators and constants in this constraint system. In
particular, we need an abstract version of the concatenation of run

sets. For My, M, C FkHDx(k+1) we define;
M1 oMz = Span({A1Az | Ai € Mi}).
First of all, we observe:
LEMMA 3. For all setsof matrices M1, M,
Span(M1) o Span(Mz) = M1oMa.
PROOF. Observefirst that Span(M;) 2 M; and therefore,
Span(M1) o Span(Mz) D M1 0Ma

by monotonicity of “o”.

For the reverse inclusion, consider arbitrary elements B, = Y, j 7»2” :
Ag” in Span(M;) for suitabIeA(ji) € Mj. Then

818y = 3 T2 AT AP
m ]

by linearity of matrix multiplication. Since each A,(ﬂl)A(-2> is con-
tained in M1 0 M, B1B5 iscontained in M1 o M, aswell. Therefore,
also theinclusion “C” follows. [

Accordingly, a generating system for M1 o My can be computed
from generating systems Gy, G, for M1 and M by multiplying each
matrix in Gy with each matrix in Go.

Secondly, we observe that “o” precisely abstracts the concatenation
of run sets:

LEMMA 4. Let Ry,Ry C Runs. Then
o(Ry)oa(R) = a(R1; Rp).

PrRoOF. Consider the auxiliary map W mapping run sets to sets of
matrices by:

W (R)={W |reR}.



Then we have o(R) = Span(W (R)). We observe:
{AA2 [AEW(R)} =W (Ri;Ry).

This suffices as the span construction commutes with composition
by Lemma3. O

Let us now turn attention to the abstraction of base edges. Let
us first consider a base edge e € Base annotated by an affine
assignment, i.e, Ale) = xj =t where t =to+ X' ;tx;. Then
S(e) = {xj :=t}. By (1) and (2), the corresponding abstract trans-
former is given by

o(S(e)

al{x; =t})

I to 0

Span

0

tx kaj

Informally, the weakest precondition for an affine relation a e <1
is computed by substituting t into x; of the corresponding affine
combination.

Next, consider a base edge e € Base annotated with xj :=?. In this
case, S(e) = {xj :=c| c € F}—implying that we have to abstract an
infinite set of runsiif the field F isinfinite. Clearly, the abstraction
of this set again can be finitely represented. We obtain this repre-
sentation by selecting two different valuesfromF, e.g., 0and 1. We
find:

LEMMA 5.

o(S(e)) o({xj :=c|celF})

Span({To, T1}),

where Te =W —¢ isthe matrix obtained from |y ;1 by replacing the
j -+ 1-th column with (c,0,...,0).

PrROOF. Only the second equation requires a proof. From Equa-
tions (1) and (2) we get al({xj :=c|c e F}) = Span({Tc | c € F}).
We verify: Tc= (1—c)-Tp+c-T1. Hence, Tc € Span({To,T1})
and Span({Tc | c € F}) = Span({To, T1}). O

From the constraint systems Sand R for run sets, we construct now
the constraint systems Sy, and R, by application of o.. The variables
in the new constraint systems take subspaces of Fk+1x(k+1) a5
values. We apply o to the occurring constant sets {¢} and S(e) and
replace the concatenation operator “;” with “o”:

Su(@) 2 Su(rg)

Su(eg) 2 Span({ld})

Su (V) D Sy(u) o a(S(e)) if e=(u,v) € Base
Sa (V) O Sp(u) o Se(p) ife=(uv)eCallp
Ru(Main) D Span({ld})

Ro(p) D Rg(u) if (u,-) € Callp
Ra(U)  2Ra(p)oSy(u) ifueNp

The resulting constraint system can be solved by computing on
bases. For estimating the complexity of the resulting algorithm,
we assume that the basic statements in the given program have
size O(1). Thus, we measure the size n of the given program by
IN| + |E|. Note that program nodes typically have bounded out-
degree, such that typically [N|+ |E| = O(|N]).
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THEOREM 2. For every program of size n with k variables the
following holds:

a) Thevalues:
Span({W |r € S(u)}), ueN,
Span({W |r € S(p)}), p € Proc,
Span({W; | r € R(u)}), p € Proc, and
Span({W |r € R(u)}), ueN,

are the least solutions of the constraint systems S, and R,
respectively.

b) These values can be computed intime O (p- K8).

c) Thesetsof all valid affinerelations at program point u, u € N,
can be computed in time O (n- k8).

PROOF. Statement a) amounts to saying that the least solution of
constraint systems S, and Ry, is obtained from the least solution of
Sand R by applying the abstraction o.. Thisfollows from the Trans-
fer Lemmaknown in fixpoint theory (see, e.g., [1, 4]), which can be
applied since oo commutes with arbitrary unions, the concatenation
operator is precisely abstracted by the operator o (Lemma 4), and
the constant run sets {e} and S(e) are replaced by their abstractions

o({e}) = Span({ld}) and a(S(e)), respectively.

For b) we show that the least solution of the abstracted constraint
systems can be computed in time O (n- k). For that, recall that the
|attice of all subspaces of Fk+D*(k+1) has height (k+ 1)2. Thus,
aworklist-based fixpoint algorithm will evaluate at most O(n - k?)
constraints. Each constraint evaluation consists of multiplying two
sets of at most (k+ 1)2 matrices. The necessary (k+ 1)* matrix
multiplications can be executed in time O(K7). Finally, we must
compute a basis for the span of the resulting (k+1)* matrices. By
Gaussian elimination, this can be done in time O (k8). Altogether,
we obtain an upper complexity bound of O(n- k- k&) = O(n- k19).
A better running time can be obtained if we use a semi-naive fix-
point iteration strategy [16, 3, 7]. The idea here is that when the
value of afixpoint variable changes, we do not propagate the com-
plete new value to al uses of the variable in right-hand sides of
constraints but just the increment, i.e., in our case the new matri-
ces extending the current basis (instead of the complete new basis).
The total time spent with a constraint then sums up to O (kK¥) which
overall resultsin the desired complexity O(n-k8).

Finaly, for c) we recall that we know from Theorem 1 that, from
bases of Span({W | r € R(u)}) for al program points u, we can
compute the sets of al valid affine relations within the stated com-
plexity bounds. [

Let us consider the example program from Figure 1 for illustra-
tion. Dueto lack of space, we cannot describe the fixpoint iteration
in detail or give the full result. However, we report and discuss
some characteristic values. The fixpoint iteration for S, stabilizes
after 3iterations. Weobtain: Sy (P) = Si,(9) = Span({l4,W; }) and
Su.(3) = Span({Wy,Wo}), where W, W, are the matrices

W =

(oo Ne]
[eoNeNeN
OO OoOOo
[eNeoNeh o
[eNeoNeh o
oOOoOr o
OOoOr o
(oo Ne]



Also, Sq(Main) = Sy (4) = Span({Ws, Wi} ), where

100 0 000 1
0010 000 0
Ws=1 09 0 0 0 W=110 0 0 0
0000 000 0

As there are no recursive calls to Main, reaching runs and same-
level runs coincide for the program points of Main. Consequently,
we have, Ry (3) = Sy(3) = Span({W;,Wb}). Hence, at program
point 3 just the affine relations a = (a, . . ., a)t withWpa = 0 and
Wsoa = 0 are valid which reduces to the requirements ag = 0 and
a» = a3 = —a;. Therefore, just the affine relations of the form
a1Xy — ayXo —ayXg = 0 are valid at program point 3, in particular,
X1 — X2 — X3 = 0 which confirms our informal reasoning from the
introduction.

For program point 4 we have Ry (4) = Sy (4) = Span({Ws,W}).
Here, the requirements Wsa = 0 and Wya = O reduce to ag = ap =
az = 0. Thus, just the affine relations of the form a;x; = 0 arevalid
at program point 4, in particular, x; = 0. Again this confirms our
informal reasoning that x; is a constant of value zero.

The computation of R, for the program points of P stabilizes again
after 3 iterations. For the program point 7 just before the recursive
call to P, we obtain Ry,(7) = Span({Ws,Ws}), where

100 0 010 1
01 10 0100
Ws=110 0 0 0 We=110 0 0 0
000 0 000 0

Here the conditions Wsa = 0 and Wga = O for valid affine relations
trandateinto ag = a1 = a = az = 0. Interestingly, thisimplies that
no non-trivial affinerelationisvalid at every call to P.

In order to find out about validity of the polynomial relation xx3 —
X1+X2+ X3 = 0at program point 7, hinted upon in theintroduction,
we must generalize our analysis to polynomial relations which is
the topic of the next section.

4 Polynomial Relations of Bounded Degree

Polynomial relations are much more expressive than affine rela-
tions. In particular, they are closed under disjunction: p=0vq=0
holds if and only if pq = 0. For example, the relation:

(Xx1—1)-(x1—x2) =0
represents the disjunction of the two affine relations:
X1—1=0V X —X2=0.

Also, the property whether avariable xj hasavaluein agiven finite
set {c1,...,¢r } C F withr elements can be expressed by a polyno-
mial relation:

(Xj—cC1)-...- (xj—¢r) = 0.

Formally, a polynomial relation over a vector space F is an equa-
tion p = 0 where p is a polynomia over the unknowns X, i.e,
p € F[X]. The vector y € F¥ satisfies the polynomial relation p=0,
y = p for short, iff ply/x] = 0 where [y/x] denotes the substitution
of the valuesyy; for the variables x;.

The set of polynomials F[X] forms an F-vector space. However,
as the dimension of this vector space is infinite, we cannot effec-
tively compute with bases. One way out is to restrict attention to
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polynomials of bounded degree. The degree of a polynomia p (or
the polynomial relation p = 0) is the maximal sum jy + ... + ji of
exponents of amonomial ax’l1 . .x|’<k occurring in p. We denote the
set of polynomials of degree at most d by Fq [X].

F-q[X] is an F-vector space of dimension (“}%) = O((k+ d)):
obviously, the monomials x{l ...x|j<k € F<q[X] with coefficient 1
form a basis of F<4[X] and we prove momentarily by induction
that there are (kgd) such monomias. For d = 0 or k= 0 there
is just the single monomial x3...x2 or 1, respectively, and indeed
(5) (g) =1. Soassumed > 0 or k > 0. By induction hypothesis
(kﬂil) monomials of degree lessthan d. The monomials
with degree d over k variables are obtained from the (k’é“’)
mials x{l . .xlj(k;i of degree at most d over the first k— 1 variables
by multiplying with ka where [y =d — Zg‘;llli. Altogether, there
arethus (497 + (*-1+9) = (*49) monomials with coefficient 1
of degree at most d.

mono-

The polynomial relation p = 0isvalid after asinglerunr iff for all
x e F¥, p[[[r]x/x] = 0 or, equivalently, p[(Arx+ br)/x] = 0 where
Ay, by are defined asin Section 2. Thus, p[(Arx+br)/x] = 0isthe
weakest precondition for validity of p = 0 after run r. We observe:

LEMMA 6. 1. The polynomial p[(Arx+ byr)/X] isagain of de-
gree at most d.

2. The mapping W(<d) which maps polynomials p of degree at
most d to p[(Arx+by)/x] islinear.

PrROOF. For aproof of the first statement, it suffices to consider a
runr=x =t t=tp fZ'ﬁrFlthm. of asingle assignment and a
single monomia p=x}*...x}*. Then

P[(Arx+by)/x] p[t/xi]

) Ji Ko gk
Zl<o+~~+l<k:li (Ko IKk) t0 "'tk

jitKL Ji1 KoL Ky Jit1+Kise jk+Kk
XXt X

,,,,,

power of a sum on k+ 1 summands. Since in each monomial of
the result, ko + ... + xx = jj, the degree of p[t/x] is bounded by
j1+...+ jk i.e, the degree of p.

The second assertion follows since substitution commutes with
sums and constant multiples. [

The only polynomial relation which istrue for all program statesis
the zero relation 0 = 0. Asfor affine relations, we conclude that the

polynomial relation p = 0 isvalid after runr iff W<d) p= 0 (where
0 denotes the zero polynomial). Summarizing, we have:

LEMMA 7. The polynomial relation p of degree at most d isvalid
at program point u iffW(d)p: Ofor all r € R(u).

Now we can proceed analogously to Section 3. By applying
Lemma 2, we can safely replace the set {W(d) | r e R(u)} with
its span. The resulting subspace of linear mappings can be de-
scribed by a basis of at most O((k+d)?®) matrices. The entries of
these matrices are now indexed by pairs of tuplesJ = (j1,..., jk),



YK 1 ji <d. Let | denote the set of al such tuples. We determine
the set of all valid polynomial relations at program point u for poly-
nomials of degree at most d as follows:

THEOREM 3. Assume we are given a basis B for the set
Span({vvr(d) |r € R(u)}). Then we have:

a) The polynomial relation p = 0 of degree at most d is valid at
program point u iff Wp = 0 for all W € B.

b) A basis of the subspace of all polynomial relations of degree
at most d valid at program point u can be computed in time
O((k+d)>).

ProoF. Statement a) follows directly from Lemma 2 and
Lemma?.

For the proof of b), note that by a) the polynomial relation p =0
isvaidat uiff p=Y,_(j, _j)er X} ...xk, wheretheay,J e l,

are a solution of the equation:

Y wiya;=0

Jel
for every matrix W = (w;3) € Band every | € |. The basis B may
contain at most O((k + d)d) matrices each of which contributes
O((k+d)%) equations. Thus, we have to compute the solution of
an equation system with O((k + d)3) equations over O((k+d)?)
variables. Thiscan bedoneintimeO((k+d)>). O

By Theorem 3, it suffices to compute, for every program point u,

the span of the set of all precondition transformersww), r € R(u).
We do so by abstracting the run sets to subspaces of linear transfor-
mations now of polynomials of degree at most d. The abstraction is
thus given by:

@ (R) = span({W? |1 € R}).

Asin the case of affine relations, we have:
ol (0) Span(0) = {0}
a@({r}) = span({w'})

for asinglerunr. In particular,

a¥(fe}) = span({li}),

where I} is the diagonal matrix describing the identity. The map-
ping 0@ is again monotonic (w.r.t. subset ordering on sets of
runs and subspaces) and commutes with arbitrary unions. Also,
Lemma 4 analogously holds for ol@). Therefore, the desired values
can be computed by abstracting the constraint systems for same-
level and reaching run sets. In order to obtain an effective algo-
rithm, it remains to derive explicit abstractions for the effects of
base edges.

For a definite assignment x;j :=t, this is obviously possible. It re-
mains to consider a base edge e € Base annotated by x;j :=? with
S(e) = {xj:=c|ceF}.

In case F contains lessthan d + 1 elements, the set S(e) isalso finite
and we simply may enumerate it. More interesting is the case when
F has at least d + 1 elements, e.g., because F has characteristic O.

Each polynomial p € F<q[X] can be writtenas p= X pi - ' for
polynomials pj not containing xj. The coefficient polynomials p;
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have at most degree d and are uniquely determined by p. For 0 <
i <d let C; be the mapping on Fq [X] that maps each p to itsi-th
coefficient polynomid, i.e., Cj(p) = pi. It isnot hard to see that C;
isalinear map and hence can be represented by a matrix. We find
that o(% (S(e)) can be finitely represented by C, .. .,Cq:

LEMMA 8. If F has morethan d elements, then
a9 (s(e)) o ({xj=c|ceF})

Span({C; |I =0,....d}).

PROOF. From the definitions we have o/ (S(e)) = ol@ ({x; :=c|

ceF}) = Span({\/\&(j‘?):C | ceF}). Itremainsto show that this span
equals Span({C; || =0,...,d}). For thiswe show:

1. W% e Span({Ci [1=0,...,d}) foral c€ .

2. G e Span({W%¢ | ce F}) for I =0,...,d.

To 1: For arbitrary p € F<q4[X] we have
d

ple/xj] = Y. Gi(p)c'.

i=0

This meansV\&(iq):c =39 ,d'CGj, whichimplies 1.

To 2: Since the cardinality of F isat least d + 1, we can find d + 1
distinct elements cy, ..., cq € F. Defining matrix A by

1 ¢ c§
1 ¢ c
A=
1 ¢y cd
it is not hard to see, that
Co(p) p[Co/x;]
Al s =
Ca(p) p[Ca/Xj]

The determinant of A is an instance of what is known as Vander-
monde's determinant and has the value[Tp<j-|<q(c — Gi). Asall ¢
are distinct, the determinant is different from 0. Therefore, matrix
Aisinvertible and for the inverse matrix A~1 = (by), we have
Co(p) p[co/Xj]
. Al .

Cdip) p[Cd./XJ']
Thus, Gi(p) = 3o b plar /xj] = If_o bV “Lg (p). This shows
Ci =38 o bW, whichimplies2. O

Analogously to the last section, we construct constraint systems

Su@ Ry Which are obtained from the constraint systems Sand R

by applying a9, We conclude:

THEOREM 4. For every program of size n with k variables the
following holds:
a) Thevalues:
Span({W? |1 € S(w)}), ueN,
span({(W? | r € S(p)}), p € Proc,



Span({vvr(d) [reR(p)}), pe Proc,and

Span({vvr(d) [reR(u)}),ueN,
are the least solutions of the constraint systems S« and
Ry, respectively.

b) The sets of all valid polynomial relations of degree at most d
at program point u, u € N, can be computed intime O (n- (k+
d)8dy.

Consider again the example program from the introduction. Since
it uses three program variables, the vector-space of polynomials of

degree at most 2 has dimension (35?) = 10. Assume we have or-
dered the index tuples of monomials lexicographically as follows:

(0,0,0) < (0,0,1) < ... < (1,1,0) < (2,0,0).

Then the pre-condition transformer, e.g., of the assignment x; :=
X1+ X2+ L isgiven by the matrix:

[eNeoNoloNoNoNoNoNol
[elololojoloNoNaol o]
[eNeoNololoNoNol ool
[eNeolNoloNoNaol HoNoNe]
[eNeoNoloNol JHeoloNeNe]
[cNeoNolol JNoloNoNoNe]
OO0OO0ORrRrROOFrROOR
OOPFrPOOFrR,OOFr O
OFrPO0OO0OFrROFrPROO0OO
PNONPFPONOOR

We refrain from describing the details of the fixpoint iteration. The
least fixpoint computation for analyzing the valid quadratic rela-
tions at the entry of procedure p stabilizes after three iterations
with three matrices. The rows of these matrices span a vector
space of dimension 9 and have the (coefficients of) the relation
X2X3 — X1 + X2 + X3 = 0 as their only non-trivial solution (up to
constant multiples, of course). Again, this confirms our informal
reasoning from the introduction.

5 Local Variables

So far we have considered programs which operate on global vari-
ables only. In this section, we explain how our techniques can be
extended to work on procedures with global and local variables.

For notational convenience, we assume that all procedures have the
same set X = {x1,...,Xm} of variables where the first k are globa
and the remaining m— k are local. For describing program execu-
tions, it now no longer sufficesto consider execution paths. Instead,
we have to take the proper nesting of callsinto account. Therefore,
same-level runs s and reaching runs r are now finite sequences of
(unranked) trees b and, possibly, enter:

s = xj:=t| call(s)

s = dg...;8th (n>0)
re = Xxj:=t | call(s) | enter
r = rtq;...;rty (n>0)

Trees represent base actions or complete executions of procedures.
Same-level runs represent sequences of such completed executions,
while reaching runs may enter a procedure—without ever leaving it

again.

The set of runs reaching program point u € N can again be charac-
terized as the least solution of a system of subset constraints on run
sets. If eis annotated by an affine assignment, i.e.,, A(e) = xj :=t,
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we again define: S'(e) = {x; :=t}. Similarly for A(e) = xj :=?,
S'(e) ={xj :=c|ceF}.

The same-level runs of procedures and program nodes are the
smallest solution of the following constraint system S':

(S1] S(a) 2S(rq)

(S2 S(eq) 2 {e}

[S3 S(v) 2S(u);S(e if e=(u,v) € Base
[S4 S(v) 2S(u);call(S(p)) ife=(u,v)e Callp

Note that, for convenience, the application of the constructor call
to all sequences of a set Sis denoted by call(S). Constraints [S1],
[S'2] and [S'3] are asin Section 2. The new constraint [S'4] deals
with calls. If theingoing edge e = (u,v) isacall to a procedure p,
we concatenate a same-level run reaching u with atree constructed
from asame-level run of p by applying the constructor call.

For characterizing the runs that reach program points and proce-
dures, we construct the constraint system R’:

[R1] R/(Main) D {e}
[R2] R'(p) 2R(u), if (u,-) € Callp
[R3] R'(u) D R/(p); {enter}; S(u), ifueNp

Congtraints [R'1] and [R'2] are as in Section 3. The only modifi-
cation occurs in [R'3] where an enter is inserted between the run
reaching the current procedure p and the same-level runinside p.

Each of these runs gives rise to a transformation of the underlying
program state x € F™. Here, we just explain how the transforma-
tions of enter and call(s) are obtained. The transformation [[enter]]
passes the values of the globals x; (j = 1,...,K) and sets the locals

Xj, j >k t00.2 Thus,

The transformation [[call{s)] is more complicated. Like [[enter]], it
must pass the values of the globals into the execution of the called
procedure and initialize its local variables. In addition, it must re-
turn the values of the globals to the calling context and restore the
values of the local variables. Given that [[s]x = Asx+ bs asin Sec-
tion 2, we define:

Ik | O

[enter] = [Xki1:=0;...;Xm: 010

Let us denote this mx mmatrix by E’.

[call(s9)]x = E'([SJ(E'))+T'x
(E'AE' +T")x+E'bs,
where T/ isthe mx mmatrix( 8 I Ok ).Theoutermost appli-
m—

cation of E’ in the first summand prohibits propagation of the called
procedure’s local variables and the second summand, T'x bypasses
the values of the local variables of the calling context. The above
caculation shows that [[call(s)] is an affine transformation as well.

2By convention, local variables are initialized by 0. Other con-
ventions could easily be modeled as well. Uninitialized local vari-
ablesasin C, for instance, can be handled by adding x; :=? State-
mentsfor j =k+1,...,mat the beginning of each procedure body.



We want to determine for every (reaching or same-level) run the
transformation which produces the weakest precondition. For sim-
plicity, we construct the weakest precondition transformer only for
affine relations. The weakest precondition transformer for enter is
given by:

Wenter =

Let E denote this matrix. To obtain analogous results as in Sec-
tion 3, we determine the weakest precondition transformation of

call(s). We define an operator O : F™+1)x(kt1) _, (m1)x(k+1)
on (m+1) x (m+ 1) matrices by:

OW)=EWE+w-T
where w is the element in the left upper corner of W, and T is the

(m+1) x (m+1) matrix< 8 |m(ik )

The operator O returns a linear transformation and is itself linear.
This implies that O maps subspaces of Fk+1)x(k+1) to subspaces
of Fk+1)x(k+1) and, considered as a mapping on subspaces, com-
mutes with arbitrary least upper bounds. Moreover, we have:

LEMMA 9. Let Ws denote the precondition transformer for s.
Then for an affine relation a € F™ and a program state x € F™,
[call{s)]x |= aiff x = O(Ws) a.

Thus, W,is) = O(W) isthe weakest precondition transformer for
call(s). In order to furnish the same approach as for global vari-
ables, we define the abstraction function o for sets R of (same-level
or reaching) runs by:

o(R) = Span({Wr | r € R})
In particular, o({enter}) = Span({E}).

Anaogously to Lemma 4, we find:

LEMMA 10. For every set Sof same-level runs,
o(call(S)) = a({call(s) | s€ S}) = O(a(9)).

Finally, we construct constraint systems S, and R{, from S’ and
R’ by applying o. where concatenation is replaced with “o” and the
constructor call is replaced with “O0". Then we obtain our main
theorem for programs with local variables:

THEOREM 5. For a program of size n with m global and local
variables the following holds:

a) Thevalues:
Span({Ws | s€ S/(u)}
Span({Ws | s€ S(p)}), p € Proc,

Span({Ws | s€ R'(p)}), p € Proc, and

Span({W |r e R'(u)}),ueN,

are the least solutions of the constraint systems S, and R,,,
respectively.

~—

,ueN,

~——

b) Thesetsof all valid affinerelations at program point u, u € N,
can be computed intime O (n- nf).

Our technique can be adapted to procedures with parameters. Value
parameters, for instance, can be simulated viaascratch pad of glob-
alsthrough which the actual parameters are communicated from the
caler to the callee. Return values can be treated similarly.
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6 Affine Preconditions

The analyses considered so far assume that we have no knowledge
whatsoever about the initial state in which the program is started.
However, in a verification context we are often in a more lucky sit-
uation when we are given a precondition that constrains potential
initial states. Of course, if lessinitial states are possible more rela-
tions may be valid at the nodes of a program and an analyses that
ignores the precondition may be overly pessimistic. In this section
we extend the analyses of Section 3 and Section 4 to take into ac-
count affine preconditions completely. The analyses of this section
thus compute for each program point of an affine program the space
of al those affine or polynomial relations that are valid whenever
the program is started in a state satisfying a given affine precondi-
tion.

Assume given a finite set Pre C FKt1 of affine relations, repre-
senting the affine precondition. We say that Pre is satisfiable if
there is an x € F¥ such that x |= h for al h € Pre. If Pre is not
satisfiable, al relations are valid at al program points under pre-
condition Pre. As we can check whether Pre is satisfiable or not
with the aid of Gaussian elimination, we can detect this trivial
case. Thus, we assume without loss of generality that Pre is sat-
isfiable in the following. In this case, the set of states satisfying
Pre, Sat(Pre) = {x € FX | x = h,h € Pre}, is an affine subspace of
F¥ and can be represented in the form Sat(Pre) = Xy + L, where
Xo € Sat(Pre) and L is a (linear) subspace of F¥. Assume that
X1,...,X withl < kisabasisof L. Then we have

[
Sat(Pre) = {Xo+ X, ArXr | A1,..., N € F}.
r=1

4)

Vectorsx, ..., € F€ with this property can be computed from Pre
with standard techniques from linear algebra.

Obviously, an affine relation a is valid at a program point u un-
der precondition Pre, iff its weakest precondition for each program
path r reaching u is valid for al x € Sat(Pre), i.e, if x =W a for
al r € R(u), x € Sat(Pre). By the characterization of Sat(Pre) in
Equation 4, we thus have:

LEMMA 11. The affine relation a € F<*1 is valid at program
point u under precondition Pre iff ><0+2',:1MXr =W a for all
A,.., M €F, r e R(u).

By arguing analogously to Section 3 we can equivalently require
this property for all matricesW in abasis of Span{W |r € R(u)}.
Thus, we obtain the following generalization of Theorem 1:

THEOREM 6. Assume we are given a basis B for the set
Span({W | r € R(u)}). Then we have:

a) Affine relation a € F<*1 is valid at program point u under
precondition Pre iff x0+2',:17»rxr =Wafor all A,...,0 €
F, W € B.

b) A basis for the subspace of all affine relations valid at pro-
grarg point u under precondition Pre can be computed in time
O(k).

PROOF. As a) has aready been justified we prove only b). By a)
an affinerelation aisvalid at u if and only if for al W € B:

X + Z A = Wa
r=1

foralAq,...,\ €F. (5)



By unfolding the definition of “ =" and writingW = (wj) and X =
(Xi1,---,XKk) fori=0,...,1, Formula (5) means that

k k | k k
D aj(Woj + X XoiWij) + D A D @) D Xiwij =0
j=0 i=1 r=1 j=0 i=1

for all Aq,...,A € F. Thisis an affine equation in the A; whose
coefficients are affine combinations of the a;. Itisvalid for all Ay if
and only if all these combinations are 0. Therefore, an affine rela-
tion aisvalid at u under precondition Preif and only if it satisfies
the equations:

k

K
Y aj(woj+ Y, Xoiwij) =0
<o i1

and

M~

8j

Kk
Xiwij =0 forr=1,....1
j=0 =1

for al W = (wij) € B. We can hence compute the subspace of all
valid affine relations by setting up and solving the linear equation
system consisting of all these equations.

Let us estimate the complexity of this procedure. Each matrix W €
B contributes | + 1 = O(k) equations and there are at most O (k)
matrices in B. Hence the equation system has O(k®) equations.
It is not hard to see, that the coefficients of each equation can be
computed in time O (k?). Hence the equation system can be set up
in time O(k%). Asalinear equation system with O(k®) equations
inthe k+ 1 variables ay, ..., & it can be solved, e.g., by Gaussian
eliminationintime O (k°). O

From Theorem 2 we know that we can compute a basis of
Span({W | r € R(u)}) intime O(n-k8). Together with Theorem 6
thisimplies:

COROLLARY 1. The sets of all valid affine relations at program
point klé u € N, under precondition Pre can be computed in time
O(n-k®).

This approach for treating affine preconditions can straightfor-
wardly be generalized to the setting of Section 4. Here a polyno-
mial relation of degree at most d turns out to be valid at a program
point u under precondition Preif and only if for all W in a basis of

span({W' |r e R(W)}):
I
X0+ Y Mx EWp
r=1
Thistime, thistranslatesto apolynomial equation (of degree at most
d) inthe A; whose coefficients are affine combinations of the coeffi-

cientsof p. Again al these affine combinations must equal 0 which
givesriseto alinear equation system that we can set up and solve.

foral Aq,..., €F. (6)

COROLLARY 2. The sets of all valid polynomial relations of de-
gree at most d at program point u, u € N, under precondition Pre
can be computed in time O (n- (k+d)8d).

7 Conclusion

We have presented an interprocedural analysis that determines for
each program point of an affine program the set of all valid affine
relations. We generalized the algorithm to infer all polynomial rela-
tions of bounded degree and showed that our methods work also in
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presence of local variables and parameter passing by value and re-
sult. We also generalized our analyses to take affine preconditions
into account.

All our analyses run in polynomial time. More precisely, they are
linear in the program size and polynomial of a higher degreein the
number of variables. It remains for future work to find out whether
this theoretical complexity bound is prohibitive to apply the anal-
ysis in practice or in how far heuristic methods are necessary to
identify promising but sufficiently small sets of variables to be in-
cluded in the analysis.

Instrumental for our approach is that we can capture the effect
of procedures as weakest precondition transformers for affine and
polynomial relations completely by subspaces of linear maps. This
provides us with a kind of abstract “higher-order denotation” of
procedures that we can compute in polynomial time and use at any
cal site. Similar in spiritis“relational analysis’ of recursive proce-
dures as proposed by Cousot [5, 6] and the “functional approach”
to interprocedural analysis [20, 11]. While these approaches rely
on relations or functions, we capture the effects of procedures by
finitely representable sets of functions.

Our results improve on the analysis of linear constants by Hor-
witz et a. [9, 17] and, upto the treatment of positive affine guards,
also on the results obtained by Karr [10]. In arecent paper, Reps,
Schwoon, and Jha [18] use a library for reachability analysis of
weighted pushdown systems for interprocedural dataflow analysis.
They report that G. Balakrishnan has created a prototype implemen-
tation of our interprocedural analysis for affine relations based on a
preliminary version of the current paper.

The results of this paper are still not strong enough to deal with
positive affine guards as Karr’'s approach. Also, they do not gener-
alize our intraprocedural analysisin [15, 14] where we succeed in
checking the validity of arbitrary polynomial relations for polyno-
mial programs—even in presence of negative polynomial guards. It
remains as challenging open problems whether or not precise inter-
procedural treatments of positive guards or precise interprocedural
analysis of polynomial programs are possible.
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