
Preconditioners for

nondefinite Hermitian Toeplitz systems

R. H. Chan, D. Potts, G. Steidl

Nr. 242/1999



Preconditioners for nondefinite Hermitian Toeplitz sy stem s 1

R aym ond H . C han

D epartm en t o f M athem atics

T he C h inese U n iversity o f H ong K ong

Shatin

H ong K ong

rchan@ m ath .cuhk .edu .hk

D an ie l Po tts

M ed iz in ische U n iversitä t L übeck

Institu t fü r M athem atik

W alls tr. 40

D -23560 Lübeck

po tts@ m ath .m u-luebeck .de

G abrie le S te id l

U n iversitä t M annheim

Faku ltä t fü r M athem atik und In fo rm atik

D -68131 M annheim

ste id l@ m ath .un i-m annheim .de

Sep tem ber 27 , 1999

Abstrac t

.T h is paper is concerned w ith the construc tion o f c ircu lan t p recond itioners fo r T oep litz

sy stem s aris ing from a p iecew ise con tinuous genera ting func tion w ith sign changes.

If the genera ting func tion is g iven , w e p rove tha t fo r any c > 0 , on ly O (log N) e igenvalues

o f ou r p recond itioned Toep litz sy stem s o f size N x N are no t con ta ined in [-1- c , -1+c]U

[1 -c , 1+ c). The resu lt can be m od ified fo r trigonom etricp recond itioners . W e also suggest

c ircu lan t p recond itioners fo r the case tha t the genera ting func tion is no t exp lic itly know n

and show tha t on ly O (log N) abso lu te va lues o f the e igenva lues o f the p recond itioned

Toep litz sy stem s are no t con ta ined in a positive in te rva l on the rea l ax is .

U sing the above resu lts , w e conclude tha t the p recond itioned m in im al residua l m ethod

requ ires on ly O(N log2 N) arithm etica l opera tions to ach ive a so lu tion o f p rescribed p rec i-

s ion if the spec tra l cond itionnum berso f the T oep litz sy stem s increase a t m ost po lynom ia l

in N. W e presen t various num erica l tests .

1 Introduction

Let £21r be the space o f 27 r-period ic L ebesgue in teg rab le rea l-va lued n lllc tions and le t C21r be

the subspace o f27 r- 'p eriod ic rea l-va lued con tinuous func tions w ith no rm

1111100 := max II(t)1
tE [-1 r,1 rJ

The Fourie r .coeffic ien ts o f 1E £21r are g iven by

(k E Z)

lR esearch suppo rted in part by the H ong K ong-G erm an Jo in t R esearch C o llabo ra tion G ran t from the

D eu tscher A kadem ischer A ustauschd ienst and the H ong K ong R esearch G ran ts C ouncil.
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an d th e seq u en ce { A N ( j ) } N = l o f (N, N )-T o ep litz m a tr ic e s g en e ra ted b y f is d e f in ed b y

S in ce f E £27r is re a l-v a lu ed th e m a tr ie e s A N ( j ) a re H e rm itia n .

W e a re in te re s ted in th e ite ra tiv e so lu tio n o f T o ep litz sy s tem s

(1.1)

w he re .th e g en e ra tin g fu n c tio n f E £27r' T o b e m o re p re c ise , w e a re lo o k in g fo r g o o d p re co n d i-

tio n in g s tra teg ie s so th a t K ry lo v sp ace m e th o d s ap p lie d to th ep re co n d itio n ed sy s tem conv e rg e

in a few num be r o f ite ra tio n s tep s . N o te th a t b y th e T o ep litz s tru c tu re o f AN e a ch ite ra tio n

s tep req u ire s o n ly O(N lo g N) a r ithm e tie a lo p e ra tio n s b y u s in g fa s t F o u rie r tra n s fo rm s .

P re co n d itio n in g te ch iq u e s fo r T o ep litz sy s tem s h av e b een w e ll-s tu d ied in th e p a s t 1 0 y ea rs .

H ow ev e r , m o s t o f th e p ap e rs in th is a re a a re co n ce rn ed w ith th e c a se w h e re th e g en e ra tin g

fu n c tio n f i s e ith e r p o s itiv e o r n o n n eg a tiv e , se e fo r in s tan c e [4 , 3 , 1 8 ,6 , 1 6 ,9 ] an d th e re fe ren ce s

th e re in . In th is p ap e r , w e co n s id e r f th a t h a s s ig n ch an g e s . T h e m e th o d w e p ro p o se h e re w ill

a lso w o rk fo r g en e ra tin g fu n c tio n s th a t a re p o s itiv e o r n o n n eg a tiv e .

U p to n ow ite ra tiv e m e th o d s fo r T o ep litz sy s tem s w ith g en e ra tin g fu n c tio n s h av in g d iffe ren t

s ig n s w e re o n ly co n s id e red in [1 8 , 2 0 ] an d in co n n ec tio n w ith n o n -H e rm itia n sy s tem s in [7 , 5 ] .

In [7 ] , w e h av e co n s tru c ted c ircu lan t p re co n d itio n e rs fo r n o n -H e rm itia n T o ep litz m a tr ie e s w ith

k n ow n g en e ra tin g fu n c tio n o f th e fo rm

f = p h ,

w he re p is a n a rb itra ry tr ig o n om e tr ie p o ly n om ia l an d h is a fu n c tio n from th e W ien e r c la ss

w ith Ihl > O . W e p ro v ed th a t th e p re co n d itio n ed m a tr ie e s h av e s i n g u l a r v a l u e s p ro p e rly

c lu s te red a t 1 . T h en , if th e s p e c t r a l c o n d i t i o n n u m b e r o f A N ( j ) fu lf ills K.2 ( A N ( j ) ) = NQ
,

th e c o n j u g a t e g r a d i e n t m e t h o d (C G ) ap p lie d to th e n o rm a l eq u a tio n req u ire s o n ly O (lo g N)

i te ra tio n s tep s to p ro d u ce a so lu tio n o f f ix ed p re c is io n . H ow ev e r , in g en e ra l n o t h in g can b e

sa id ab o u t th e e ig en v a lu e s o f th e p re co n d itio n ed m a tr ix .

In th is p ap e r , w e co n s id e r re a l-v a lu ed fu n c tio n s f E £27r o f th e fo rm

w he re

f = P s h ,

~ ~

P s ( t ) := rr (2 - 2 c o s ( t - t j ) ) S j , s :=L S j

j= l j= l

(1 .2 )

(1 .3 )

is a tr ig o n om e tr ie p o ly n om ia l w ith a f in ite n um be r o f z e ro s tj E [ -7 r , 7 r) ( j = 1 , ... , J-L) o f ev en

o rd e r 2sj an d w h e re h E £27r is a p ie c ew ise co n tin u o u s fu n c tio n w ith s im p le d isco n tin u itie s a t

~ j (j = 1 , ... , v ) , L e . th e re ex is t h ( ~ j : :I : 0 ) an d h ( ~ j + 0 ) - h ( ~ j - 0 ) = a j l= O . F o r-s im p lic ity

le t h ( ~ j ) = ( h ( ~ j - 0 ) + h ( ~ j + 0 )) /2 . F u rt h e r , w e a ssu rn e th a t

{ l h ( t ) 1 : t E [ -7 r ,7 r) j Ih(t)1 > O } ~ [ h _ , h + ] , (1 .4 )

w he re 0 < h _ :S h + < 0 0 . In p a rtic u la r , w e a re in te re s ted in th e ' H eav y s id e fu n c tio n h .

A sim ila r se ttin g w as a lso co n s id e red in [1 8 ] . S . S e rra C ap iz z an o su g g e s ted th e ap p lic a -

tio n o f b an d - T o ep litz p re co n d itio n e rs A N ( P s ) in com b in a tio n w ith C G app lied to th e n o rm a l
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equation. H e proved, beyond a more general result which can not directly be used for precon-

ditioning, that at m ost o (N ) eigenvalues of the preconditioned m atrix AN (P s)-l A N (J ) have

absolute values not contained in a positive interval on the real axis.

A result w ith o (N ) outlyers w as also obtained in [19]' w here the application of preconditioned

G MRES was exam ined.

In the follow ing, w e construct circulant preconditioners for the m in im a l re s id u a l m e th od (M IN -

RES). Note that preconditioned M INRES avoids the transform ation of the orig inal system

to the norm al equation but requires H erm itian positive defin ite preconditioners. Then, the

preconditioned m atrices are again Herm itian , so that the absolute values of their eigenvalues

coincide w ith their singular values. If the generating function is given, w e prove that for

any c > 0, only O (log N) singular values of the preconditioned m atrices are not contained

in [1 - c, 1 + cl. We also construct circulant preconditioners for the case that the generating

function of the Toeplitz m atrices is not explicitly known. For this, w e use positive repro-

ducing kerneis w ith special properties previously applied by the authors in [16, 9] and show

that O (log N) singular values of die preconditioned m atriees are not contained in a positive

interval on the real axis. Then, if in addition K :2 (AN (J)) = N a , preconditioned M INRES

converges in at m ost O (log N) iteration steps. In summary, the proposed algorithm requires

only O(N log2 N) arithm etical operations.

This paper is organized as follow s: In Section 2, w e introduce circulant preconditioners for

(1 .1) under the assumption that the generating function ofthe sequence ofToeplitz m atriees is

known and prove clustering results for the eigenvalues of the preconditioned m atrices. Section

3 deals w ith the construction of preconditioners if the generating function of the Toeplitz

m atricesis not explicitly known. In Section 4, w e modify the results of Section 2 w ith respect

to trigonom etrie preconditioners. The convergence of M INRES applied to our preconditioned

Toeplitz system s is considered in Section 5. F inally , w e present num erieal results in Section

6.

2 Circulant preconditioners involving generating functions

First w e introduce som e basie notation. By RN(M) we denote arbitrary (N, N)-m atriees of

rank c it m o s t M. Let M N (g ) bethe circulant (N ,N )-m a tr ix

M N (g ) := FN diag (g (2;l)) :~lFN,

where FN denotes the N -th F ou r ie r m a tr ix

FN := _1_ (e -2 1 r ijk /N )~ -1

V ii } ,k= O

and where F* is the transposed complex conjugate m atrix of F . For a trigonom etrie polyno-
n2

m ial q (t):= 2:. q ke ik t, the m atrices AN (q ) and M N (q ) arerelated by

k=-nl

AN (q ) =MN (q ) + RN (n l + n2 )

(see [14]). For a function 9 w ith a fin ite number of zeros we define the set IN (g ) by

(
2 1 r l)

IN (g ):= { l =O , ... ,N -1: 9 N #O } .

3
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and the po in ts XN ,I(g ) (l = 0 , ... ,N - 1) by

{

217l" if l E IN (g ) ,

XN I(g ) := ~
, 217l" o therw ise ,

fiT

where fE {O , ... ,N -1} is the nex t h igher index to l so that fE IN (g ). For N la rge enough

w e can sim ply choose f = l+ 1 m od N . By MN ,g (f) we deno te the circu lan t m atrix

(2 .2 )

If 9 has m zeros, then w e have by construction that

(2 .3 )

(2 .5 )

(2 .4 )

A ssum e now that the sequence {AN (f)}N = 1 ofnonsingu lar Toep litz m atrices is genera ted by

a know n piecew ise con tinuous nm ction f E L27l"o f the fo rm (1 .2 ) - (1 .4 ). Then w e suggest

the H erm itian positive defin ite c ircu lan t m atrix MN ,j(lfl) as p recond itioner fo r M INRES .

1 . 1

W eexam ine the d istribu tion of the eigenvalues o f MN ,f(lfl)-2 AN (f)M N ,j(lfl)-2 .

The Jo llow ing theorem is L emm a 10 of [22 ] w ritten w ith respect to oU f no ta tion .

Theorem 2.1 L e t h E L27l"be a p iecew ise con tinuou s func tion hav ing on ly s im p le d iscon ti-

nu itie s a t ~j E [-?T ,?T ) (j = 1 , ... ,v ) . B y FN we deno te th e Fejer kernel

N-I ( I k I) N-l ( k )
F N (t):= L 1 - N e

ikt
= 1 + 2 L 1 - N cos k t

k=-(N-I) k= l

= {k(sin (~ t)/sin (~ ))2 t#O ,

1.J t= O

and by F N * h th e cyclic convo lu tion of F N and h . T hen , fo r any c > 0 , th ere ex is t con stan ts

° < C I::; C2 <: 00 in d ependen t of N so th a t th e num ber v(c; AN ) of e ig enva lu es of AN (h ) -

M N (F N * h ) w ith ab so lu te va lu e exceed ing c can be es tim a ted by

In o ther w ords, w e have by Theorem 2.1 that

(2 .6 )

where V N is a m atrix o f spectra l no rm ::; c a 'nd w here

C l log N::; rank (U N ) ::; c2 logN .

U sing Theorem 2.1 , w e can prove the fo llow ing lemm a.
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Lemma 2.2 L e t f = P sh E L .2 1 r b e g iv en b y (1 .2 ) ~ (1 .4 ) . T h en , fo r any c > 0 a n d su ffic ie n tly
1 1

la rg e N , th e n um b e r o f s in g u la r va lu e s o f MN,j(lhl)-z AN(h)M N,f(jhl)-z w h ich a re n o t

co n ta in ed in th e in te rva l [1 - c , 1 + c ] is O (log N ).

Proof. B y (2 .6 ) and s in ce th e e ig env a lu e s o f M N,j(lhl) a re re s tr ic ted from be low by h_, it

rem a in s to show th a t fo r any c > 0 and su ffic ien tly la rg e N , ex cep t fo r O (lo g N ) e ig env a lu e s ,

a ll e ig env a lu e s o f M N,f(lhl)-l M N(.rN * h) hav e ab so lu te v a lu e s in [1 - c , 1 + c l. In d eed w e

w ill p ro v e th a t th e re a re on ly 0(1) ou tly e rs .

F o r th is w e fo llow m ain ly th e lin e s o f p roo f o f G ibb 's p h änom enon . W ith ou t lo ss o f g en e ra lity

w e assum e th a t h E L 21 r has on ly on e jum p a t 6 = 0 o f h e ig h t U l.

F irs t w e ex am in e .rN * g , w here 9 is g iv en by

- { ~ (71 " - x)

g (x ) := ~ (-x - 71 ")

B y (2 .4 ) and s in ce 9 has F ou rie r se rie s

xE (0 ,7 1 " ),

xE (-7 1 " ,0 ),

X = 0 .

00 1

g (x ) '" L k s in k x

k= l

w e ob ta in

{X N-l (1 1 )
Jn .rN(t) d t = x + 2 L k - N s in kx

o k= l

and fu rt h e r by (2 .5 )

= X+ 2 (.rN * g )(X )

(.rN * g)(x) =

(2.7)

1 lx

(s in ~ t ) 2 X-- -- dt--
2N 0 _ s in~ 2

1 {X (s in N t) 2 1 {X (1 1 ) ( N t) 2

= 2N Jo _- t d t+ 2N Jo (s in~ )2 - (~ )2 - s inT d t- ~

= l~" (s in t)2 dt + 0(N-1) _:.
Jo t 2 -

and by pa rtia l in teg ra tio n and d e fin itio no f 9

-(s in N X )2 71"

( .rN * g )(x ) - g (x ) = - ! :!2 ;.
2 + s i (N x ) - 2" + O (N -

1
) (X E (0 ,7 1 ")) ,

2

- y .

w here s i (y) := I S l~ t d t. W e are in te re s ted in th e b eh av io r o f

o

( .rN * g ) (2 ; l) - 9 (2 ; l) = s i (2 7 1 " l)- ~ + 0 (N -
1
) ( l = 0 , ... , r~l-1 ).

H ere fx 1 deno te s th e sm a lle s t in teg e r 2 x. I t is w e ll k now n th a t lim si (x) = _~.T hu s , if
x~ o o

l = l(N ) --+ 00 fo r N --+ 00 , th en , fo r any c > 0 , th e re ex is ts N o = N o (c ) so th a t

i ( .rN * g ) (2 ; l) - 9 (2 ; l) I< ~~~c fo r a ll N 2 - N o .
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T h e s am e h o ld s i f w e a p p ro a c h 0 f r o m th e le f t , i .e . i f w e c o n s id e r 2 1 r 1/N f o r I = r=1-1, ... ,N-1.
N e x t w e h a v e b y d e f in i t io n o f 9 a n d h th a t

- 0:1
h(x) := h(x) - - g(x)

1r

i s a c o n t in u o u s fu n c t io n . S in c e FN i s a r e p ro d u c in g k e rn e i , f o r a n y c > 0 , th e r e e x is t s

N o = N o ( c ) s o th a t f o r a l l I E { O , . . . ,N - I }

I
- ( 2 1 r 1 ) - ( 2 1 r 1 ) I c - '(FN * h) N - h N < 2 h_ f o r a l l N 2 : N o ( 2 .8 )

A s s u rn e th a t I = I(N) -+ 0 0 f o r N -+ 0 0 (I E { O , . . . , f=1-1 - I } ) . T h e n w e o b ta in b y (2 .7 )

a n d (2 .8 ) th a t f o r a n y € > 0 th e r e e x is t s N ( c ) = m a x ( N o , N o ) s o th a t

I(FN * h) ( 2 ; 1 ) _ h ( 2 ; 1 ) I < i(FN * h) ( 2 ; 1 ) _ h ( 2 ; 1 ) I

+ :1 i ( F N * g ) ( 2 ; 1 ) _ 9 ( 2 ; l ) I

a n d c o n s e q u e n t ly , s in c e Ih e~l) I 2: h_ (l E I N ( J ) ) ,

1 - c < I(FN * h) (~) I < 1 + c

- Ih (~I)1 -

f o r a l l N 2 : N ( c )

( 2 .9 )

L e t m ~ J.L + v d e n o te th e n u m b e r o f z e ro s o f f w h ic h a r e e q u a l to o n e o f th e p o in ts 2 1 r l /N
(l = 0 , . . . , N - 1 ) . T h e n th e s e t

{
I(FN * h ) e~I)1 : l E I (f)}

Ih e~I)1 N

c o n ta in s a t le a s t N - m a b s o lu te v a lu e s o f e ig e n v a lu e s o f M N,f(lhl)-1M N(FN * h) a n d w e

c o n c lu d e b y (2 .9 ) th a t e x c e p t f o r 0(1) e ig e n v a lu e s a n d s u f f ic ie n t ly la r g e N, a l le ig e n v a lu e s o f

M N,j(lhl)-1 M N(FN * h) h a v e a b s o lu te v a lu e s c o n ta in e d in [1 - c , 1 + c l . T h is c o m p le te s th e

~~ .
Remark 2.3 I n a s im i la r w a y a s a b o v e w e c a n p ro v e th a t f o r a n y c > 0 a n d N s u f f ic ie n t ly

la r g e , th e n u m b e r o f e ig e n v a lu e s o f AN(h) w ith a b s o lu te v a lu e s n o t in th e in te r v a l [h_ - c , h+]

i s O ( lo g N ) .

N o te th a t th e p ro p e r ty th a t a t m o s t o ( N ) e ig e n v a lu e s o f AN(h) h a v e a b s o lu te v a lu e s n o t

c o n ta in e d in [h_ - c , h+] f o l lo w s s im p ly f r o m th e f a c t th a t th e s in g u la r v a lu e s o f AN(h) a r e

d is t r ib u te d a s Ihl [ 1 3 , 1 9 ] . 0

Theorem 2.4 L e t f = P a h E L 2 1 r b e g i v e n b y ( 1 .2 ) - ( 1 .4 ) . T b e n , f o r a n y c > 0 a n d

s u f l i c i e n t l y l a r g e N , e x c e p t f o r O ( lo g N ) s i n g u l a r v a l u e s , a l l s i n g u l a r v a l u e s o f

a r e c o n t a i n e d in [ i - c , 1 + c l .
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Proof. T he po ly n om ia l Ps in (1 .3 ) can b e rew ritte n a s

Ps = PP,

w he re
J.L

p(t) := II(1 - e - itj eit)Sj ,

j= l

J.L

L Sj = S,

j= l

an d p(t) is th e com p lex co n ju g a te o f p(t). B y s tra ig h tfo rw a rd com pu ta tio n it is e a sy to ch eck

th a t

AN(J) AN (Ps h) = AN(php)

= AN(ph) AN(p) + R~(s)

- AN(p) AN(h) AN(P) + RN(s) AN(j5) + R~(s)

AN(p) AN(h) AN(P) + RN(2s) , (2 .1 0 )

w h e re o n ly th e firs t S co lum n s(row s) o f R~T)(S) a re n o n ze ro co lum n s (row s).

S in ce 111= p plhl th e e ig en v ah .1 e s o f M N,J(IfI)-l AN(J) co in c id e w ith th e e ig en v a lu e s o f

B N(J) := M N,J(lhl)-1/2 M N,J(P)-l AN(J)M N,J(p)-l M N,f(lhl)-1/2 . (2 .1 1 )

N ow w e ob ta in b y (2 .1 0 ) , (2 .1 ) an d (2 .3 ) th a t

BN(J) = M N,J(lhl)-~ M N,J(p)-l AN(p)AN(h)AN(p)M N,J(j5)-lM N,J(lhl)-~ + RN(2s)

M N,f(lhl)-~ M N,J(p)-l(M N,J(p) + RN(S + m))AN(h) .
• 1

(M N,J(j5) + RN(S + m))M N,J(p)-l M N,J(lhl)-2 +RN(2s)
1 1

M N,J(lhl)-2AN(h)M N,f(lhl)-2 + RN(4s + 2m ). (2 .1 2 )

B y L em m a 2 .2 , fo r an y c > 0 an d N su ff ic ien tly la rg e , ex cep t fo r O (lo g N) s in g u la r v a lu e s ,
1 . 1

a ll s in g u la rv a lu e s o f M N,f(lhl)-2AN(h)M N,J(lhl)-2 a re co n ta in ed in [1- c , 1+ c l. N ow th e

a sse r tio n fo llow s by (2 .1 2 ) an d W ey l's in te r la c in g th eo rem [12 , p . 1 8 4 ]. . •

3 Circulant preconditioners involving positive kerneIs

In m any app lic a tio n s w e on ly k n ow th e en tr ie s ak(J) o f th e T o ep litz m a tr ic e s AN(J), bu t

n o t th e g en e ra tin g fu n c tio n itse lf . In th is c a se , w e u se ev en po s itiv e rep ro d u c in g k e rn e ls

KN E C27r' T hese a re tr ig o n om e tr ie p o ly n om ia ls o f th e fo rm

N-l

KN(t) :=CN,O+ 2 L CN,kco sk t, CN,k= ak(KN) E IR

k= l

sa tis fy in g KN 2 : 0 ,

(3 .1 )

an d th e reproducing property

lim 111 - KN * 11100 = 0 fo r a ll 1 E C 27 r '
N-+oo
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- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - . ,

S in c e

1 1 1 1 " N-1

(KN * J)(x) = - f(t)KN(X - t ) d t = L ak(f) CN,ke
ikx

,
2 1 l" -11"

k=-(N-1)

th e c y c l ic c o n v ö lu t io n o f KN a n d f i s d e te rm in e d b y th e f i r s t N F o u r ie r c o e f f ic ie n ts o f f. A s

p re c o n d i t io n e r w h ic h c a n b e c o n s tru e te d f ro m th e e n tr ie s o f AN(f) w ith o u t e x p l ic i t k n o w le d g e

o f f w e su g g e s t th e c ir e u la n t m a tr ix M N,KN*f(IKN * fl).

In o rd e r to o b ta in a s u i ta b le d is t r ib u t io n o f th e e ig e n v a lu e s o f th e p re c o n d i t io n e d m a tr ic e s ,

w e n e e d k e rn e I s w ith a s p e c ia l p ro p e r ty w h ic h is r e la te d to th e o rd e r

(j:= .m ax Sj

)=1, ... , / .1

o f th e z e ro s o f Ps,

T h e generalized Jackson kernels Jm,N o f d e g re e ~ N - 1 a re d e f in e d b y

(

s in (n t /2 ) ) 2 m

Km N(t) = Jm N(t) := Am N . (/2)
, , 'S In t

(m E N ) , (3 .2 )

w h e re n := lN~l J + 1 a n d w h e re Am,N i s d e te rm in e d b y (3 .1 ) . H e re l tJ d e n o te s th e la rg e s t

in te g e r : : ; t . I n p a r t ic u la r , . w e h a v e th a t

A rv N I-2mm,N ,

i .e . th e re e x is t p o s i t iv e c o n s ta n ts Cl, C 2 s o th a t C I NI-2m
~ Am,N ~ C 2 NI-2m. S e e [1 0 , p p .

2 0 3 - 2 0 4 ] . A p o s s ib i l i ty fo r th e e o n s tru e t io n o f th e F o u r ie r c o e f f ic ie n ts o f Jm,N i s p re s c r ib e d

in [9 ] .

T h e B-spline kernels 8m,N o f d e g re e : : ; N ~ 1 a re d e f in e d b y

N 1 '" (. (N ( t + 21l"r) ) ) 2 m
Km,N(t) = 8m,N(t) := m M2m(0) ~ S I l le . m 2 '

w h e re Mm d e n o te s th e centered cardinal B-spline o f o rd e r m a n d

(3 .3 )

S e e [1 6 , 8 ] . S in c e

.{ s in t .

s in c t:= . -t-

l

t i= 0 ,

t = O .

Bm,N(t) ,~ 1 + M2~(O) % M2m (n;:) c o s kt

th e F o u r ie r e o e f f ic ie n ts o f 8m ,N a re g iv e n b y v a lu e s o f e e n te re d c a rd in a l B -s p l in e s . N o te th a t

J1,N = 81,N i s ju s t th e F e je r k e rn e l F N.

T h e a b o v e k e rn e I s h a v e th e fo l lo w in g im p o r ta n t p ro p e r ty :

T h e o rem 3.1 Let f = Psh E £211" b e given b y (1 .2 ) - (1 .4 ) . Assume tbat for all tj (j E

{ I , . . . ,f.l}) witb tj = ~k for some k E { I , . . . ,LI} and s g n h (~ k + 0 ) i= s g n h(~k - 0 ) tbere

exists a neigbborbood [tj - C j, tj + C j] (C j > 0 ) oftj so tbat f is a monotone function in tbis

neigbborbood and moreover f(tj - t)= - f(tj + t ) (0 : : ; t : : ; C j) ' Let KN = Km,N b e given b y

(3 .2 ) o r (3 .3 ) , wbere .

m~(j+l.
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T h e n th e r e e x is t 0 < a ~ ß < 0 0 S O th a t fo r N -+ 0 0 , e x c e p t fo r 0 (1 ) p o in ts , a ll p o in ts o f th e

s e t {2 7 r l/N : l E [N U )} fu lf il l

1 I(K N * J )e ;y ) I 1
-<-----<-.
ß - I fe ~ I)1 - a

( 3 .4 )

Proof. 1 . F i r s t w e c o n s id e r th e u p p e r b o u n d . S in c e Ps a n d KN a r e n o n n e g a t iv e , w e o b ta in

71"

I(K N * f) (x ) I ~ ~ J Ih ( t)1 P s ( t) K N (X - t) d t
2 7 r

-71"

71"

< h + 2 ~ J P s (t)K N (x - t) d t = h + (K N * P s )(x ) .

-71"

I n [ 1 6 , 9 ] ' w e p r o v e d th a t m ~ (Y + 1 im p l ie s th a t f o r a n x E [N (P s ) 2 [N U ), th e r e e x i s t s a

c o n s ta n t 0 < C < 00 s o th a t

(K N * P s )(x ) < c .

P s (x ) -

T h u s , s in c e Ih(x)1 ~ h _ f o r (x E [N U )) , w e o b ta in

_I (_ K _N _ *_ f_ )_ (x _ )I < _ h + _ (K _N _ *_ P _ s )_ (x _ )< _ h + C

I f(x )1 - h _ P s (x ) - h _

2 . N e x t w e d e a l w i th th e lo w e r b o u n d .

2 .1 . L e t x E [N U ) b e n o t in th e n e ig h b o r h o o d o f t j (j = 1 , . . . , j.L ) , i .e . th e r e e x i s t b j > 0

in d e p e n d e n t o f N s o th a t Ix - t j l .~ b j > 0 ( j = 1 , . . . , j.L ) . T h e n I f(x )1 ~ C > 0 f o r a n

x E IN U ). F u r th e r , s in c e K N i s a r e p r o d u c in g k e r n e l a n d b y u s in g th e s a m e a r g u m e n ts a s in

th e p r o o f o f L em m a 2 .2 i f x i s in th e n e ig h b o r h o o d o f s o m e ~k (k = 1 , . . . , v ) , w e o b ta in th a t ,

f o r a n y e > 0 th e r e e x i s t s N(e), s o th a t e x c e p t f o r a t m o s t a c o n s ta n t n u m b e r o f p o in t s , a n

c o n s id e r e d p o in t s x E [N U ) s a t i s f y

I(K N * J )(x ) - f(x )1 ~ Ce (N ~ N(e))

a n d th u s

I(K N * J )(x )1 c e

I f(x )1 ~ 1 - 1 f(x )1 ~ 1 - e .

2 .2 . I t r e m a in s to c o n s id e r th e p o in t s x = x (N ) E [N U ) w ith l im x (N ) = t j (j = 1 , . . . , j.L ) .
. N~oo .

F o r s im p l ic i ty w e a s s u r n e th a t

P s (t) = ( 2 - 2 c o s t)S = ( 2 s in ( t /2 ) ) 2 S ,

i .e . P s h a s o n ly a z e r o o f o r d e r 2 8 a t t l = O . L e t x = x (N ) E [N U ) w ith

l im x(N) = O .
N~oo
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For any fixed 0 < b < 1r w e ob ta in

b -b 11"

(KN * f)(x) = 2~ (J f(t)KN(x - t) d t + J f(t)KN(x - t) d t + J f(t)KN(x - t) d t)

-b -11" b

b 1I"+x 1I"-X

= 2~ (J f(t)KN(x - t) d t + J f(x - t)KN(t) d t + J f(x+ t)KN(t) d t)

-b b+x b-x

and since f is bounded

b

1 J ..
(KN * J)(x) - 21 r f(t)KN(x - t) d t '"

-b

By defin ition o f KN w e see tha t fo r any fixed 0 < b :S 1r

1I"+x 1I"-X

(J + j)KN(t)dt.

b+x b-x

11"

J KN(t) d t :S const N-2m+l ,

b

so tha t w e get fo r sm all x (e .g . x< b/2)

b

(KN * J)(x) = 2~ J f(t)KN(x - t) dt + O(N-2m+l).

-b

(3 .5 )

(3 .6 )

2 .2 .1 . A ssum e tha t h has no jum p at tl = 0 w ith sign change . T hen there ex ists c .> 0 so

tha th (t) :2 : h_ o r h(t) :S -h_ fo r t E [-c , C :]. W e restric t ou r a tten tion to the case h :2 : h_.

S ince 0 < h_ Ps(t) :S f(t) :S h+ Ps(t) (t E [-c , c ]) and Ps is m ono tone increasing on (0,1r), w e

ob ta in fo r x(N) E (0 , c ) n IN(J) and N su ffic ien tly la ige tha t

£ £

J f(t) J f(t)
f(x(N)) KN(t - x(N))dt :2 :. f(x(N)) KN(t - x(N)) d t

-£ i(N)

£

h_ J Ps(t) (
> h+ . Ps(x(N)) KN t - x(N)) d t

x(N)

£-x(N)

h_ J Ps(t)
> h+ . Ps(x(N)) KN(t) d t :2 : c

o

(3 .7 )

w ith a positive constan t c independen t o i. N. On the o ther hand , w e have by defin ition o f

Ps and since by assum p tion s :S m - 1 tha t f(x(N)) :2 : h_ cN-2s :2 : h_ cN-2m+2. Then w e

ob ta inby (3 .6 ) w ith b = c and (3 .7 ) tha t fo r N la rge enough

(KN * J)(x(N))
f(x(N)) :2 : const

w ith a positive constan t const independen t o f N.
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T h e p ro o f fo r x (N ) E (-c , 0 ) n IN (J ) fo llow s th e sam e lin e s .

2 .2 .2 . F in a lly , w e a ssum e th a t h h a s a jum p a t tl = 0 w ith sg n h (O + 0 ) t= sg n h (O - 0 ) .

W ith o u t lo s s o f g en e ra lity le t h(O + 0 ) > O . T h en , b y a ssum p tio n o n f, th e re ex is ts C l > 0 so

th a t h (t) = -h ( -t) fo r t E [0 , c l] . T h u s ,

c l c l

/ f( t)K N (x - t) d t = / f( t)(K N (t - x ) - K N (t + x )) d t.

-c l Ö

W e con s id e r p o in ts o f th e fo rm

(3 .8 )

2 7 1 "m
Y = Y k(N ):= .-k

N,
(k E N )

w ith lim Y k(N ) = 0 , w h e re , := m n /N in c a se o f Ja ck so n k e rn e ls a n d , := 1 in c a se o f
N-+oo

B -sp lin e k e rn e ls . T h en w e h av e fo r t E [0 , c l] th a t

. . (( s in (n t/2 ) ) 2m (s in (n t/2 )) 2m )
Jm ,N (t - y ) - Jm ,N (t + y ) = Am ,N s in (( t _ y )/2 ) - s in (( t+ y )/2 ) . (3 .9 )

an d co n seq u en tly fo r su ff ic ie n tly sm a ll C l an d Y; s in c e s in is o d d an d m ono to n e in c re a s in g o n

(0 ,7 1 " /2 ) th a t

Jm ,N (t - y ) - Jm ,N (t + y ) > 0 fo r a ll t E (0 , c d .

F u r th e r , b y d e f in itio n o f th e B -sp lin e k e rn e ls

ßm ,N (t - y) - ßn i,N (t + y ) = ß~ ,N (t - y ) - ß~ ,N (t + y ) + O (N -2m+l),

w he re ß~ ,N (t):= ~ M 2:(0 ) (s in c (~ ~ ))2m an d s im ila r ly a s in (3.9) w e se e th a t

o .0'
ßm ,N (t - y ) - ßm ,N (t + y ) > 0 fü r a ll tE (0 , c d .

B y a ssum p tio n h d o e s n o t c h an g e th e s ig n in (O ,cd . T h en w e o b ta in b y (3 .8 ) , m o n o to n ic ity

o f P s in (0 ,7 1 " ) an d m ~ s + 1 th a t

c l c l

/ : f~ ~KN (y -t)d t~ ~ : J KR ,(t-y )-K R ,(t+ y )d t + O (N -
l
), (3.10)

-c l Y

w he re KR , E {Jm ,N , ß~ ,N } ' S e t w = w (N ):= 2 '!1 " ;. T h en Y k = Y k(N ) = w k an d th e re ex is t

r = r(N ) E N (r > k) so th a t C l = w r + £ 1 , w h e re 0 :::; £ 1 = £ l(N ) < w . N ow it fo llow s

w r

/ K R ,(t -YÜ - K R ,(t + Y k) d t

Yk

r-k -l Y k+ w (l+ l)

L / KR ,(t - Y k ) - K R ,(t + Y k) d t

l= O Y k+w l

2 k -l w (l+ l) r+ k - l w (l+ l)

= L / KR ,(t) d t L / KR ,(t) d t

l= O w l l= r-k w l

> J K 'k (t) d t 7" K 'k (t) d t

o C l+ Y k-W
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and fu rth e r by (3 .5 ) and since lim Yk = 0 ,
N-+oo

101 W

J KJv(t - Yk) - KJv(t + Yk) dt 2 :: J KJv(t) dt + O (N -
2m

+ l).

~ 0

S tra igh t fo rw ard com pu ta tion y ie ld s

27rm/(N-y) 7 l"

J KJv(t) dt > const J (S i: u) 2m du > const.

o 0

H ence w e ge t fo r N la rg e enough tha t

101

J KJv(t - Yk) - KJv(t + Yk) dt > const

Yk

and by (3 .10 ) th a t

w ith positiv e constan ts con st independen t o f N.

N ow w e conside r x(N) E [NU) w ith Yk(N) ::; x(N) < Yk+l(N).

L et z(N) := x(N) - Yk(N) > O . T hen

(3 .11 )

101

.J f(t) KN(t - x(N)) dt

-e I

el-z(N)

J f(t + z(N)) KN(t - Yk(N)) dt

-el-z(N)

el-z(N)

J f(t + z(N)) KN(t -Yk(N)) dt

+ 7
1

f(t + z(N)) KN(t - Yk(N)) dt

-el-z(N)

and since f is by assum p tion m ono tone increasing on [-C l, C l]

E i

J f(t) KN(t - x(N))dt >

el-z(N)

J f(t) KN(t - Yk(N)) dt +

-el+z(N)

J f(t) KN(t - x(N)) dt

101

= J f(t) KN(t - Yk(N)) dt +

-e I

-el+z(N)

I f(t) KN(t - x(N)) dt

] f(t) KN(t - Yk(N)) dt

el-z(N)
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a n d b y (3 .5 ) a n d s in c e f i s b o u n d e d

e l e l ,

J f ( t )K N ( t- x (N ) )d t 2 : J f ( t )K N ( t-Y k (N ) )d t + O (N -
2m

+ 1 ) . (3 .1 2 )

- e I - e I

B y a s s u m p t io n x (N ) = (Y k (N ) (O < ( < 2 ) . T h u s

el

J f ( t ) K N ( t - x (N ) ) d t

- e I

f ( x (N ) )

e l

J f ( t ) K N ( t - Y k (N ) ) d t

- e I

> c o n s t f (Y k (N ) )

a n d s in c e f (Y k (N ) 2 : c o n s t N -
2s

a n d m 2 : s + 1 w e o b ta in b y (3 .1 2 ) , ( ? 1 1 ) th a t f o r N la r g e

e n o u g h
el

J f ( t ) K N ( t - x (N ) ) d t / f ( x (N ) ) 2 : c o n s t

- e I

w ith a n o n n e g a t iv e c o n s ta n t c o n s t in d e p e n d e n t o f N . F in a l ly , w e u s e (3 .6 ) w i th b = C l a n d

a g a in m 2 : s + 1 to f in is h th e p r a o £ . •

T o s h o w o u r m a in r e s u l t w e a ls o n e e d th e fo l lo w in g lem m a .

L em m a 3 .2 L e t A E C N ,N b e a H e rm it ia n p o s i t iv e d e f in i te m a tr ix h a v in g N -nI e ig e n v a lu e s

in [ a _ , a + ] , w h e r e 0 < a _ : : : ;a + < 0 0 . L e t B E C N ,N b e a H e rm it ia n m a tr ix w ith N - n2

s in g u la r v a lu e s in [L , b + ] , w h e r e 0 < L :: : ;b + < 0 0 . T h e n a t le a s t N - 4 n I - n2 e ig e n v a lu e s

o E A B a r e c o n ta in e d in [ -a + b + , -a _ L ] u [ a _ L , a + b + ] .

,P ro o f . 1 . A s s u m e f i r s t th a t n i = 0 , i .e . A h a s o n ly e ig e n v a lu e s in [ a _ , a + I - L e t A j(B ) d e n o te

th e j - th e ig e n v a lu e o f th e m a tr ix B . W e c o n s id e r th e e ig e n v a lu e s o f B - tA -1 w ith r e s p e c t

to t E R . B y W e y l 's in te r la c in g th e o r em (s e e [1 2 , p . 1 8 4 ] ) w e o b ta in fo r t 2 : 0 th a t

(3 .1 3 )

(3 .1 4 )

a n d fo r . t < 0 th a t

t (-1) t
A j(B ) - - ' : : : ;A j B - tA : : : ;A j(B ) - - .

a + a _

L e t A j(B ) E [ -b + , -LI- T h e n w e o b ta in b y (3 .1 3 ) a n d (3 .1 4 ) th a t A j (B - tA - I ) < 0 fo r a l l

t > -a _ L . O n th e o th e r h a n d , w e s e e b y (3 .1 3 ) a n d (3 .1 4 ) th a t A j (B - tA -1) > 0 fo r a l l

t< -a + b + . T h u s , s in c e A j (B - tA - I ) = A j( t ) i s a c o n t in u o u s fu n c t io n in t E R , th e r e e x is ts

t j E [ -a + b + ,-a _ L ] s u c h th a t Aj (B - t jA -
I
) =0. T h is im p l ie s th a t t j E [ -a + b + ,-a _ L ]

i s a n e ig e n v a lu e o f A B . C c in s e q u e n t ly , e v e ry A j (B ) E [ -b + , -b _ ] c o r r e s p o n d s to a n e ig e n v a lu e

tj E [ -a + b + , -a _ L ] o f A B . (E ig e n v a lu e s a r e c a l le d w i th m u l t ip l ic i t ie s .)

T h e e x am in a t io n o f A j(B ) E [ a _ L , a + b + ] f o l lo w s th e s am e l in e s .

I n s u m m a ry , N - n2 e ig e n v a lu e s o rA B a r e c o n ta in e d in [ -a + b + , -a _ b _ ] U [ a _ L , a + b + ] .

2 . L e t n i e ig e n v a lu e s o f A b e o u ts id e [ a _ , a + ] . T h e n , s in c e A i s p o s i t iv e d e f in i te , th e m a tr ix

c a n b e s p l i t te d a s

( 3 .1 5 )

13



w h e re A 1 /2 is H e rm it ia n w ith a n e ig e n v a lu e s in [a~2, a~2] a n d R (n d is a H e rm it ia n m a tr ix

o f ra n k n1' T h e e ig e n v a lu e s o f AB c o in c id e w ith th e e ig e n v a lu e s o f A 1
/
2 B A 1

/2. H en c e i t

r em a in s to s h ow th a t a t m o s t 4 n 1 + n 2 s in g u la r v a lu e s o f A 1 /2B A 1 /2 a re n o t c o n ta in e d in

[a_L, a+b+]. B y (3 .1 5 ) w e h a v e

A 1/2 B A 1/2

(A
1
/
2

B A
1
/
2f

A
1
/
2
BA

1
/
2 + R (2 n 1),

= (A
1
/
2
BA

1
/
2f +R (4n1)' (3 .1 6 )

B y 1 . a n b u t n2 s in g u la r v a lu e s o f A
1
/
2
B Ä

1
/
2

a re c o n ta in e d in [a_L,a+b+]. T h e n (3 .1 6 )

a n d W ey l 's in te r la c in g th e o rem y ie ld th e a s s e r t io n . •

. Theorem 3.3 L e t f = P sh E £ 2 7 r b e g iv e n b y (1 .2 ) - (1 .4 ) . A s sum e th a t fo r a ll tj ( j E

{ 1 , . . . , f1 .} ) w ith tj = ~ k fo r s om e k E { 1 , . . . , v } a n d sg n h (~ k + 0 ) i - s g n h (~ k - O )th e re

e x is ts a n e ig h b o rh o o d [t j - C j, t j + C j] (C j > 0 ) o ft j so th a t f is a m on o to n e fu n c tio n in th is

n e ig h b o rh o o d a n d m o re o v e r f( t j - t) = - f( t j + t) (O :: : ; t : : : ;C j) ' L e t K N = Km ,N b e g iv e n b y

(3 .2 ) o r (3 .3 ) , w h e re

m ~ a+ l.

B y a, ß w e d e n o te th e c o n s ta n ts from T h e o rem 3.1.

T h e n , fo r a n y C > 0 a n d s u fI ic ie n tly la rg e N , e x c e p t fo r O (lo g N ) s in g u la r v a lu e s , a ll s in g u la r
1 1

v a lu e s o f MN (IK N * f l) -2 A N (J )M N (IK N * f l) -2 a re c o n ta in e d in [a - c , ß + c ] .

Proof. L e t B N (J ) b e d e f in e d b y (2 .1 1 ) . T h e n w e o b ta in b y (2 .1 2 ) th a t

1 1

M N ,K N * f( IK N * f l) -2 A N (J ) M N ,K N * f( IK N * f l) -2 (3 .1 7 )
1 1

MN ,K N * f( IK N * f l) -2 MN ,f(P ) MN ,f( lh l) 2 B N (J ) .
1 1

MN ,f( lh l) 2 MN ,f(P ) MN ,K N * f( IK N * f l) -2
1.. 1 1 . 1

MN ,K N * f( lK N * f l) -2M N ,f(P ) MN ,f( lh IF M N ,f( lh l) -2 A N (h )M N ,f( lh l) -2
1 1

MN ,f( lh l) 2 MN ,f(P ) MN ,K N * f( IK N * f l) -2 + R (4 s + 2m ). (3 .1 8 )

1 1

T h e d is tr ib u t io n o f th e e ig e n v a lu e s o f M N ,f( lh l) -2 A N (h )M N ,f( lh l) -2 is k n ow n b y L em m a

2 .2 . I t r em a in s tb e x am in e th e e ig e n v a lu e s o f th e H e rm it ia n p o s i t iv e d e f in i te m a tr ix

T h e s e e ig e n v a lu e s c o in c id e w ith th e re c ip ro c a l e ig e n v a lu e s o f M N ,f( lf l) - l M N ,K N * f( IK N * f l) .

B y d e f in i t io n o fM N ,g a n d s in c e K N is a re p ro d u c in g k e rn e l , e x c e p t fo r 0 (1 ) e ig e n v a lu e s , a n

'. e ig e n v a lu e s o f M N ,f( lf l) - l M N ,K N * f( IK N * fl) a re g iv e n b y I(K N * J )(2 7 r l/N ) I/ lf(2 7 r l/N )1

( l E IN(J)). T h u s , b y T h e o rem 3 .1 , fo r N --+ 0 0 o n ly 0 (1 ) e ig e n v a lu e s o f

M N ,f( lf l) M N ,K N * f( IK N * fl)-l a re n o t c o n ta in e d in [a , ß ]. C o n s e q u e n t ly , b y (3 .1 8 ) , L em m a

2 .2 , L em m a 3 .2 a n d W ey l 's in te r la c in g th e o rem a t m o s t O ( lo g N ) s in g u la r v a lu e s o f
. 1 1 .

M N ,K N * f( IK N * f l) -2 A N (J )M N ,K N * f( IK N * f l) -2 a re n o t c o n ta in e d in [a - c , ß + c ] . •
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4 Trigonometrie preconditioners

In ad d itio n to S e e tio n 2 , w e su p p o se th a t th e T o ep litz m a tr ie e s A N E ] R N , N a re sym m e tr ie ,

i .e . th e g en e ra tin g fu n c tio n f E [ ,2 rr is e v en . T h is su g g e s ts th e ap p lie a tio n o f so -e a lle d

tr ig o n om e tr ie p re eo n d itio n e rs . N o te th a t in th e sym m e tr ie e a se th e m u ltip lie a tio n o f a v e e to r

w ith A N e an b e re a liz e d u s in g fa s t tr ig o n o m e tr ie tra n s fo rm s in s te a d o f fa s t F o u r ie r tra n s fo rm s

(se e [1 4 ]) . In th is w ay eom p lex a r ithm e tie e an b e eom p le te ly av o id ed in th e ite ra tiv e so lu tio n

o f (1 .1 ) . T h is is o n e o f th e re a so n s to lo o k fo r p re eo n d itio n e rs w h ieh e an b e d ia g o n a liz e d b y

tr ig o n om e tr ie m a tr ie e s e o rre sp o n d in g to fa s t tr ig o n om e tr ie tra n s fo rm s in s te a d o f th e F o u rie r

m a tr ix F N '

In p ra e tie e , fo u r d ise re te s in e tra n s fo rm s (D S T I - IV ) an d fo u r d ise re te e o s in e tra n s fo rm s

(D C T I - IV ) w e re u sed (se e [2 1 ]) . A n y o fth e se e ig h t tr ig o n om e tr ie tra n s fo rm s e an b e re a liz e d

w ith O ( N lo g N ) a r ithm e tie a lo p e ra tio n s . L ik ew ise , w e e an d e f in e p re eo n d itio n e rs w ith re sp e e t

to an y o f th e se tra n s fo rm s .

In th is p ap e r , w e re s tr ie t o u r a tte n tio n to th e so -e a lle d d ise re te e o s in e tra n s fo rm o f ty p e

II (D C T -II) a n d d ise re te s in e tra n s fo rm o f ty p e II (D S T -II) , w h ie h a re d e te rm in ed b y th e

fo llow in g tra n s fo rm m a tr ie e s :

D C T -II e I N I . _ (N 2 ) 1 /2 ( N j(2 k + 1 )1 1 ') N - 1 ] R N N
E j eo s 2 N . E "

) ,k= O

S
I ! ' _ (2 ) 1 /2 ( N . . (j + 1 ) ( 2 k + 1 )1 1 ') N - 1 m N N

D S T -II . N ' - N E j+ ! sm 2 N . E ~ ' ,
) ,k= O

w he re E r := 2 -1
/
2 (k = 0 , N ) an d E r := 1 (k = 1 , ... , N -1 ) . W e p ro p o se th e p re eo n d itio n e rs

a n d w h e re fE {O ,... , N - I} is th e n ex t h ig h e r in d ex to l su eh th a t if(X N ,d l > 0 . S e e [1 5 ] '

T h en w e ean p ro v e in a eom p le te ly s im ila r w ay a s in S e e tio n 2 th a t fo r a n y c > O and

su ff ie ie n tly la rg e N ex e ep t fo r o ( lo g N ) s in g u la r v a lu e s , a ll s in g u la r v a lu e s o f

M N , J ( l f l , 0 ) - % A N ( J ) M N , j ( l f l , 0 ) - % (0 E { s f J , e f J } )

a re eo n ta in ed in [1 - c , 1 + c J .

5 Convergence of preconditioned MINRES

In o rd e r to p re se r ib e th e eo n v e rg en e e b eh av io r o f p re eo n d itio n ed M IN R E S w ith o u r p re eo n -

d itio n e rs o f th e p re v io u s se e tio n s , w e h av e to e s tim a te th e sm a lle r o u tly e rs fo r in e re a s in g

N .

Lemma 5.1 L e t f E [ ,2 rr b e d e fin ed b y (1 .2 )- (1 .4 ) . A ssu m e th a t / 'i ,2 (A N ( J ) ) = O (N o .)

(a > 0 ) . T h en th e sm a lle s t a b so lu te v a lu e s o f th e e ig en va lu e s o f M N , j ( l f l ) - 1 A N ( J ) a n d

M N , K N * j ( I K N * /1 )-1 A N ( J ) b eh a ve fo r N --+ 00 a s O (N -o .) . .
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P roo f. S in ce

IIA ( 1 ) - 1 M (111)11< 11MN , f ( I I l ) l b ( A ( 1 ) )
N N , f 2 - I I A

N
( J ) 1 1 2 /'b2 N ,

IIA ( 1 )
- : - 1 M ( I K 11)11 <11M

N , K N * f ( I K N * 11)112 ( A ( 1 ) )
N N , K N * f N * 2 - I I A N ( J )112 /'b2 N

and bo th IIMN,f(III)1I2 and I IM N , K N * f ( I K N * 11)112a re re s tr ic ted from abov e , it rem a in s to

sh ow th a t th e re ex is ts a co n s tan t c > 0 in d ep end en t o f N so th a t

T h e abov e in equ a lity fo llow s im m ed ia te ly from th e fac t th a t th e s in g u ia rv a lu e s o f A N ( J ) a re

d is tr ib u ted a s Ifl (se e [1 3 , 1 9 ]) . •

W e w an t to com b in e ou r k now iedg e o f th e d is tr ib u tio n o f th e e ig env a lu e s o f o u r p recond itio n ed

m a tric e s w ith re su its co n ce rn in g th e conv e rg en ce o f M IN R ES .

T h eo rem 5 .2 Let A E C N , N b e a Hermitian matrix with P and q isolated large and small

singular values, respectively:

o < 0 " 1 : : ; 0 " 2 : : ; , . . : : ; 0 "q < a : : ; 0 "q + 1 ::; ... 0 "N _ p : : ; b

< O " N - p + 1 : : ; O " N - 'p + 2 : : ; . . . : : ; O " N (0 < a : : ; b < 00 ).

Let v(k) := 0 if k - P - q == Om od2 and v(k) := 1 otherwise. Then MINRES requires for the

solution ofAx = b

(

2 q. ( b) ) ( 1 + (a) )
k::; 2 In ;+ ~ In 1+O"k + p In2 / In

1
_(%) +p+q+v(k)

iteration steps to achieve precision T , i.e. Ilr«k)>'112 < T where r(k) '= b - A x(k) and x(k) is
Ilr 0112 - .

the k-th iterate.

T he th eo rem can b e p ro v ed by u s in g th e sam e techn iq u e a s in [1 , p p . 5 6 9 - 5 73 ]. N am eIy ,

b a sed on th e know n es tim a te

w he re rrg d eno te s th e sp ace o f p o ly nom ia ls o f d eg ree ::; k w ith Pk(O) = 1 and A j a re th e

e ig env a lu e s o f A , w e choo se Pk a s p ro du c t o fth e lin ea r p o ly nom ia ls p a ss in g th ro ugh th e P + q

ou tly e rs an d th e m od ified C heby sh ev po ly nom ia ls

(
a 2 x

2

) ( a

2

)
T L ( k - p - q ) / 2 J . 1 + 2 b2 = a 2 / T L ( k - p - q ) / 2 J 1 + 2 b2 - a 2 .

T he abov e sum m and P In 2 can b e fu rt h e r red u ced if w e u se po ly nom ia ls o f h ig h e r d eg ree fo r

th e la rg e r o u tly e rs .
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N o te th a t a s im ila r e s tim a te c an b e g iv en fo r th e C G m e th o d ap p lie d to th e n o rm a l eq u a tio n

A* Ax = A*b. H ere w e n eed

ite ra tio n s tep s to a rch iv e p re c is io n Ile:
k
;"A < T, w he re eCk) := x* - x(k). N o te th a t th e la tte r

lIe 0 IIA -

m e th o d req u ire s tw o m a tr ix -v e c to r m u ltip lic a tio n s in e a ch ite ra tio n s tep .

B y T h eo rem 2 .4 , T h eo rem 3 .3 an d L em m a 5 .1 o u r p re co n d itio n edM IN R E S w ith b o th p re -

co n d itio n e rs M N,f(lfl) an d M N,KN*f(IKN * fl) p ro d u ce s a so lu tio n o f (1 .1 ) o f p re sc r ib ed

p re c is io n in O (lo g N) i te ra tio n s tep s an d w ith O(N lo g 2 N) a r ithm e tic a l o p e ra tio n s . T h e

sam e ho ld s fo r p re co n d itio n ed C G app lie d to th e n o rm a l eq u a tio n .

6 Numerical results

In th is se c tio n , w e te s t o u r c ircu lan t an d tr ig o n om e tr ie p re co n d itio n e rs in co n n ec tio n w ith

d iffe ren t ite ra tiv e m e th o d s o n a SG I 0 2 w o rk s ta tio n . A s tran s fo rm len g th w e u se N = 2n, a s

r ig h t-h an d s id e b o f (1.1) th e v ec to r co n s is tin g o f N en tr ie s " I" an d a s s ta r t v e c to r th e z e ro

v ec to r .

W e b eg in w ith a com pa riso n o f M IN R E S app lie d to

(6 .1 )

w he re 0 E {FN, c}.f, s}.f} an d C G N E (C ra ig 's m e th o d ) (c f . [1 7 , p . 2 3 9 ]) ap p lie d tö

F o r b o th a lg o rithm s w e h av e u sed M A TLA B im p lem en ta tio n s o f B . F isch e r . S e e a lso [11]. In

p a rtic u la r , h is im p lem en ta tio n o f p re co n d itio n ed M IN R E S avo id s th e sp littin g (6 .2 ) .

In o rd e r to m ak e th e fo llow in g com pu ta tio n s w ith M IN R E S and C G N E com pa rab le , w e h av e

s to p p ed b o th com pu ta tio n s if

E x am p le 1 . W e b eg in w ith H e rm itia n T o ep litz m a tr ic e s AN (j) a r is in g from th e g en e ra tin g

ftin c tio n .

h(x) '= h1(x) x2 w ith h1(x) = (x2 + 1) sg n (x) (x E [ -7 f ,7 f} ) .

T ab le 1 p re sen ts th e n um be r o f ite ra tio n s fo r c irc u lan t p re co n d itio n e rs . T h e firs t row o f th e

tab le co n ta in s th e ex p o n en t n o f th e tran s fo rm len g th N = 2n. A cco rd in g to T h eo rem 2 .4

an d T h eo rem 5 ,2 , th e p re co n d itio n e rs MN(lfl,FN) le ad to v e ry g o o d re su lts . A s ex p ec ted ,

th e p re co n d itio n e rs MN,KN*f(!KN * fl, FN )w ith th e F e je r k e rn e is KN = FN a re n o t su ita b le

fo r (1 .1 ) (c f . a lso [1 6 ]) , w h ile th e p re co n d itio n e rs w ith KN = B2,N d o th e ir jo b .

F u rth e r , C G N E need s h a lf th e n um be r o f ite ra tio n s b u t tw ie e th e n um be r o f m a tr ix -v e c to r

m u ltip lic a tio n s p e r ite ra tio n th a r i. M IN R E S . S ee a lso S ec tio n 5 .
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7 8 9 1 0 I6~ 4 5MN,f

M IN R E S IN 2 3 7 1 2 7 7 * * * *

M IN R E S MN,f(lfl,FN) 1 5 1 7 1 7 1 9 2 1 2 3 2 3

M IN R E S MN,FN*f(IFN * fl, FN) 1 9 3 1 3 5 4 1 4 3 4 7 5 1

M IN R E S MN,82,N*f(IB2,N * fl, FN) 1 9 2 3 2 3 2 5 2 5 2 7 2 9

C G N E IN 1 1 3 7 1 6 4 * * * *

C G N E MN,f(lfl, FN) 8 8 9 9 9 1 0 1 0

I. m e th o d l

T a b l e 1 : f(t) = hdt) t2 h1(t) =(t2 + 1 ) s g n (t) (t E [ - 7 f ,7 f ) )

Exaniple 2. N e x t , w e e o n s id e r t h e s y m m e t r i e T o e p l i t z m a t r i e e s AN(J) a r i s i n g f r o m . th e

g e n e r a t i n g f u n c t i o n

h(x) = h2(x) (eos(x + 2 ) + 1 ) (eos(x - 2 ) + 1 )

w i th

h2(x) = s g n ( x - 7 f + 2 ) s g n ( x + 7 f - 2 ) .

T a b l e s 2 p r e s e n t s t h e n u m b e r o f i t e r a t i o n s f o r t r i g o n o m e t r i e p r e e o n d i t i o n e r s . T h e r e s u l t s

a r e s im i l a r t o t h o s e o f E x a m p le 1 , e x e e p t t h a t C G N E r e q u i r e s n e a r l y t h e s a m e n u m b e r o f

i t e r a t i o n s a s M IN R E S .

9 1 0 I87~ 4 5 6

M IN R E S IN 9 1 7 4 5 1 4 2 4 0 1 * *

M IN R E S MN,f(lfl, CJJ) 8 9 1 0 1 1 1 4 1 3 1 6

M IN R E S MN,f(lfl, SJJ) 9 1 0 1 1 1 2 1 4 1 3 1 6

M IN R E S MN,FN*f(IFN * fl, CJJ) 1 0 1 5 2 0 2 6 3 0 3 9 5 3

M IN R E S MN,FN*f(IFN * fl, SJJ) 1 0 1 5 1 9 2 5 3 0 3 9 5 3

M IN R E S MN,82,N*f(IB2,N * fl, CJJ) 9 1 5 1 7 1 6 2 0 1 8 1 8

M IN R E S M N,82,N*f(IB2,N * fl, SJJ) 9 1 4 1 6 1 8 1 9 1 8 1 8

C G N E IN 1 0 2 9 9 9 4 1 3 * * *

C G N E MN,f(lfI2,CJJ) 7 9 1 1 1 1 1 7 1 6 1 7

C G N E MN,f(1f12, SJJ) 7 7 1 0 1 0 1 2 1 4 1 5

I m e th o d I

T a b l e 2 : h(t) = h2(t) (eos(x + 2 ) + 1 ) (eos(x - 2 ) + 1 ) (t E [ - 7 f ,7 f ) )

A t th e e n d o f t h i s s e e t i o n , w e w a n t t o e m p h a z i s e t h e in f i u e n e e o f d i f f e r e n t s t o p p in g r u l e s o n th e

n u m e r i c a l s o lu t i o n o f t h e s y s t e m . A d i s e u s s i o n o f s t o p p in g e r i t e r i a f o r i t e r a t i v e m e th o d s e a n b e
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also found in [2, pp. 51 - 57]. We deal with Toeplitz systems (l.I), where AN(J) = A128(J1),

x is a random vector with entries in [-1,1] and b := AN(J)x. Beyond the above considered

MINRES and CGNE with 0 = FN, we also examine the CG method applied to

(M N,J(lfl)-l AN(J))* (M N,j(lfl)-l AN(J))x = (M N,J(lfl)-l AN(J))* M N,J(lfl)-l b

(6.3)

and the preconditioned CG method (PCG) with preconditioner MN,f(lfI2) applied to

(6.4)

in the case of CG

in the case of PCG

in the case of CGNE

in the case of MINRES

For each of the above four algorithms, the following four figures compare

i) 10glOIlb - AN(J)x(k) 112/llb112 (solid curve with points),

ii) 10glOIIc - BNy(k)1I2/llcI12 (solid curve),

iii) 10glOIlf(k)1I2/lIf(0)112 (dashed curve)

IV) 10glOIlx - x(k)112 (solid curve with squares)

after a fixed number of iterations. Here i) is the residual with respect to the original problem.

Except .of PCG, ii) shows the residual with respect to the preconditioned systems, i.e. by

(6.1) - (6.4),

1 1

B N .- MN,f(lfl)-"2 AN(J)M N,f(lfl)-"2

c .- MN,j(lfl)-~ b, y(k) := MN,f(lfl)~x(k),

1 1

BN .- MN,j(lfl)-"2AN(J)MN,J(IJI)-"2

c .- MN,j(lfl)-~ b, y(k) := MN,f(lfl)~x(k),

BN .- (M N,j(lfl)-l AN,j(J))*(M N,j(lfl)-l AN(J))
c .- (M N,l(lfl)-l AN(J))* M N,f(lfl)-l b, y(k) ._ x(k),

BN AN(J)* AN(J)
c = AN(J)* b, y(k) := x(k).

Finally, the values in iii) coincide with the values in ii) up to roundoff errors., i.e.

f(k) ~ c - BNy(k).

The values f(k) can be computed during the algorithm without additional effort and were

sometimes applied in stopping rules.

Note that the standard MATLAB 5 implementation of PCG uses i) as stopping criterion.

Indeed, in all algorithms, the dashed line and the solid line are the same during the first

iteration steps, but distinguish after a larger number of iterations.

Further, the solid line with points i) doesn't furt her decrease after certain iterations. We

cannot solve A128(JIlx = b with a relative original residual smaller than 10-10 by using

MINRES or CGNE and smaller than 10-6 by using PCG and 10-5 by using CG applied to

(6.3) ..
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F ig u re 1 : ' R e s id u a l n o rm s v e rsu s th e n um b e r o f ite ra tio n s fo r th e m a tr ix A128(!I) fo r M IN R E S

ap p lie d to (6 .1 )( le f t) a n d fo r fo r C G N E ap p lie d to (6 .2 )(r ig h t)

T .'

T .4

1 .
4

1 .
4

1 .
4

10.,e

10 •• 2

10."

10."

10.'.

1 .

"
2 0 2 . 3 0 3 5•

T .'

1 .4

10.11
,
I

I,
10-11

• 1 .
"

2 0 2 . 3 0 3 '

F ig u re 2 : R e s id u a l n o rm s v e rsu s th e n um b e r o f ite ra tio n s fo r th e m a tr ix A128(Jd fo r P C G -

m e th o d ap p lie d to (6 .4 )( le f t) a n d fo r C G -m e th o d ap p lie d to (6 .3 )(r ig h t)

,
'-

1 '\
I

-, '. \

"
/' .,'- \

J I"
- ,.

"
2 0 2 ' 3 0 3 5 •• • • 5 0
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