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Abstract

The fractional diffusion equation is discretized by an implicit finite difference
scheme with the shifted Griinwald formula, which is unconditionally stable. The coef-
ficient matrix of the discretized linear system is equal to the sum of a scaled identity
matrix and two diagonal-times-Toeplitz matrices. Standard circulant preconditioners
may not work for such Toeplitz-like linear systems. The main aim of this paper is to
propose and develop approximate inverse preconditioners for such Toeplitz-like matri-
ces. The construction of an approximate inverse preconditioner is to approximate the
inverses of weighted Toeplitz matrices by circulant matrices, and then combine them
together row-by-row. Because of Toeplitz structure, both the discretized coefficient
matrix and the preconditioner can be implemented very efficiently by using fast Fourier
transforms. Theoretically, we show that the spectra of the resulting preconditioned
matrices are clustered around one. Thus Krylov subspace methods with the proposed
preconditioner converge very fast. Numerical examples are given to demonstrate the
effectiveness of the proposed preconditioner and show that its performance is better
than the other testing preconditioners.
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1 Introduction

In this paper, we consider an initial boundary value problem of a fractional diffusion
equation (FDE)
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u(zp,t) = u(rr,t) =0, 0 <t < Ty,
u(x,0) =up(z), rp < x < g,

where 1 < o < 2, f(z,t) is the source term, and the diffusion coefficients satisfying
d4(z,t) > 0and d_(z,t) > 0. Here the left-sided and the right-sided fractional derivatives
are defined in the Griinwald-Letnikov form [27]:
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where |z] denotes the floor of x and the coefficients g,(:‘) are defined as follows

pala—1)---(a—k+1)
k! ’

g(()a) =1 and g,ga) =(-1)

k=1,2,.... (2)

In last few decades, more and more anomalous diffusion phenomena have been found
in the real world, which lead to FDEs. The FDEs were shown to provide an adequate
and accurate description for these anomalous diffusions which include modeling chaotic
dynamics of classical conservative systems [40], groundwater contaminant transport [3, 4],
turbulent flow [7, 29], and applications in biology [19], finance [28], image processing [1],
and physics [30]. In [39], Wang and Yang studied and analyzed variable-coefficient con-
servative fractional elliptic differential equations. Usually, closed-form analytical solutions
of FDEs are not available. Several numerical methods for solutions of FDEs are proposed
and developed; see, for instances, [6, 13, 14, 16, 18, 20, 21, 22, 23, 31, 33, 35].

One of the main characteristics of the fractional differential operator is nonlocal. It
was shown that a simple discretization scheme of the FDE, even though implicit, leads
to be unconditionally unstable [21, 22]. Moreover, most numerical methods for FDEs
tend to generate full coefficient matrices, which require computational cost of O(N?) and
storage of O(N?), where N is the number of grid points [37]. It is quite different from the
second-order diffusion equations which usually yield sparse coefficient matrices with O(N)
nonzero entries and can be solved very efficiently by fast iterative methods with O(N)
complexity. In order to keep a stable numerical scheme, Meerschaet and Tadjeran [21, 22]
proposed a shifted Griinwald discretization to approximate FDEs. Their method has
been shown to be unconditionally stable. Furthermore, the full coefficient matrix by the



Meerschaet-Tadjeran’s method holds Toeplitz-like structure [37], which can be written as
the sum of the scaled identify matrix and two diagonal-times-Toeplitz matrices. Thus the
storage requirement is significantly reduced from O(N?) to O(N). Using the fast Fourier
transform (FFT), the Toeplitz matrix-vector multiplication can be done in O(N log N)
operations [10, 24]. Therefore, the computational cost per iteration keeps O(N log N)
operations when the conjugate gradient normal residual (CGNR) method is applied to
solve the discretized system [38]. Nevertheless, the resulting system in general is ill-
conditioned and hence the iterative method converges slowly. To speed up the convergence
rate, Pang and Sun [26] proposed a multigrid method, which is developed from [8, 34],
to solve the discretized system of the FDE by the Meerschaet-Tadjeran method. With
the damped-Jacobi method as the smoother, the multigrid algorithm can preserve the
computational cost per iteration as O(N log N) operations. Numerical results have shown
that their multigrid method converges very fast. However, from the theoretical point
of view, the linear convergence of their multigrid method, even for the case where both
diffusion coefficients are equal and constant, has not been shown in the literature.

As the resulting discretized systems are Toeplitz-like, we may consider circulant pre-
conditioning techniques for such systems. Circulant preconditioners for Toeplitz matri-
ces have been theoretically and numerically studied with numerous applications for over
twenty years; see [9, 10, 24]. Recently, Lei and Sun [17] applied the preconditioned CGNR
method with a circulant preconditioner, which is extended from the Strang circulant pre-
conditioner [11], to solve the discretized system of the FDE by the Meerschaet-Tadjeran
method. The spectrum of the preconditioned matrix is theoretically proven to be clus-
tered around one providing that both diffusion coefficients are constant, and hence the
superlinear convergence rate is obtained. However, when the diffusion coefficients are not
constant, the spectrum of the preconditioned matrix is no longer clustered around one.
One possible approach is to approximate a Toeplitz matrix by a circulant matrix and
then use diagonal-times-circulant matrix as the preconditioner for the discretized system.
However, the main difficulty of this approach is that the resulting preconditioner is not
circulant, and its inverse cannot be determined efficiently. Indeed, the cost of the inversion
is about the same as that of the inversion of the original discretized matrix.

Recently, Ng and Pan [25] proposed approximate inverse circulant-plus-diagonal pre-
conditioners for solving Toeplitz-plus-diagonal systems. Their idea is to use circulant
matrices to approximate the inverses of Toeplitz matrices and then combine these circu-
lant matrices together. As the resulting preconditioner is already of the inverted form,
only matrix-vector multiplications are required in the preconditioning step. Therefore,
the resulting preconditioner can be efficiently implemented. They also showed that the
spectrum of the preconditioned Toeplitz-plus-diagonal matrix is clustered around one. Nu-
merical examples including the application of image restoration have demonstrated that
their approximate inverse preconditioner is very effective, and the Krylov subspace method
converges very fast when it is applied to solve these preconditioned systems.

The main aim of this paper is to propose and develop approximate inverse precondi-
tioners for the sum of the scaled identity matrix and two diagonal-times-Toeplitz matrices
arising from the discretization of FDEs. The construction of an approximate inverse pre-
conditioner is to approximate the inverses of scaled Toeplitz matrices by circulant matrices,



and then combine them together row-by-row. We remark that this idea of construction is
similar to that in [25], but two linear systems are different. Because of Toeplitz structure,
both the discretized coefficient matrix and the preconditioner can be implemented very
efficiently by the FFT. The computational cost per iteration is of O(N log N). Theoret-
ically, we show that the spectra of the resulting preconditioned matrices are clustered
around one, and thus Krylov subspace methods with the proposed preconditioner con-
verge very quickly. Numerical examples are given to demonstrate the effectiveness of the
proposed preconditioner and show that its performance is better than the other testing
preconditioners.

The paper is organized as follows. In Section 2, we present the discretized system. In
Section 3, we construct the proposed preconditioner. We also analyze the spectrum of
the preconditioned matrices. In Section 4, numerical examples are given to demonstrate
the performance of the proposed preconditioner. Finally, concluding remarks are given in
Section 5.

2 Discretization of FDEs

Let h = (xgp — xr)/(N + 1) and At = Ty/M be the sizes of spatial grid and time step,
respectively, where N and M are positive integers. We define a spatial and temporal
partition z; = xy +ih fori =0,1,2,...,N+1 and t,, = mAt for m=0,1,2,..., M, and
denote

w™ = ulwitn), A =di(eitn), A7) =d(zitn), and f" = (@i t).

The first-order time derivative in (1) can be discretized by a standard first-order time
difference quotient. For the discretization of the fractional spatial derivative, we employ
the following shifted Griinwald approximations

0%u(xi, tm) s
8+1L'a = ha ng uz k+1 +O(h)’
N—i+2
0%u(x, tm)
T g0 e Z g ull + o),

which is proposed by Meerschaert and Tadjeran [21, 22]. They proved that the corre-
sponding implicit finite difference scheme
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is unconditionally stable. By the boundary condition, we have u(()m) = ug\rﬁgl 0 for
m=1,2,..., M. Denote
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Then we can rewrite the numerical scheme (3) into the following matrix form
Ay (M) = (=)  pogm) gy =1 2 M, (4)
where the coefficient matrix A(™) is of the form [37]
A™ = 1 + DT 4 WITT, (5)

with 7 = h®/At. Here TT denotes the transpose of T, I € RV*¥ is the identity matrix,
D) and W™ are diagonal matrices defined by

Dm) — diag (dg_nj'l), dSTQ), RN dg_njj)\,
WO = diag (a7, ), ... d")

and T is the Toeplitz matrix

A 0 e o
95" : :
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3 The Preconditioning Method

As A is nonsymmetric, we can apply Krylov subspace methods, such as GMRES, to
solve the linear systems (4). In order to improve the performance and reliability of the
Krylov subspace methods, preconditioning is often employed. It is widely recognized that
preconditioning is the most critical ingredient in the development of efficient solvers for
challenging problems in scientific computations [5].
In the following, we consider the preconditioners for the matrix A € RNY*N of the
following form
A=nl+ DT +WTT, (7)

where 1 > 0, I is the identity matrix, D and W are diagonal matrices with nonnegative
diagonal entries and T is the Toeplitz matrix defined in (6). Here we assume that the
diagonals of D = diag(di,ds,...,dy) and W = diag(wy, we, ..., wy) are determined by
the nonnegative functions d(z) and w(z) on [z, xR], respectively; i.e.,

d; =d(z;) and w; =w(z;), i=1,2,...,N.

Define
Ki 20l +d;T +w,T" =nl +d(z;)T + w(z)TT, i=1,2,...,N. (8)

Clearly, all K;’s are Toeplitz matrices. According to the fact that

TA_ Tic
e, A =e/K;,



our preconditioner is based on the following approximation
TA= L TR L
e;AT ~e K, ",

where e; denotes the i-th column of the identity matrix. This means that the i-th row
of the inverse of A is approximated by the i-th row of the inverse of K;. Therefore, we
propose the following preconditioner B whose inverse is defined by

N
Bi'=) el K. (9)
i=1
To construct Bl_l, we need to compute the inverse of K; (i = 1,2,...,N), which is

impractical. However, as K; is a Toeplitz matrix, we can approximate K; by a circulant
matrix. Let C be the Strang circulant approximation [11] of the Toeplitz matrix 7', that
is, the first column of the circulant matrix C' is given by

- [gga)a 95007 R gfl(l]z]_i_l)/QJ, 07 Ty 07 g(()a)]T (10)
We remark that other successful preconditioners can be considered and used; see, for
instance, [24]. Let

Ci =nl +d;C 4+ w;CT =nl +d(z;)C +w(z;)CT, i=1,2,...,N. (11)

Then we obtain the preconditioner By with

N
By'=> eelC, (12)
=1

which is based on the circulant matrices. It is well known that circulant matrices can be
diagonalized in O(N log N') operations by making use of FFT. Hence the product Cl-_ly
for any vector y can be computed by FFT in O(N log N) operations.

By the definition of By, we know that implementing a preconditioner based on Bs
would require O(N) FFT’s per iteration. This is still expensive. In order to reduce the
computational workload, we propose to use the interpolation method to construct the
practical preconditioner; see [25]. We first choose a small number ¢ (¢ < N) of values
{:Ej}le C {x;}¥,, which covers (most of) the range of values of {z;}}¥,. The idea is
given as follows. First, let A be a certain complex number with positive real part, i.e.,
Re(A) > 0, and define the function

1
x) & = , TE|rL,TR|, 13
@) N+ Ad(z) + w(x) e, wr] (13)
where A denotes the complex conjugate of A. Let
pa() = ¢1(2)gr(Z1) + d2(2)gr(F2) + - - + de(w)gr(Tr) (14)



be the piecewise linear interpolation for gy (z) based on the ¢ points

N

- - ¢
{(@an(@))) },oy € {(mian(@i) }i, -
Next, we precompute the eigenvalues of the circulant matrix C' by FFT, that is
C = FAF*,

where F' is the Fourier matrix and A; :~diag()\1, A2,...,AN) is a diagonal matrix whose
diagonals are the eigenvalues of C. Let C; £ nl + d(%;)C + w(%;)CT. Then we have

Cj=FAF*, j=1,2,...,1,

where F* is the conjugate transpose of F, and A; = nI + d(Z;)A + w(Z;)A*.
Finally, we apply interpolation formula (14) to approximate C; ! :

L L
C'i_le Z(Z)J(xl)Aj_l F*:Zgbj(xi)(]j_l, ’iIl,Q,...,N,
7=1 7=1

where ¢;(x;) are the interpolation coefficients. Then we can get the practical precondi-
tioner B3 with

N L

By' =) el | > ¢i(xi)C; (15)
j=1

=1

N ¢
N o
= ;;eieZF (¢j(l’i)Aj 1) F*
N
j=1 \i=1
= ZZ: ®;FATFY,
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where ®; = diag (¢j(x1), j(x2),...,d;(xy)) are diagonal matrices. Now applying Bz '
to any vector requires about O(¢/N log N) operations which is acceptable for a moderate
number £.

It is expected that as the number of interpolation points increases, the number of
iterations required for convergence decreases. However, the cost of forming and applying
the preconditioner grows proportionally to the number of interpolation points. Hence,
there is a trade-off to determine the number of interpolation points. In the next section,
we will analyze the spectra of the preconditioned matrices.



4 Analysis of Preconditioners

One of the important aspect that affect the convergence property of the Krylov subspace
methods is the eigenvalue distribution of the (preconditioned) coefficient matrix. In gen-
eral, a clustered spectrum away from zero often results in faster convergence, especially
for those matrices close to normal [5]. In this section, we consider the spectral properties
of the preconditioned matrix Bs LA,

We first introduce the off-diagonal decay property.

Definition 4.1. [32] Let A = [a; ;i jez be a matrix, where the index set is Z = Z,N, or
{1,2,...,N}. We say A belongs to the class L if

c
a; | <———— fors>1, 16
|Z,]|—(1+|Z_]‘)S ( )
and some constant ¢ > 0.

The following result is due to [15, 32].

Lemma 4.1. Let A = [a; ;i jer be a nonsingular matriz, where the index set is T = 7Z,N,
or {1,2,...,N}. If A€ Ly for some s > 1, then A~! € L,.

Now we investigate the off-diagonal decay properties of the Toeplitz matrix 1" defined
by (6). For the entries of 7', we have the following result [21, 22, 27, 37].

(a

Lemma 4.2. Let g, ) be defined in (2) with 1 < a < 2. Then the following recursive

relationship holds
el a+1 a
g,(c):<1— 2 >g,g_)1, k=1,2,....

Moreover, we have

(@ _ ¢ () () (a)

9 =1, g ' =—-a<0, 1>gy" >g3 >--->0,

and

o0 m
Zgl(:‘):O, Zg,(ga)<0, 1<m < oo.
k=0 k=0

By Lemma 4.2 and the definition of the matrix T, we conclude that T is a strictly
diagonally dominant M-matrix. In fact, as d4(z,t) > 0 and d_(z,t) > 0, it is easily
to show that the matrix A, which is defined by (5), is a strictly diagonally dominant
M-matrix [37] and, hence, all its eigenvalues have positive real parts.

It was shown in [37] that gl(f) decreases monotonically to zero as k tends to infinity
with the rate of o + 1.

Lemma 4.3. [37] Let glia) be defined by (2) with 1 < a < 2. Then

(@) _ 1 1
I = T(—a) ket (1 o (kz)) !

where I'(x) is the Gamma function.



Therefore, the matrix 7" has the off-diagonal decay property (16), that is, T' € Ly41.
Thus, the matrices A and K; also have the off-diagonal decay property, that is, A € L,+1
and K; € £a+1

As 1 < a < 2, by Lemma 4.1, we have the following result.

Lemma 4.4. Let T be defined by (6) with 1 < a < 2. Assume d(z),w(x) € Clzr,zR].
Then T‘l,A_l,Ki_1 € Lo+1, where A and K; are defined by (7) and (8), respectively.

That is to say, there exists a constant ¢y > 0 such that

.o co
L(z,7)] < — , 17
’ ( )’ (1+|Z_j|)a+1 ( )
where L can be T, A, K;, T~', A~' and K; .
Let ¢ > 0 and a > 0. Then we have
i L = + = +--- < L (18)
it :L.CH-l - (q_|_ 1)a+1 (q+2)a+1 — aqa'

This inequality will be used to estimate the norm of a matrix having the off-diagonal decay
property (16).

In the following, we discuss the spectral properties of the preconditioned matrix By 14,
or the approximation property of By Lto A=1. As

By' = AT =(By' = By ) + (B - ATY),

we will investigate the properties of By - By L and By L A-1, respectively.
First, we consider the approximation property of By Lo AL,

Lemma 4.5. Let A and K; be defined by (7) and (8), respectively. Assume d(x), w(z) €
Cllwp,xR]. Then for a given e > 0, there exists a constant c; and an integer Ny such that
for 1 > Ny we have

JeT(T = A7) < e 1) + e, (19)

where A(x;,1) 2 max;_jcpeiyl |Tr — T3]
Proof. It follows from the definitions of A and K; that
lef (K1 — A7 Y)[h
= [lef A7HA - K)E;
— T AT (D = di)T + (W — wi)TT) Ky
< |ef ATHD = diD) ||, 1T lo | K oo + ] ATHW = wil) ||y 1T [loc 15 o (20)



As T has the off-diagonal decay property (17), by (18), we have

(
[T = max, 2 T(i.5)| = max, (Tu,z) + 30176, )]

J#i
ad C
0
< ( 22 k)
2 2
< oot 20 = B )0
(67 o

Analogously, we can show that

2 2
1K oo < (2+a)a and  [|A7Y|o < M.
[0
It follows from (18) and Lemma 4.4 that
lefA=H(D = diD)]],
N
= _I(dj — di) A7 (i, )|
=1
il 11 N
= ldj—di| - AT @)+ D N =il [ATN G+ D Ny = dal - [ATNGL )
j=1 =il =it
i1
) 1. -
< max |d; - dzlz e T ex M —dil D, A7)
j=i—l+1
N C
0
R 2
j=t

, -1 _ N
< max |dj — d; Z ka+1+”A loo - _max |d; —di| + max dj —di| > P

1<j<N —l<j<i+
k=l+1 k=l+1
2c0 2+ a)co
— max \a@—dﬂ—i—g max |dj — d;|.
al® 1<j<N « i—l<j<i+l

As d(z) € Cllzp, zR], we have

max |d;j —d;| <2 max, |d;| =2 max |d(z;)] <2 max |d(z)]

)

1<j<N 1<5< 1<5< I o
and
di —di| = dle) — dlx
i4r£?§z‘+l| i — dil i,f??fi“‘ (z5) — d(z:)|
< max \d ()| - |2; — 2

i—1<j<i+l a:E[xL ,a:R]

< max |d'(z)]- Az, ).

"~ z€lzr,TR]

10



Hence,

ﬂ max _|d(z) —i—w max |d'(x)| - Az, 1).

al@é -Te[wL,ZBR} « ZIJE[wL,ZBR}

|efA~H(D — diD)||, <

For any given £ > 0, let N7 be the integer satisfying

a1 2 2
N > - 3¢ max _|d(x)] - <(+Q)CO> .

? z€|zr,xR] o
Then for each integer [ > ]\71 we have

1 2
747D — i), ITIee K e < 52+ BEDD s @) A, (@)

(6] z€[zr,TR]

Analogously, we can prove that there exists an integer N; such that for [ > N; we have

1 2
A W = wiD||, 17T ool B o < e+ CFYD o (@) A ). (22)
2 (6 :L'E[.’L‘L,:L'R]
Let Ny = max{Ny,N;} and ¢; = (2+§‘)C° (max,e(ry wp) |4 (2)] + maxXyely, 2p) [0 (2)]).
Combining (20), (21) and (22), we obtain the conclusion. O

It follows from the definition of By that

-1 -1 -1 -1 -1 -1
1B = A e = max ] (Bi! = A7)l = ma [lef(K; ! = A7)

Note that the constant ¢; and the integer N7 in Lemma 4.5 are independent on i. Hence,
we have the following result.

Lemma 4.6. Let A and By be defined by (7) and (9) respectively. Assume d(z),w(x) €
ct [, xR]. Then for a given € > 0, there exists a constant ¢; and an integer N1 such that
for 1 > Ny we have

_]. _ 71 < . .
|IBy " — A o < 1 max, Az, l) +¢ (23)

We remark that, as z; = xp + ih for i =0,1,2,..., N + 1, it holds that

Az, 1) = —ai| = (1= 1)h, 24
(z:0) Hgll?fm’xk zil == 1h (24)

which will tend to zero as N tends to infinity.

11



4.1 The Preconditioner B;*

Next, we consider the approximation of By L to By 1 By the definitions of B; and Bs, we
have

2

N
Byl — Bl = Zeie}(cﬂ - K
=1
N
= ZeiegKifl(KI‘ — 01)0;1
=1

N N
=d; Z eie] K, H(T — O)C; ! + wy ZeieZ-TKi_l(T - Co)ye;
i=1 i=1

Now we want to show is that B, - By I can be written into a sum of two matrices where
one matrix is of small norm and another is of low rank.
We first prove that ||C; !||o is bounded by 57!,

Lemma 4.7. Let C; be defined by (11). Then we have

1T oo <07
Proof. For any given vector y = [y1,%2,...,yn]T € RY, we define
T =[r1,22,...,2N]T £ C’;ly.

Then we have
y=Cix =nr+ d;Cx + w;CTx.

Let x; be the entry of z such that

k] = [[]loo-

Thus, |z;| < |zg|, i =1,2,...,N. It follows from Lemma 4.2 and (10) that the k-th entry
of y satisfies

el = [z = (di +w)g i + [Calk — digl®wy + [CTalk — wigl®a

> ’W‘kz — (d;i + wi)gga)ka’ - ’[Cﬂf]k - dig?“)xk\ - ’[CTx]k - wz'gyx)fﬂk’

N N
> el — (di +w)g\Vlal —di S o\ Vel —wi Y gl
j=1, j#k j=1, j#k
N N
= nlae] — dilae] 3 g\ — wilai] > g
j=1 =1
> |zl

12



Here [C'z]), denotes the k-th entry of Cx. Therefore,
1 1
[Zlloo = |zl < =lykl < —llYlloo,
n n

which holds for any vector y € RY. Hence,

c! 1
10 e = max 1C7 ylloo  l12]l0o <L

yerN 520 |[yllo Iyl ~ 7

As C is the Strang circulant approximation of 7', we have [11]
T—-C=Epr+Sp,

where Er is of small norm and St is of low rank. More precisely, for a given € > 0 we
have ||Er|loo < € and St is of the following form

[0 0 --- 0 5]
o o0 --- 0 0
Sp=1|: R
o o0 --- 0 0
S5 0 - 0 0]

where the dimension of S7 and Ss is dependent on ¢ and the decay property of T, but is
independent on N (the dimension of A). Since K ;1 has the off-diagonal decay property
(17), we can write K; ! as a banded matrix plus another one with small norm, that is,
Ki_1 = f(i + KZ where

-* * 0 O- -0 0 * *-
0o - R * * 0

Here we use “#” to denote the nonzero entries and ||K;||oo < €. It follows from (17) and

(18) that the bandwidth of K; is the smallest integer larger than (L)l 4 1. We remark
that all matrices K;’s have the same bandwidth for i = 1,2,..., N. It is clear that K; can
be written into a block triangular form

13



where “+ 7 denotes the nonzero block submatrix whose size is equal to the bandwidth of
K;. Therefore,

KN (C—-T)C7t = K7 'EpC7 + (K + Ki)Sp0;
= (Ki_lET + [A(zST)Cz_l + RZSTCZ_I
It holds that
|0 Br 4+ KiSr)C oo < (I ool Brlloo + 1Kl 7110 ) 167 oo
<& (1K oo + 1S7l0) 1G5 oo

and hence
N
Zeieg ((K;lET + IAQST)C;1> = 1I<HZE?](V GZT(KflET + IAQST)C;1H1
=1 -

oo

IA

max “(KflET+IA(iST)C;1“
1<i<N

-1 -1
Se'lrg@cv(llKi lloo + 157 llo0) 1C; oo

o0

Note that both ||K; *||e and ||S7||s are bounded because of the off-diagonal decay prop-
erty of K; ! and T. Tt follows from Lemma 4.7 that ||C; ||« is bounded. Hence, there
exists a constant ¢y > 0 such that

N

Z ee] ((K;lET + KiST)C;1>
i=1

< Co€.

[e.e]

Now we look at the matrix product INQSTC’Z._ 1. Without loss of generality, we can
assume that the dimension of the blocks of fQ and Sp have the same size. Otherwise,
we can enlarge the smaller. By direct computations, we can show that f(iSTC’i_l has the
following block structure

0 0 0 + + + + +
00 - 0 + + o+ + o+

0 0 0 0 0 0 0 0
KiSrCit = |t LG = :
0 0 0 0 0 O 0 O

+ 0 0 0 + o+ + +

[+ 0 0 0 [+ + + 4

Hence,

N
rank (Z eieZTf('iSTCi_1> < 4¢, (25)

=1

14



which is bounded. Here £ denotes the dimension of the blocks in IN(Z‘STCZ-A, which is
independent on N (the dimension of A). Therefore,

N N N
ZeieZTKi_l(T — C’)C’Z-_1 = ZeieT ((Ki_lET —+ IAQST)C;1> + ZeieZTKiSTCi_l
i=1

7
i=1 =1

is a sum of a small norm matrix with a low rank matrix.
Analogously, the similar result holds for S-% eie] K;1(T — C)TC; . As

N N
By' = Bi'=di Y eel KT = C)C7t +wi Y eiel K H(T — C)TC;
=1

i=1
we have

Lemma 4.8. Let By and By be defined by (9) and (12) respectively. Then we have
By' - By' = Ep + S,

where Eg is of small norm and Sp is of low rank, that is, | Ep|lec < 2c2e and rank(Sp) <

4€.
Therefore, we have the following result.

Theorem 4.1. Let A and By be defined by (7) and (12), respectively. Then, there exists
an integer No such that for N > No, we have

Byt —-Al'=E+8,
where E is of a small norm and S is of a low rank.
Proof. we have
By' AT =(By' =By )+ (Bl AT
=Ep+ (By'— A1)+ 8p
£E+6,
where E = Ep + (B;* — A™!) and S = Sp. It follows from Lemma 4.6 and (24) that

-1 -1
— < . — _ .
| By A oo <1 1r<nia<o](VA(th1)+g_cl(N1 Dh+e
Let N> be an integer large enough such that

TR — T
Ni—1)h=(Ny—1)———= .
(N1 —=1)h = (N )M+1<6

Then
IE|lso < ||EBlloc + 1By = A7 oo < (c1 + 2¢2 + 1)e.

The conclusion follows. O
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4.2 The Preconditioner B;*

We first establish the difference between By - By Lin terms of interpolation polynomial
and interpolation points. We note that

(B3 — By )il = ||esei™(Bs ' — By Veje;T],

N
= ||le;e;T Zekek (Z dulxr) J > - ZekeLCk‘l
= |leje;T (Zgbu x;) é > C
= eieiT (ZF ¢u xz > z_

= |lese;T [FPy(xi) F™* — FQx(x;)F™] eje;T|,
< |[FPA(wi) F* = FQx(zi) F7|,
< max | Pr () — Qa(o) 2

2

ejejl

2

where (B;' — By');; donates the (i,7)-th entry of the matrix By’ — By!, Py(x1) =

diag(pa, (Tk), Pag (Tk)s -+ Pay (z1)) and Qx(zx) = diag(gr, (Tk), qr, (Tk), - 5 @ry (T1)) are
the diagonal matrices, and A1, Ag,- -+, Ay are the eigenvalues of C. It follows that

B;' — By < _ — .
(B3 il 1I<I}§i<XNHPA($k) ()2 = 13}55\/1%&31\/{‘“ (zx) — gx, (z)[}

Theorem 4.2. Suppose { is sufficiently smaller than N. Then B?,_l, B2_1 and BS_1 — Bz_1

can be expressed as X +Y + Z, where X has off-diagonal decay property, Y is of a small
norm matrix and Z is of a low rank matriz.

Proof. Let C, = nl + d(x)C +w(x)CT. In Section 4.1, we have shown that C;;! — K ! is
equal to a sum of a small norm matrix and a low rank matrix, and the low rank matrix
is given in the form of (25). As K, ! has the off-diagonal decay property (see Lemma
4.4), Cx_l can be written as the sum of three matrices X, + Y, + Z,, where X, has the
off-diagonal decay property, Y, is of a small norm matrix and Z, is of a low rank matrix.
The above results can be applied to the points = z; and = = ; used in Section 3. We
note from (15) that

¢ ¢
Zcp Crt Z@ Xj+) 0V +> 9,7
j=1 j=1 j=1

We know that for linear interpolation scheme, |®;(z)| is bounded above by 1 for all
i = 1,2,--- 0 and z € [xp,xR]. Therefore, when ¢ is sufficiently smaller than N,
Z§:1 ®;X; have off-diagonal decay property, || 22:1 DYl < Z§:1 19,001 Yl oo is
small and Z§:1 ®;Z; is a low rank matrix given in the form of (25).

16



On the other hand, in Lemma 4.8, we have shown that B;l — Bfl is equal to the sum
of a small norm matrix and a matrix of low rank. In Lemma 4.4, we know that B ! has
the off-diagonal property. Also it is clear that B; - By ! can be expressed as the sum of a
matrix with off-diagonal decay property, a small norm matrix and a low rank matrix. [

Theorem 4.3. Let 0 = max,c[,, o MaXi<u<N{Pr, (T) — g, (z)}. Suppose L is suffi-

ciently smaller than N. Then for each € > 0, there exists an integer N3 > 0 (which is

independent of N) such that By' — By* = E + S, where E is a matriz with ||F|ls <

0(2N3 + 1) + €. and S is a low rank matriz.

Proof. According to Theorem 4.2, we know that Bg_1 — B;l =X +Y + Z, where X has
€

off-diagonal decay property, ||Y||cc < § and Z is a low rank matrix given in the form of
(25). Now we can be written as B:,:l — B;l = X +Y + Z with the property that

(B3 = By )il = Xl + [Yig| + 1241, (26)
where X has off-diagonal decay property, ||}A/||OO < § and Z is a low rank matrix given in
the form of (25). According to the structure of Z (see the matrix structure in (25)), when
Zij #0, weset X;; =Y;; =0and Z;; = (B;' — By ')i;; when Z;; # 0, we set Y; ; =0
and X ij = X5 j+Y; 5 for X;;Y; 5 <0 or we set X ij = Xjj and Y,J =Y, for X;;Y;; > 0.
It is clear that (26) satisfies.

Next we would like to show that X +Y can be a small norm matrix. W first note that
for X, there exists N3 > 0 such that

Z |Xi7j| <

|5 —i|>N3

i=1,2,---,N.

l\D\m

It follows that

| X oo = max || Xy

-~ _ N ~ €
— max Z |(B31_le)i,j|_‘yi,j’—|Zm "’5

J—i<N3

— _ €
<max Y [(By' = By il + g
J—i<N3

< (2N3 + )max|(By! = By )i
2y

+€
2

€
< (2N3 + 1) max max{px, (zx) — ¢r, (@r)} + 5

< (2Ns+1)0 + %
Let E= X +Y, we have ||E|joo < || X|loo+ || ]loo < (2N3+1)0+€. The result follows. [

By combining the results in Theorems 4.1 and 4.3, we conclude that B3 1_ A= can be
written as the sum of a small norm matrix and a low rank matrix. In the next section, we
present numerical examples to demonstrate the usefulness of the proposed preconditioner.
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5 Numerical Examples

In this section, we carry out numerical experiments to study the performance of our new
preconditioner Bs. We employ the preconditioned GMRES method to solve the linear
system (4). In all numerical experiments, the stopping criterion is

7% |2 <107,
lI7oll2

where rj, is the residual vector after k iterations and rg is the initial residual vector.

Example 1. We first consider the FDE (1) tested in [26, 37] where a = 1.8, [x,zg] =
[0,2] and Ty = 1. The diffusion coefficients are given by

dy(z) =T(1.2) 2%, d_(z) =T0(1.2)(2 - z)°,

and the source term is

fz,t) = —32¢7" <:1:2 + é(2 —x)%(8 + %) — g[aﬁg +(2-2)% + %[m‘l +(2— x)4]> :

The initial condition is chosen as
u(z,0) = 42%(2 — )2
Then the true solution to the corresponding FDE is given by [22, 37, 26]
u(z,t) = de '2?(2 — x)*.

The numerical results are listed in Table 1, where “GMRES” denotes the GMRES
method without preconditioner, “Bs3(¢)-GMRES” denotes the GMRES method with the
preconditioner Bs with ¢ being the number of interpolation points, and “C-GMRES”
denote the GMRES method with the following circulant preconditioner

nl + dC + wCT,

where d and @ are the mean values of the diagonals of the diagonal matrices D and W,
respectively. As for comparisons, we also carry out the Gaussian elimination method,
which is denoted by “GE”.

In Table 1, “N” denotes the number of spatial grid points, “M” denotes the number
of time steps, “Iter” denotes the average number of iterations required to solve (4) at
each time step, and “CPU” denotes the total CPU time in seconds for solving the whole
discretized system.

Since the true solution is available, we also report the error between the true solution
and the approximation under the infinity norm at the last time step. It is denoted by
“FError” in Table 1. As this value is almost same for all GMRES methods, we just list the
error for GE and B3(4)-GMRES.
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Table 1: Numerical results for Example 1.

N M GE GMRES C-GMRES | B3(2)-GMRES Bs3(4)-GMRES
CPU Error Iter CPU | Iter CPU | Iter CPU | Iter CPU Error
27 96 0.13 8.3059%-3 | 65.98 1.41 [ 8.02 0.12 | 6.00 0.10 | 5.00 0.09 8.3059e-3
28 o7 0.99 4.0727e-3 | 115.02 7.54 | 7.05 0.23 | 5.00 0.19 | 4.00 0.17 4.0727¢-3
29 98 9.25 2.0159e-3 | 159.02  31.22 | 7.00  0.59 | 4.00 0.39 | 4.00 0.45 2.0159¢-3
210 99 90.26 1.0028e-3 | 196.55 117.47 | 6.00 1.44 | 3.00 0.88 | 3.00 1.02 1.0027e-3
21l 210 | 1057.99  5.0009¢-4 | 225.01 449.25 | 5.00 3.93 | 3.00 2.77 | 3.00 3.28 5.0008¢-4

We see that the preconditioned GMRES methods exhibit excellent performance both

in terms of iteration steps and CPU time, and the iteration number does not increase as
the number of the spatial grid points increases. For this example, £ = 2 is good enough,
which means that we only need to choose two interpolation points. The performance of
the proposed preconditioner is better than that of the circulant preconditioner by taking
the average of the coefficient values in the fractional diffusion equations.

Example 2. This example is a modification of Example 1. We replace the right-sided

diffusion coefficient d_(z) with

d_(z) =T1(1.2) (2 — z)F),

Other data are the same as that in Example 1.

The numerical results are listed in Table 2. We can see that the performance is
improved significantly as the number of interpolation points increasing. Again, the perfor-
mance of the proposed preconditioner is better than that of the circulant preconditioner.

Table 2: Numerical results for Example 2.

N M GE GMRES C-GMRES B3(2)-GMRES | B3(4)-GMRES | B3(6)-GMRES

CPU Iter CPU Iter CPU Iter CPU Iter CPU Iter CPU
27 261 0.15 81.59 1.98 | 115.31 3.80 | 51.42 1.14 | 12.58 0.22 | 8.86 0.17
28 927 | 091 |114.16 7.63 | 176.84 17.49 | 65.23 3.64 | 12.54 0.50 | 8.48 0.37
29 928 | 923 |146.46  27.65 | 239.08 70.08 | 80.52  12.00 | 15.30 1.59 | 9.18 1.05
210 99 | 8845 |172.40 96.10 | 295.32  267.78 | 97.40  42.60 | 18.77 5.62 | 10.83 3.59
211 2101 1062.40 | 186.62 335.89 | 347.31 1195.35 | 119.48 178.55 | 21.29  21.05 | 12.12  13.26

Example 3. This example comes from [26], which is a modification of an example in [37].
In this example, we consider the FDE with an anomalously diffused Gaussian pulse. The
initial condition is given by

u(z,0) = 22(2 — 22) exp <—W> ,
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with the mean z. = 1.2 and the standard deviation ¢ = 0.08. The diffusion coefficients
are

z)? +1%),
We will test the problem for

dy(z) =01+ 22 +t%), d_(z) =01+ (2

which are dependent on z and ¢t. Here, § is a parameter.
different values of 6. Other data are as follows:

=15, 0,2, Tr=1, f(z,t)=0.

21, zR) =

The numerical results are reported in Table 3. In the table, we also list the iteration
number of the first time step. Here we use the initial condition as the initial guess in the
first time step, and find that it takes more iteration numbers to converge. The performance
of the proposed preconditioner is still better than the circulant preconditioner.

Table 3: Numerical results for Example 3. The number inside the bracket refers to the
number of iterations required at the first time step.

§ N M| GE GMRES C-GMRES B3(2)-GMRES | Bs(4)-GMRES
CPU Tter CPU Iter CPU Iter CPU CPU

12T 26 oa7 59.66 (78) 1.24 | 11.42 (14) 0.19 | 845 (12) 0.15| 6.08 (7) 0.12
28 27 | 1.00 79.52 (111) 4.11 | 10.70 (13)  0.36 | 7.27 (11) 0.28 | 5.90 (7) 0.27

29 28 | 965 93.46 (145)  12.84 | 10.09 (13) 0.87 | 6.14 (11) 061 | 517 (7) 0.62
210029 | 90.82 99.79 (183) 3770 | 9.24 (12) 222 | 5.59 (10) 1.57 | 4.95(6) 1.70

211 2101 1072.44 |  98.26 (219) 11242 | 8.21(11) 6.31 | 4.85(8) 4.39| 4.68(6) 5.21

0 27 26| 013 67.58 (99) 1.45 | 15.41 (18)  0.23 | 11.22 (14) 0.19 | 7.52(9) 0.14
28 27 | 1.00 121.16 (173) 8.27 | 15.48 (18)  0.53 | 10.31 (14) 0.39 | 6.61 (9) 0.29

29 28 | 941 210.39 (306)  51.43 | 15.04 (18) 1.30 | 9.29 (14) 0.89 | 6.25(9) 0.72

210 29 1 96.25 | 331.91(512) 306.73 | 14.02 (17) 3.36 | 8.17 (14) 2.18 | 5.32(9) 1.80

211 2101 1072.33 | 442.54 (792) 1827.28 | 12.77 (16) 10.01 | 6.91 (13) 5.90 | 5.19 (8) 5.63

100 27 26| 0.14 69.70 (105) 1.53 | 17.72 (20) ~ 0.27 | 13.05 (16)  0.22 | 8.75 (11)  0.16
28 27 | 1.02 127.02 (189) 8.98 | 18.60 (21)  0.65 | 12.62 (16) 0.48 | 8.41 (11)  0.36

29 28 | 936 231.53 (343)  61.27 | 18.82 (21)  1.67 | 12.24 (16) 1.16 | 8.07 (11)  0.89

210 29 1 9426 | 417.55 (625) 472.63 | 18.61 (21)  4.57 | 11.62 (16) 3.03 | 7.63 (11)  2.42

211 210 1 1072.72 | 742.34 (1123) 5330.16 | 17.91 (21) 14.28 | 10.78 (16)  8.87 | 7.41 (10)  7.55

In this example, We use the initial condition as the initial guess in the first time
step, and find that it takes more iteration numbers to converge. In Table 77, we list the
iteration number of the first time step. The performance of the proposed preconditioner
is still better than the circulant preconditioner.
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Example 4. We consider the two dimensional fractional diffusion equation

Oou(z,y,t) 0%u(z,y,t) 0%u(z,y,t)
ot - d+(l’,y,t) a+xa +d_((L',y,t) oz
Pu(w,y, t) Pu(z,y,t)
+6+($,y,t) 8+y5 +€7($,y, t) aiyﬁ +f(l',y,t)7

(z,y) € Q= [zp,2R] % [yL,yr], t € (0,Ty],
u(z,y,t) =0 for (z,y) € 90 and 0 <t < Ty,
u(x7y70) = UO(xvy) for (xay) € Q.

In the numerical tests, we choose o = = 1.2, [z1,2r] = [yr,yr] = [0,2], Ty = 1,
f(z,y,t) =0 and

di(z,y,t) =d_(x,y,t) = dpdys = e4tx4ay45, er(z,y,t) =e_(x,y,t) = egreyr = e4t(27x)40‘(27y)4ﬁ.
The initial condition is given by
U($, Y, 0) = .’L‘2(2 - $)2y2(2 - y)2

Assume the number of spatial discretization points in z-direction and y-direction are
N, and N, respectively. The coefficient matrix in this example is given by

Dw,l Wz,l

Dx2 W:J:2

A=nl+ ’ (I®T,)+ o (I®T])

Dm,Ny Wz,Ny

Dy,l Wy,l

D, 2 Wy.2
+ o (T I) + o (TF 1),

Dy n, Wy N,

where T, and T are the discretization matrices for the fractional orders v and 3, respec-
tively (similar to 7" defined in (6)). The diagonals of diagonal matrices D, ;, W, ;, Dy ;
and W, ; are defined by

(DI,])Z,Z = d"r(‘rivyj)) (Wx,])z,z - d—(xi7yj)7 1 S 1 S Nxv 1 S] S Ny7

(Diy)jj =e+(zi,yj), Wiy)jj =e—(zi,yj), 1<i<Ng 1<j5<N,.

We consider the sample points to be Z1, T2, -, Z¢, and y1, Y2, - ,Yg,. The corresponding
matrices are

Cup = M +d 4 (Tu, §o) (I @To) +d—(Tu, Jo ) {QT]) +e4 (Tu, ?jv)(Tﬁ’@I)ﬂ‘ef(i”ua gv)(Tg’@I)a
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for 1 <i </, and 1 <j </{,. Then we obtain the preconditioner

Ny Ny by Zy
Byl = ) Y (ei@e)(ei®e)T | DD bunlwiy)Coy
i=1 j=1 u=1v=1
N, Ny by Ly B
= Y D (e e®e)TF | DY duslziy)Ayy | F
=YY @oe@e)Y Y F (dunle i) P
i=1 j=1 u=1v=1

be Ay N, Ny ]
= ZZ ZZ(%®6j)(ei®ej)T¢uw($i,yj) FAJEJF*

u=1lv=1 \ =1 j=1
2

£y
= > > 0 FA L F"

u=1v=1

Here F' is the the two dimensional discrete Fourier transform matrix of size N, Ny, @, =
diag (¢u,o(T1,91), Puv(®2, Y1), - -, Puv(TN,yn)) are diagonal matrices. Now applying Bgl
to any vector requires about O(¢,¢,N,N,log(N;N,)) operations which is acceptable for
a moderate number £, and £,.

The results are reported in Table 4, where M denotes the number of time steps. Here
we set £ = {; = {, for the proposed preconditioner. In the experiment, we test £ = 2, 3,4.
As the Gaussian Elimination is more expensive for this example, we do not report its
results. In the table, “—” means that the methods do not converge on at least one of the
time steps within 1000 iterations in the iterative solver. We can see that GMRES(C) does
not work well for this example. But our preconditioners still exhibit excellent performance.

Table 4: Numerical results for Example 4

N, Ny M GMRES C-GMRES B3(2)-GMRES | B3(3)-GMRES | B3(4)-GMRES
Tter CPU Iter CPU Iter CPU Iter CPU Tter CPU
24 24 24| 149.38 1.83 | 160.88  2.40 | 138.88 2.52 | 68.31 1.45 | 58.19 1.74
25 25 95 | 284.59 17.16 | 345.34 28.61 | 248.91 18.56 | 89.47 5.83 | 69.09 5.99
26 26 96 | 39342  615.73 - — 133044 455.23 | 108.16  70.63 | 73.17  46.26
27 27 27 | 44241 6205.37 — — | 374.66 4820.09 | 115.77 773.45 | 62.59 384.41

6 Concluding Remarks

In this paper, we have considered discretized linear systems arising from fractional diffusion
equations. The matrix structure of their coefficient martrices is the sum of a scaled
identity matrix and two diagonal-times-Toeplitz matrices. Preconditioning techniques for
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such Toeplitz-like matrices have not been studied and developed. The main contribution
of this paper is to develop approximate inverse preconditioners for these Toeplitz-like
matrices so that Krylov subspace methods for solving these preconditioned systems can
converge very quickly. We have presented numerical examples and have shown that the
proposed preconditioning technique is very effective and efficient.
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