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Abstract There is an obvious incentive for using bow-

free (temperature change insensitive) assemblies in various

areas of engineering, including electron device and elec-

tronic packaging fields. The induced stresses in a bow-free

assembly could be, however, rather high, considerably

higher than in an assembly, whose bow is not restricted.

The simplest and trivial case of a bow-free assembly is a

tri-component body, in which the inner component is

sandwiched between two identical outer components

(‘‘mirror’’ structure), is addressed in our analysis, and a

simple and physically meaningful analytical stress model is

suggested. It is concluded that if acceptable stresses (below

yield stress of the solder material) are achievable, a mirror

(bow-free, temperature-change-insensitive) design should

be preferred, because it results in an operationally

stable performance of the system.

1 Introduction

Soldered assemblies are widely used in semiconductor

packaging engineering (see, e.g., [1] ). Such assemblies

experience, because of the dissimilar materials and change

in temperature, thermally induced stresses and deforma-

tions that change with the change in temperature. In the

majority of cases it is the induced stresses that cause reli-

ability problems in structural elements [2–8], including

electron devices and packages [9–17]. There are also sit-

uations, when it is the strains, deformations and displace-

ments that are of primary reliability concern. E.g., in many

opto-electronics devices and packages elevated stresses

might be acceptable (provided that they are still below the

yield level), while even small structural displacements

(movements) are highly undesirable: if this happens, the

functional (optical) performance of the device might be

compromised [18]. There is an obvious incentive for

designing and using bow-free (temperature change insen-

sitive) assemblies. A bi-material/bi-component assembly

cannot be made bow free, because it is statically determi-

nate. The thermally induced forces acting in the cross-

sections of the components of such an assembly are equal

in magnitude, opposite in sign, and create a bending

moment that can be equilibrated only by the elastic

moment. This inevitably produces non-zero deflections.

They can be low, if at least one of the assembly compo-

nents has a high flexural rigidity, but never zero. To be

bow-free, an assembly should be statically indeterminate

and contain at least three dissimilar materials (compo-

nents), so that the resulting bending moment, caused by the

induced forces in all the three materials, is zero [20–22].

In the analysis that follows we address the simplest case

of a tri-component bi-material assembly, in which the two

outer components (packages) are identical. We develop
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simple analytical models for the evaluation of the thermally

induced stresses in such a bow-free assembly in application

to ball-grid-array (BGA) or column-grid-array (CGA)

solder joint interconnections (Fig. 1) employed as suit-

able attachments between the inner (substrate) and the

outer (packages) components.

2 Analysis

2.1 Assumptions

The following assumptions are used in the analysis.

• A linear elastic approximation can be applied to

evaluate the stresses and deformations.

• The actual inhomogeneous BGA or CGA assembly can

be replaced with a continuous (homogeneous) bonding

layer. This is acceptable, if the gaps between the

supports (BGA balls or CGA columns) are small, and

the product kl of the parameter k of the interfacial

shearing stress and half the assembly length l is

significant. Specifically, this could be done, if the ratio
p

2l
of the pitch p (distance between the joint centers) to

the joint widths 2l is below 5, and the computed

product kl is above 2.5, which is indeed the case in

actual BGA and CGA systems.

• Strength-of-material (structural analysis) approach can be

employed.As long as suchanapproach isused, no singular

stresses occur at the assembly edges. The predicted

stresses evaluated on the basis of the structural analysis

approach can be viewed, from the theory-of-elasticity

standpoint, as useful design characteristics of the state of

stress in the assembly, including its end portions.

• The assembly and its components (constituents) can be

treated as thin elongated rectangular plates, experienc-

ing small deflections, and the engineering theory of

bending of such plates can be applied to evaluate the

states of stress and strain.

• The axial normal stresses in the cross-sections of the

assembly components and the interfacial shearing stresses

can bedeterminedwithout taking into account the effect of

the peeling stresses. After the interfacial shearing stresses

are determined, the peeling stresses can be computed with

sufficient accuracy from the calculated shearing stresses.

• The axial normal stresses in the mid-portions of the

assembly components can be found on the basis of the

conditions of the strain compatibility, without consid-

ering the edge effects.

• The interfacial shearing stresses can be evaluated on the

basis of the compatibility of the interfacial displace-

ments, using the concept of the interfacial compliance.

In accordance with this concept, the longitudinal

interfacial displacements can be sought as the sum of

(1) the unrestricted (stress free) thermal displacements;

(2) displacements caused by the thermally induced

forces in the assembly components; these displace-

ments can be found using Hooke’s law assuming that,

although the cross-sections of the assembly components

can rotate, they remain plane (undistorted), when

subjected to bending and axial deformations (Kirch-

hoff–Love hypothesis); (3) displacements due to bend-

ing, if any, and additional displacements due to the

distortions of the components cross-sections in the

proximity of, and at, the interfaces; these ‘‘corrections’’

account for the fact that the interfacial displacements

are somewhat larger than the displacements of the inner

points of the cross-section and that the sought

Fig. 1 Key structural elements defining reliability under thermal stress in BGA (on the left) and CGA systems (on the right) are (1) the package

(upper component), (2) the PCB (lower component) and (3) the solder joint interconnections
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deviations from planarity are proportional to the level

of the shearing stress in the given cross-section and can

be represented as a product of the longitudinal inter-

facial compliance of the component and the shearing

stress at the cross-section in question; in other words, it

is assumed that the states of stress and strain in the

adjacent cross-sections do not affect the distortion in

the planarity of the given cross-section; in this approach

the longitudinal interfacial compliances are character-

istics of the material and the geometry (thickness) of

the component and are loading (stress) independent; the

interfacial compliances can be evaluated on the basis of

the theory-of-elasticity approach (such as, e.g., Ribière

solution for a long and narrow strip) for an arbitrary

(preferably, simplified, say, constant) load distributed

along the component’s longitudinal edge(s).

• When the longitudinal interfacial compliance is eval-

uated and Ribière solution for a long and narrow strip is

employed for this purpose, the analysis could be

restricted to the longitudinal cross-section of the

assembly component, i.e., could be carried out for a

long-and-narrow strip of unit width

• The engineering theory of elongated plates (beams)

lying on a continuous elastic foundation can be used to

evaluate the peeling stresses if necessary.

2.2 Forces in the assembly mid-portion

Let a tri-material bow-free assembly be fabricated at an

elevated temperature and subsequently cooled down to a

low (room, testing, operation) temperature. The conditions

�a1Dt þ k1T1 ¼ �a2Dt þ k2T2 ¼ �a3Dt þ k3T3 ð1Þ

of the strain compatibility and the condition

T1 þ T2 þ T3 ¼ 0 ð2Þ

of equilibrium for the induced forces Ti; i ¼ 0; 1; 2;

should be fulfilled. In these conditions, the components ##1

and 3 are the outer ones, the component #2 is the inner one,

ai; i ¼ 1; 2; 3; are the coefficients of thermal expansion

(CTE) of the materials,

ki ¼
1

E�
i hi

; i ¼ 1; 2; 3; ð3Þ

are the axial compliances of the assembly components,

hi; i ¼ 0; 1; 2; are their thicknesses,

E�
i ¼

Ei

1� mi
; i ¼ 1; 2; 3; ð4Þ

are the effective Young’s moduli of the materials, Ei; i ¼
1; 2; 3; are their actual Young’s moduli and mi; i ¼
0; 1; 2; are Poisson’s ratios.

Solving the Eqs. (1) and (2) for the forces Ti, we obtain

the following expressions for the forces acting in the

components’ cross-sections:

T1 ¼
ða1 � a2Þk3 þ ða1 � a3Þk2

k2k1 þ k1k3 þ k3k2
Dt;

T2 ¼
ða2 � a1Þk3 þ ða2 � a3Þk1

k2k1 þ k1k3 þ k3k2
Dt;

T3 ¼
ða3 � a2Þk1 þ ða3 � a1Þk2

k2k1 þ k1k3 þ k3k2
Dt:

ð5Þ

As has been shown in the previous report that addressed

the case of a single substrate, the induced force in a par-

ticular component is next-to-zero, if this component’s axial

compliance is significantly greater than the compliance of

the two other components. This is indeed the case for a bi-

material assembly with a compliant bond provided by the

BGA or CGA system. In the assembly addressed in this

report the packages and the substrate have comparable

axial compliances, so that all the three thermally induced

forces have to be considered. On the other hand, the esti-

mated axial compliances of the BGA or CGA systems that

provide attachment between these major ‘‘players’’—the

two packages and the substrate—are significant compared

to the compliances of the major assembly components and

the thermal mismatch of these systems with the major

assembly components need not be accounted for. It is only

their interfacial compliance that should be considered,

when evaluating the induced interfacial stresses.

When the components #1 and #3 are identical, the for-

mulas (5) yield:

T1 ¼
a1 � a2

k1 þ 2k2
Dt; T2 ¼ 2

a2 � a1

k1 þ 2k2
Dt: ð6Þ

2.3 Zero bow condition

No assembly bow could possibly occur, if the bending

moment produced by these forces with respect to any

longitudinal axis is zero. If one requires, e.g., that the

bending moment is zero with respect to the mid-plane of

the inner component, then the condition

T1
h1 þ h2

2
� T3

h2 þ h3

2
¼ 0: ð7Þ

should be fulfilled. This relationship, considering the first

and the third formulas in (5), results in the following

condition of zero bow:

E�
2E

�
1h2h1ðh2 þ h1Þða1 � a2Þ
þ E�

1E
�
3h1h3ðh1 þ 2h2 þ h3Þða1 � a3Þ

� E�
2E

�
3h2h3ðh2 þ h3Þða3 � a2Þ ¼ 0

ð8Þ

The condition (8) is always fulfilled, of course, in the

case of identical outer components, like in the addressed
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‘‘mirror’’ assembly. Let us consider, however, two other,

less obvious, special cases for this condition.

1. h2 = 0 (the inner component does not exist). In this

case the condition (8) yields: a1 ¼ a3: Hence, in such a bi-

material assembly the condition of zero bow requires that

the two remaining components have the same CTE. The

same result could be obtained when either the component

#1 or the component #3 does not exist, i.e., when h1 ¼ 0 or

h3 ¼ 0.

2. a1 ¼ a3(the two outer components have the same

CTE). In this case the condition (8) yields:

h2ðh2 þ h3Þ
h1ðh2 þ h1Þ

¼ E�
1

E�
3

: ð9Þ

Thus, the difference in the effective Young’s moduli

should be compensated by the adequate thicknesses of the

components and the elastic constants of the materials. If the

inner component is very thin compared to the outer com-

ponents, then the formula (9) yields:
ffiffiffiffi

h3
h1

q

¼ E�
1

E�
3

. In the

opposite extreme case, when the inner component is sig-

nificantly thicker than the outer components, h3
h1
¼ E�

1

E�
3

.

If one intends, e.g., to choose the appropriate thickness

of the bonding material with characteristics

E2 ¼ 741:24 kg=mm2 ¼ 7264 GPa; m2 ¼ 0:42;

E�
2 ¼ 900 kg=mm2 ¼ 8820 Gpa; a2 ¼ 60� 10�6 1=�C;

to attach a h1 ¼ 0:5 mm ¼ 0:0005 m thick elongated Si

plate with characteristics

E1 ¼ 11;309 kg=mm2 ¼ 110;828 Gpa; m1 ¼ 0:24;

E�
1 ¼ 12; 000 kg=mm2 ¼ 117:600 Gpa; a1 ¼ 2:5� 10�6 1=�C;

to an elongated silica glass substrate

E3 ¼ 6912 kg=mm2 ¼ 67;737 GPa; m3 ¼ 0:20;

E�
3 ¼ 7200 kg=mm2 ¼ 70;560 GPa; a3 ¼ 0:5� 10�6 1=�C;

of the given thickness, then the condition (8) suggests

that the bonding layer should be h2 ¼ 0:2408 mm ¼
0:0002408 m thick for a h3 ¼ 0:3322 mm ¼ 0:0003322 m

thick glass substrate. The calculated data indicate, partic-

ularly, that there is no need to make the bonding layer

unreasonably thick to create a large enough thermal force

(stress) in it in order to achieve a bow-free effect.

2.4 Parameter of the interfacial shearing stress

The longitudinal interfacial displacements can be sought,

in an approximate analysis based on the theory of interfa-

cial compliances and in accordance with the taken

assumptions, as follows:

u12ðxÞ ¼ �a1Dtxþ k1

Z

x

0

T1ðxÞdx� j1s12ðxÞ;

u21ðxÞ ¼ �a2Dtxþ k2

Z

x

0

T2ðxÞdxþ j2s12ðxÞ;

u23ðxÞ ¼ �a2Dtxþ k2

Z

x

0

T2ðxÞdxþ j2s23ðxÞ;

u32ðxÞ ¼ �a3Dtxþ k3

Z

x

0

T3ðxÞdx� j3s23ðxÞ:

ð10Þ

Here u12ðxÞ are the longitudinal displacements of the

outer component #1 at its interface with the inner compo-

nent #2, u21ðxÞ are the displacements of the inner compo-

nent #2 at its interface with the component #1, u23ðxÞ are
the displacements of the inner component #2 at its interface

with the component #3, u32ðxÞ are the displacements of the

outer component #3 at its interface with the inner compo-

nent #2, TiðxÞ; i ¼ 1; 2; 3 are the distributed forces acting in

the assembly components cross-sections,

s12ðxÞ ¼ T 0
1ðxÞ; s23ðxÞ ¼ T 0

3ðxÞ; ð11Þ

are the shearing stresses at the interfaces between the

components ##1 and 2, and at the components ##2 and 3,

respectively,

j1 ¼
h1

3G1

; j2 ¼
h2

6G2

; j3 ¼
h3

3G3

ð12Þ

are the longitudinal interfacial compliances of the assembly

components, and

Gi ¼
Ei

2ð1þ miÞ
; i ¼ 1; 2; 3 ð13Þ

are shear moduli of the component materials. The formulas

(11) follow from the obvious relationships

T1ðxÞ ¼
Z

x

�l

s12ðnÞdn; T3ðxÞ ¼
Z

x

�l

s23ðnÞdn; ð14Þ

where l is half the assembly length. The first and the third

formulas in (12) are obtained based on the Ribière solution

in the theory-of-elasticity for a long-and-narrow strip loa-

ded in the antisymmetric fashion along one of its long

sides. The second formula in (12) was obtained for a long-

and-narrow strip loaded in an antisymmetric fashion along

both the long sides of the strip. The origin of the coordinate

x is in the mid-cross-section of the assembly.

The displacement compatibility conditions can be writ-

ten for the assembly components as follows:
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u12ðxÞ ¼ u21ðxÞ þ j12s12ðxÞ; u32ðxÞ ¼ u23ðxÞ þ j23s23ðxÞ;
ð15Þ

where

j12 ¼
h12

G12

; j23 ¼
h23

G23

ð16Þ

are the longitudinal interfacial compliances of the bonding

layers between the components #1 and #2, and the com-

ponents #2 and #3, respectively, h12 and h23 are thicknesses

of these layers (actually, the heights/standoffs of the BGA

and CGA interconnections), and G12 and G23 are shear

moduli of the materials.

Considering that the forces (5) are in equilibrium, and

therefore

T2ðxÞ ¼ �½T1ðxÞ þ T3ðxÞ�; ð17Þ

we obtain the following basic equations for the sought

interfacial stresses:

j�12s12ðxÞ � ðk1 þ k2Þ
Z

x

0

T1ðnÞdn

� k2

Z

x

0

T3ðnÞdn ¼ ða2 � a1ÞDtx;

j�23s23ðxÞ � k2

Z

x

0

T1ðnÞdn� ðk2 þ k3Þ

Z

x

0

T3ðnÞdn ¼ ða2 � a3ÞDtx;

ð18Þ

where

j�12 ¼ j1 þ j2 þ j12; j
�
23 ¼ j2 þ j3 þ j23 ð19Þ

are the total compliances of the interfaces between the

components #1 and #2, and #2 and #3. In the ‘‘mirror’’

design in question, when the two outer components and the

two compliant attachments (strain buffering layers) are

identical, a single equation

j�12s12ðxÞ � ðk1 þ 2k2Þ
Z

x

0

T1ðnÞdn ¼ ða2 � a1ÞDtx: ð20Þ

can be considered, instead of the two Eqs. (18) and (19).

By differentiating the Eqs. (18) we have:

j�12s
0
12ðxÞ � ðk1 þ k2ÞT1ðxÞ � k2T3ðxÞ ¼ ða2 � a1ÞDt;

j�23s
0
23ðxÞ � k2T1ðxÞ � ðk2 þ k3ÞT3ðxÞ ¼ ða2 � a3ÞDt:

ð21Þ

The next differentiation yields:

j�12s
00
12ðxÞ � ðk1 þ k2Þs12ðxÞ � k2s23ðxÞ ¼ 0;

j�23s
00
23ðxÞ � k2s12ðxÞ � ðk2 þ k3Þs23ðxÞ ¼ 0:

ð22Þ

The interfacial shearing stresses must be anti-symmetric

with respect to the mid-cross-section of the assembly, and

the solutions to these equations could be sought in the

form:

s12ðxÞ ¼ C1 sinh kx; s23ðxÞ ¼ C2 sinh kx; ð23Þ

where k is just far unknown parameter of the interfacial

shearing stresses. Introducing the solutions (23) into the

Eqs. (22) we obtain the following homogeneous algebraic

equations for the constants C1 and C2:

½j�12k2 � ðk1 þ k2Þ�C1 � k2C2 ¼ 0;

�k2C1 þ ½j�23k2 � ðk2 þ k3Þ�C2 ¼ 0:
ð24Þ

Equating the determinant of these equations to zero, we

conclude that the parameter k of the interfacial shearing

stress can be determined from the following bi-quadratic

equation:

k4 � k212 þ k223
� �

k2 þ ð1� dÞk212k223 ¼ 0; ð25Þ

where

k12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k1 þ k2

j�12

s

; k23 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ k3

j�23

s

; d

¼ k22
ðk1 þ k2Þðk2 þ k3Þ

ð26Þ

are, respectively, the parameter of the interfacial shearing

stress for a bi-material assembly comprised of the com-

ponents #1 and #2, the parameter of the interfacial shearing

stress for an assembly comprised of the components #2 and

#3, and the parameter of the relative axial compliance of

the inner component.

The bi-quadratic Eq. (25) has the following solution:

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k212 þ k223
2

1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� dÞ 2k12k23

k212 þ k223

� �2
s

2

4

3

5

v

u

u

u

t : ð27Þ

In order to establish which sign should be accepted in

front of the inner root, let us consider a special case when

the axial compliance of the inner component is signifi-

cantly greater than the compliances of the two outer

components. Then the parameter d is close to one, and only

the sign ‘‘?’’ leads to the finite value of the parameter k

When all the three components are identical, i.e., when

k12 ¼ k23 ¼ k0 and d ¼ 1
4
, then the solution (27) yields: k ¼

ffiffi

3
2

q

k0: Thus, an assembly with three identical components

is characterized by the parameter k of the interfacial

2434 J Mater Sci: Mater Electron (2016) 27:2430–2441
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shearing stress that is by the factor of k ¼
ffiffi

3
2

q

¼ 1:2247

greater than in the case of a bi-component assembly.

2.5 The case of identical outer components

We seek the coordinate x dependent thermally induced

force in the inner component in the form

TðxÞ ¼ T 1� cosh kx

cosh kl

� �

: ð28Þ

where T is the force acting in the mid-cross-sections of this

component and expressed by the formulas (6), and the

parameter k of the interfacial shearing stress is expressed

by the formula (27). The expression (28) satisfies the zero

boundary condition at the assembly ends, and, for large

enough kl products, becomes independent of the longitu-

dinal position of the particular cross-section, as long as it is

in the mid-portion of the assembly.

The formulas (14) suggest that the corresponding

interfacial shearing stress is next-to-zero in the mid-portion

of the assembly and can be found as

sðxÞ ¼ T 0ðxÞ ¼ �kT
sinh kx

cosh kl
ð29Þ

at its peripheral portions. The maximum shearing stresses

take place at the end cross-sections x ¼ �l :

smax ¼ �kT tanh kl: ð30Þ

For long enough assemblies with stiff interfaces

ðkl� 2:5Þ this formula yields:

s1;max ¼ �kT1; s3;max ¼ �kT3: ð31Þ

In a mirror type assembly these stresses are equal, of

course.

2.6 Peeling stresses: basic equations

Although the assembly is bow-free, the peeling stresses

could nonetheless be appreciative, since the outer compo-

nents could deflect with respect to the inner component.

Let us assume that the peeling stresses are proportional to

these deflections:

p12ðxÞ ¼ K12w1ðxÞ; p23ðxÞ ¼ K23w2ðxÞ ð32Þ

The interfacial spring constants K12 and K23 in the

through-thickness direction can be assessed by the

approximate formulas

K12 ¼
1

1�m12
E12

h12 þ 1�m1
3E1

h1 þ 1�m2
3E2

h2
;K23

¼ 1
1�m23
E23

h23 þ 1�m2
3E2

h2 þ 1�m3
3E3

h3
ð33Þ

Treating the outer components of the assembly as

elongated rectangular plates, the following equations of

equilibrium (bending) for these components can be

applied:

D1w
00
1ðxÞ ¼

h1

2
T1ðxÞ �

Z

x

0

Z

x

0

p12ðnÞdndn;

D3w
00
3ðxÞ ¼

h3

2
T3ðxÞ �

Z

x

0

Z

x

0

p23ðnÞdndn ð34Þ

where

D1 ¼
E1h

3
1

12 1� m21
� � ;D3 ¼

E3h
3
3

12 1� m23
� � ð35Þ

are the flexural rigidities of the outer components. The left

parts of the Eq. (33) are the elastic bending moments

caused by bending. The first terms in the right parts of

these equations are the bending moments due to the ther-

mally induced forces T1ðxÞ and T3ðxÞ. The second terms are

the bending moment caused by the peeling stresses.

Excluding the deflection functions w1ðxÞ and w3ðxÞ from
the Eqs. (32) and (34) we obtain the following basic

equations for the peeling stress functions p12ðxÞ and p23ðxÞ:

p0012ðxÞ þ 4b412

Z

x

0

Z

x

0

p12ðnÞdndn ¼ 4b412
h1

2
T1ðxÞ;

p0023ðxÞ þ 4b423

Z

x

0

Z

x

0

p23ðnÞdndn ¼ 4b423
h2

2
T3ðxÞ:

ð36Þ

Here b12 ¼
ffiffiffiffiffiffi

K12

4D1

4

q

and b23 ¼
ffiffiffiffiffiffi

K23

4D3

4

q

are the parameters of the

peeling stresses. Since the two Eq. (36) are similar, the

further analysis is carried out in application to the first

equation in (36). In the final results the index ‘‘12’’ could

be simply replaced with the index ‘‘23’’.

Differentiating the first equation in (36) twice we have:

pIV12ðxÞ þ 4b412p12ðxÞ ¼ 4b412p012
cosh kx

cosh kl
; ð37Þ

where the notation

p012 ¼
h1

2

a2 � a1

j1 þ j2
Dt: ð38Þ

is used. This Eq. (37) has the form of an equation that is

used in the theory of beams supported by elastic founda-

tions. The difference is, however, that the Eq. (37) is

obtained for the peeling stress, not for the deflection

function.
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2.7 Peeleing stresses: solutions to the basic

equations

The solution to the Eq. (37) can be sought in the form:

p12ðxÞ ¼ C0V0ðbxÞ þ C2V2ðbxÞ þ
g412

1þ g412
p012

cosh kx

cosh kl
;

ð39Þ

where

g12 ¼
b12

ffiffiffi

2
p

k
ð40Þ

is the ratio of the parameters of the peeling and the

shearing interfacial stresses, and the functions ViðbxÞ, i ¼
0; 1; 2; 3; are expressed as

V0ðbxÞ ¼ cosh bx cos bx;

V2ðbxÞ ¼ cosh bx cos bx;

V1;3ðbxÞ ¼
1
ffiffiffi

2
p cosh bx sin bx� sinh bx cos bxð Þ

ð41Þ

The constants C0 and C1 of integration in the solution

(39) can be found as

from the boundary conditions p0012ðlÞ ¼ 0, p00012ðlÞ ¼ 0. These

conditions follow from the first of the assumed relation-

ships (32), since no concentrated bending moments, nor

lateral forces act at the free end of the assembly, and

therefore the second and the third derivatives of the

deflection function should be zero. These boundary con-

ditions are equivalent to the conditions

Z

l

0

Z

x

0

p1ðnÞdndn ¼ 0;

Z

l

0

p1ðxÞdx ¼ 0 ð43Þ

of self-equilibrium of the peeling stress. The notation

u ¼ b12l ¼ l

ffiffiffiffiffiffiffiffi

K12

4D1

4

r

ð44Þ

is used in the solutions (42).

In the practically important case of an elongated

assembly the formulas (42) can be simplified:

C0 ¼
2g12

1þ g412
p012e

�u
ffiffiffi

2
p

cos uþ g12 sin u� cos uð Þ
h i

;

C2 ¼
2g12

1þ g412
p012e

�u
ffiffiffi

2
p

sin u� g12 sin uþ cos uð Þ
h i

;

ð45Þ

and the solution (39) results in the following expression for

the peeling stress:

p12ðxÞ ¼
g12

1þ g412
p01 g312e

�kðl�xÞ þ 4e�b12ðl�xÞ
h

ð
ffiffiffi

2
p

� g12Þ cos b12ðl� xÞ þ g12 sin b12ðl� xÞ
� �i

ð46Þ

Similarly, we obtain:

p23ðxÞ ¼
g23

1þ g423
p023 g323e

�kðl�xÞ þ 4e�b23ðl�xÞ
h

ð
ffiffiffi

2
p

� g23Þ cos b23ðl� xÞ þ g23 sin b23ðl� xÞ
� �i

ð47Þ

At the assembly ends x = 1

p12ðlÞ ¼
g12

1þ g412
p012 g312 þ 4ð

ffiffiffi

2
p

� g12Þ
� �

; p23ðlÞ

¼ g23
1þ g423

p02 g323 þ 4ð
ffiffiffi

2
p

� g23Þ
� �

ð48Þ

When the parameters g12 and g23 are significant,

p12ðlÞ ¼ p012 and p23ðlÞ ¼ p023: This result explains the

physical meaning of the p012 and p023 values: these are the

peeling stresses at the ends of a long assembly with very

stiff through-thickness interfaces.

After the peeling stresses are determined, the deflections

can be found as

w1ðxÞ ¼
p12ðxÞ
K12

; w3ðxÞ ¼
p23ðxÞ
K23

ð49Þ

The maximum deflections are

w1ðlÞ ¼
p12ðlÞ
K12

;w3ðlÞ ¼
p23ðlÞ
K23

: ð50Þ

3 Numerical example

The calculation procedure below could be followed, when a

structure with two identical outer components is employed,

and compliant bonds are providedbyaBGAoraCGAsystem.

C0 ¼
2g12

1þ g412
p012

ffiffiffi

2
p

cosh u cos u tanh klþ g12 cosh u sin u� sinh u cos uð Þ
sinh 2uþ sin 2u

;

C2 ¼
2g12

1þ g412
p012

ffiffiffi

2
p

sinh u sin u tanh kl� g12 cosh u sin uþ sinh u cos uð Þ
sinh 2uþ sin 2u

;

ð42Þ
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3.1 Input data

3.2 Calculated data

Axial compliances of the assembly components (#1 and #3

are identical outer components; #2 is the inner component):

k1;3 ¼
1� m1

E1h1
¼ 1� 0:25

8775:5� 2:0

¼ 4:2733� 10�5 mm=kg ¼ 4:1878� 10�7m=N;

k2 ¼
1� m2

E2h2
¼ 1� 0:40

2321:4� 1:5
¼ 17:2310� 10�5 mm=kg

¼ 16:8862� 10�7 m=N;

Interfacial compliances of the assembly components:

j1;3 ¼
h1

3G1

¼ 2:0

3� 3367:3
¼ 19:7983� 10�5 mm3=kg

¼ 1;940;233:4 m3=N;

j2 ¼
h2

6G2

¼ 1:5

6� 892:7
¼ 28:0049� 10�5 mm3=kg

¼ 2;744;480:2 m3=N

Interfacial compliances of the solder systems (on each

side of the inner component):

j12 ¼
h12

G12

¼ 0:6

2040:7
¼ 29:4017� 10�5 mm3=kg

¼ 2;881;366:6 m3=N

in the case of BGA, and

j12 ¼
h12

G12

¼ 2:2

2040:7
¼ 107:8061� 10�5 mm3=kg

¼ 10;564;997:8m3=N

in the case of for CGA. Clearly, the solder systems provide

considerable additional interfacial compliance to the

designs. The interfacial compliance of the CGA system is

significantly, by the factor of 3.7, larger than that of the

BGA.

The total compliance of the interface between the outer

(package) and the inner (PCB) components is

j�12 ¼ j12 þ j1 þ j2 ¼ 77:2049� 10�5 mm3=kg

¼ 7;566;080:2m3=N

in the case of BGA system, and

j�12 ¼ j12 þ j1 þ j2 ¼ 155:6093� 10�5 mm3=kg

¼ 15; 249; 711:4 m3=N

in the case of CGA system. The total interfacial compli-

ance of the system with CGA interfaces is about twice as

large as the compliance of the assembly with the BGA

system.

The ‘‘local’’ parameter of the interfacial shearing stress

(i.e., the parameter of the interfacial shearing stress for a

bi-component assembly that consists of the components #1

and #2 only) is

Structural element Package PCB Solder

3–4 % Ag 0.5–1 % Cu

Element number 1 and 3 2 12 and 23

Young’smodulus, E, kg/mm2 (GPa) 8775.5

(86.0 GPa)

2321.4

(22.750 GPa)

5510.0

(53.998 GPa)

Poisson’s ratio, m 0.25 0.40 0.35

CTE a; 1=�C 6.5 9 10-6 15.0 9 10-6 x

Thickness, h, mm (m) 2.0

(0.0020 m)

1.5

(0.0015 m)

0.60/BGA

2.20/CGA

Shear modulus, G, kg/mm2 (GPa) 3367.3

(33.0 GPa)

892.7

(8.748 GPa)

2040.7

(20.0 GPa)

Axial compliance, k, mm/kg (m/N) 3.9884 9 10-5

(390.86 9 10-5)

20.1028 9 10-5

(0.1970 9 10-5)

x

Interfacial compliance, j, mm3/kg (m3/N) 19.7982 9 10-5

(2.0202 9 10-14)

56.0099 9 10-5

(5.7152 9 10-14)

29.4017 9 10-5/BGA

107.8061 9 10-5/CGA

Flexural rigidity, D, kg/mm (Nm) 6240.3556

(61.1555)

? –

Estimated yield stress of the solder material in shear sY ¼ 1:85 kg=mm2 ¼ 18:130 MPa

Soldering temperature 230 �C; Assumed change in temperature Dt = 200 �C;

Half package (assembly) length l = 15 mm = 0.05 m
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k12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k1 þ k2

j�12

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

21:5043� 10�5

77:2049� 10�5

r

¼ 0:5278 mm�1

¼ 527:8 m�1

in the case of the BGA system and

k12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k1 þ k2

j�12

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

21:5043� 10�5

155:6093� 10�5

r

¼ 0:3717 mm�1

¼ 371:7 m�1

in the case of the CGA system.

The parameter that considers the relative axial compli-

ance of the inner component is

d ¼ 1þ k1

k2

� ��2

¼ ð1þ 0:1984Þ�2 ¼ 0:6420

If all the assembly components would have the same

axial compliance, this parameter would be 0.25. If the inner

component were significantly more compliant than the two

outer components, this parameter would be equal to 1.0.

The ‘‘global’’ parameter of the interfacial shearing stress

(for the entire assembly) is

k ¼ k12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffi

d
pq

¼ 0:5278
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 0:8013
p

¼ 0:7084 mm�1

¼ 708:4 m�1

in the case of BGA attachment, and

k ¼ k12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffi

d
pq

¼ 0:3717
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 0:8013
p

¼ 0:4989 mm�1

¼ 498:9 m�1

in the case of CGA interconnections. It is by the factor of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffi

d
pp

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 0:8013
p

¼ 1:342 higher than the ‘‘local’’

parameter of the interfacial shearing stress is. The product

kl is large in both cases: it is kl ¼ 10:6260 in the case of

BGA interconnections and is kl ¼ 7:4835 in the CGA case.

Hence, the actual assembly could be treated in the analysis

as an infinitely long one.

The induced forces are

T1 ¼ T3 ¼
a1 � a2

k1 þ 2k2
Dt ¼ � 8:5� 10�6

387:3530� 10�6
� 200

¼ �4:3888 kg=mm ¼ �0:0430 N=m

T2 ¼ 2
a2 � a1

k1 þ 2k2
Dt ¼ 2

8:5� 10�6

387:3530� 10�6
� 200

¼ 8:7775 kg=mm ¼ 0:0860 N=m

Thus, the two outer components are in compression and

the inner component is in tension. Clearly, the induced

force in the inner component is twice as high as the forces

in the outer components.

The normal stresses

r1;3 ¼
T1

h1
¼�4:3888

2:0
¼�2:1944 kg=mm2 ¼�21;505MPa

r2 ¼
T2

h2
¼ 8:7775

1:5
¼ 5:8517 kg=mm2 ¼ 57;346MPa

in the midportions of the components are not affected by

the compliant attachments.

The maximum interfacial shearing stress is

smax ¼ �kT1 ¼ 0:7084� 4:3888 ¼ 3:1090 kg=mm2

¼ 30;468 MPa

in the case of BGA, and

smax ¼ kT1 ¼ 0:4989� 4:3888 ¼ 2:1896 kg=mm2

¼ 21;458 MPa

in the case of CGA. The level of these stresses is com-

parable to the level of the normal stresses in the compo-

nents’ cross-sections. Thus, the application of the CGA

resulted in about 29.6 % relief in the maximum interfacial

shearing stress as compared to the BGA based design. In

the case of a single substrate these stresses were consid-

erably lower: smax ¼ 1:9483 kg=mm2 ¼ 19;093 MPa and

smax ¼ 1:4747 kg=mm2 ¼ 14;452 MPa, respectively. The

application of the ‘‘mirror’’ design results in about 59.6 %

increase in the maximum interfacial shearing stress in the

case of BGA and in about 48.5 % increase—in the case of a

CGA system.

With the assumed yield in shear of sY ¼ 1:85 kg=mm2 ¼
18;130 MPa of the solder material no low-cycle fatigue

conditions are expected to occur only in the single-substrate

design using CGA system. It is noteworthy in this connection

that lead-free solders are characterized by considerably higher

yield stresses than tin–lead solders. This circumstance might

be viewed as an important merit of lead-free solders.

The calculations that follow have been carried out in con-

nection with the evaluation of the peeling stress. Through-

thickness stiffness (spring constant) of the solder system is

K12 ¼
1

1�m12
E12

h12 þ 1�m1
3E1

h1 þ 1�m2
3E2

h2

¼ 1
1�0:35
5510:0 0:6þ 1�0:25

3�8775:5 2:0þ 1�0:40
3�2321:4 1:5

¼ 3891:2111 kg=mm3 ¼ 3:8134� 1013 N=m3

in the case of BGA, and

K12 ¼
1

1�m12
E12

h12 þ 1�m1
3E1

h1 þ 1�m2
3E2

h2

¼ 1
1�0:35
5510:0 2:2þ 1�0:25

3�8775:5 2:0þ 1�0:40
3�2321:4 1:5

¼ 2243:4747 kg=mm3 ¼ 2:1986� 1013 N=m3

in the case of CGA.
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Parameter of the peeling stress (the inner component

does not flex and its flexural rigidity could be assumed

therefore infinitely large in our calculations) is

b12 ¼
ffiffiffiffiffiffiffiffi

K12

4D1

4

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3891:2111

4� 6240:3556

4

r

¼ 0:6283 mm�1

¼ 628:3 m�1

in the case of BGA, and

b12 ¼
ffiffiffiffiffiffiffiffi

K12

4D1

4

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2243:4747

4� 6240:3556

4

r

¼ 0:5475 mm�1

¼ 547:5 m�1

in the case of CGA. The factors b12l are significant in

both BGA and CGA cases, so that the assembly can be

treated, when evaluating the peeling stresses, as an infi-

nitely long one.

Peeling stress at the end of an assembly with an infi-

nitely large through-thickness spring constant is

p012 ¼
DaDt

j�12

h1

2
¼ 0:00170

77:2049� 10�5
� 2:0

2

¼ 2:2019 kg=mm2 ¼ 21; 579 MPa

in the case of a BGA system, and

p012 ¼
DaDt

j�12

h1

2
¼ 0:00170

155:6093� 10�5
� 2:0

2

¼ 1:0925 kg=mm2 ¼ 10; 706 MPa

in the case of CGA. The difference should be attributed to

the greater longitudinal interfacial compliance of the CGA

system.

The ratio g12 that characterizes the relative level of the

peeling stress parameter with respect to the shearing stress

parameter is

g12 ¼
b12

ffiffiffi

2
p

k
¼ 0:6283� 1:4142

0:7084
¼ 1:2543

in the case of BGA, and

g12 ¼
b12

ffiffiffi

2
p

k
¼ 0:5475� 1:4142

0:4989
¼ 1:5520

in the case of CGA. Note that for a single substrate design the

above ratios were g12 ¼ 1:4850 and g12 ¼ 1:8368, respec-
tively. These data indicate that the role of the peeling stresses,

as compared to the interfacial shearing stresses, is greater for

the single substrate design than for the ‘‘mirror’’ design.

The predicted peeling stress is

p12ðlÞ ¼
g12

1þ g412
p012 g312 þ 4ð

ffiffiffi

2
p

� g12Þ
� �

¼ 1:2543

3:4752
ð2:2019Þð1:9733þ 0:6396Þ

¼ 2:0765 kg=mm2 ¼ 20;350 MPa

at the end of the BGA system and is

p12ðlÞ ¼
g12

1þ g412
p012 g312 þ 4ð

ffiffiffi

2
p

� g12Þ
� �

¼ 1:5520

6:8018
ð0:9258Þð3:7383� 0:5512Þ

¼ 0:6732 kg=mm2 ¼ 6597 MPa

at the end of the CGA system. These stresses are as high

as 94 % of the peeling stress in an assembly with infi-

nitely high through-thickness spring constant in the case

of a BGA and as about 73 % in the case of a CGA

system.

The obtained data indicate that the peeling stress at the

end of the CGA system is only about 32.4 % of the peeling

stress at the end of the BGA system. Application of the

CBA system in the mirror design had, in the carried out

example, a much greater effect on the peeling stress (by

about a factor of three) than on the shearing stress (by

about 29.6 %). In the case of a single substrate the peeling

stresses were significantly lower than in the mirror design:

pðlÞ ¼ 0:6810 kg=mm2 ¼ 6674 MPa in the case of the

BGA (by the factor of about three) and pðlÞ ¼
0:3444 kg=mm2 ¼ 3375 MPa in the case of the CGA (by

the factor of about two).

The maximum bows of the peripheral components (with

respect to the inner component) are

wmax ¼
p12ðlÞ
K12

¼ 1:9884

1590:3131
¼ 1:2503 lm

¼ 1; 2503� 10�6 m

in the case of a BGA and

wmax ¼
p12ðlÞ
K12

¼ 0:8238

1222:2623
¼ 0:6740 lm

¼ 0:6740� 10�6 m

in the case of a CGA. They are certainly significantly lower

than the predicted bow of 65:9 lm of a single substrate

assembly. The obtained results are summarized in the

following table:
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Based on these data, it could be concluded that only the

single substrate design, and preferably the one with CGA

interconnections, will perform within the elastic region. It

should be noted that the difference, if positive, between the

predicted elastic stress and the ‘‘available’’ yield stress

determines not only the very fact of the existence of the

inelastic strains, but also the length of the zone occupied by

such strains [23] and the magnitude of the inelastic strains

at the particular location, and this, in turn, affects the

lifetime of the interconnection.

4 Conclusions

The following major conclusions can be drawn from the

carried out analysis:

• The induced stresses in a bow-free assembly could be

rather high, and the elevated stresses could generate

undesirable inelastic stresses and strains in low yield

stress materials, if any. If this happens, not only the

bow-free condition will be compromised, but, more

importantly, low cycle fatigue conditions will occur.

• Simple, easy-to-use and physically meaningful analyt-

ical predictive stress models, when ball-grid-array

(BGA) or column-grid-array (CGA) solder joint inter-

connections are employed as suitable attachments

between the inner (substrate) and the outer (packages)

components of such a tri-component (two packages and

one substrate) bi-material (materials of the substrate

and two identical packages) assembly, have been

developed.

• The methodology is presented in the form of a

numerical example carried out for typical lead-free

BGA and CGA systems. The calculated data are

compared with the results of the analysis that addressed

the case of a simple substrate, when bowing is expected

and permitted. The obtained data are as follows:

• If, e.g., the yield stress in shear is 1.85 kg/

mm2
= 18.130 MPa for the solder material considered,

then only the single substrate design with the CGA

system will operate within the elastic range.

• It should be emphasized, however, that if low enough

stresses (below yield stress of the solder material) are

achievable, a mirror (bow-free) design is preferable: it

will be both inelastic-strain-free and temperature-

change-insensitive, thereby increasing dramatically

the fatigue lifetime of the vulnerable material.

• Based on the calculated data, it could be concluded that

only the single substrate design, and preferably the one

with CGA interconnections, will perform within the

elastic region.

• The difference, if positive, between the predicted

elastic stress and the ‘‘available’’ yield stress determi-

nes not only the very fact of the existence of the

inelastic strains, but also the length of the zone

occupied by such strains and the magnitude of the

inelastic strains at the particular location, and this, in

turn, affects the lifetime of the interconnection.

Design Single substrate Mirror

Solder BGA CGA BGA CGA

Maximum shearing stress,smax; kg=mm2ðMPaÞ 1.9483

(19.093)

1.4747

(14.452)

3.1090

(30.468)

2.1896

(21.458)

Maximum peeling stress,pmax; kg=mm2 ðMPaÞ 0.6810

(6.674)

0.3444

(3.375)

2.0765

(20,350)

0.6732

(6.596)

Maximum bow, wmax;lm (m) 65.9

(0.0000659)

1.250

(0.00000125)

0.674

(0.000000674)

Design Single substrate Mirror design

Solder BGA CGA BGA CGA

Maximum shearing stress, smax; kg=mm2ðMPaÞ 1.9483

(19.093)

1.4747

(14.452)

3.1090

(30.468)

2.1896

(21.458)

Maximum peeling stress, pmax; kg=mm2ðMPaÞ 0.6810

(6.674)

0.3444

(3.375)

2.0765

(20.350)

0.6732

(6.597)

Maximum bow, wmax;lm (m) 65.9

(0.0000659)

1.250

(0.00000125)

0.674

(0.000000674)
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