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ABSTRACT
We show that the features of the recent astrophysically motivated model by Granato et al.
are fully consistent with the available statistical measurements of galaxies at (sub)millimetre
wavelengths. We quantitatively predict the impact of this scenario on near-future cosmological
observations dealing with spatial and flux statistical distribution of (sub)millimetre galaxies.
We show that the expected angular correlation function of spheroids is compatible with avail-
able data. We compute the expected power spectrum of fluctuations due to clustering at the
frequencies of the High Frequency Instrument (HFI) on ESA’s Planck satellite: the clustering
signal is found to be detectable in regions of low interstellar dust emission.

A further distinctive prediction of the adopted model is a remarkably high fraction of gravita-
tionally lensed sources at bright millimetre/submillimetre fluxes. In fact, since most spheroids
burn at redshift z � 2–3 according to the adopted model, gravitational lensing amplifies a
significant number of high-z forming spheroidal galaxies, which will be detectable by large-
area, shallow surveys at millimetre/submillimetre wavelengths, such as those carried out by
Planck/HFI. Allowing for other source populations, we find that the fraction of gravitation-
ally lensed millimetre/submillimetre sources at fluxes >100 mJy is expected to be up to
�40 per cent.

Key words: gravitational lensing – galaxies: formation – large-scale structure of Universe –
submillimetre.

1 I N T RO D U C T I O N

The formation and early evolution of massive spheroidal galaxies is
still a most controversial issue (see e.g. Peebles 2002, for a recent re-
view). In the general framework of the hierarchical clustering picture
for structure formation in cold dark matter (CDM) cosmologies, two
scenarios are confronting each other. According to the ‘monolithic’
scenario, a large fraction of giant elliptical galaxies formed most of
their stars in a single gigantic starburst at high redshift, and then es-
sentially underwent passive evolution. This approach is in contrast
with the ‘merging’ scenario, backed up by semi-analytic galaxy for-
mation models (e.g. Kauffmann 1996; Baugh et al. 1998), wherein
large galaxies mostly formed via mergers of smaller sub-units that,
at the time of merging, had already converted part of their gas into
stars. These two scenarios yield very different predictions for the
evolution of large ellipticals: If ‘monolithic’ collapse is assumed,
the comoving number density of such galaxies remains essentially

�E-mail: perrotta@sissa.it

constant with redshift, while their bolometric luminosity increases
with look-back time out to their epoch of formation. On the contrary,
according to the ‘merging’ scenario, the comoving density of large
ellipticals decreases with increasing redshift.

The evolution of the comoving density in the optical band has,
however, proven difficult to measure, and discordant results have
been reported. A deficit of old ellipticals at z � 1, when compared
to predictions from pure luminosity evolution models, has been
claimed by several groups (Kauffmann, Charlot & White 1996; Zepf
1997; Franceschini et al. 1998; Barger et al. 1999b; Menanteau
et al. 1999; Treu & Stiavelli 1999; Rodighiero, Franceschini &
Fasano 2001), while others found evidence for a constant comov-
ing density up to z ∼ 1.5 (Totani & Yoshii 1997; Benitez et al.
1999; Broadhurst & Bowens 2000; Scodeggio & Silva 2000; Cohen
2001). Furthermore, Daddi, Cimatti & Renzini (2000) find that the
observed surface density of extremely red objects (EROs) – the bulk
of which appear to be passively evolving ellipticals – is consistent
with predictions from the ‘monolithic’ scenario.

The results of SCUBA and MAMBO surveys at submillime-
tre/millimetre (sub-mm/mm) wavelengths present a challenge for
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the current versions of semi-analytical models. The most exhaus-
tive investigation carried out so far (Granato et al. 2000) combines
the semi-analytic galaxy formation model by the Durham group
(Cole et al. 2000) with the state-of-the-art spectrophotometric code
by Silva et al. (1998). While this approach successfully accounts
for a large variety of observables, it falls short by a substantial fac-
tor when trying to account for the mm/sub-mm counts. Similarly,
Devriendt & Guiderdoni (2000), who used a totally independent
semi-analytic model, were forced to introduce an ad hoc galaxy
population to reproduce such counts.

The main problem stems from the fact that, although only a hand-
ful of redshifts of SCUBA/MAMBO sources have been reliably
measured so far, there is growing circumstantial evidence that many
(perhaps most) of them are ultraluminous star-forming galaxies at
z � 2 (Bertoldi et al. 2000; Smail et al. 2001; Dunlop 2001a,b;
Carilli et al. 2001; Fox et al. 2002; Scott et al. 2002; Webb et al.
2002b). Furthermore, the inferred star formation rates are very high
(typically from a few hundreds to ∼1000 M� yr−1), consistent with
those required to build the stellar populations of massive ellipticals
on a time-scale �1 Gyr.

A detailed, astrophysically grounded, model that fully accounts
both for the SCUBA/MAMBO counts and for the main aspects of
the chemical evolution of spheroidal galaxies (stellar metallicity,
luminosity–metallicity relationship, α enhancement), in the frame-
work of the hierarchical clustering scenario, has been presented
recently by Granato et al. (2001).

During the active star formation phase, large spheroidal galaxies
show up as luminous sub-mm sources, accounting for the SCUBA
and MAMBO counts. The subsequent evolution is essentially pas-
sive, giving rise to observables resembling those expected according
to the ‘monolithic’ scenario.

As mentioned by Granato et al. (2001), two distinctive features
are predicted for SCUBA/MAMBO galaxies. The first one is that
those galaxies are highly biased tracers of the matter distribution,
and that well-defined links are established between these galaxies
and other galaxy populations such as Lyman break galaxies (LBGs)
and extremely red objects (EROs), and with active galactic nuclei
(AGNs). The second feature is the extremely steep, essentially ex-
ponential, decline of the bright tail of (sub)-mm counts.

Studies of clustering properties are particularly challenging in this
scenario; if different objects are drawn from the same population
of sources, they have to exhibit the same large-scale (and therefore
clustering) behaviour. In this context, it is interesting to note that
Almaini et al. (2002) have found that SCUBA galaxies and Chandra
sources (which are mostly AGNs), although showing a small direct
overlap, have essentially the same projected distribution on the sky,
suggesting an evolutionary connection between the two populations.
Hints that LBGs may indeed be the lower-luminosity/lower-mass
counterparts to SCUBA sources, as argued by Granato et al. (2001),
come from the findings that the most intrinsically luminous LBGs,
presenting the highest star formation rate, contain more dust (Pettini
et al. 2001) and have stronger clustering (Giavalisco & Dickinson
2001), and that there is a strong cross-correlation among the two
populations (Webb et al. 2002a). A first discussion of these issues
was offered by Magliocchetti et al. (2001a, hereafter MA2001).
In this paper we extend the analysis in two main aspects: (i) the
clustering predictions are compared with observational data at 850
and 170 µm; and (ii) the clustering contribution to fluctuations in
the background radiation is computed and compared with that of
the cosmological signal as well as of the Galactic dust emission.

While clustering deals with the statistics of spatial distribution of
spheroids, another most relevant aspect is the predicted distribution

in fluxes of these sources, since they are predicted to have an ex-
tremely steep decline of the bright tail of mm/sub-mm counts. This
is due to the fact that, according to the adopted model, the bulk of
star formation in such objects is essentially complete at z � 2. The
bright counts therefore essentially reflect the high-luminosity tail of
the luminosity function. Hints of such a steep decline can possibly
be discerned in the recent MAMBO (Bertoldi et al. 2000; Carilli
et al. 2001) and SCUBA bright surveys (Borys et al. 2002; Scott
et al. 2002).

In the present work we extensively discuss the implications of
this aspect on the amount of sources that undergo amplifications
due to strong gravitational lensing, focusing on the effect on number
counts for fluxes 10 mJy � S850µm � 100 mJy. We show in particu-
lar how the fraction of strongly lensed objects with respect to all the
contributing populations are generally much more copious than in
other (phenomenological) models that also successfully account for
SCUBA/MAMBO counts (Rowan-Robinson 2001; Takeuchi et al.
2001; Pearson et al. 2001). We conclude that the measure of the
fraction of strongly lensed objects on (sub)-mm counts at the men-
tioned fluxes is a powerful test for confirming or rejecting the present
scenario.

The layout of this paper is as follows. In Section 2 we compare
the predictions of the model by Granato et al. (2001) with recent
measurements of clustering properties of SCUBA galaxies (Peacock
et al. 2000; Scott et al. 2002; Webb et al. 2002b) and draw some
conclusions on the cell-to-cell fluctuations of the projected density
of sources, found to be strong enough to account for the discrepan-
cies in the number counts observed in different regions of the sky by
different groups. In Section 3 we present the power spectra of total
intensity fluctuations due to clustering of forming spheroidal galax-
ies in different channels of the High Frequency Instrument (HFI)
on ESA’s Planck satellite; we compare such spectra with those ex-
pected by cosmic microwave background and Galactic dust emis-
sion (Finkbeiner, Davis & Schlegel 1999), and derive predictions
for the power spectrum of extragalactic background fluctuations at
170 µm, to be compared with the signal detected by Lagache &
Puget (2000). Section 4 gives the essential details of our calcula-
tions on the effect of lensing on source counts, while in Section 5 we
report our predictions for counts of lensed galaxies at mm/sub-mm
wavelengths, with reference to those covered by the Planck/HFI
instrument. Conclusions are presented in Section 6.

Throughout the paper we will assume a cold dark matter flat
cosmology with �� = 0.7, �b h2 = 0.025, H 0 = 100 h0 km s−1

Mpc−1 with h0 = 0.7 and a COBE-normalized σ 8 = 1. We note,
however, that our conclusions are only weakly dependent on the
underlying cosmological model.

2 C L U S T E R I N G O F H I G H - z F O R M I N G
S P H E RO I DA L G A L A X I E S : M O D E L
P R E D I C T I O N S V E R S U S O B S E RVAT I O N S

A crucial test for a galaxy formation model is its ability to describe
correctly the large-scale properties of the populations under investi-
gation. In MA2001 we have presented predictions for the clustering
of SCUBA sources and their contribution to the total background
fluctuations in the sub-mm band, based on the model by Granato
et al. (2001). The model has been proven to provide a good fit to
the clustering properties of LBGs (Giavalisco et al. 1998), corre-
sponding in our framework to the early evolutionary phases of low-
to intermediate-mass spheroidal galaxies.

In this section we extend the analysis of MA2001 and compare
the results to the best up-to-date clustering measurements at 850 µm.
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Statistics of forming spheroidal galaxies 625

We start off with the theoretical expression for the angular two-point
correlation function w(θ ):

w(θ ) = 2

∫∫ ∞
0

N 2(z)b2
eff(Mmin, z)(dz/dx)ξ (r, z) dz du[∫ ∞

0
N (z) dz

]2 (1)

(Peebles 1980), where ξ (r , z) is the spatial mass–mass correlation
function (obtained as in Peacock & Dodds 1996; see also Moscardini
et al. 1998; Magliocchetti et al. 2000), x is the comoving radial
coordinate, r = (u2 + x2θ2)1/2 (for a flat universe and in the small-
angle approximation), and N (z) is the number of objects within the
shell (z, z + dz). The relevant properties of SCUBA galaxies are
included in the redshift distribution of sources N (z), and in the bias
factor beff(Mmin, z).

Trends for the predicted redshift distribution of sources respec-
tively brighter than 1, 10 and 50 mJy are shown in Granato et al.
(2001) and MA2001. Independent of the flux limit adopted, all the
curves feature a maximum at z � 3, while the redshift range spanned
progressively becomes narrower as one goes from fainter to brighter
objects. We note that our predictions for a very limited number of
sources (�10 per cent to 30 per cent) to appear at redshifts z � 2
is in full agreement with all the available data (see e.g. Eales et al.
2000; Smail et al. 2000, 2002; Dunlop 2001a; Webb et al. 2002b).

The effective bias factor beff(Mmin, z) of all the dark matter haloes
with masses greater than some threshold Mmin is then obtained by
integrating the quantity b(M , z) (whose expression has been taken
from Jing 1998) – representing the bias of individual haloes of
mass M – weighted by the mass function nSCUBA(M , z) of SCUBA
sources:

beff(Mmin, z) =
∫ ∞

Mmin
dM b(M, z)nSCUBA(M, z)∫ ∞
Mmin

dM nSCUBA(M, z)
, (2)

with nSCUBA(M , z) = n(M , z)T B /th, where n(M , z) dM is the mass
function of haloes (Press & Schechter 1974; Sheth & Tormen 1999),
T B is the duration of the star formation burst and th is the lifetime
of the haloes in which these objects reside. Following Lacey & Cole
(1993), this last quantity is defined as th(M , z) = t s(M , z) − tu(z),
where t s(M , z) is the survival time of a halo having a mass M at
redshift z (i.e. the cosmic time by which the mass of such a halo has
doubled due to either accretion or merging), and tu(z) is the age of
the Universe at an epoch corresponding to z.

The bias factor beff in equation (2) and the angular correlation
function of equation (1) have then been evaluated for three mass
ranges: (i) masses in the range M sph � 109–1010 M�, duration of
the star formation burst T B ∼ 2 Gyr, and typical 850-µm fluxes
S � 1 mJy; (ii) masses in the range M sph � 1010–1011 M� and
T B ∼ 1 Gyr; and (iii) masses in the range Msph � 1011M�, T B ∼
0.5 Gyr, dominating the counts at 850-µm fluxes S � 5–10 mJy
(note that by M sph we denote the mass in stars at the present time).

Furthermore, we considered two extreme values for the ratio be-
tween mass in stars and mass of the host dark halo – Mhalo/M sph

= 100 and 10 – which encompass the range covered by recent esti-
mates for massive objects (McKay et al. 2001; Marinoni & Hudson
2002). Granato et al. (2001) found that this ratio is about 20–30 for
the massive objects.

According to our model, sources are expected to be strongly clus-
tered, with a clustering signal that increases for brighter sources and
higher values of Mhalo/M sph. From the above discussion it follows
that measurements of w(θ ) are in principle able to discriminate
among different models for SCUBA galaxies and in particular to
determine both their star formation rate, via the amount of baryonic

Figure 1. Top panel: Angular correlation function of S � 5 mJy SCUBA
sources. Model predictions are shown by the dashed curves (where the higher
one is for Mhalo/Msph = 100 and the lower one for Mhalo/Msph = 10), while
data points represent the Scott et al. (2002) measurements. Bottom panel:
Same as above but for sources brighter than 3 mJy. Data are taken from
Webb et al. (2002b); empty and filled circles represent measurements ob-
tained in two different fields of the Canada–UK Deep Submillimeter Survey
(CUDSS).

mass actively partaking of the process of star formation, and the
duration of the star formation burst.

In Fig. 1 the angular correlation functions predicted by our model
are compared with the recent tentative evidence for positive cluster-
ing of SCUBA galaxies with S850µm � 5 mJy (Scott et al. 2002) and
with S850µm � 3 mJy (Webb et al. 2002b). Although such measure-
ments are dominated by noise due to the small-number statistics,
they suggest the possibility that a future larger sample may provide
sharper tests for the models.

Peacock et al. (2000) analysed the contribution of clustering of
unresolved (S < 2 mJy) SCUBA sources to the 850-µm back-
ground fluctuations detected in the Hubble Deep Field North (HDF-
N). They found some evidence for clustering of the background
source population, consistent with an angular correlation function
of the form w(θ ) = (θ/θ0)−ε , for an a priori value of ε = 0.8
and θ 0 = 1 arcsec. Fig. 2 presents our model predictions for the
angular correlation function w(θ ) derived in the case of SCUBA
galaxies with S < 2 mJy; the redshift distribution spans the range
0.7 � z � 6.

Our results are fully consistent with the constraints on structure
in the submillimetre background set by Peacock et al. (2000) and
not far from their preferred clustering model (dotted line in Fig. 2),
if Mhalo/M sph = 100. The shallower slope predicted by our model at
small angles (θ � 4 × 10−2 deg) ultimately stems from the fact that
at high z we enter the regime of linear growth of density perturba-
tions. This entails a flattening of the slope of the two-point spatial
correlation function ξ (r , z) for z � 2. As a consequence, the angular
correlation function w(θ ) obtained as in equation (1) by project-
ing ξ (r , z) over a wide range of redshifts, up to z � 6, will mirror
this tendency to flatten out. On the other hand, we cannot exclude
the presence of a non-linear and/or scale-dependent bias (see e.g.
Dekel & Lahav 1999; Blanton et al. 1999; Narayanan, Berlind &
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Figure 2. Angular clustering of unresolved (S < 2 mJy) sources at 850 µm.
The solid curve is obtained for Mhalo/Msph = 10, while the dashed one rep-
resents the case Mhalo/Msph = 100. The dotted line corresponds to w(θ ) =
(θ/1 arcsec)−0.8 (Peacock et al. 2000).

Weinberg 2000) at the small physical scales probed by the Peacock
et al. (2000) sample, which could raise the slope of the angular
correlation function up to values closer to the standard −0.8.

Strong clustering substantially enhances cell-to-cell fluctuations
of the surface density of detected sources. The angular correlation
function w(θ ) is in fact related to the second moment (variance) of
the galaxy distribution function via the expression (Peebles 1980;
Roche & Eales 1999)

µ2 = N̄ +
(

N̄

ω

)2

�2, (3)

where µ2 is the total variance of the source distribution, N̄ (the mean
count of sources in the solid angle ω) represents the Poisson noise
arising from the discrete nature of the objects, and the normalized
variance �2 can be written as

�2 =
∫

w(θ ) dω1 dω2. (4)

In the case of square cells with ω = � × �, equation (4) can be
expressed as the two-dimensional integral

�2(�) = �2

∫ �

0

dx

∫ �

0

w(θ ) dy, (5)

with θ =
√

x2 + y2.
The quantity in equation (5) has been evaluated for the three cases

of low-, intermediate- and high-mass SCUBA galaxies, introduced
in this section and based on the Granato et al. (2001) model, and for
the usual two different values of the Mhalo/M sph ratio. Results for the
rms fluctuations relative to the mean number of detected sources per
cell, µ

1/2
2 /N̄ (see equation 3) are presented in Fig. 3, where dashed

and dotted curves respectively correspond to sources brighter than
10 and 1 mJy. We have adopted a mean surface density per square
degree of N̄ = 180 for a flux limit of 10 mJy (see Scott et al. 2002),
and of N̄ = 1.3 × 104 for a flux limit of 1 mJy (Granato et al.
2001). Fig. 3 clearly illustrates that the contributions to cell-to-cell
fluctuations due to clustering are generally at least comparable to,
and may be much larger than, the Poisson ones, shown by the two
solid lines. We therefore conclude that the high clustering amplitude
predicted for SCUBA sources can easily account for the differences

Figure 3. Predictions for the rms fluctuations relative to the Poisson noise
of detected sources per cell of area ω = �2, µ

1/2
2 /N̄ , at 850µm. Dashed

and dotted curves are for sources brighter than 10 or 1 mJy, respectively.
Higher curves of each type correspond to Mhalo/Msph = 100, lower ones
to Mhalo/Msph = 10. The solid lines show the Poisson contributions for the
two flux limits. The lines are drawn only for angular scales such that the
mean number of sources in the solid angle ω = �2 is �1.

found in the number counts observed in different sky regions by
different groups (see e.g. Smail, Ivison & Blain 1997; Hughes et al.
1998; Blain et al. 1999; Barger, Cowie & Sanders 1999a; Eales
et al. 2000; Scott et al. 2002). On the other hand, currently available
samples are too small to allow an unambiguous recognition of the
effect of clustering. From equation (3) we estimate that an observa-
tional determination of the cell-to-cell variance due to clustering, as
predicted by the model, would require a survey of a few times 10−2

deg2 if the source detection limit is 1 mJy and of �1 deg2 for a
detection limit of 10 mJy.

3 M U LT I WAV E L E N G T H A NA LY S I S O F
T H E C O N T R I BU T I O N O F C L U S T E R I N G
TO BAC K G RO U N D F L U C T UAT I O N S

The strong clustering of high-z forming spheroidal galaxies adds an
important contribution to background fluctuations. Measurements
of such a contribution can be informative on both the nature and the
properties of sources below the detection limit. On the other hand,
these fluctuations may have a significant impact on the detectability
of cosmic microwave background (CMB) fluctuations.

MA2001 (but see also Scott & White 1999; Haiman & Knox
2000) estimated the power spectrum of clustering fluctuations at
850 µm. In the present section we apply the same analysis to dif-
ferent wavelengths, corresponding to the effective frequencies of
the channels of the Planck/HFI instrument: 2100 µm → 143 GHz;
1380 µm → 217 GHz; 550 µm → 545 GHz; 350 µm → 857 GHz.
We also work out predictions at λ = 170 µm, the wavelength probed
by the FIRBACK deep survey (Dole et al. 2001).

The counts of spheroidal galaxies are obtained from the model by
Granato et al. (2001). The counts of spiral and starburst galaxies at
all the wavelengths relevant to this work have been instead estimated
by extrapolating the 60-µm local luminosity functions of these two
populations (Saunders et al. 1990), and evolving them in luminosity
as L(z) = L(0) (1 + z)α , with α = 3.5 in the case of starbursts and
α = 0 for spirals. The extrapolation in frequency has been carried out
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Statistics of forming spheroidal galaxies 627

adopting the observed spectral energy distributions of NGC 6946
and 6090, respectively, in the case of spirals and starburst galaxies
(see Silva et al. 1998). No evolution is assumed for spiral galaxies
in keeping with the notion of almost constant star formation rate in
discs, at least in the last 6–7 Gyr, corresponding to z � 0.5. The
evolution of the starburst population, i.e. α = 3.5, is instead fixed
by the fits to the 175 and 60 µm counts. It is worth noticing that the
starburst and spiral counts at S850 µm � 5–10 mJy are almost fixed
by the observed 175 µm counts.

The contribution to the counts of forming spheroidal galaxies,
compared to that of spiral and starburst galaxies, is found to de-
crease for decreasing wavelength because of the increasingly less
favourable k-corrections associated with the former population. Spi-
rals and starbursts consequently become more and more important at
shorter and shorter wavelengths, and eventually dominate the counts
for λ � 200 µm. This is illustrated by Fig. 4, where we show the
contribution to the integral number counts (represented by the solid
curves) of the three populations of spheroidal galaxies (dot-dashed
lines), spirals (dashed lines) and starbursts (dotted lines) at different
wavelengths.

Fig. 4 shows that, under our assumptions, starbursts and spirals
constitute a negligible fraction of the total number of sources at
mm/sub-mm wavelengths, the dominant contribution coming from
high-z forming spheroidal galaxies [the same which – according to
Granato et al. (2001) – show up as SCUBA sources at λ = 850 µm]
at all but very bright fluxes (with a flux threshold that varies with
wavelength), where, as already discussed in the introduction and
extensively tackled in Section 4, the number counts of spheroidal
galaxies experience an exponential decline. The situation is reversed
at 175 µm (bottom right panel of Fig. 4) where, down to fluxes
S175µm � 0.3 mJy, spirals and starbursts dominate the predicted
number counts. In the following analysis we will therefore only
consider the population of spheroidal galaxies when dealing with
the mm/sub-mm wavelength range.

The angular correlation function of intensity fluctuations due to
inhomogeneities in the space distribution of unresolved sources (i.e.
with fluxes fainter than some threshold Sd), C(θ ), can be expressed
as the sum of two terms, Cp and Cc, the first one due to Poisson noise
(fluctuations given by randomly distributed objects), and the second
one due to source clustering (see MA2001 and De Zotti et al. 1996,
for a detailed discussion). In the case of highly clustered sources
such as forming spheroidal galaxies, the Poisson term Cp is found
(see e.g. Scott & White 1999) to be negligible when compared to
Cc. We can therefore safely assume C � Cc, whose expression is
given by

Cc(θ ) =
(

1

4π

)2 ∫ zmax

z(Lmin, Sd)

dz b2
eff(Mmin, z)

j2
eff(z)

(1 + z)4

(
dx

dz

)2

×
∫ ∞

0

d(δz) ξ (r, z), (6)

where beff(Mmin, z) is defined by equation (2), x is the comoving
radial coordinate, δ z = c/H 0u [u is introduced in equation (1) and
c is the speed of light], zmax is the redshift when the sources begin
to shine, z(L , Sd) is the redshift at which a source of luminosity L
is seen with a flux equal to the detection limit Sd, and j eff is the
effective volume emissivity.

Following the MA2001 approach, Cc(θ ) in equation (6) has then
been evaluated separately for the three cases of low-, intermediate-
and high-mass objects, and the total contribution of clustering to in-
tensity fluctuations C tot(θ ) has been derived by adding up in quadra-
ture all the values of Cc(θ ) obtained for the different mass intervals

and by also taking into account the cross-correlation terms between
objects of different masses.

The angular power spectrum of the intensity fluctuations can then
be obtained as

Cl = 〈∣∣a0
l

∣∣2〉 =
∫ 2π

0

∫ π

0

[δT (θ )]2 Pl (cos θ ) sin θ dθ dφ, (7)

with

δT (θ ) = 〈(�T )2〉1/2

= λ2
√

C tot(θ )

2kb

[
exp

(
hν

kbT

)
− 1

]2

× exp

(
− hν

kbT

)/(
hν

kbT

)2

,
(8)

which relates intensity and brightness total intensity fluctuations.
This analysis has been performed for the different central fre-

quencies of the Planck/HFI, and Fig. 5 shows the results in terms
of δTl =

√
l(l + 1)Cl/2π (in units of K) at 2100, 1380, 550 and

350 µm. In each of the four panels of Fig. 5, dotted curves are ob-
tained by adopting the 5σ detection limits of the different Planck
channels (Slim = 300 mJy at 2100 µm, Slim = 200 mJy at 1380 µm,
Slim = 450 mJy at 550 µm, Slim = 700 mJy at 350 µm) estimated
by Toffolatti et al. (1998). In Fig. 6 we also plot predictions for tem-
perature fluctuations at 850 µm, where the contribution from star-
forming spheroidals has been corrected for a programming mistake
affecting the numerical calculations by MA2001, which produced
wiggles in the trend of the predicted power spectrum for multipoles
l � 200. The dotted curves are obtained for a source detection limit
of Slim = 100 mJy, while the dashed ones illustrate the case of a
10 times higher sensitivity (Sd = 0.1Slim). Note that the clustering
signal is very weakly dependent on the detection limit for fluxes
brighter than ∼5–10 mJy, i.e. for all those sources on the steep por-
tion of the counts (see Fig. 4). Because of this, the results shown
in Fig. 6 are also representative in the case of surveys with detec-
tion limits higher than 100 mJy, as will probably be the case for the
Planck mission. On the other hand, other forthcoming large-area
surveys (see e.g. the BLAST project, Devlin et al. 2001)1 can go
substantially deeper than Planck over limited areas of the sky.

The solid curves in Figs 5 and 6 show, for comparison, the power
spectrum of primary CMB anisotropies corresponding to a flat
�CDM cosmology, calculated with the CMBFAST code developed
by Seljak & Zaldarriaga (1996). The relative importance of fluctua-
tions due to clustering rapidly increases with decreasing wavelength.
CMB anisotropies on small angular scales are exceeded at all wave-
lengths λ � 850 µm. This high clustering signal mostly comes from
massive galaxies with bright fluxes, which lie at substantial redshifts
and are therefore highly biased tracers of the underlying mass dis-
tribution. Also the negative k-corrections increase their contribution
to the effective volume emissivity (see MA2001) and therefore to
the fluctuations.

This implies that important information on the clustering prop-
erties of faint submillimetre/far-infrared (sub-mm/far-IR) galaxies
(and hence on physical properties such as their mass and/or the
amount of baryons involved in the star formation process) will re-
side in the Planck maps at frequencies greater than 353 GHz where,
however, the dominant diffuse signal at those frequencies is expected
to come from interstellar dust emission.

1www.hep.upenn.edu/blast/
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628 F. Perrotta et al.

Figure 4. Integral number counts of galaxies predicted by the model of Granato et al. (2001) at λ = 2100 µm (top left-hand panel), 1380 µm (top right-hand
panel), 850 µm (middle left-hand panel), 550 µm (middle right-hand panel), 350 µm (bottom left-hand panel) and 175 µm (bottom right-hand panel). The
solid curves show the total counts, while the dot-dashed, dashed and dotted curves are respectively obtained for the three populations of forming spheroidals, of
spirals and of starburst galaxies. The long-dashed curves (only for λ � 850 µm) show the counts of radio sources based on the model by Toffolatti et al. (1998).
Data in the 1380 µm panel are derived from MAMBO observations (Bertoldi et al. 2001); a flux density ratio S1200 µm/S1380 µm = 1.5 has been adopted to
extrapolate to λ = 1.38 mm the MAMBO flux densities at λ = 1.2 mm (according to the model, this ratio varies between 1.4 and 1.6, depending on the details of
the dust temperature distribution). Data at 175 µm are from Dole et al. (2001). Data at 850 µm are from Blain et al. (1999) (open circles), Hughes et al. (1998)
(open triangles), Barger et al. (1999a) (open squares), Eales et al. (2000) (filled circles), Scott et al. (2002) (filled triangles) and Borys et al. (2001) (crosses).
Data at 550 µm are an extrapolation of the 450 µm observations by Smail et al. (1997), Barger et al. (1998), Hughes et al. (1998), Eales et al. (1999) and Blain
et al. (2000); a mean ratio S450µm/S550µm = 1.78, typical for spiral and starburst galaxies, has been adopted.
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Statistics of forming spheroidal galaxies 629

Figure 5. Predicted power spectrum of temperature fluctuations δ T l (in units of K) as a function of the multipole l at 2100 µm (top-left panel), 1380 µm
(top-right panel), 550 µm (bottom-left panel) and 350 µm (bottom-right panel), the central frequencies of the Planck/HFI channels. The dotted curves are for the
5σ flux detection limit of each channel. Higher curves of the same kind are for Mhalo/Msph = 100, lower ones for Mhalo/Msph = 10. The solid curves represent
the power spectrum of primary CMB anisotropies as predicted by a standard �CDM cosmology (�� = 0.7, �0 = 0.3, h0 = 0.7). The upper long-dashed
curves represent the contribution from Galactic dust emission averaged over all the sky, while the lower ones correspond to high Galactic latitudes (|b| � 80◦)
only. The clustering signal is potentially detectable at several wavelengths by a high-sensitivity experiment like Planck/HFI in regions of low Galactic dust
emission, particularly after application of efficient component separation algorithms. Its contamination of CMB maps is, however, small at 2100 µm, and at
1380 µm may be important only on small scales. On the other hand, foregrounds dominate over the CMB for λ � 550 µm.

In order to quantify this last effect, we have calculated the ex-
pected contribution of Galactic dust emission to background fluctu-
ations. To this end, the full-sky dust emission maps at submillime-
tre and microwave wavelengths constructed by Finkbeiner et al.
(1999) from IRAS and COBE (DIRBE and FIRAS) data have been
used.

Fig. 5 shows the power spectrum of Galactic dust emission aver-
aged all over the sky (upper long-dashed curves). This signal dom-
inates at all wavelengths because of the large contribution from the
Galactic plane. However, it is still possible to detect the cluster-
ing signal of sub-mm galaxies (and also recover the CMB power
spectrum for λ � 103 µm) if one restricts the analysis to low-dust
regions, e.g. to high enough Galactic latitude regions (i.e. |b| � 80◦,
lower long-dashed curves).

It turns out that, for both λ = 850 µm (see also Magliocchetti
et al. 2001b) and λ = 550 µm, the dust contribution in these regions
becomes less important than the one due to the clustering of unre-
solved sources at any l � 100. For λ = 350 µm the signal due to

Galactic dust is instead found to hide all the other sources of back-
ground fluctuations at all Galactic latitudes, except possibly in the
case of very high (l � 800) multipoles.

Background fluctuations due to unresolved extragalactic sources
have recently been measured by Lagache & Puget (2000) at 170 µm
in a field covered by the FIRBACK survey with ISOPHOT (Dole
et al. 2001). As already mentioned, in this case the dominant contri-
bution to counts and to small-scale fluctuations is expected, accord-
ing to our model, to come from low- to intermediate-redshift spiral
and starburst galaxies, whose bias factor beff(Mmin, z) appearing in
equation (6) takes the form

b(z) = 1 + b0 − 1

D(z)
(9)

(Fry 1996; see also Baugh et al. 1999; Magliocchetti et al. 1999,
2000), independent of the mass of the haloes hosting such sources
and merely a function of redshift – via the linear growth rate D(z) –
and of the local bias b0 ≡ b(z = 0) = σ 8,g/σ 8, where σ 8,g is the rms
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630 F. Perrotta et al.

Figure 6. As in Fig. 5, but for the 850 µm case. Dotted curves are for
a detection limit Sd = 100 mJy, while dashed ones are for Sd = 10 mJy.
Higher curves of the same kind are for Mhalo/Msph = 100, lower ones for
Mhalo/Msph = 10.

fluctuation amplitude in a sphere of radius 8 h−1 Mpc as measured
in the local Universe for each population. We have estimated the
amplitudes σ 8,g from the clustering properties by spectral type de-
termined by Loveday, Tresse & Maddox (1999) from Stromlo-APM
survey data. We find σ 8,g = 0.93 for galaxies with weak emission
lines (spirals) and σ 8,g = 0.66 for galaxies with strong emission
lines (starbursts).

The contribution of clustering to C(θ ) has then been calculated
for the three populations of spheroidals, spirals and starbursts, and
the angular power spectrum �2(k) has been derived according to
the expression (see Peacock 1997)

�2(k) = k2

∫ ∞

0

C(θ )J0(kθ )θ dθ, (10)

where k is the angular wavenumber and J 0 is the zeroth-order Bessel
function. The results for a detection limit Sd = 135 mJy, correspond-
ing to three times the confusion noise of the FIRBACK survey (Dole
et al. 2001), are shown in Fig. 7. As expected, the contribution of
spheroidal galaxies at this wavelength is negligible when compared
to those originating from the clustering of both starburst galaxies
and spirals. Also, despite the strongly negative bias, the signal ob-
tained for starbursts turns out to be stronger than the one predicted
for spiral galaxies, as a result of the different evolutionary properties
of the two populations, as outlined above.

The horizontal short/long-dashed line in Fig. 7 represents the
Poisson contribution Pp = 7400 Jy2 sr−1 derived from the Guider-
doni et al. (1997) predictions, while the dashed-dotted line illus-
trates the contribution to the observed power spectrum of the Galac-
tic cirrus (Lagache & Puget 2000). According to our predictions,
fluctuations stemming from the clustering of starburst galaxies are
detectable above other sources of signal in the wavenumber range
0.04 � k (arcmin−1) � 0.3.

4 G R AV I TAT I O NA L L E N S I N G

It is now well established (Franceschini et al. 1991, 1994,
2001; Blain & Longair 1993; Pearson & Rowan-Robinson 1996;
Guiderdoni et al. 1997, 1998; Dwek et al. 1998; Blain et al. 1999;
Devriendt & Guiderdoni 2000; Pearson et al. 2001; Takeuchi et al.
2001; Rowan-Robinson 2001) that the coupling of the strongly neg-
ative k-correction at mm/sub-mm wavelengths – due to the steep

Figure 7. Predictions for the power spectrum of intensity fluctuations
due to clustering of galaxies fainter than a detection limit Sd = 135 mJy
at λ = 170 µm. The solid curves are for the population of spheroidal
galaxies (the higher one referring to Mhalo/Msph = 100, the lower one to
Mhalo/Msph = 10), while the dashed and dotted curves respectively show
the predictions for spiral and starburst galaxies. The short/long-dashed curve
represents a white noise power spectrum Pp = 7400 Jy2 sr−1, while the
dashed-dotted one illustrates the cirrus confusion noise (both from Lagache
& Puget 2000).

increase with frequency of dust emission in galaxies – with the
strong cosmological evolution demonstrated both by the ISO and
SCUBA data (Smail et al. 1997; Hughes et al. 1998; Elbaz et al.
1999; Barger et al. 1999a; Eales et al. 2000) and by the intensity
of the far-IR background (Puget et al. 1996; Fixsen et al. 1998;
Schlegel, Finkbeiner & Davis 1998; Hauser et al. 1998; Lagache
et al. 1999, 2000), greatly emphasizes high-redshift sources. This
yields very steep counts which maximize the magnification bias
and lead to a high probability for such sources to be gravitationally
lensed (Peacock 1982; Turner, Ostriker & Gott 1984). As already
discussed by Blain (1996, 1997, 1998a,b, 1999, 2000), this cor-
responds to a fraction of lensed sources expected to show up in
the mm/sub-mm band which is much larger than what is found in
surveys at other wavelengths. For instance, Blain (1998a) predicts
about 0.6 to 5 per cent of the point sources observed in the future
by Planck/HFI to be lensed.

As first noted in Perrotta et al. (2002), a distinctive feature of
the astrophysically grounded model by Granato et al. (2001) is that
both the lensing probability and the magnification bias at mm/sub-
mm wavelengths are substantially higher than those implied by
other current, mostly phenomenological, models which also suc-
cessfully account for SCUBA/MAMBO counts (Rowan-Robinson
2001; Takeuchi et al. 2001; Pearson et al. 2001). This is because, ac-
cording to this model, most galaxies detected in blank-field SCUBA
and MAMBO surveys are interpreted as massive ellipticals at z � 2,
in the process of building their stellar populations with very high star
formation rates (typically from a few hundreds to ∼1000 M� yr−1).
Thus, on the one hand, the optical depth to lensing is, on average, sig-
nificantly higher than for most of the other models, which generally
predict a substantial fraction of objects to be at z < 2. On the other
hand, the model entails an extremely steep, essentially exponential,
decline of the bright tail of mm/sub-mm counts of this galaxy pop-
ulation due to the fact that dust emission from these objects rapidly
fades away at z � 2 when the bulk of their star formation is es-
sentially over (Cohen 2001). The bright counts therefore somehow
reflect the high-luminosity tail of the luminosity function, which
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Statistics of forming spheroidal galaxies 631

in turn reflects the fact that, in the hierarchical clustering scenario,
massive haloes are exponentially rare at high redshifts [note that
a similar redshift distribution for the SCUBA sources and similar
source counts have been obtained in the parametric model of Blain
et al. (1999) with an empirical approach].

Such a steep decrease of the number counts for fluxes 10 mJy �
S850 µm � 100 mJy implies a large fraction of strongly lensed
galaxies to appear at bright mm/sub-mm fluxes. Indeed, in Perrotta
et al. (2002) we have shown that strongly lensed spheroid counts
actually come to dominate the unlensed ones at fluxes of about
100 mJy, and at 850 µm wavelength. We provide here a detailed
assessment of this promising result, quantifying the fraction of
strongly lensed (sub)-mm sources when taking into account all the
contributing populations at different wavelengths and giving a quan-
titative comparison with phenomenological models successfully ac-
counting for SCUBA/MAMBO counts.

Let us first recall the main aspects of our model for gravitational
lensing, referring to our previous work (Perrotta et al. 2002) for
details. Lensing statistics is expressed by the probability for a source
at redshift zs to be lensed with magnification �µ: it is obtained by
dividing the total lensing cross-section by the area of the source
sphere as

P(µ, zs) = (1 + zs)2

4πr 2(zs)

∫ zs

0

dz
dV

dz
(1 + z)3

×
∫

dM σ (µ, z, zs, M)
dn

dM
(z, M), (11)

where r (z) is the comoving radial distance to redshift z, dV /d z is
the proper volume element per unit redshift, and dn(z, M)/dM is
the comoving number density of the lenses. Since we are dealing
with gravitational lensing by dark matter haloes, we assume that the
lens distribution follows the Sheth & Tormen (1999) mass function

dn

dM
=

√
2a A2

π

ρ0

M2

δc(z)

σ (M)

{
1 +

[
σ (M)√
a δc(z)

]2p
}

×
∣∣∣∣ d ln σ

d ln M

∣∣∣∣ exp

[
− aδ2

c (z)

2σ (M)2

]
, (12)

where the best-fitting values of the parameters for our cosmological
model are a = 0.707, p = 0.3 and A � 0.3222. Here ρ0 is the mean
mass density at a reference epoch t0, which we assume to be the
present time, and σ 2 is the variance of linear density fluctuations at
the present epoch, smoothed with a spherical top-hat filter WR(k)
enclosing a mass M. Finally, δ2

c(z) is the linear density contrast of
an object virializing at z, linearly evolved to the present epoch.

Quite independent of the lens model, P(µ, z) decreases as µ−2

for µ � 1, and hence the high-magnification tail of the probabil-
ity per unit magnification can be written as p(µ, z) = −dP(µ,
z)/dµ ∝ a(z)µ−3. Equation (11) assumes non-overlapping cross-
sections, which is satisfied in the P � 1 regime, i.e. when no
more than a single clump causes lensing of a background source:
this results in magnifications markedly larger than unity, or strong
lensing. Smaller magnifications, including demagnifications, at-
tain contributions from the distribution of dark matter along the
entire line of sight, resulting in weak lensing effects. The lat-
ter case can be represented by a Gaussian probability per unit
magnification:

p(µ, z) = H (z) exp
[ − (µ − µ̄)2

/
2σ 2

µ(z)
]
, (13)

where the location of the peak, µ̄, and the amplitude, H(z), are
determined by the normalization and flux conservation conditions

obtained by integrating over all possible magnifications the com-
bined (weak plus strong lensing) probability distribution:

∫
dµ p(µ,

z) = ∫
dµ µp(µ, z) = 1. The dispersion σµ(z) is discussed by

Bartelmann & Schneider (2001). The transition between the weak
and strong lensing regimes is set at a suitable magnification µcut: a
convenient choice is µcut = 1 + 1.5 σµ(z), yielding µcut ≈ 1.5–2 for
the redshift range of interest.

In the case of extended sources we must allow for a magnifica-
tion cut-off, determined by the intrinsic brightness profile of the
source (Peacock 1982), by the mass density profile of the lens, and
by the geometry of the source/lens system. We follow the approach
by Peacock (1982) and introduce a cut-off factor in the magnifica-
tion distribution of the form exp(−µ/µmax). As shown by Perrotta
et al. (2002), for a typical brightness profile of a luminous elliptical
galaxy with r e � 5 kpc, we expect 10 � µmax � 30, depending
on the detailed geometry of the source and the lens and on their
relative distance. The still scanty information on sizes of sub-mm
galaxies (Downes et al. 1999; Gear et al. 2000; Ivison et al. 2001)
suggests radii of a few kiloparsecs, implying higher maximum mag-
nifications. On the other hand, if the SCUBA/MAMBO galaxies are
really merging systems of galaxies up to 30 kpc in diameter, then the
limiting magnification will be lower. For r e � 15 kpc, we verified
numerically that, using the same assumptions, one gets a maximum
amplification between 5 (for elliptical lens potential) and 10 (for cir-
cular lens potential). Therefore, we adopted a relatively conservative
value µmax = 10.

Lens density profiles have been modelled as singular isother-
mal spheres (SIS) for masses M < 3.5 × 1013 M�, and with the
Navarro, Frenk & White (1997, hereafter NFW) formula for larger
masses. In fact, it is found (Porciani & Madau 2000) that such a
‘mixed’ model provides a good fit to the observed statistics of the an-
gular splitting of quasar multiple gravitational images. However, we
wish to emphasize that, regarding statistical magnifications, SIS and
NFW profiles lead to comparable results (Perrotta et al. 2002), mak-
ing the present conclusions very weakly dependent on the choice of
the profile.

Before moving to the results, let us consider the magnification bias
on a flux-limited source sample. The integrated source counts above
a flux density threshold Sν of sources with a comoving luminosity
function �(L , z) can be written as (e.g. De Zotti et al. 1996)

N (Sν) =
∫ z0

0

dz

∫ ∞

Lmin

dL �(L , z)r 2(z)
dr

dz
sr−1, (14)

where r is the comoving radial distance, and

Lmin(ν) = 4π(1 + z)r 2(z)Sν

L(ν)

L((1 + z)ν)
. (15)

The luminosity function modified by the magnification bias reads
(e.g. Pei 1995)

�′(L , z) =
∫ ∞

µmin

dµ
p(µ, z)

µ
�(L/µ, z). (16)

Lensing effects on the source counts are taken into account by re-
placing �′(L , z) with �(L , z) in equation (14).

5 E F F E C T O F G R AV I TAT I O NA L L E N S I N G
O N S O U R C E C O U N T S

We present here our estimates for the effect of lensing on the in-
tegral number counts predicted using the model by Granato et al.
(2001), at different wavelengths, focusing on the strongly lensed
source fraction when all the contributing populations are taken into
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632 F. Perrotta et al.

account; for comparison with different scenarios, we use the model
by Rowan-Robinson (2001), taken as representative of successful
phenomenological models. The model by Granato et al. (2001)
includes three populations, namely star-forming spheroids, evolv-
ing starburst galaxies and non-evolving disc galaxies (spirals). The
model by Rowan-Robinson instead includes AGNs, spirals and both
high- and low-luminosity starburst galaxies. In both models, we
added the contribution due to ‘flat’-spectrum radio sources, whose
counts (kindly provided by L. Toffolatti) are based on the model by
Toffolatti et al. (1998).

The contributions of different populations to the number counts
at fluxes probed by SCUBA, predicted by the two models, are
markedly different: While, as discussed above, according to Granato
et al. (2001), SCUBA sources are mostly massive dusty spheroids
at high z, in many phenomenological models there is a large
tail extending to low z, so that the mean lensing probability of
sources is lower. Correspondingly, while the model by Granato
et al. (2001) predicts an essentially exponential decline of the 850-
µm counts with increasing flux density above a few millijansky,
the slope is substantially less steep in the Rowan-Robinson (2001)
model.

This different behaviour of the counts and of the redshift dis-
tributions explains the vastly different fractions of lensed galaxies
expected at bright fluxes; this difference is quantified in Figs 8 and
9, as we describe in detail in the following. Both figures show the
integral number counts of lensed and unlensed galaxies, yielded by
the two models, respectively, for the 550 (top), 850 (middle) and
1380 µm (bottom) Planck/HFI channels. Fig. 8 shows the unlensed,
weakly lensed and strongly lensed spheroid counts, represented re-
spectively by light dotted, heavy dashed and heavy solid curves.
The heavy dotted curve represents the sum over all the populations
that are expected to contribute to the observed counts according to
the Granato et al. (2001) model, i.e. spheroids, evolving starburst
galaxies, spirals and radio sources, assuming no lensing effects. In
Fig. 9 the light dotted, heavy dashed and heavy solid curves repre-
sent respectively the unlensed, weakly lensed and strongly lensed
counts for the sum of AGNs, spirals and starbursts. As above, the
heavy dotted curve represents the sum of the contributions from
all the populations plus radio sources, assuming no lensing effects.
Note that for the model by Granato et al. (2001) we plotted the ef-
fect of lensing only on the forming spheroids to highlight the huge
magnification bias due to the steepness of the counts, while starburst
galaxies, spirals and radio sources, which are negligibly affected by
lensing, are included only in the total counts, represented in Fig. 8
by the heavy dotted curves. In the case of Rowan-Robinson (2001),
for all classes of sources (AGNs, spirals and starburst galaxies) the
effect of lensing has been taken into account. The heavy dotted
curves give the sum of weakly and strongly lensed sources, plus
the contribution of radio sources, for which the effect of lensing is
negligible.

It is clear from Fig. 8 that, according to the model by Granato
et al. (2001) and as a result of the strong magnifications due to grav-
itational lensing, forming spheroids at substantial redshifts can be
detected in relatively shallow surveys, such as those provided by
Planck/HFI. The quoted 5σ detection limits for this instrument are
Slim = 200, 100 and 450 mJy at 1380, 850 and 550 µm, respectively.
Note that, at 850 µm, this implies that the expected strongly lensed
objects at fluxes larger than Slim on the whole sky are ∼102 in the
Rowan-Robinson (2001) scenario and ∼4 × 103 according to the
model by Granato et al. (2001). Strongly lensed forming spheroids
may also be detectable by forthcoming balloon experiments
operating at sub-mm wavelengths, such as BLAST (Devlin et al.
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Figure 8. Integral source counts per square degree for the model by Granato
et al. (2001) at 550 (top), 850 (middle) and 1380 µm (bottom). The dashed
and solid curves respectively refer to the weakly lensed (including the case of
flux demagnification) and strongly lensed counts of forming spheroids only;
the light dotted curve shows, for comparison, the counts of such sources as
predicted by the model without taking lensing into account. The heavy dotted
curves show the total counts after allowing for the effect of lensing on the
counts of forming spheroids and including contributions from populations
whose counts are essentially unaffected by lensing (such as ‘flat’-spectrum
radio sources), as described in the text.

2001)2 and ELISA (Ristorcelli et al. 2001). Such surveys may then
trace the large-scale distribution of the peaks of the primordial den-
sity field. The distribution of strongly lensed sources would extend
to even higher fluxes in the case of magnifications larger than our
conservative limit µmax = 10 [magnifications of up to 30 are possi-
ble according to the adopted model (cf. Perrotta et al. 2002)].

A basic observable to compare the effect of strong lensing in the
two scenarios is the ratio

R = Nstrong/N , (17)

where N strong represents the counts due to strongly lensed objects
only, while N contains all sources from all populations without tak-
ing into account the strong lensing effect. In other words, R is the
ratio between the heavy solid and the heavy dotted curves in Figs 8
and 9. Fig. 10 shows this ratio as a function of the 850-µm flux pre-
dicted by the two models considered above. According to the model
by Granato et al. (2001), at 850 µm the ratio of strongly lensed to
unlensed sources reaches the value of about 40 per cent for fluxes
slightly below 100 mJy, where the surface density of strongly lensed
sources is of about 0.1 deg−2. Note, however, that the actual fraction

2www.hep.upenn.edu/blast/
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Figure 9. Integral source counts for the model by Rowan-Robinson (2001).
The meaning of the curves is analogous to that in Fig. 8. In this case, however,
the light dotted, the dashed (almost superimposed on the dotted), and the
solid curves include the contributions of all the populations considered by
Rowan-Robinson. The heavy dotted curve also includes ‘flat’-spectrum radio
sources for which the effect of lensing is negligible.

of strongly lensed sources may be even higher than shown in Fig. 10.
In fact we stress that, in a way which is consistent with the available
observational constraints, the scenario in Fig. 8 maximizes the con-
tributions to the counts from spiral and starburst galaxies. Indeed,
the counts due to these sources at bright fluxes are significantly
higher than those predicted by Rowan-Robinson (2001), as can be
seen by comparison with Fig. 9 (radio sources are the same in both
models). Thus we emphasize that a large fraction of strongly lensed
sources is expected at S850µm � 100 mJy even under conservative
assumptions about the dilution by unlensed populations. On the
other hand, the fraction of strongly lensed sources is expected to
lie below 10 per cent for the many phenomenological models, as is
the case for the model of Rowan-Robinson (2001) (see Fig. 10). As
we already stressed, this difference is mainly due to the fact that in
this scenario the SCUBA/MAMBO galaxies belong to populations
that are present up to very low redshifts, being therefore negligibly
affected by gravitational lensing. For comparison with the results on
strong lensing effects, we also plot in Fig. 11 the ratio between the
total (strongly and weakly) lensed counts, and the unlensed ones (i.e.
without taking into account any lensing effect), at 850 µm. For the
model by Granato et al. (2001), the classes of sources that contribute
to the counts include spheroids, starburst galaxies, spirals and ra-
dio sources. However, only the spheroids undergo significant strong
lensing, the other sources being only weakly lensed due to their
relatively low redshift. For the plot relative to the Rowan-Robinson
model, the lensed source counts include AGN, spiral, starburst and
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0.4

Figure 10. Ratio of strongly lensed to unlensed counts at 850 µm: the solid
curve refers to the model by Granato et al. (2001), the dotted curve to the
one by Rowan-Robinson (2001).
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Figure 11. Ratio of total (strongly and weakly) lensed to unlensed counts
at 850 µm: again, the solid curve refers to the model by Granato et al. (2001),
the dotted curve to the one by Rowan-Robinson (2001).

‘flat’-spectrum radio sources, for which the dominant contribution
is due to weak lensing. We see from Fig. 11 that at low fluxes (say,
<10 mJy) the fraction of lensed sources detectable in a flux-limited
survey is slightly higher in the Rowan-Robinson model than in the
Granato model, mainly because of the contribution by weakly lensed
sources. On the other hand, this ratio increases at higher fluxes for
the Granato et al. (2001) model, because, as we have seen, in this
flux region the contribution from strongly lensed spheroids is mostly
enhanced.
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It is then clear that gravitational lensing can help to discrimi-
nate among different models, all of them successfully reproduc-
ing the observed counts. Note that the strongly lensed sources de-
tected by shallow submillimetre surveys, such as those carried out
by Planck/HFI, are characterized, according to our model, by having
z > 2 (typically, z � 3), while most unlensed dusty (spiral and star-
burst) galaxies are at z � 1. The different populations can therefore
be sifted based on the multifrequency Planck/HFI data as a result
of their different sub-mm colours. A promising method to diagnose
whether sub-mm sources are lensed has recently been proposed and
discussed by Chapman et al. (2002), who estimated that the fraction
of strongly lensed SCUBA sources is 3–5 per cent at ∼10 mJy. Al-
though in the flux interval covered by SCUBA surveys it is difficult
to discriminate among the models discussed in the present paper, the
method could give interesting indications if applied to larger-area
surveys, i.e. to brighter fluxes (see Fig. 10).

In principle, clustered lenses can change the clustering properties
of the sources in a flux-limited sample. The autocorrelation function
of the lensing magnification pattern can be described as a convolu-
tion of the magnification pattern of a single lens with the correlation
function of the lens centres. In our case, the magnification patterns
of individual lenses have typical angular scales of at most a few
arcseconds. The autocorrelation of lens centres, however, has a typ-
ical angular scale of arcminutes, and its amplitude is substantially
lowered by projection because the lens population is taken from a
large redshift range. Therefore, the effect of lensing on the clustering
properties of sub-mm sources is negligible.

Weak lensing, however, can modify the autocorrelation function
of a flux-limited source sample, in particular if the source counts
drop as steeply with increasing flux as in the Granato et al. (2001)
model. The intrinsic correlation function w(θ ) of the sources then
becomes w(θ ) + (α − 1)2 wµ(θ ), where wµ(θ ) is the magnification
autocorrelation function due to weak lensing, and α is defined as
−d ln N (>S)/d ln S in the neighbourhood of the flux limit of the
observation. Typical amplitudes of wµ(θ ) for high-redshift sources
are of the order of 0.1, and the angular scale of wµ(θ ) is of the
order of a few arcminutes (e.g. Bartelmann & Schneider 2001). At
the same time, weak lensing will cause cross-correlations between
the background sources and foreground galaxies because the latter
are correlated with the weakly lensing dark matter distribution (e.g.
Dolag & Bartelmann 1997; Moessner & Jain 1998). Using this ad-
ditional effect, it will be possible to disentangle the lensing-induced
and the intrinsic source autocorrelations.

6 C O N C L U S I O N S

A major challenge for current theories of galaxy formation is to
account for the evolutionary history of large spheroidal galaxies.
Observations presently suggest that most of the stars (say >60–
70 per cent) in large ellipticals were assembled at early epochs z
� 2 (Eales et al. 1999; Daddi et al. 2000; Cohen 2001; see Peebles
2002 for a review). On the basis of their sub-mm properties and
follow-up at other wavelengths, sources detected by SCUBA and
MAMBO have been associated with starbursting proto-ellipticals
(e.g. Dunlop 2001b; Scott et al. 2002).

Even the most recent semi-analytic models (Cole et al. 2000;
Devriendt & Guiderdoni 2000), which hinge upon the ‘standard’
picture for structure formation in the framework of the hierar-
chical clustering paradigm, tuned to agree with detailed numeri-
cal simulations, are unable to account for the sub-mm counts of
galaxies as well as for an early (z � 2) formation of most large
ellipticals.

On the other hand, Granato et al. (2001) pointed out that
the feedback from supernovae yields a star formation rate
(SFR) increasing with the final mass in stars M sph as SFR �
100(Msph/1011M�)1.33 M� yr−1. As a consequence, according to
this model, the formation of stars in small galaxies is delayed with
respect to large ellipticals: the latter evolve on very small time-scales
(similar to those assumed in ‘monolithic’ models) and the mm/sub-
mm counts are successfully reproduced. The star formation activity,
powering the dust emission, quickly declines for z < 3 for the most
luminous (most massive) galaxies, while quasars reach their maxi-
mum luminosity. This naturally explains why very luminous quasars
are more easily detected at mm/sub-mm wavelengths at redshifts
larger than that (�2.5) of maximum quasar activity (Omont et al.
2001). As indicated by the analysis of the latter authors, a substantial
fraction of the observed far-IR emission is probably powered by the
starburst in the host galaxy.

In this paper statistical properties of clustering and lensing of the
proto-ellipticals predicted by the model are extensively investigated
and compared with recent data. Attention is focused, in particular,
on two specific aspects. Since SCUBA/MAMBO galaxies are inter-
preted as massive galaxies at 2 � z � 6, they are expected to be
highly biased tracers of the matter distribution and therefore highly
clustered. The implied angular correlation function is found to be
consistent with recent results by Peacock et al. (2000), Lagache &
Puget (2000), Scott et al. (2002) and Webb et al. (2002b), as well
as with the fluctuations in the SCUBA counts in different areas of
the sky. Explicit estimates are presented for the power spectrum of
temperature fluctuations due to clustering in Planck/HFI channels.

A second specific prediction of the model is an essentially expo-
nential decline of the counts at S850µm � 10 mJy up to the fluxes at
which spirals, starbursts and radio sources show up. Hints in this di-
rection that can possibly be discerned in recent SCUBA (Borys et al.
2002; Scott et al. 2002) and MAMBO (Carilli et al. 2001) surveys
are noted. As an implication of this prediction, together with the fact
that sources are found at high redshifts, one has that both the gravi-
tational lensing probability and the magnification bias on the counts
are much higher than those derived for other current, phenomeno-
logical, models. We show that, according to this model, essentially
all proto-spheroidal galaxies brighter than S850µm � 60–70 mJy are
gravitationally lensed. Allowing for the other populations of sources
contributing to the bright mm/sub-mm counts, we find that the frac-
tion of gravitationally lensed sources may be �40 per cent at fluxes
slightly below S850 µm = 100 mJy. If so, large-area surveys such as
those to be carried out by Planck/HFI or by forthcoming balloon
experiments like BLAST and ELISA will probe the large-scale dis-
tribution of the peaks of the primordial density field. The multifre-
quency observations provided by Planck will help in discriminating
between high-redshift sources (with high lensing probability), rela-
tively nearby starburst and spiral galaxies, and radio sources.
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