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1 Introduction

A grand unified theory (GUT) unifies the gauge group SU(3)®SU(2)®U(1) of the Standard
Model (SM) into a larger simple group [1-3], typically SU(5), SO(10) or Eg. This leads to
the prediction of (almost) equal gauge couplings at the scale Mx, at which the GUT-group
is spontaneously broken. One, therefore, obtains two relations between the strong, weak,
and electromagnetic gauge couplings in dependence on Mx. From the observed values of
these couplings, one infers that the ratio Mx /My, with My the W-boson mass, needs
to be huge (gauge hierarchy), explaining why the predicted decay of the proton is small
enough to not have been observed until today. For SO(10) all chiral fermions of the SM
of a given generation belong to the same 16-dimensional representation, which includes
an additional singlet neutrino. For SU(5) the down-type quarks and the charged leptons
belong to the same 5-dimensional representation. For the third generation, a single scalar
field may dominate the effective Yukawa couplings in the SM. In this case, GUTs predict
the ratio between bottom-quark and tau-lepton mass [4-7].

Despite the conceptual simplicity, the predictions for gauge couplings and partly
Yukawa couplings, and insights on the structure of neutrino masses, further observational
tests of the GUT-scenario have so far not been possible. This is a consequence of the
GUT scale being out of reach of direct experimental tests. On the other hand, the GUT
paradigm can only be ruled out by data at scales much below the GUT scale if the former
has a sufficiently high predictive power. Yet, the standard GUT paradigm suffers from a



notable absence of predictive power, as seen, e.g., in the many possible breaking chains
connecting the SO(10) GUT to the SM. At the root of this predictivity problem are the
many unknown couplings in the scalar sector of GUTs. Scalars are needed for a realistic
chain of spontaneous symmetry breaking (SSB), see, e.g., [8-12] for non-supersymmetric
SO(10) breaking chains. Their masses, quartic couplings (and sometimes cubic couplings)
are unknown renormalizable couplings. As a direct consequence, neither the scale My, nor
the direction of GUT-symmetry breaking is determined uniquely. All group theoretically
admissible breaking chains can be constructed and the magnitude of proton decay cannot
be predicted.

The situation could change profoundly if one attempts to combine the GUT and gravity
into a common renormalizable quantum field theory. All quartic scalar couplings, and per-
haps also cubic couplings and mass terms, become predictable. This requires the presence
of an ultraviolet (UV) fixed point for which some interactions do not vanish, and at which
the quartic couplings are irrelevant parameters. The asymptotic-safety scenario [13] has be-
come a much-explored possibility in four Euclidean dimensions due to the pioneering work
of Reuter [14], based on functional renormalization of the effective average action [15-19].
The UV fixed point, referred to as the Reuter fixed point, is seen in systematic approx-
imations both for pure gravity [20-44] and for gravity coupled to matter [45-62]. While
the functional Renormalization Group (FRG) is the most commonly used tool to explore
asymptotically safe gravity, it is by no means the only one. Lattice techniques [63], also
with matter [64, 65] and perturbative tools [66, 67] are also employed.

Within the FRG approach to asymptotic safety considerable progress has been achieved
within the last years, in particular, in the development of extended truncations, following
the guiding principle of near-canonical scaling [27, 29, 39, 41, 58, 59, 68]. This is closely
analogous to similar developments, e.g., in the Ising universality class, where FRG tech-
niques give rise to quantitatively precise results [69]. This has given rise to compelling
evidence for the existence of the Reuter fixed point in four-dimensional Euclidean gravity.
A number of important open questions exist, which include the fate of the fixed point in
Lorentzian signature, its compatibility with background-independence and the presence
of potential tachyonic- or ghost-like instabilities, see [70] for a comprehensive critical ap-
praisal of the state of the art in asymptotically safe quantum gravity, and [71] in particular
for a discussion of Lorentzian signature. Most importantly, besides questions of internal
consistency, a key challenge for quantum gravity is its consistency with observable phe-
nomenology. It is this latter challenge that we address in the present paper.

While it is probably true that experimental “smoking-gun” signatures of quantum grav-
ity are difficult to achieve (see [72-75] for recent accounts of potential effects in cosmology),
consistency tests with low-energy observations could actually provide a critical test of quan-
tum gravity. In particular, asymptotically safe quantum gravity might be rather restrictive
with regard to the permissible properties of matter sectors. Potential phenomenologi-
cal implications for the matter sector have been explored, e.g., in [47, 76-84]. Due to
non-vanishing interactions at the fixed point, the simple association of relevant couplings
with perturbatively renormalizable couplings, having zero or positive mass dimension, is
no longer possible. Some renormalizable couplings of the SM or GUT may correspond



to irrelevant parameters at the UV fixed point and therefore become predictable [47, 76—
78, 80, 85-87]. An intuitive way to understand the enhanced predictive power is the con-
sideration that enhanced symmetries in QFTs typically lead to restrictions on the values
of allowed interactions. In the case of asymptotic safety, the symmetry is quantum scale
symmetry [73] in the UV. For a recent review of asymptotic safety in QFTSs, see [88]; for
reviews of asymptotically safe gravity (with matter) see, e.g., [86, 89-93].

The recent renewed interest in GUTSs, see, e.g., [94], and [95] for a recent review,
includes the exploration of asymptotic safety in GUTs without gravity [96-99] as well as the
coupling of asymototically free GUTs [100] to quadratic gravity [101-105]. Throughout this
paper, we will focus on the non-supersymmetric case whenever we discuss specific examples.
For discussions of the phenomenological viability of minimal non-supersymmetric SO(10)
models see, e.g., [106-122]. If an extension of the Reuter fixed point to the supersymmetric
GUT setting should exist, see [123], our discussion would carry over to that case.

2 Predictivity for quartic scalar couplings

Asymptotically safe quantum gravity allows to predict dimensionless quartic scalar cou-
plings, as was first realized for the successful prediction [76] of the Higgs-boson mass in the
SM coupled to quantum gravity to be 126 GeV with an estimated few GeV uncertainty.
This prediction assumes that the fixed-point value of the non-minimal coupling of the Higgs
to the curvature scalar is sufficiently small. The mechanism underlying this prediction is a
gravity-induced anomalous dimension A, which contributes to the running of the quartic
coupling Ay at transplanckian momentum scales k > Mp, where Mp is the IR-value of the
Planck mass, i.e.,

By = O\yg = (A—I—Qn))\H—i—Cg—Cy—I-C)\)\%{ . (2.1)

Here, t = In(k/f1) involves the infrared (IR) cutoff £ of functional renormalization which
acts as a renormalization scale, and [i is some arbitrarily fixed scale. The terms C4, C,
and cy A% represent contributions from fluctuations of gauge bosons with gauge coupling
g, fermions with a Yukawa coupling y, and scalars. To leading order, C, depends on
ay = g?/(4r) quadratically, i.e., C; ~ ag, while C, is proportional to O‘Z? with o, = y?/(47),
and ¢, is a positive constant. Assuming a fixed point at which gauge- and Yukawa-couplings
vanish, both C; and C, vanish in the UV and the only available fixed point for Ay lies at
zero quartic coupling, Ay = 0. This is in line with symmetry considerations: there are no
indications that asymptotically safe gravity breaks global symmetries in the matter sector.
Thus, a fixed point that preserves shift-symmetry for the scalar, and thus corresponds
to a flat scalar potential, is expected to exist. For oy = o, = 0, also the gauge-boson
and fermion-induced anomalous dimension 7 vanishes. The gravity-induced anomalous
dimension A is positive [45, 50, 51, 53, 56, 61, 62, 79, 85, 124] (see [125] for restrictions
on higher-order gravitational couplings arising from this requirement), quickly driving any
non-zero transplanckian Ay towards small values as k is lowered. This follows from the IR
attractive nature of this fixed point.



Under the assumption that the fundamental microscopic description of quantum grav-
ity is based on the UV fixed point, any irrelevant coupling approaches its fixed-point value
during an infinite flow interval.! As a result, all irrelevant couplings are predicted to take
their fixed-point values all the way down to Mp. For positive A the quartic coupling
Ay is an irrelevant coupling. At all transplanckian scales, not only Ay vanishes, but all
other quartic and higher-order couplings vanish. The situation is slightly more subtle for
mass-terms: their fixed-point values vanish, but they may deviate from these fixed-point
values already at transplanckian scales, if they are relevant couplings. Whether the grav-
itational contribution is large enough to counteract the canonical dimension and render
the mass terms irrelevant depends on the exact position of the gravitational fixed point,
see, e.g., [62, 79, 85]. Both possibilities — a relevant mass term with reduced scaling di-
mension as well as an irrelevant one — lie within the current systematic uncertainties of
the location of the gravitational fixed point. Under the assumption of an irrelevant mass
term, the whole scalar potential U is flat for all £ > Mp, given by a field-independent value
U(pi) = us k*. Here, the p; are invariants formed from scalar fields, such as p = h'h for the
Higgs doublet hA. Under the assumption of a relevant mass term, a flat potential can also
be achieved at the Planck scale. This is only one of many possibilities, as arbitrary finite
values of the quadratic term at the Planck scale are compatible with asymptotic safety in
this case. With an (almost) flat effective potential for k ~ Mp, determined by quantum-
gravity fluctuations and matter fluctuations, the final shape of the effective potential at
k =~ 0 will be determined by the matter fluctuations.

The generalization to a fixed point with nonzero gauge and Yukawa interactions, oy« 7#
0 and/or oy« # 0, works as follows. In this case, the fixed-point values of C, and C, are

constants. For small o, and ay, they are proportional to ag, and «,p,, respectively.

Yex
Further, 7 also contains terms ~ ay and ~ ay, but those are subleading compared to Cy /.,
such that we neglect them here. To leading order in small oy, oy, one finds a slightly
shifted fixed point
Cy -Gy
1

The deviation Ay — Ap 4 is again an irrelevant coupling, with critical exponent —A, as

Ay = (2.2)

can be seen by inspecting —dy, 5y, at the fixed point. Accordingly, the quartic scalar
coupling assumes the nonvanishing fixed-point value given by eq. (2.2) at transplanckian
scales, k > Mp. The discussion generalizes to models with several scalar couplings A;. The
gravity-induced anomalous dimension A is universal (here meant to signify independent of
matter couplings and internal symmetries), such that all quartic couplings are predicted
to take fixed-point values approximately given by eq. (2.2), now with potentially different
Céi) and Céi) for the different couplings. In cases where the scalar couplings contribute to
the beta functions among each other, eq. (2.2) receives additional contributions. For A of
the order one, |\pg.| is a very small quantity for realistic gauge and Yukawa couplings.

'Note that even in settings where asymptotic safety only holds approximately, i.e., the fundamental
microscopic theory is a different one, but the flow in the effective description remains close to the fixed
point for a range of scales, irrelevant couplings approach their fixed-point values, see [126] for a specific
scenario.



The main modification of the running of the couplings A\; as compared to a quantum
field theory without gravity is the addition of the gravity-induced anomalous dimension,
i.e., a term A\; in the S-functions 8; = 0; A\;. Let us highlight that A is independent
of the internal symmetries, which is simply a consequence of the “blindness” of gravity
to internal symmetries. Therefore, A does not need to be recomputed if one changes the
internal symmetry group and representation of the scalar. On the other hand, it is well-
known that A is non-universal in the sense of scheme-independence. Since the gravitational
coupling is dimensionful, computations in massless schemes can be less complete. For
instance, [127] have computed gravitational corrections to the quartic scalar beta function
to first order in perturbation theory, which were found to vanish, unless there is also a
scalar mass present. Let us note that non-universality affects any beta function, also in non-
gravitational settings. For dimensionful couplings, it sets in at leading order in perturbation
theory, for dimensionless ones in a mass-independent RG scheme, it sets in at the next-
to-next-to-leading order in perturbation theory. This applies, for instance to the Standard
Model, as well as the non-gravitational part of the flow in GUTs. Given that neither beta
functions nor the scale-dependent couplings themselves are directly observables (although
they of course enter their computation), such a non-universality is neither unexpected
nor problematic. At the level of observables, such dependences cancel. The cancellation
is imperfect, as long as calculations are done in approximations. This is being used to
estimate the quality of an approximation, see, e.g., [31, 42] for examples within the FRG
for gravity and [69] for a non-gravitational example.

In our context, it is key that critical exponents, unlike beta functions, are universal.
Accordingly, the number of predictions that can be made in a given setting, encoded in
the number of negative critical exponents, is independent of which scheme one chooses to
compute in. Note that this does not require the beta functions themselves to agree; their
form can be rather different in different schemes while the critical exponents remain the
same. In our case, this implies in particular that the number of additional predictions
that can be made for scalar potentials once the gravitational contribution is included, is
expected to be independent of the scheme one computes in. The FRG is expected to be a
particularly well-suited scheme to compute gravitational corrections since it keeps track of
mass-like thresholds in beta functions. Given that gravitational corrections come in with
a typical mass scale, the Planck scale, this property of the FRG is expected to make it
well-suited to compute those corrections.

Ultimately, as in the paradigmatic examples of the Ising model [69], as well as the
Gross-Neveu model in 3 dimensions [128-144], both of which feature interacting fixed
points, with the latter being a main example for asymptotic safety, a convergence of results
from different methods is expected for the critical exponents. In this context, it is promis-
ing that gravitational corrections to the scalar mass, computed with lattice techniques in
Euclidean Dynamical Triangulations [64], agree with the FRG results that indicate that
gravitational corrections on their own drive the scalar potential towards flatness, i.e., act
in a shift-symmetry restoring way. Ultimately, similar studies in a Lorentzian approach to
quantum gravity, such as causal set theory [145-147], could also provide access to gravita-
tional corrections for scalar potentials in the Lorentzian regime; see [148] for first studies
of the phase diagram of causal sets coupled to simple matter.



The functions Cy, Cy, ¢y, and n may be computed in perturbation theory. As we noted,
the dimensionful nature of the gravitational coupling makes gravitational contributions to
beta functions non-universal. Therefore one should be careful not to mix schemes even
at leading order. Our results are based on functional Renormalization Group techniques.
The one-loop contributions arising from the dimensionless couplings in the matter theory
without gravity are the same in any scheme. Thus, for marginal couplings, functional
Renormalization gives the same results, as, e.g., the MS-scheme at one loop. Beyond
this particular case, scheme matching is required for precise predictions. Within functional
renormalization, threshold functions allow for an easy description of the effective decoupling
of particles with mass m > k. As far as the issue of predictivity is concerned, the matching
of scales is not needed. We stress again that the critical exponents of a fixed point —
which encode the number of free parameters and thus predictions of the model — are
scheme-independent.

We observe that for slowly running g, y and A and for slowly varying, large A, eq. (2.2)
remains a very good approximation. The corresponding values \;(k) now reflect approxi-
mate partial fixed points that only vary slowly with the scale k. The predictive power for
the values of these couplings is kept if the model extends to k — oco. The addition of the
gravity-induced anomalous dimensions to the flow equations is the basis for the predictivity
of quantum gravity for all quartic couplings in GUT-models. This novel contribution is
also the basis for the prediction of the quartic coupling of the Higgs in the SM in [76]. Let
us point out that the existence of a gravitational fixed point under the impact of quantum
fluctuations of GUT matter requires further studies [48, 60, 62]. In this paper, we work
under the assumption that a gravitational fixed point exists and explore its impact on the
GUT. The requirement of a joint fixed point for GUT-gravity is expected to already result
in restrictions on the allowed GUT matter content.

As an example with multiple quartic couplings, we investigate the simplest GUT setup,
namely SU(NV) unification with an (N2 — 1) dimensional scalar representation ¢,qj respon-
sible for the breaking. The latter can be represented by the set of N x N traceless and
hermitian matrices. This gauge group could be relevant for beyond Standard-Model phe-
nomenology in the case N = 5. The 24-component adjoint representation can break SU(5)
to the SM-symmetry group SU(3) x SU(2)z, x U(1)y. The quartic scalar potential is given
by two invariants with corresponding couplings

V(¢aqj) = M1 (Tr qf)idj)Z + X Tr (;Sidj . (2.3)

The corresponding one-loop S-functions can be found in [104], and, upon addition of the
gravitational contribution ~ A, are given by

N24+7 9 3(N2+3) ) (2N2—3) 3N ,

- - 1 A 2.4

& 1672 AL+ 42 N2 S A2 N A1A2 T AL+ 18a% + A, (2.4)
N*-9 ., 3 3Na ,

6/\2 o +mA2 + 7471_2)\1A2 — T)\Q +3Na“ + A)\2 . (25)

Whenever real fixed points exist, these include a fully IR-attractive fixed point which obeys

)\17* < )\2’* <0. (2.6)
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Figure 1. Transplanckian running of the two quartic couplings of a scalar transforming in the
adjoint representation of SU(5), i.e., A1 and Ay as in eq. (2.3), as orange-dashed and purple-dotted
lines, respectively. The running is obtained by numerically evolving eqs. (2.4), (2.5) with N = 5,
constant A = 2 and constant «« = 1/40. The quartic couplings have been initialized on a grid of
points on the interval [—0.01,0.01] each.

For the phenomenologically interesting case of N = 5, real fixed points exist for A 2 10av.
For instance, the case a, = 1/40 and A = 2 lies well within this region. This case is of
interest, as o &~ 1/40 is the approximate value of the Standard-Model gauge couplings in
the region where they nearly cross, and A = 2 is, as we will see, a critical value when it
comes to the relevance of the mass parameter.

In figure 1 we show an explicit example for the “focusing” of arbitrary initial conditions
to the IR-attractive fixed point for A;/; that occurs as a consequence of the irrelevance
of the couplings. In other words, large UV ranges of couplings are mapped to much
smaller IR ranges. For a true fixed-point trajectory, the IR ranges become points, i.e.,
M2(k 2 Mp) = Ai 24 This exemplifies the increase in predictivity for all quartic couplings.

The quartic couplings do, however, not remain at their fixed-point values for all scales,
but start to deviate for k < Mp. This is due to the running of A that we will explain
in detail below. In short, A = const holds in the fixed-point regime. At lower scales, it
decreases very quickly and can then be neglected for the running of the quartic couplings.
The remaining contributions from matter fluctuations in egs. (2.4)—(2.5) drive the quartic
scalar couplings away from the fixed-point value. In summary, asymptotic safety predicts
the “initial values” for the flow at k& below Mp.

In the graviton approximation (neglecting scalar fluctuations of the metric), and using
a Litim-type cutoff [149], the anomalous dimension A is given by [124], see also [45, 51, 79],

A= 0 :
1272 M3(1 — vg)?

(2.7)

Here, Mp = Mp(k)/k is the dimensionless flowing Planck mass while vg = 2Up/(MZk?)
involves the value of the effective scalar potential U at the minimum, related to the cos-
mological constant. The full gravitational contribution receives an additional correction
from the scalar fluctuation of the metric [61]. It contributes less than 5% of the graviton
(traceless tensor) fluctuations. Within a truncation of a flowing field-dependent potential



and Planck mass, A is found to be of the order one for GUTs [62]. Significant system-
atic uncertainties remain in the quantitative determination of the fixed-point value of A,
which depends on the gravitational fixed-point values under the impact of matter, see,
e.g., [36, 48, 52, 59]. For the predictivity for quartic scalar couplings, only the sign of A
plays a role, whereas predictivity for mass parameters additionally depends on the value
of A. We stress that A is universal for all quartic couplings of scalar fields as gravity is
“plind” to internal symmetries. This property was first exploited in [79] to derive that
the Higgs portal to uncharged scalar dark matter is dynamically driven to zero under the
impact of quantum gravity.

The flow of A is essentially determined by the flow of the dimensionless squared Planck
mass Mg which is a relevant parameter. Therefore, the crossover scale k; from the fixed-
point regime to the regime where Mf—, runs and quantum scale invariance does not hold,
can be chosen freely. Different choices of k; result in different low-energy values of the
dimensionful running Planck mass Mp(k) at k& < k;. Indeed, the flowing dimensionful
squared Planck mass

2
M32(k) = M2(k) K = M3 <1 + ;;) (2.8)
t
freezes for k < k;, which is the range of classical gravity. Here, the dimensionful squared
Planck mass MI% (distinguished from its running counterpart Mp(k) by the lack of argu-
ment) corresponds to the presently observed value. To recover this low-energy value of
the dimensionful Planck mass in the IR, Mp(k = 0) = Mp, one typically has to choose
k; = Mp, as we have already implicitly assumed in the discussion above. The precise
relation between Mp and the transition scale ki,

Mp

ky = =1
' MP*

(2.9)

depends on the fixed-point value of Mp, at the Reuter fixed point. Actually, k; may be
substantially smaller or larger than Mp for fixed-point values significantly different from 1.
Below the crossover scale k;, the dimensionless coupling Mp, starts running fast, with
the approximate solution to the flow equation given by
2 2
M2(k) = M3, (Zg - 1) _Mp M3, (2.10)
as already implied by eq. (2.8) and eq. (2.9). The inverse dimensionless coupling 1/M3 (k)
can be taken as a measure of the strength of gravity. Below k;, it decreases rapidly,
effectively decoupling gravitational fluctuations at lower momentum scales and leading
to a very rapidly decreasing A in this region. As a result, the gravity-induced anomalous
dimension A is effectively only present above the transition scale k;, where the dimensionless
Planck mass Mp, is constant due to the presence of the Reuter fixed point.
The constant value of A for k > k; results in Ay (k) being given by the partial fixed-
point value (2.2) for the whole range k > k;. For k < k;, the running of Ay follows the
(perturbative) running of the low-energy effective theory, i.e., a GUT or the SM. With



initial value Ag (k) given by (2.2), the low-energy value becomes predictable, implying a
prediction of the ratio of the mass of the Higgs boson to the Higgs vev in the SM and fixing
the quartic couplings in GUTs at the GUT-breaking scale. For practical computations,?
one may fix A\;(kin) = \; « for ki, sufficiently above k¢, e.g., kin = 100 k.

For a detailed numerical solution of the flow equation (2.1), or the corresponding
expressions for GUT-couplings \;, cf. egs. (2.4)—(2.5), we need, beyond the “perturbative
quantities” Cg4, Cy, ¢y and 7, the value of A for every scale k. Within the uncertainties
remaining in the quantum-gravity computations, one can use the approximate form (2.7),
with MI% given by (2.10), where the parameter MI%* can be computed for a given GUT
model, see, e.g., [48, 55, 62]. Let us stress that the existence of a gravitational fixed point
is not guaranteed for an arbitrary matter content. Extended studies to determine the
existence and location of the Reuter fixed point for a given GUT model with high precision
are beyond the scope of this work. For the running of vy(k) one may use

B 2Uy
M)

vo (k) , (2.11)
with constant u, again computable for a given GUT model [48, 55, 61, 62]. The detailed
values of MPQ, , and u, only play a minor role for the values of the quartic couplings at
the GUT scale. The transition at the crossover scale k; is rather rapid as compared to the
rather slow running of the couplings g, y, or A;. Predictions of A;(k;) only need the values of
a(ky) and oy (ki) which, in turn, can be extrapolated perturbatively for a given GUT-model
from the measured low-energy values of the gauge couplings and the top-quark mass.

The predictions for A;(k;) do not depend much on the fixed-point values of g and y.
Either g(k;) and y(k;) could be given by non-vanishing values g, and y, of the UV fixed
point [87], as first explored for SM couplings [47, 77, 78, 80]. Alternatively, the fixed-point
values may vanish, g, = y. = 0, and the slow evolution of the relevant couplings g and
y in the region k > k; could induce non-zero g(k;) and y(k;). A gravitationally induced
interacting fixed point for g and/or y is always induced together with an asymptotically
free fixed point at which the corresponding coupling is a relevant parameter. For both
cases the values |\;(k¢)| turn out to be rather close to zero if A is substantially larger than
zero. This is sufficient for a prediction of \; at the GUT-scale kgur, in particular if kgyr is
substantially smaller that k;. In this case, \;(kgur) will be determined by the perturbative
flow within the GUT without gravity in the range kqut < k < ki.

The sign of the quartic couplings \;(k;) depends on the relative size of the gauge-
and Yukawa contributions. One typically finds a negative coupling \;(k;) < 0 whenever
gauge fluctuations dominate, A; » < 0. In contrast, if the Yukawa fluctuations dominate,
one obtains \;(k;) > 0. We emphasize that a negative value of \;(k;) is not necessarily a
sign of instability. The quartic couplings only capture an expansion of the potential around
vanishing values of the scalar field. The behavior for large values of the scalar fields may be
very different since the scalar potential near the fixed point is typically not of a polynomial

2In practice, to determine the critical value of \;(k) for k < k; that corresponds to the unique fixed-point
trajectory, one can integrate the flow of A;(k) from the IR to the UV; using nested intervals of IR values to
find the unique IR value for which the trajectory reaches the fixed point for k > k.



form [73]. In our discussion, we have neglected non-minimal scalar-gravity couplings &.

They typically add to the r.h.s. of eq. 2.1 a term [73]
2
Ce— - - (2.12)
Mp

For small £, that we assume here, this term induces only minor modifications for the

prediction of quartic couplings at the GUT-scale. For larger ¢ these predictions require
knowledge of C¢. The possibility to predict the quartic couplings is not affected if A remains
an irrelevant coupling, but the prediction may depend on other parameters. Similarly,
could have an important impact on eq. 2.1, but is typically itself an irrelevant, and thus
predictable, quantity.

3 Flow of the effective potential for a gauge-Yukawa model

The basic features of the quantum-gravity predictions for effective scalar potentials can be
understood in the simplest model with gauge and Yukawa interactions. Here, we discuss
an abelian U(1)-gauge theory with a charged scalar described by a single complex field
¢. We add a neutral Dirac fermion where left- and right-handed components 1y, r couple
to the complex scalar via a Yukawa term y (g ¢* 11 — 1 ¢9g) with Yukawa coupling
y. While this simple model lacks a non-trivial group structure, it exemplifies how an
asymptotically safe fixed point determines the scalar quartic couplings, higher-order scalar
self-interactions, and potentially even the corresponding symmetry-breaking scale Mx.

We employ the gauge-invariant flow equation [150] or, equivalently, a background-field
formalism in the linear split with so-called physical gauge fixing. In this setting, the gauge
modes decouple from the gauge-invariant modes and only generate a field independent term
7. The flow of the dimensionless scalar potential u = U/k* at a fixed dimensionless field
variable p = ¢*¢/k? is given by

kO u(p) = —4u(p) + (2 +ng)pu(p) + g + Ty + T2+ o +17 , (3.1)

with primes denoting derivatives with respect to p. The contributions from gauge bosons 7,
and fermions 7 are the standard contributions in flat space without gravity, as computed
in early investigations of functional renormalization for scalar potentials [18, 151]. They
have been investigated in the context of chiral Yukawa systems , e.g., in [152]. Note
that these calculations also contain contributions of gauge and fermion fluctuations to the
scalar anomalous dimension 74. To obtain the universal one-loop beta functions for the
GUT without gravity, the standard perturbative one-loop expressions for the anomalous
dimension have to be taken into account. These can be obtained from the flow of the
scalar wave-function renormalization (coefficient of the scalar kinetic term) in the FRG
framework. We do not display the derivation of 14 here and simply take the one-loop
perturbative values for this quantitatively very small effect, thereby neglecting threshold-
corrections that occur, e.g., at the onset of spontaneous symmetry breaking.

The graviton contribution (TT-contribution) 7y [45, 79, 124] is given for the Litim
cutoff function [149] as
5 1
T 24m21—w(p)”’

2

v(p) = 2u(p)/M}p . (32)
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The scalar contribution 7y [61] mixes the fluctuations of the complex scalar field ¢ and
the gravitational spin-0 mode. It also includes self-interactions of the physical scalar

_ 1 (144 (p) +2pu"(p)) + 5 (1 — v(p)/4)
2472 (1 — w(p)/4) (1 + ' (p) + 2pu"(p)) + 3pu'(p)2/ Mp

o (3.3)
The measure contribution 7 = —1/(872) also includes the effect of fluctuations of the
gravitational gauge degrees of freedom and the flow of the renormalized Faddeev-Popov
determinant or ghost terms. It does not depend on p and only contributes to the flow
of the cosmological constant, providing for the correct counting of the physical degrees
of freedom.

Finally, the gauge boson and fermion contributions read,

1 3 11
N (R R S 3.4
"9 327r2<1—|—92p > T TSR 2 (34)

where the constant term in 7, arises as the measure contribution in the U(1)-gauge sector.
Eq. (3.4) highlights that gauge and Yukawa couplings contribute with opposite signs. We
will come back to a numerical solution of eq. (3.1) for the full potential when analyzing
the implications of an asymptotically safe fixed point for spontaneous symmetry breaking
in section 5.

The mixing between ¢ and the metric scalar fluctuation is a subdominant effect that
may be neglected for an analytic discussion. If we omit the last term in the denominator in
eq. (3.3), the scalar contribution consists of separate contributions 7 4 from ¢-fluctuations
and 7o, 4 from metric fluctuations,

1 1 1
3272 <1+UI(P)+2pu”(p) + 1+u’(p)) ) (3.5)

- 1
0.9 = 94r2(1 — v(p)/4) (3.6)

To,¢ =

For the gauge-invariant flow equation, the flow of the p-derivative of w is obtained directly
as the p-derivative of the r.h.s. in eq. (3.1). Neglecting 74, one finds

v 2
ko' (p) = (A(p) —2)u'(p) +2pu” (p) — Ale) ép)g(p) - 32772(?1 e
Y’ 1 3u”(p) + 2pu(p) u"(p)
TSR 2R B <<1 () T2l ()2 T +u'<p>>2> » (37)
with
2
A(p) ° ! and ()= 0B (33)

T L2 BB (L—u(p))? | 4872 DIA(1 — u(p)/4)?

Here, we have accounted for a p-dependence of Mp, promoting the coupling to a field-
dependent function, which is simply a way of including non-minimal interactions, e.g.,
&(p) ¢*¢ R. In the following, we simplify by omitting the p-dependence of MI%, setting & = 0.
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To obtain the quartic coupling, we need a further p-derivative of eq. 3.7. We further
omit the second term in the gravity-induced anomalous dimension A which is much smaller
than the first term. If we also neglect higher-order terms «” and uw¥, one finds

kopu” = Au" + (9,A) v + 39" - v
i’ 1672(1+¢2p)3  4An2(1+y2p)3
1 9 12 "2
+ “ + . (3.9)
16m2 \ (1+u +2pu")? " (14u/)3

We define A = 4”(0) and neglect a possible small mass term 'rh?5 = 4/(0). Evaluated at
p =0, eq. (3.9) reduces to eq. (2.1), with

4 4 5

59 c, =L o= —— . (3.10)

97 1672
4 Spontaneous symmetry breaking

Spontaneous symmetry breaking (SSB) occurs once the origin of field space becomes a
local maximum, signaled by negative quadratic terms in the expansion of the potential

around the origin. The scale of spontaneous breaking, therefore, follows from the behavior

2

of the scalar mass-terms mj. More precisely, expectation values of the scalar fields are

typically determined as 4 /mjz / ;\j, with S\j an “effective quartic scalar coupling” which is of
the characteristic size of the quartic couplings. Within an effective-field theory treatment,
the values of m? are free parameters. Thus, it is a matter of choice, whether SSB occurs at
all, and what the corresponding scale is. Within an asymptotically safe UV completion of a
GUT, the mass-terms can become irrelevant if gravity fluctuations have sufficient strength.
In that case, the fixed-point values of the masses and the ensuing flow determine uniquely
whether SSB occurs or not. Moreover, the scale of SSB is no longer a matter of choice.

Whether the dimensionless couplings rh? = m? /k? are relevant or irrelevant parameters
at the UV fixed point, essentially depends on the value of A. Indeed, the same universal
gravity-induced anomalous dimension appears both in the flow equation of the quartic
couplings and the mass terms. This can be easily seen from eq. (3.7) if we define m? =
uw(p =0). The flow of a generic scalar mass-term Thi is governed by its S-function

Binz = kopmg = (A—2+n)m+C'(ay) — CJ'(a) + ... (4.1)

It includes a canonical term —2 mg, the anomalous dimension due to quantum effects of
the gravitational field A, and explicit contributions due to gauge and fermion fluctuations,
as well as a quantitatively negligible non-gravitational anomalous dimension 1. The con-
tributions C;* and C;" can be inferred from equations of the type of eq. (3.7) for p = 0.
The vanishing of the r.h.s. of eq. (4.1) defines the “critical surface” [153, 154]. For clarity
and as it does not change our main line of argument, we will again neglect gauge-Yukawa
contributions 7 to the anomalous dimension and have omitted additional contributions due
to scalar self-interactions. They will be included in numerical calculations later on.
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A lesc | md Ai s

5 ¥

A>2|Cy>Cy | my <0 | Agu>0

A>2|Cy<Cq | m3 >0 | A w<0

A<2|Cy>Co | m3 >0 | Ayu>0

A<2]Cy<Cy|my,<0| A x<0

Table 1. The qualitatively different fixed-point structure for the mass-term and quartic coupling A4
of the scalar potential depends on gravitational (A > 2), gauge (C4) and Yukawa (C,) contributions
at the UV fixed point.

The running of the scalar mass vanishes for the fixed point or scaling solution

o Cay) —C(@)
w3, = W el

On the “critical surface” given by the scaling relation eq. (4.2), the dimensionful mass term

(4.2)

mé(kz) = ﬁzi k? vanishes for k& = 0. Neglecting mixing with other couplings, the critical
exponent for small deviations from the scaling solution eq. (4.2) is given by

~2__~2
¢ M=%, «

Gravitational fluctuations render the mass terms less relevant since the canonical dimension
two is replaced by 2 — A. This even holds in the case where the fixed-point value is
vanishing, i.e., mi* = 0. Whenever the gravitational contribution dominates over the
canonical term, i.e., A > 2, the fixed point is IR-attractive. Then, the model realizes
self-organized criticality [155, 156] and the mass-term becomes a prediction [85, 157]. In
this case, m?(kt) equals the fixed-point value rh?* In the opposite case, i.e., if A < 2, the
mass-term is relevant and hence a free parameter of the theory. The low-energy values of
relevant parameters cannot be predicted, even though their fixed-point values are of course
calculable. We can, therefore, set the values Th?(kt) as free parameters in this case. In this
scenario, the RG-trajectory of the scalar mass-term can flow to positive or negative values,
independently of the fixed-point value of fni*

This divides the gravitational parameter space into a “strong-gravity” and a “weak-
gravity” regime, as A > 2 can only be reached if the effective coupling of metric fluctuations
(which depends on the running Planck mass but also additional gravitational couplings)
is large enough. The determination of the corresponding boundary in the Einstein-Hilbert
truncation has been undertaken in [61, 79].

The fixed-point value in eq. (4.2) is positive (negative) whenever gauge (Yukawa)
contributions are dominant. This hints at the intriguing possibility that asymptotic safety
might automatically result in Mgyt < Mp for a suitable choice of scalar multiplets. The
generic fixed-point structure for quartic couplings A; and masses m; is summarized in
table 1. We repeat that no conclusions should be drawn about the global stability of the
potential in cases where an instability around the origin is present, as this can simply be
an indication of spontaneous symmetry breaking (with a globally stable potential) in the
fixed-point regime.
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We first consider the case 0 < A < 2, where the mass term remains a free parameter.
For C;'(ayy) > Cj*(«v), one infers a stable scaling potential near the origin with a local
minimum at vanishing field value. Within the gauge-Yukawa model of section 3, we will
explore the fixed-point potential to higher orders in a polynomial expansion in section 5.1,
to confirm that the potential is indeed stable near the origin in field space. SSB can occur
due to the flow of Thi away from the fixed-point value. The expectation value depends on
the free parameter corresponding to the mass term, my (k). Below the transition scale k;,
gravitational contributions switch off dynamically. Towards the IR, the scalar mass-term
is driven to smaller values by the overall positive contribution C;*(ay) — C*() in its (-
function. Eventually, the mass crosses zero and dynamical SSB occurs. The scale at which
this happens is determined by the free parameter mg(k;). There is a critical value of mg(k;)
for which SSB occurs, dividing the parameter space into a symmetric and a symmetry-
broken phase. The remaining shape of the scalar potential is predicted completely by the
asymptotically safe fixed point without involving any other free parameters. Therefore,
even though the scale of SSB is a choice, the direction of SSB in settings with physically
different vacua is determined.

The fully predictive case, i.e., A > 2, is phenomenologically even more appealing be-
cause it would allow to not only determine the direction of the scalar vacuum expectation
value, but also the symmetry-breaking scale. While we are able to construct such trajec-
tories within simple truncations of the scalar potential, questions of global stability of the
scalar potential remain inconclusive. Hence, we defer this case to later studies. Never-
theless, we anticipate, that if such a setting admits a fully stable potential, the associated
GUT symmetry-breaking scale will be predicted to lie in the vicinity of the Planck scale.
This is a simple consequence of the fact that fixed-point values are roughly of the order or
below one. This fixes the dimensionless vev in the fixed-point regime to be roughly of order
one, translating into a dimensionful vacuum expectation value slightly below the Planck
scale. Thus, this case could provide a dynamical explanation for the non-observation of
proton decay.

To find all the possible cases for the scalar potential, we have, until now, treated the
fixed-point values oy, and ay « as free parameters. In a specific GUT, these couplings
are typically also fixed (or at least bounded from above) by the transplanckian UV-scaling
regime. In particular, as we have recently proposed in [87], based on studies of the grav-
itational effects in [47, 77|, the unified gauge coupling could indeed be predicted as a
consequence of asymptotically safe fixed-point scaling. The physical mechanism behind
this proposal is based on the interplay of quantum-gravity fluctuations and matter fluctu-
ations. This forces the gauge coupling towards one unique trajectory that is singled out
by demanding quantum scale-invariance in the UV, as the gauge coupling becomes an ir-
relevant parameter in this setting. In more detail, the k-dependence of the gauge coupling

in the presence of quantum-gravity fluctuations is given by
o2
KOy ag = Ba, = ngorg + (N = N) 4—9 ) (4.4)

™

Here N — N, accounts for the fluctuation contribution of gauge bosons, fermions and
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scalars. With enough additional matter content for this contribution to screen (instead
of antiscreen) the gauge coupling, i.e., N' > N, the gauge coupling ay could become
asymptotically safe under the influence of sufficiently strong gravitational fluctuations en-
coded in the negative value 7, (the analogue of A), cf. [47, 77, 87]. Indeed, the gravita-
tional contribution n,(Mp) has been found to be negative, 1, < 0, in all studies up to
date [46, 47, 57, 77, 158, 159] in the Einstein-Hilbert truncation, see [125] for the extension
to higher-order gravitational couplings. The non-vanishing fixed-point value for the gauge
coupling is determined solely by the group-theoretic data N'— A, and the gravitational
contribution 7, i.e.,

4 ng

Qg+ = _N_Nc . (45)

At this fixed point, the gauge coupling «, . is IR attractive and thus a prediction of asymp-
totically safe fixed-point scaling, cf. [87]. In simple terms, quantum-gravity fluctuations
drive the gauge coupling towards ag, «, resulting in the unique prediction a(k:) = ay, «,
even if initial conditions for the RG flow in the far ultraviolet are chosen away from oy, ..
Similar IR-attractive fixed points can be anticipated, cf. [78, 80], to also be present for the
Yukawa couplings of a specific GUT-model. Again, they will be determined solely in terms
of the group-theoretic structure and the quantum-gravity contribution.

Overall, the following tentative model-building scenario emerges: if gravity should
indeed be asymptotically safe under the inclusion of all matter and gauge field fluctuations
present in a given GUT model, the corresponding fixed-point regime could entirely fix all
the gauge-, Yukawa- and quartic couplings of a given GUT model. By specifying the degrees
of freedom and choosing the most predictive fixed point for gauge and Yukawa couplings,
the IR-physics is determined in terms of a rather small set of free parameters. Thereby
the predictive power of GUTs is dramatically enhanced and most GUTs can probably be
excluded under the theoretical paradigm of the asymptotically safe UV fixed point.

5 Spontaneous symmetry breaking for the gauge-Yukawa model

In the following, we explicitly discuss the potential, cf. eq. (3.1) of the simple U(1) gauge-
Yukawa model introduced in section 3 to demonstrate how spontaneous symmetry breaking
is induced by the interplay of gauge, Yukawa and gravitational dynamics. As we will see,
the entire potential (apart from the mass term) is fully fixed due to the predictive power
of the trans-Planckian fixed point. Since symmetry breaking in this simple U(1) example
does not distinguish different directions, we cannot demonstrate further predictive power
with this example. The latter requires different potential vacuum expectation values and
will be subsequently discussed in section 6.

5.1 Stability of the U(1) complex scalar fixed-point potential

To investigate the stability of the scalar fixed-point potential U(p) close to the origin, we
expand the potential in eq. (3.1) in a polynomial expansion in the symmetric regime, i.e.,
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Figure 2. Convergence of the scalar fixed-point potential for A =1/10, oy = 0 and «,, = 1/100.
Left-hand panel: stable scalar potential within the radius of convergence at order ngun. = 12 (thick
green line) and at all lower orders (thin gray lines). Right-hand panel: apparent convergence of the
8 lowest order critical exponents 6;. For each 6; we show the absolute value of the difference between
the value at the present truncation order nyunc and at the highest truncation order nrunc, max = 12,
i.e., ‘91 - 9i7max|~

for the dimensionful potential

Ntrunc )\éiYM) .
Ulp) = ; - P (5.1)
To check convergence, we expand up to order Ngunc,max = 12. Note that we can only
identify the fixed point for even niunc. All couplings Ao, for n > 2, i.e., apart from the
mass term, correspond to irrelevant directions and we observe fast apparent convergence of
the critical exponents with growing order of the expansion, cf. right-hand panel in figure 2
for the example of A =1/10, oy =0, and «a, = 1/100.

Within the radius of convergence of this expansion, the stability analysis around the
origin confirms the intuition summarized in table 1. In the case of a relevant mass term, the
potential is found to be locally stable whenever the Yukawa contributions in eq. (3.4) domi-
nate. In contrast, the polynomial expansion indicates a local instability around p = 0 when-
ever gauge contributions overcome Yukawa contributions. The effect of gauge- and Yukawa
interactions is exchanged in the case A > 2 for which the mass term becomes irrelevant.

However, we stress that a polynomial expansion is never sufficient to determine global
stability-properties, due to its finite radius of convergence. In particular, it is insufficient to
conclusively determine the global stability and a possible non-trivial minimum of the scalar
fixed-point potential for the case with A > 2. Here, we focus on the locally stable potential
for A < 2 and a dominant Yukawa contribution instead. In this case, the polynomial
expansion is sufficient to reveal the onset of spontaneous symmetry breaking.
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5.2 Spontaneous symmetry breaking of the U(1) complex scalar

To exemplify how spontaneous symmetry-breaking occurs below the Planck scale, we evolve
the scalar couplings towards lower scales starting with initial conditions in the asymptoti-
cally safe fixed-point regime. We focus on the less predictive case, 0 < A < 2, and assume
that Yukawa couplings dominate, cf. row three in table 1. The fixed-point potential is
stable and the critical exponents up to order niyyn. = 12 converge very quickly, cf. figure 2.

Below the gravitational transition scale k;, the dimensionless Planck-mass M p(k) grows
quadratically and suppresses all gravitational contributions. The slow logarithmic running
of gauge and Yukawa couplings is negligible. Thus we assume constant values for the latter.
The dominant Yukawa contributions drive the mass term to smaller values as long as they
dominate over gauge and canonical contributions. As soon as the scalar mass term turns
negative, we switch to a polynomial expansion around the non-trivial minimum x(k), i.e.,

TMtrunc )\(SSB)

Ulp)= D “—(p—n)". (5.2)
n=2 ’

Figure 3 shows how the fixed-point potential evolves to a symmetry-broken potential below
the transition scale k;.

Even though the mass term is relevant, we have chosen no deviation from its fixed-
point value above k;. Hence, no additional scale arises and symmetry breaking occurs very
close to the transition scale. Note that the scalar mass term could be chosen to delay or
even avoid any symmetry breaking. Since this arbitrariness is absent in the fully predictive
case, it is of great interest to investigate the global stability of the fixed-point potential
beyond polynomial expansions for these cases in the future.

6 Quantum-gravity predictions of spontaneous symmetry-breaking pat-
terns

In more general GUT settings, the scalar multiplets transform in a non-trivial representa-
tion of the GUT symmetry, which is typically reducible. Generically, the potential features
more than one quartic coupling and symmetry breaking can a priori occur in different di-
rections. Since the quartic couplings are fixed by gravitational fluctuations, the direction of
symmetry breaking actually becomes a prediction of the asymptotically safe scaling regime.

In a general case with continuous or discrete symmetries excluding odd powers of the
scalar fields ®,, a polynomial expansion of the quartic potential is given by

1
T4l

Neglecting contributions from non-marginal matter interactions and non-minimal couplings

U(®) Nabed® o ®p®. Py + mass terms + O(PO) . (6.1)

to gravity, the scale dependence of a generic scalar quartic coupling in this potential,
denoted by Agped, reads

1
kOkAabed = Bravea = 762 (Aibcd + 850 (0, g, Y) Aeped + AL (g, Y)) + A Xabed
(6.2)
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Figure 3. Numerical evolution of the scalar potential, starting from the initial condition U/k* = u,
at k = k; (green continuous line). Thin (dashed) lines depict the evolution before (and after)
symmetry breaking. The latter occurs at k/k; ~ 1/2.5. At k/k; ~ 1/4 (red-dashed line) a non-
trivial minimum has clearly developed. The gravitational, gauge and Yukawa contributions are
chosen as A =1/10, oy = 0 and o, = 1/100.

see [160]. Here, A?Lb cd = AabefAefed + AacefAefbd + Aade f Ae fbe, and we have again made use of
the universality (independence from internal symmetries) of the gravitational contribution
~ A, as given in eq. (2.7). The 1-loop contributions of gauge fields and fermions are
universal (scheme-independent) since the former are dimensionless couplings. The effective,
matter-induced anomalous scaling dimension Sgﬂ) and the term A((;ifc)l receive contributions
from non-vanishing gauge and Yukawa couplings at the fixed point. Their explicit form is

given by
SET) = 48785 (®)agbac + 8¢ Tr (YaYe). (6.3)
Al =67202 3 {04,070 {04,05}ea —2¢ Y T (Y“ ytye YTd> . (64)

perms perms

Here, Sy(®) is the Dynkin-index of the scalar representation, defined by Tr(6467) =
So(®)048, and #4 are the generators of the gauge group in the scalar representation ®. For
group-theoretic details, see, e.g., [L61]. Further, Y* are Yukawa couplings fixed by a Yukawa
Lagrangian Ly = —(Ygzﬁi@awj +h.c.) and ¢ =1 (¢ = 1/2) for Dirac (Weyl) fermions.

For vanishing gauge couplings oy = 0 but non-vanishing (and positive) Yukawa cou-
(eff)

2, ae

plings YZ?,

all Agfcfc)l are negative. Assuming that A and Y}7, are large enough to dominate over all

or more generally in a regime of Yukawa dominance, all S are positive, while

quartic couplings, eq. (6.2) simplifies to

1

Brabea = WAEEQ(%,Y) + A Xabed - (6.5)
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Since, in the regime of Yukawa dominance, the Agﬁt)j are negative, there exists a fixed point

at which all quartic couplings are positive, i.e., Agped« > 0, and at which they correspond
to irrelevant directions. In this limit, the fixed point Agpeqs« > 0 generalizes the locally
stable fixed-point potential analyzed in the U(1) model of section 5.1 to more complex
gauge groups and scalar representations with multiple distinct quartic invariants.

We caution that it is non-trivial that in a fully coupled system the assumptions of
large gravitational contribution A and large fixed-point value of the Yukawa coupling Y5
can be simultaneously fulfilled.

6.1 Predictive power for SO(10)

Now, we are equipped to qualitatively discuss the predictive power of the flow equation (6.2)
for the case of SO(10). Starting with the gauge-dominated case with A < 2, we expect
SSB to set in already at the Planck scale, cf. section 5.1. Since all of the quartic couplings
are IR-attractive (for large enough A), the direction of the corresponding vacuum expec-
tation value is also fixed, cf. section 4. Therefore, this case has the potential to exclude
specific sets of scalar representations. For instance, a vacuum expectation value in the 10
breaks SO(10) to SO(9), which is not compatible with a viable breaking chain. Hence, the
gauge-dominated case might be incompatible with the presence of a scalar transforming
in the fundamental representation of the SO(10), unless the interplay with other scalar
representations shifts the global minimum away from a vev in the 10-direction. We tenta-
tively conclude that the scalar 10 in SO(10) has to be accompanied by sufficiently large
Yukawa couplings which protect it from obtaining a gauge-mediated Planck-scale vacuum
expectation value. Indeed, the 10 belongs to those representations which allow for Yukawa
couplings to the fermionic 16z representation which contains all Standard-Model fermions.

We now turn to the Yukawa-dominated case, for which the fixed-point potential re-
mains unbroken. While locally stable, the fixed-point potential is nevertheless non-trivial,
i.e., it admits multiple quartic scalar invariants. We demonstrate that such a potential
breaks into a particular direction which is predicted by asymptotically safe fixed-point
scaling. For SO(10) with Standard Model fermions only, such an example requires (i) all
involved scalar representations to admit Yukawa couplings to the fermionic 16 represen-
tation containing all Standard-Model fermions to guarantee a stable fixed-point potential
around the origin, i.e., positive m? at the fixed point and (ii) a large enough scalar repre-
sentation to provide (at least) two non-trivial quartic invariants.

For SO(10), one such representation is the completely antisymmetric 5-index tensor
126, cf. [162], which will be denoted by ¢126. As it is a complex representation, we also
include its complex conjugate representation 126 denoted by ¢, such that we can include
a mass term m2yq h1260506. We impose an additional global U(1) symmetry under which
o126 and @],4 have opposite charge. This global symmetry requires that all scalar invariants
contain an equal number of ¢126 and ¢]o; fields, in which case the most general (quartic)
potential is given by [114, 163]

Vize = Ao [P1260726]5 + o [01260126)54 (012607 26)54])1
+ Ac [[@12690126] 1050 [P126P126]T050)1 + Ad [[P1260126] 4105 [PT26PT26)4125)1 - (6.6)
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Here, [], denotes contractions in the symmetric tensor product (126 X 126)symm = 2772+
4125 + 1050 + 54 along the corresponding representation. A more explicit form of the
contractions is given in appendix A of [114]. As is also discussed in [114], a Higgs sector
of 126, 126, and 45 is sufficient to break SO(10) to the Standard Model and constitutes
a “minimal” non-supersymmetric SO(10) GUT. Here, we will restrict the discussion to
whether the first breaking step of SO(10) — SU(5) is realized or not. It turns out that
whenever all \; are positive, the absolute minimum of the potential lies along the SU(5)-
invariant direction [163].

We combine this with the general argument that in a sufficiently Yukawa dominated
regime such a fixed point has to always exist and is the most IR-stable (i.e., predictive) of
all quartic fixed points, cf. the discussion around eq. (6.5). This implies that whenever the
Yukawa couplings dominate, a breaking of the SO(10) symmetry is predicted to occur in
the SU(5)-invariant direction via the expectation value of the 126-scalar. Confirmation of
these structural arguments requires to derive the full set of perturbative S-functions for the
quartic scalar potential, including gauge and Yukawa contributions. Given these, they can
be supplemented by the non-universal contribution from quantum gravity to then confirm
the above statements explicitly. Such an analysis will be provided elsewhere.

7 Outlook and conclusions

We have discussed the predictive power of asymptotic safety for gravity-GUT settings
under the assumption that the gravitational Reuter fixed point persists under the impact of
quantum fluctuations of the matter and gauge fields in the GUT. Coupled to asymptotically
safe gravity, GUTs are much more restricted than in a setting without gravity. We expect
the wealth of potential breaking chains to reduce to a very small (potentially even vanishing)
number of admissible chains, once the constraints on the scalar potential arising from
asymptotic safety are taken into account. Specifically, quantum-gravity fluctuations fix the
scalar potential - potentially up to the quadratic terms, which might remain free parameters
of the setting. We have highlighted that therefore the effect of gravitational fluctuations
in GUTs is threefold:

(i) All quartic couplings are fully determined at all scales.

(ii) For given mass parameters, this selects the direction of spontaneous symmetry break-
ing. The scale of spontaneous symmetry breaking is a function of the mass parameter.

(iii) For sufficiently strong gravitational interactions, the mass-parameter itself becomes
a predicted quantity, resulting in a prediction of the scale of symmetry breaking.

We stress that this is a significant shift in the predictivity of GUT settings: without
gravity, GUTs suffer from a lack of predictivity, resulting in many viable breaking chains,
connected to the freedom to choose the scalar potential arbitrarily. We expect the converse
to be true in an asymptotically safe GUT setting: once the scalar representations are
specified, the potential is fixed completely (potentially up to quadratic terms). This should
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typically result in a uniquely determined pattern of symmetry breaking.? We thus expect
that most scalar representations can actually be ruled out in this setting since they will
not lead to a phenomenologically viable pattern of symmetry breaking. As an example of
phenomenological interest for point ii) we have highlighted that we expect a scalar in the
126 representation of SO(10) with sufficiently large Yukawa coupling to break in the SU(5)
direction, which is a possible first step of a breaking chain that leads to the Standard Model.

The most interesting possibility is within iii), where quantum gravity could provide
a dynamical explanation for the stability of the proton: as we have argued, if the mass-
parameters in the potential are predicted, they should come out close to the Planck scale,
i.e., Mgur S Mp could be an automatic consequence of asymptotic safety.

In the future, testing the viability of breaking chains from an asymptotically safe van-
tage point appears to be a worthwhile endeavor. We stress that for such practical purposes,
no calculation of gravitational fluctuations is necessary. To explore the consequences for
specific GUT breaking chains, the addition of a term A A to the beta function of a given
quartic coupling A suffices, where A parameterizes the effect of metric fluctuations. Future
investigations should involve solutions of eq. (6.2), together with an investigation of the
fixed potential, to set the initial conditions of the RG flow.

In functional RG studies, A > 0, as required for this scenario, is found in a large
part of the microscopic gravitational parameter space. We may compare the robustness of
the prediction of scalar quartic couplings from asymptotically safe gravity to that of other
matter couplings: whereas the calculations of other (beyond) Standard Model couplings
require the gravity contribution to take a specific value, the prediction for Higgs quartic
couplings only relies on the sign of the gravitational contribution. While the precise value
of the gravitational contribution is subject to systematic uncertainties, these do not lead to
corresponding uncertainties in the scalar potential, provided that A is large enough.* The
only additional information that is required is the value of the transition scale. Holding
the low-energy value of the Planck mass fixed, a variation in the transition scale follows
from changes in the gravitational fixed-point values. Accordingly, the prediction of the
scalar quartic couplings does not rely on knowing the precise location of the gravitational
fixed point, as long as it falls into that part of the gravitational parameter space where
A > 0 holds, non-minimal couplings are not too large, and where the transition scale is
roughly equal to the low-energy Planck mass. In order to conclusively determine whether
the large number of matter fields in a GUT is indeed compatible with an asymptotically
safe gravitational fixed point, extended studies are required.

Ultimately, the combination of two ideas could provide an explanation of the seemingly
random gauge group of the Standard Model: starting from a simple gauge group, such
as SO(10) or SU(5), asymptotic safety might potentially uniquely single out a breaking
chain that necessarily results in the SU(3), x SU(2)r x U(1)y of the Standard Model.
Moreover, even the scale of the spontaneous breaking of the symmetry might be determined.

3Potentially, several possible patterns remain, depending on the scale at which symmetry-breaking sets
in, i.e., depending on the value of the quadratic terms in the potential.

“In the regime of small A, the transplanckian values of gauge- and Yukawa couplings play a role, which
are themselves set by the interplay with quantum gravity.
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As we have argued, in this case, the scale should come out close to the Planck scale,
providing a dynamical explanation for the stability of the proton. We stress that the
high predictive power of the asymptotic-safety paradigm does not provide much “wiggle
room” for fundamental physics, as it dramatically reduces the number of free parameters
in a GUT setting, and therefore provides a clear pathway to ruling out a given proposed
asymptotically safe GUT setting.
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