
BULLETIN OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 81, Number 2, March 1975 

RESEARCH ANNOUNCEMENTS 
The purpose of this department is to provide early announcement 

of outstanding new results, with some indication of proof. Research 
announcements are limited to 100 typed lines of 65 spaces each. A 
limited number of research announcements may be communicated 
by each member of the Council who is also a member of a Society 
editorial committee. Manuscripts for research announcements 
should be sent directly to those members of the Publications 
Committees listed on the inside back cover. 

PREHOMOGENEOUS VECTOR SPACE DEFINED 
BY A SEMISIMPLE ALGEBRAIC GROUP 

BY NGUYEN HUU ANH1 

Communicated by Hyman Bass, January 3, 1974 

1. Introduction. Let G be an affine algebraic group defined over 
C, and 7T a rational representation of G in a finite-dimensional vector 
space V. Following the terminology of [6] and [7], we say that Fis a pre
homogeneous vector space if TT has a (unique) open orbit. In [7] F. J. 
Servedio gave some characterization of the stabilizer G0 defined by an 
irreducible prehomogeneous vector space (G, V). Namely, he has proven 
that G0 is reductive iff (G', V) is not a prehomogeneous vector space, 
where G' is the (semisimple) commutator subgroup of G. 

It follows from this characterization that if (G, V) is an irreducible 
prehomogeneous vector space with G semisimple, then the corresponding 
stabilizer is not reductive. In this paper we would like to determine the 
stabilizer more affirmatively in the case G is semisimple. 

2. Statements of the main results. The following theorem will give 
a proper determination of the stabilizer mentioned above. 

THEOREM 1. Let (G, V) be a prehomogeneous vector space with G 
semisimple, let G0 be the corresponding stabilizer. Then the radical of G0 

is a nontrivial unipotent subgroup of G0. 

This result turns out to be the key for the determination of infinite-
dimensional square-integrable representations of certain classes of groups 
called the [/-groups [1]. 
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On the other hand it should be noted that there is no restriction on the 
irreducibility of (G, V). The main reason is that in the proof of Theorem 
1, which uses an induction on dim V, we are led to consider the case in 
which (G, V) is not necessarily irreducible. In fact we are also forced to 
treat the case in which G is not semisimple and to replace the representa
tion determining (G, V) by a 1-cocycle. More exactly the groups under 
consideration are the ^/-groups defined as follows. 

DEFINITION. Let G be an affine algebraic group defined over C. Then 
G is said to be a U-group if the radical of G is unipotent. 

According to [5], such a group is necessarily the semidirect product of 
a connected unipotent group and a semisimple group. 

We are now ready to state the following result which covers one half of 
Theorem 1. 

THEOREM 2. Let G be a U-group, IT a rational representation of G in a 
vector space V, and A a rational V-valued \-cocycle of G with respect to IT. 
Assume that { % ) ; ^ G G } is open in V. Then G0={g G G; A(g)=0} is a 
U-subgroup ofG. 

Now to prove the other half of Theorem 1 it is necessary to extend the 
stated result in [7] to nonirreducible spaces. This is done with an induction 
argument similar to the proof of Theorem 2 and thus requires extending 
the consideration to £/-groups. We have 

THEOREM 3. Let G, IT, X, G0 be as in Theorem 2. Then G0 is semisimple 
iff X is an isomorphism of the affine varieties Rad G and V. Moreover, in 
that case, G0 is equal to a maximal semisimple subgroup ofG. 

3. Sketch of the proof of Theorem 2. Since the problem is a purely 
local one, we can assume G to be connected and simply connected and 
effectively use the representation theory of semisimple Lie algebras in 
[3], [4]. 

By considering subrepresentations and quotient representations if 
necessary, we can assume that w is irreducible. In this case, since X(N), N 
being the radical of G, is a 7r-invariant subspace, we must have X(N)= V 
or A(A0=O. 

In the first case it can be proved that G0 contains a maximal semisimple 
subgroup of G and is therefore a U-group. On the other hand, by using 
Dynkin's classification of maximal subalgebras of semisimple Lie algebras 
in [3], we can reduce the second case to that of a simple group. 

In fact let G be the direct product of Gx and G2, and IT the tensor product 
of two irreducible representations TTX and TTZ of degrees nx and n2 of Gx 

and G2, respectively, such that «i=w2- Let Ql9 g2, g be the Lie algebras of 
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Gl9 G29 G9 respectively, and éhrl9 dir29 dir be the corresponding Lie algebra 
representations. 

Let us write every element of sl(/zl5 C) as a 2x2-block matrix (gi0)9 

where glx and g22 are square matrices of orders n2 and nx—n29 respectively, 
such that Trg n +Tr^ 2 2 =0 . Put 

Vn2.ni-n% = {(ga) e sï(nl9 C); ftx = 0}, 
and 

P' = {(gii) E Vn2,ni-n2l gu E «MB»)}-

By identifying the representation space of IT with the set of those block 
matrices (gu) e gl(/fl9 C) such that g12 and g22 are 0 matrices. We see that 
7T has an open orbit iff sl(nl9 C)=rf7r1(g)+p/ and the corresponding 
stabilizer is a {/-group iff rf7r1(g)np' is a (/-algebra. Thus Theorem 2 
is equivalent to 

THEOREM 2'. Lef g=sl(«, C) öwrf g', g" be two U-subalgebras of g 
such that g=g'+g" (as the sum of vector spaces), then g' Og" is a U-algebra. 

Here we have naturally used the term ^/-algebra to indicate the Lie 
algebra of a £/-group. g' and g" are then the Lie algebras of (/-subgroups 
of SL(n, C) [2]. 

Now in the proof of Theorem 2' it can be shown that at least one of the 
Lie algebras g' or g" is reducible. Moreover, by an induction on rank g 
(see the remark), it is sufficient to consider the case in which g" is a maxi
mal reducible (/-algebra of the form pWlfWa, nx+n2=n and g' is either: 

(1) maximal irreducible nonsimple of the form sl(/?, C)<8>sl(q9 C), 
pq=n9 or 

(2) irreducible simple. 
By the same reasoning as that preceding Theorem 2', we see that the 
study of case (1) is equivalent to that of the irreducible prehomogeneous 
vector space defined by 7r=7T1<g>7T2®7rz where irl9 TT29 TTZ are the canonical 
representations (or their contragredients) of SL(w, C), SL(/?, C), SL(#, C), 
respectively. For reasons of symmetry and by induction it is sufficient to 
consider the case n^p^q and ri*i\pq. Keeping in mind the condition: 
dim of stabilizer=dim G—deg w, we find the necessary condition for the 
existence of the open orbit: n=p=q=2. However in this case V^IT^ is 
an orthogonal representation and we can apply the following 

LEMMA. Let G be the direct product of the semisimple groups Gx and 
G2 and 7r=7r1<g)7r2 where TT1 is an orthogonal representation of Gx and TT2 

is a representation of G2 such that d e g ^ ^ d e g ^ . Then n has no open 
orbit. 
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Note that the above lemma also takes care of part of Case (2) in which 
g' is an irreducible subalgebra of the orthogonal algebra so(«, C). Since 
most of irreducible simple subalgebras of sl(«, C) of low dimensions are 
subalgebras of the orthogonal algebra this leaves only a small number of 
cases for the direct computation. The following table gives the list of 
nonorthogonal simple irreducible subalgebras g' such that g'+g"= 
sl(/i, C), g"=pWl,n2 

type of g' 

n-k(2k- 1) 

Mk 
n-k(2k- 1) 

^n/2 

D5 

rep. 
defining fl' 

1 
o-o-o—o 

1 
O-O-O—0 

1 
O-O—0 

1 
p 

0-0-Ov 
0 

type of g" 

*l,n-l 

^2,n-2 

r2k-l,n-2k-l 

P l , 1 5 

Rad(fl'na") 

unipot. abel. 
of dim 2k 

unipot. 

of dim 2k 

unipot. abel. 

of dim n - 1 

unipot. abel. 
of dim 8 

max. s. s. sub-

alg. of ô'Oô" 

C* 

0 

Q X Cn/2-k-l 

B3 

4. REMARK. (1) In the proof of the equivalence of Theorems 2 and 
2', it is necessary to extend Theorem 2' to the case in which g is a U-
subalgebra whose maximal semisimple subalgebra is the direct sum of 
algebras of type An. It would be very interesting if we could prove Theorem 
2' for any simple algebra. If this could be done then Theorem 2' remains 
valid for any (/-algebra. 

(2) Despite the proofs of Theorems 2 and 2' coming very close to charac
terizing the irreducible prehomogeneous vector spaces defined by an ar
bitrary semisimple group, we have not yet succeeded in achieving the 
complete classification of those spaces. 
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