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. . . . . .

Ariki-Koike algebra

R : commutative ring,
q,q−1,Q1, · · · ,Qr ∈ R ; parameters.

.

Definition

.

.

.

. ..

.

.

Hn,r ; Ariki-Koike alg.
/
R ass. to Sn n (Z/rZ)n.

generators ; T0,T1, · · · ,Tn−1

fundamental relations ;

(T0 − Q1)(T0 − Q2) · · · (T0 − Qr) = 0,

(Ti − q)(Ti + q−1) = 0 (1 ≤ i ≤ n− 1),

T0T1T0T1 = T1T0T1T0,

TiTi+1Ti = Ti+1TiTi+1 (1 ≤ i ≤ n− 2),

TiT j = T jTi (|i − j| ≥ 2).
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. . . . . .

Cyclotomic q-Schur algebra

Λn,r :=

(λ(1), · · · , λ(r))

∣∣∣∣∣∣
λ(k) = (λ(k)

1 , · · · , λ
(k)
n ) ∈ Zn

≥0
r∑

k=1

n∑
i=1

λ(k)
i = n

 .

.

Definition

.

.

.

. ..

.

.

Sn,r := EndHn,r

( ⊕
µ∈Λn,r

Mµ
)
, Mµ ; right Hn,r-module.

R ; field. ⇒ Sn,r : quasi-hereditary algebra.

Sn,r : “quasi-hereditary cover” of Hn,r .

Hn,r � φωSn,rφω � EndSn,r (Sn,rφω)opp. φω ∈ Sn,r ; idempotent.

HomSn,r (Sn,rφω,?) : Sn,r-mod→Hn,r-mod. ; Schur functor

HomSn,r (Sn,rφω,?) : fully faithful on Sn,r-proj.
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. . . . . .

A = Z[q,q−1,Q1, · · · ,Qr ], K = Q(q,Q1, · · · ,Qr),

where q,Q1, · · · ,Qr : indeterminate.

From now on,

Hn,r : Ariki-Koike algebra
/
K with parameters q,Q1, · · · ,Qr .

Sn,r : cyclotomic q-Schur algebra
/
K ass. to Hn,r .

Sn,r ; semisimple.
{
Wλ | λ ∈ Λ+n.r

}
=

{
simple Sn,r -module

}
/iso.,

where Λ+n,r =
{
λ = (λ(1), · · · , λ(r)) ∈ Λn,r

∣∣∣ λ(k) : partition
}
.

AHn,r : Ariki-Koike algebra
/
A with parameters q,Q1, · · · ,Qr .

ASn,r : cyclotomic q-Schur algebra
/
A ass. to AHn,r .
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. . . . . .

Case of type A ( r = 1)

Schur-Weyl duality (Jimbo)

Uq(glm)y V⊗nxHn,1 m= n · r{
weight appearing in V⊗n} 1:1←→

{
(λ1, · · · , λm) ∈ Zm

≥0

∣∣∣ m∑
i=1

λi = n
}

=: Λn,1.

(V⊗n)µ � Mµ ; ”permutation module” (as right Hn,1-modules).

ρ : Uq(glm)� EndHn,1(V
⊗) � EndHn,1(

⊕
µ∈Λn,1

Mµ) = Sn,1

• Doty-Giaquinto gives a presentation of Sn,1 by

generators of Uq(glm) + relations of Uq(glm) + relations of Kerρ.
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. . . . . .

quantum group Uq(glm)

P =
⊕m

i=1Z εi ; weight lattice of glm,

P∨ =
⊕m

i=1Z hi ; dual weight lattice of P,

⟨ , ⟩ : P× P∨ → Z ; natural pairing s.t. ⟨εi ,hj⟩ = δi j ,
αi := εi − εi+1 ; simple root,

Q =
⊕m−1

i=1 Zαi ; root lattice,

Q+ =
⊕m−1

i=1 Z≥0αi .

“≥” ; partial order on P defined by

λ ≥ µ def⇔ λ − µ ∈ Q+ ; dominance order
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. . . . . .

quantum group Uq(glm)

.

Definition

.

.

.

. ..

.

.

Uq = Uq(glm)
/
K is defined by

generators ; ei, fi (1 ≤ i ≤ m− 1), K±i (1 ≤ i ≤ m).
fundamental relations ;

KiK j = K jKi , KiK
−
i = K−i Ki = 1,

KiejK
−
i = q⟨α j ,hi⟩ej ,

Ki f jK
−
i = q−⟨α j ,hi⟩ f j ,

ei f j − f jei = δi j

(
KiK−i+1 − K−i Ki+1

q− q−1

)
,

+ q-Serre relations.
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.
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Sn,1 is isomorphic to the algebra defined by

generators ; ei, fi (1 ≤ i ≤ m− 1), K±i (1 ≤ i ≤ m)
with fundamental relations of Uq(glm)

+ K1K2 · · ·Km = qn,
(Ki − 1)(Ki − q)(Ki − q2) · · · (Ki − qn) = 0 (1 ≤ i ≤ m).

ASn,1 is the A-subalgebra of Sn,1 generated by e(k)
i , f (k)

i , K±j ,

[
K j; 0

t

]
(1 ≤ i ≤ m− 1, 1 ≤ j ≤ m, t ≥ 1),

where e(k)
i =

ek
i

[k]!
, f (k)

i =
f k
i

[k]! ,

[
K j ; 0

t

]
=

t∏
s=1
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i qs−1

qs− q−s .
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. . . . . .

A presentation of q-Schur algebra 2

Sn,1 is also a quotient algebra of U̇q (Lusztig’s modified form of Uq).

.

Theorem (Doty-Giaquinto)

.

.

.

. ..

.

.

Sn,1 is isomorphic to the algebra defined by

generators ; Ei, Fi (1 ≤ i ≤ m− 1), 1λ (λ ∈ Λn,1).
fundamental relations ;

1λ1µ = δλµ1λ,
∑
λ∈Λn,1

1λ = 1,

Ei1λ =

1λ+αi Ei if λ + αi ∈ Λn,1,

0 if λ + αi < Λn,1,
1λEi =

Ei1λ−αi if λ − αi ∈ Λn,1,

0 if λ − αi < Λn,1,

Fi1λ =

1λ−αi Fi if λ − αi ∈ Λn,1,

0 if λ − αi < Λn,1,
1λFi =

Fi1λ+αi if λ + αi ∈ Λn,1,

0 if λ + αi < Λn,1,

EiF j − F jEi = δi j
∑
λ∈Λn,1

[λi − λi+1]1λ,

+ q-Serre relations.
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. . . . . .

Motivations (for the case of r ≥ 2)

Schur-Weyl duality (Sakamoto-Shoji)

Uq(g)y V⊗nxHn,r , where g = gln ⊕ · · · ⊕ gln︸          ︷︷          ︸
r

⊂ glm

(m= n · r).

S
0

n,r ; the image of Uq(g)→ End(V⊗n).

Relations between S
0

n,r and Sn,r (Sawada-Shoji)

S
0

n,r �
⊕

(n1,··· ,nr )
n1+···+nr=n

Sn1,1 ⊗ · · · ⊗Snr ,1

S 0
n,r Sn,r

Uq(g)

↪→�

�
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. . . . . .

Motivations (for the case of r ≥ 2)

generalization to p = (r1, · · · , rg) s.t. r1 + · · · + rg = r (Shoji-Wada)

S
p

n,r �
⊕

(n1,··· ,ng)
n1+···+ng=n

Sn1,r1 ⊗ · · · ⊗Sng,rg

S p
n,r Sn,r↪→�

The case of p = (1, · · · , 1)⇒ (Sawada-Shoji)
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S p
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The case of p = (1, · · · , 1)⇒ (Sawada-Shoji)

gp = glm1
⊕ · · · ⊕ glmg

⊂ glm, where mk = n · rk.
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gp = glm1
⊕ · · · ⊕ glmg
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∃Ũq(glm)� Sn,r

Kentaro Wada ( ) Presenting cyclotomic q-Schur algebras November 11th, 2009 11 / 26



. . . . . .

Borel subalgebras of Sn,r

.

Theorem (Parshall-Wang (case of type A, r = 1))

.

.

.

. ..

.

.

∃S ≥0
n,1 ,

∃S ≤0
n,1 ⊂ Sn,1 ; ”Borel subalgebra” s.t. Sn,1 = S ≤0

n,1 ·S ≥0
n,1 .

ρ|B+ : B+�S ≥0
n,1 ,

B+ :=
⟨
ei ,K j

∣∣∣ 1 ≤ i ≤ m− 1, 1 ≤ j ≤ m
⟩

alg. ⊂ Uq(glm),

ρ|B− : B−�S ≤0
n,1 ,

B− :=
⟨
fi ,K j

∣∣∣ 1 ≤ i ≤ m− 1, 1 ≤ j ≤ m
⟩

alg. ⊂ Uq(glm)

.

Theorem (Du-Rui (case of r ≥ 2))

.

.

.

. ..

.

.

∃S ≥0
n,r ,

∃S ≤0
n,r ⊂ Sn,r ; ”Borel subalgebra” s.t. Sn,r = S ≤0

n,r ·S ≥0
n,r .

∃F ≥0 ; S ≥0
n,1

∼−→ S ≥0
n,r ,

∃F ≤0 ; S ≤0
n,1

∼−→ S ≤0
n,r .

� �

S ≤0
n,1 S ≥0

n,1

� �

B− B+
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. . . . . .

Algebra Ũq

.

Definition

.

.

.

. ..

.

.

Uq = Uq(glm)
/
K is defined by

generators ; ei, fi (1 ≤ i ≤ m− 1), K±i (1 ≤ i ≤ m) .
fundamental relations ;

KiK j = K jKi , KiK
−
i = K−i Ki = 1,

KiejK
−
i = q⟨α j ,hi⟩ej ,

Ki f jK
−
i = q−⟨α j ,hi⟩ f j ,

ei f j − f jei = δi j

(
Ki K−i+1−K−i Ki+1

q−q−1

)
,

+ q-Serre relations.
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Algebra Ũq

.

Definition

.

.

.

. ..

.

.

Ũq = Ũq(glm)
/
K is defined by

generators ; ei, fi (1 ≤ i ≤ m− 1), K±i (1 ≤ i ≤ m) , τi (1 ≤ i ≤ m− 1).
fundamental relations ;

KiK j = K jKi , KiK
−
i = K−i Ki = 1,

KiejK
−
i = q⟨α j ,hi⟩ej ,

Ki f jK
−
i = q−⟨α j ,hi⟩ f j ,

Kiτ jK
−
i = τ j

ei f j − f jei = δi j τi ,

+ q-Serre relations.
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. . . . . .

Algebra Ũq

.

Proposition

.

.

.

. ..

.

.

Let Ĩ :=
⟨
τi −

Ki K−i+1−K−i K−i+1

q−q−1

∣∣∣ 1 ≤ i ≤ m
⟩

ideal ⊂ Ũq,

we have Ũq/Ĩ � Uq.

.

Corollary

.

.

.

. ..

.

.

Let B̃+ :=
⟨
ei ,K j

∣∣∣ 1 ≤ i ≤ m− 1, 1 ≤ j ≤ m
⟩

alg. ⊂ Ũq(glm),

B̃− :=
⟨
fi ,K j

∣∣∣ 1 ≤ i ≤ m− 1, 1 ≤ j ≤ m
⟩

alg. ⊂ Ũq(glm),

we have B̃± � B±.
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we have B̃± � B±.
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. . . . . .

Notations

Recall m= n · r.

{1, · · · ,m} 1:1←→ Γ :=
{
(i, k)

∣∣∣ 1 ≤ i ≤ n, 1 ≤ k ≤ r
}
, Γ′ := Γ \ {(n, r)}

∈ ∈

n(k− 1)+ i ←→ (i, k)

P =
m⊕

i=1

Z εi
1:1←→ P =

⊕
(i,k) ∈Γ

Z ε(i,k)

⊂ ⊂

Λn,1
1:1←→ Λn,r

Q =
m−1⊕
i=1

Zαi =
⊕

(i,k) ∈Γ′
Zα(i,k)
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. . . . . .

Surjection Ũq� Sn,r

Sn,r = S ≤0
n,r ·S ≥0

n,r .

F ≥0 : S ≥0
n,1

∼−→ S ≥0
n,r , B̃+ ∼→ B+

ρ
� S ≥0

n,1

∼→ S ≥0
n,r .

F ≤0 : S ≤0
n,1

∼−→ S ≤0
n,r , B̃− ∼→ B−

ρ
� S ≤0

n,1

∼→ S ≤0
n,r .

.

Proposition

.

.

.

. ..

.

.

∃ρ̃ : Ũq� Sn,r s.t.

• ρ̃(e(i,k)) = φ+(i,k) := F ≥0 ◦ ρ(e(i,k))
(
(i, k) ∈ Γ′),

• ρ̃( f(i,k)) = φ−(i,k) := F ≤0 ◦ ρ( f(i,k))
(
(i, k) ∈ Γ′),

• ρ̃(K±(i,k)) = κ
±
(i,k) := F ≥0 ◦ ρ(K±(i,k)) = F ≤0 ◦ ρ(K±(i,k))

(
(i, k) ∈ Γ),

• ρ̃(τ(i,k)) = φ+(i,k)φ
−
(i,k) − φ−(i,k)φ

+
(i,k).
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∃ρ̃ : Ũq� Sn,r s.t.

• ρ̃(e(i,k)) = φ+(i,k) := F ≥0 ◦ ρ(e(i,k))
(
(i, k) ∈ Γ′),

• ρ̃( f(i,k)) = φ−(i,k) := F ≤0 ◦ ρ( f(i,k))
(
(i, k) ∈ Γ′),

• ρ̃(K±(i,k)) = κ
±
(i,k) := F ≥0 ◦ ρ(K±(i,k)) = F ≤0 ◦ ρ(K±(i,k))

(
(i, k) ∈ Γ),

• ρ̃(τ(i,k)) = φ+(i,k)φ
−
(i,k) − φ−(i,k)φ

+
(i,k).

Kentaro Wada ( ) Presenting cyclotomic q-Schur algebras November 11th, 2009 16 / 26



. . . . . .

Surjection Ũq� Sn,r
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. . . . . .

Sn,r = EndHn,r

( ⊕
µ∈Λn,r

Mµ
)
�

⊕
µ,ν∈Λn,r

HomHn,r (M
µ,Mν)

κ±(i,k) : multiplying q±µ
(k)
i on Mµ (µ ∈ Λn,r),

φ+(i,k)|Mµ : Mµ → Mµ+α(i,k) ,

φ−(i,k)|Mµ : Mµ → Mµ−α(i,k) .

φ+(i,k)φ
−
(i,k) − φ−(i,k)φ

+
(i,k) =



−Qk+1

κ(n,k)κ
−
(1,k+1) − κ−(n,k)κ(1,k+1)

q− q−1

+κn,kκ
−
(1,k+1)

(
q−1σ(n,k) − qσ(1,k+1)

)
if i = n,

κ(i,k)κ
−
(i+1,k) − κ−(i,k)κ(i+1,k)

q− q−1
if i , n,

where σ(n,k), σ(1,k+1) ; Jucys-Murphy elements of Sn,r .

σ(n,k)|Mµ , σ(1,k+1)|Mµ ; Mµ → Mµ (not scalar multiplication in general).
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. . . . . .

Algebra Sn,r

Sn,r is an asso. algebra
/
K defined by

generators ; E(i,k), F(i,k) ((i, k) ∈ Γ′), 1λ (λ ∈ Λn,r).
fundamental relations ;

1λ1µ = δλµ1λ,
∑
λ∈Λn,r

1λ = 1,

E(i,k)1λ =

1λ+α(i,k) E(i,k) if λ + α(i,k) ∈ Λn,r ,

0 if λ + α(i,k) < Λn,r ,

1λE(i,k) =

E(i,k)1λ−α(i,k) if λ − α(i,k) ∈ Λn,r ,

0 if λ − α(i,k) < Λn,r ,

F(i,k)1λ =

1λ−α(i,k) F(i,k) if λ − α(i,k) ∈ Λn,r ,

0 if λ − α(i,k) < Λn,r ,

1λF(i,k) =

F(i,k)1λ+α(i,k) if λ + α(i,k) ∈ Λn,r ,

0 if λ + α(i,k) < Λn,r ,

Kentaro Wada ( ) Presenting cyclotomic q-Schur algebras November 11th, 2009 18 / 26



. . . . . .

Algebra Sn,r

Sn,r is an asso. algebra
/
K defined by

generators ; E(i,k), F(i,k) ((i, k) ∈ Γ′), 1λ (λ ∈ Λn,r).
fundamental relations ;

1λ1µ = δλµ1λ,
∑
λ∈Λn,r

1λ = 1,

E(i,k)1λ =

1λ+α(i,k) E(i,k) if λ + α(i,k) ∈ Λn,r ,

0 if λ + α(i,k) < Λn,r ,

1λE(i,k) =

E(i,k)1λ−α(i,k) if λ − α(i,k) ∈ Λn,r ,

0 if λ − α(i,k) < Λn,r ,

F(i,k)1λ =

1λ−α(i,k) F(i,k) if λ − α(i,k) ∈ Λn,r ,

0 if λ − α(i,k) < Λn,r ,

1λF(i,k) =

F(i,k)1λ+α(i,k) if λ + α(i,k) ∈ Λn,r ,

0 if λ + α(i,k) < Λn,r ,

Kentaro Wada ( ) Presenting cyclotomic q-Schur algebras November 11th, 2009 18 / 26



. . . . . .

E(i,k)F( j,l) − F( j,l)E(i,k) = δ(i,k),( j,l)

∑
λ∈Λn,r

ηλ(i,k),

+ q-Serre relations,

where

ηλ(i,k) =



(
− Qk+1[λ

(k)
n − λ(k+1)

1 ]

+qλ
(k)
n −λ(k+1)

1
(
q−1gλ(n,k)(F,E) − qgλ(1,k+1)(F,E)

))
1λ if i = n,

[λ(k)
i − λ

(k)
i+1]1λ if i , n.

gλ(n,k)(F,E) =
∑

(i1,··· ,il )
( j1,··· , jl )

r (i1,··· ,i l )
( j1,··· , j l )Fi1 · · · Fi l E j1 · · ·E j l

(
r (i1,··· ,i l )

( j1,··· , j l ) ∈ K
)

is defined by

σ(n,k)φ
1
λλ =

( ∑
(i1,··· ,il )
( j1,··· , jl )

r (i1,··· ,i l )
( j1,··· , j l )φ

−
i1 · · ·φ

−
i lφ
+
j1 · · ·φ

+
j l

)
φ1
λλ
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. . . . . .

surjection Ũq� Sn,r

.

Proposition

.

.

.

. ..

.

.

∃Ψ : Ũq�Sn,r s.t.

Ψ(e(i,k)) = E(i,k), Ψ( f(i,k)) = F(i,k), Ψ(K±(i,k)) =
∑
λ∈Λn,r

q±λ
(k)
i 1λ,

Ψ(τ(i,k)) =
∑
λ∈Λn,r

ηλ(i,k).

For λ ∈ Λn,1
1:1←→ Λn,r ,

Kλ :=

[
K1; 0
λ1

] [
K2; 0
λ2

]
· · ·

[
Km; 0
λm

]
, we have Ψ(Kλ) = 1λ.
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∃Ψ : Ũq�Sn,r s.t.

Ψ(e(i,k)) = E(i,k), Ψ( f(i,k)) = F(i,k), Ψ(K±(i,k)) =
∑
λ∈Λn,r

q±λ
(k)
i 1λ,

Ψ(τ(i,k)) =
∑
λ∈Λn,r

ηλ(i,k).

For λ ∈ Λn,1
1:1←→ Λn,r ,

Kλ :=

[
K1; 0
λ1

] [
K2; 0
λ2

]
· · ·

[
Km; 0
λm

]
, we have Ψ(Kλ) = 1λ.

Kentaro Wada ( ) Presenting cyclotomic q-Schur algebras November 11th, 2009 20 / 26



. . . . . .

surjection Ũq� Sn,r
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.

Proposition

.

.

.

. ..

.

.
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. . . . . .

Kernel of Ψ : Ũq� Sn,r

g(n,k)( f ,e) :=
∑
λ∈Λn,r

gλ(n,k)( f ,e)Kλ,

g(1,k+1)( f ,e) :=
∑
λ∈Λn,r

gλ(1,k+1)( f ,e)Kλ,

where gλ(n,k)( f ,e) (resp. gλ(1,k+1)( f ,e)) obtained from

gλ(n,k)(F,E) (resp. gλ(n,k)(F,E)) by Fi → fi, Ei → ei.

η(i,k) :=



−Qk+1

K(n,k)K−(1,k+1) − K−(n,k)K(1,k+1)

q− q−1

+K(n,k)K−1
(1,k+1)

(
q−1g(n,k)( f , e) − qg(1,k+1)( f ,e)

)
if i = n,

K(i,k)K−(i+1,k) − K−(i,k)K(i+1,k)

q− q−1
if i , n.
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. . . . . .

Kernel of Ψ : Ũq� Sn,r

Ĩn,r ; two-sided ideal of Ũq generated by

τ(i,k) − η(i,k)
(
(i, k) ∈ Γ′)

K1K2 · · ·Km− qn

(Ki − 1)(Ki − q)(Ki − q2) · · · (Ki − qn) (1 ≤ i ≤ m)

Un,r := Ũq/Ĩn,r .

.

Proposition

.

.

.

. ..

.

.

Sn,r � Un,r as algebras.
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. . . . . .

Presentation of cyclotomic q-Schur algebras

Un,r � Sn,r

Ũq Sn,r��

ρ̃

Ψ

�
Φ

.

Theorem

.

.

.

. ..

.

.

Sn,r is isomorphic to Sn,r � Un,r .

Moreover, AS(n,r) is isomorphic to the A-subalgebra of Sn,r

generated by

E(t)
(i,k), F(t)

(i,k)

(
(i, k) ∈ Γ′, t ≥ 1

)
and 1λ (λ ∈ Λn,r).

ASn,r is also isomorphic to the A-subalgebra of Un,r generated by

e(t)
i , f (t)

i , K j and

[
K j; 0

t

]
(1 ≤ i ≤ m− 1, 1 ≤ j ≤ m, t ≥ 1).
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. . . . . .

Representations of Sn,r

Sn,r = S−n,r · S0
n,r · S+n,r ; triangular decomposition,

where
S+n,r :=

⟨
E(i,k)

∣∣∣ (i, k) ∈ Γ′⟩alg. ⊂ Sn,r ,

S−n,r :=
⟨
F(i,k)

∣∣∣ (i, k) ∈ Γ′⟩alg. ⊂ Sn,r ,

S0
n,r :=

⟨
1λ

∣∣∣ λ ∈ Λn,r
⟩

alg. ⊂ Sn,r ,

For λ ∈ Λn,r , put

Sn,r(≥ λ) :=
{
x1µ y

∣∣∣ x ∈ S−n,r , y ∈ S+n,r , µ ∈ Λn,r s.t. µ ≥ λ} ,

Sn,r(> λ) :=
{
x1µ y

∣∣∣ x ∈ S−n,r , y ∈ S+n,r , µ ∈ Λn,r s.t. µ > λ
}

,

then Sn,r(≥ λ), Sn,r(> λ) ; two-sided ideals of Sn,r .

.

Lemma

.

.

.

. ..

.

.

For λ ∈ Λn,r ,
Sn,r(≥ λ) , Sn,r(> λ)⇔ λ ∈ Λ+n,r .
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⟨
F(i,k)

∣∣∣ (i, k) ∈ Γ′⟩alg. ⊂ Sn,r ,

S0
n,r :=

⟨
1λ

∣∣∣ λ ∈ Λn,r
⟩

alg. ⊂ Sn,r ,

For λ ∈ Λn,r , put

Sn,r(≥ λ) :=
{
x1µ y

∣∣∣ x ∈ S−n,r , y ∈ S+n,r , µ ∈ Λn,r s.t. µ ≥ λ} ,

Sn,r(> λ) :=
{
x1µ y

∣∣∣ x ∈ S−n,r , y ∈ S+n,r , µ ∈ Λn,r s.t. µ > λ
}

,

then Sn,r(≥ λ), Sn,r(> λ) ; two-sided ideals of Sn,r .

.

Lemma

.

.

.

. ..

.

.

For λ ∈ Λn,r ,
Sn,r(≥ λ) , Sn,r(> λ)⇔ λ ∈ Λ+n,r .
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. . . . . .

Representations of Sn,r

Λ+n,r =
{
λ⟨1⟩, λ⟨2⟩, · · · , λ⟨t⟩

}
s.t. λ⟨i⟩ < λ⟨ j⟩ ⇒ i < j.

Sn,r = Sn,r(λ⟨1⟩) % Sn,r(λ⟨2⟩) % · · · % Sn,r(λ⟨t⟩) % 0

s.t. Sn,r(λ⟨i⟩)
/Sn,r(λ⟨i+1⟩) � Sn,r(≥ λ⟨i⟩)

/Sn,r(> λ⟨i⟩)

For λ ∈ Λ+n,r ,

∆(λ) := S−n,r · 1λ + Sn,r(> λ) ⊂ Sn,r(≥ λ)
/Sn,r(> λ) ; left Sn,r -module.

∆♯(λ) := 1λ · S+n,r +Sn,r(> λ) ⊂ Sn,r(≥ λ)
/Sn,r(> λ) ; right Sn,r-module.

.

Proposition

.

.

.

. ..

.

.

.

.

.

1 ∆(λ) ⊗K ∆♯(λ)�Sn,r(≥ λ)/Sn,r(> λ) as (Sn,r ,Sn,r)-bimodules.

.

.

.

2 ∆(λ) (λ ∈ Λ+n,r) has the unique top L(λ).

.

.

.

3
{
L(λ)

∣∣∣ λ ∈ Λ+n,r} = {
simple (left) Sn,r-module

}/
iso..
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. . . . . .

Sketch of proof of Theorem ( Sn,r � Sn,r)

Sn,r

Ũq Sn,r��

ρ̃

Ψ

�
Φ
{ ∆(λ)�W(λ) (λ ∈ Λ+n,r)

∆(λ)�W(λ) (λ ∈ Λ+n,r)
as Sn,r-modules

By induction on Λ+n,r , we have

∆(λ) �W(λ), ∆♯(λ) �W♯(λ).

{ ∆(λ) ⊗K ∆♯(λ)
∼−→ Sn,r(≥ λ)/Sn,r(> λ)

dimK Sn,r =
∑
λ∈Λn,r+

(
dimK ∆(λ)

)2
=

∑
λ∈Λ+n,r

(
dimK W(λ)

)2

= dimK Sn,r

{ Sn,r
∼−→ Sn,r .
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