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Abstract. Stochastic comparisons of lifetime characteristics of relia-
bility systems and their components are of common use in lifetime analysis.
In this paper, using Harris family distributions, we compare lifetimes of two
series systems with random number of components, with respect to several
types of stochastic orders. Our results happen to enfold several previous
findings in this connection. We shall also show that several stochastic or-
ders and ageing characteristics, such as IHRA, DHRA, NBU, and NWU,
are inherited by transformation to Harris family. Finally, some refinements
are made concerning related existing results in the literature.
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1. INTRODUCTION

Clearly, the lifetime of any reliability system depends on the lifetime of its
components. Thus, in practice, to compare stochastically the lifetime of two sys-
tems, we need to compare the lifetimes of their components. The Harris family of
distributions is a known family for the lifetime of a series system. It was introduced
by Aly and Benkherouf [K] as a generalization of the Marshall-Olkin family. The
Marshall-Olkin family of distributions is better known as the family with a tilt
parameter. It was introduced by Marshall and Olkin [25] and was obtained as the
proportional odds family (proportional odds model) by Kirmani and Gupta [Z3].
However, it was first proposed by Clayton [I5].
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The aim of this paper is to focus on the Harris family and stochastically com-
pare such lifetime systems with each other. We recall that the Harris family is con-
structed by combining the Harris probability generating function (pgf) introduced
by Harris [21] and a baseline distribution function. More precisely, a survival func-
tion of the family is defined as

OF%(z) \V*
1 — 0Fk(x) ’
—0<r<0o0, 0<f<o0, §=1—-6, k>0,

(1.1) H(x;0,k) = <

where F'(x) is called the baseline distribution function (df) and 0 is called the tilt
parameter. It is easily seen that hazard rates corresponding to F'(x) and H (z; 0, k),

namely, 7r(-) = f(:)/F(-) and rz(-; 0, k) = h(-;0,k)/H(-; 0, k), are related by

(1.2) v (a0, k) = I_Tg%%,

—oco< <00, 0<h<o0, =1-6,k>0.

Clearly, rg(z; 0, k) is shifted below (6 > 1) or above (0 < 8 < 1) rp(z). When
k = 1, a Harris family distribution reduces to a Marshall-Olkin distribution.

In reliability terms, a random variable (rv) X, with Harris family distribution,
can be considered as the lifetime of a series system with independent and iden-
tical (iid) component lifetimes Y7, Ys, ..., Yy, with df’s F', when the number of
components, [V, is itself a Harris rv independent of Y;’s.

Recently, Batsidis and Lemonte [IT] discussed another method of construct-
ing the Harris family of distributions. They revealed that the Harris family of dis-
tributions is a proportional failure rate model which is obtained from a modified
Marshall-Olkin distribution. Then, they provided several results in connection with
behavior of the failure rate function for the Harris family and discussed their cer-
tain stochastic orders. Al-Jarallah et al. [7] presented a proportional hazard version
of the Marshall-Olkin family of distributions as [H (+; #,1)]" and investigated like-
lihood ratio order in this model.

Our aim is to compare a Harris family distribution with its baseline distribu-
tion, with respect to several stochastic orders. Stochastic orders are important tools
for comparing probability distributions and play a great role in statistical inference
and applied probability. Frequently, they are applied in contexts of risk theory,
reliability, survival analysis, economic and insurance. For instance, recently, Bar-
toszewicz and Skolimowska [I0U], Btazej [[4] and Misra et al. [27] studied preser-
vation of stochastic orders under weighting. Benduch-Fraszczak [3] investigated
preservation of stochastic orders and the class of life distributions in the propor-
tional odds family. Then, Maiti and Dey [24] applied the result of stochastic orders
of [3] to the tilted normal distribution. Nanda and Das [29] studied stochastic
orders in the Marshall-Olkin family. Aghababaei and Alamatsaz [B], Aghababaei
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et al. [4] and Alamatsaz and Abbasi [H] were concerned with stochastic compar-
isons of different distributions with their mixtures.

There is no theoretical basis for choosing the baseline distribution and its tilt
parameter in a Harris family distribution. Therefore, it is important to see how a
Harris family rv responds to the change of the baseline distribution and tilt pa-
rameter. This paper mainly investigates how the relations between tilt parameters
or baseline distributions affect stochastic orders between two given Harris fam-
ily distributions. Considering the utility desired, we are able to choose a baseline
distribution and the tilt parameter.

Abbasi et al. [[]] compared two Harris families with different tilt parameters
using stochastic orders. In this paper, we are concerned with four types of stochas-
tic orders: simple stochastic orders, shifted stochastic orders, proportional stochas-
tic orders and shifted proportional stochastic orders. In Section &, we shall sum-
marize some useful relations among stochastic orders to be used in the sequel. In
Section B, we consider a baseline distribution and compare the two corresponding
Harris family distributions, with different tilt parameters, with respect to several
stochastic orders. In Section B, it is observed that certain stochastic orders of the
baseline distribution are preserved by transformation to the Harris family with the
same tilt parameter and vice versa. Finally, in Section B we prove that certain age-
ing characteristics, such as increasing failure rate average (IFRA), decreasing fail-
ure rate average (DFRA), new better than used (NBU) and new worse than used
(NWU), are preserved by transformation to the Harris family. Thus, our results en-
fold all findings on stochastic orders of [19], [200], and [73] as special cases. In our
investigations, we also reveal that Theorem 2.2 of [20] is valid only if the support
of the tilt parameter is corrected. Hence, their result in Theorem 2.3 is not true as
it is.

2. STOCHASTIC ORDERS AND CLASSES OF LIFE DISTRIBUTIONS

Let X and Y be rv’s with df’s ' and G, survival functions (sf) F' and G,
probability density functions (pdf) f and g, hazard rate functions rr and rg, re-
versed hazard rate functions 7 (= f(-)/F(-)) and 7 and supports Sx and Sy,
respectively. The lower and upper bounds of supports are denoted by [, and u._. In
this paper, we consider F~!(u) = inf{x : F(z) < u}, which is called the quan-
tile function. Also, throughout the paper, “increasing” is used in place of “non-
decreasing” and “decreasing” is used in place of “non-increasing”. In what follows,
some known stochastic orders and classes of life distributions, used in this article,
are recalled and their important properties are stated. For more details, we refer to
[’R] and [3T].

A. Usual stochastic orders

(a) X is statistically smaller than Y (X <4 Y) if F'(z) < G(z) for all x €
(—00,0).
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(b) X is smaller than Y in the likelihood ratio order, denoted by X <, Y, if
g(x)/ f(x) increases in x over the Sx U Sy.

(¢) X is smaller than Y in the hazard rate order, denoted by X <, Y, if
rp(x) = rg(x) forall z € (—oo, 00).

(d) X is smaller than Y in the reversed hazard rate order, denoted by X <,
Y,if rp(z) < 7e(z) forall z € (—o0, 00).

(e) X is smaller than Y in the expectation order, denoted by X <g Y, if
E(X) < E(Y), where expectations are assumed to exist.

(f) The mean residual life (mrl) function of X is defined as m(t) = E(X — t|
X >t) fort < t*, where t* = sup{t : F(t) > 0}. If m and m* are mrl functions
of X and Y, respectively, then X is smaller than Y in the mrl order, denoted by
X < Y, ifm(t) < m*(t) for all ¢ or, equivalently, if ftoo F(u)du/ ftoo G (u)du
decreases in t, when defined.

(g) X is smaller than Y in the convex order, denoted by X <., Y, if for every
real-valued convex function ¢(-) defined on the real line, E(4(X)) < E(¢(Y)).

(h) For non-negative rv’s, X is smaller than Y in the Lorenz order, denoted by
X <poren: Y, if Lx(p) = Ly (p) for all p € [0, 1], where

Lx(p):M 0<]9<1
féF*l(u)du’ ’

is the Lorenz curve of X.
(1) Zimmer et al. [32] defined the log-odds function of an rv X by

Fx
LOx(t) =In =
x () nE

and introduced a new time-to-failure model based on the log-odds ratio (LOR)
function. The LOR function of an rv X is defined by

_d _ S rx(®)
LORx(t) = gLOx(t) = F(t)F(t) = 0 .

We say that X is smaller than Y in the LOR order, denoted by X <ppor Y, if
Ix <ly,ux < uy and LORx(t) > LORy(t) forallt € (ly,uX).

(j) X is smaller than Y in the dispersive order, denoted by X <gip Y, if
FYB) — F1(a) < G7YB) — G'(a) whenever 0 < o < 3 < 1, or, equiva-
lently, if G~'F () — @ increases in x.

(k) X is smaller than Y in the convex transform order, denoted by X <. Y, if
G~!F(z)is convex in x € Sy.

(1) For non-negative rv’s, X is smaller than Y in the star order, denoted by
X <, Y,if G71F(z)/x increases in x > 0.

(m) For non-negative rv’s, X is smaller than Y in the super-additive order,
denoted by X <4, Y,if G'F(t +u) > G 'F(t)+ G 1F(u) fort > 0,u > 0.
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(n) X is smaller than Y in the ageing intensity order, denoted by X <47 Y,
if forall z > 0,

B. Shifted stochastic orders

(0) X is smaller than Y in the up likelihood ratio order, denoted by X <;1 Y,
if [X —t] X >t] < Yforallt > 0 or, equivalently, if g(z)/f(t + x) increases
inz € [ly,ux —t].

(p) X is smaller than Y" in the down likelihood ratio order, denoted by X <;,|
YV,if X < [Y —t|Y >t for all z > 0 or, equivalently, if g(t + x)/f(z) in-
creases in x € [lx,uy — t].

(@) X is smaller than Y in the up hazard rate order (up reversed hazard
rate order), denoted by X <ppq (Sppp) YV, ifforallt > 0, [X —t | X > t] <pyr
(<) Y or, equivalently, if G(x)/F(t + x) (G(x)/F(t + x)) increases in = €
(—oo,uy) forall t > 0.

(r) X is smaller than Y in the down hazard rate order (down reversed hazard
rate order), denoted by X <p,| (<pp)) Y, ifforallt > 0, X <p, (<pp) [Y — 1]
Y > t] or, equivalently, if G(t + z)/F(z) (G(t + x)/F(x)) increases in z > 0 for
allt > 0.

C. Proportional stochastic orders. Belzunce et al. [T7] and Ramos Romero
and Sordo Diaz [BU] have introduced the proportional likelihood ratio, proportional
hazard rate and proportional reversed hazard rate orders as follows. Let X and Y
be continuous and non-negative rv’s. Then

(s) X is smaller than Y in the proportional likelihood ratio order (plr) (pro-
portional hazard rate order (phr), proportional reversed hazard rate order (prh)),
denoted by X <pir (Sphr, <prp) Y, if forall 0 < XA < 1, AX <jp (Spp, $pp) ¥V
or, equivalently, if g(Az)/f(z) (G(\z)/F(x), G(A\x)/F(x)) increases in z for all
0< AL

D. Shifted proportional stochastic orders. Jarrahiferiz et al. [22] have intro-
duced the shifted proportional likelihood ratio order and shifted proportional haz-
ard rate order for continuous and non-negative rv’s as follows:

(t) X is smaller than Y in the up proportional likelihood ratio order, denoted
by X <pipp Y, if [X —t | X > t] <, Y or, equivalently, g(Ax)/f(t + z) is in-
creasinginz € (Ix —t,ux —t) U (ly /A, uy/\) forallt > 0and 0 < A < 1.

(u) X is smaller than Y in the down proportional likelihood ratio order, de-
noted by X <, Y, if X <y [Y —t|Y > t] or, equivalently, if g(Az +t) f(x)
is increasinginz > Oforallt > 0and 0 < A < 1.

(v) X is smaller than Y in the up proportional hazard rate order, denoted by
X <pnry YL if [X —t | X > t] <pnp Y or, equivalently, if G(Az)/F(t + z) is
increasing in z € (0, uy /A) forallt > 0and 0 < A < 1.
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(w) X is smaller than Y in the down proportional hazard rate order, denoted
by X <ppr| Y, if X <ppp [Y —t| Y > t] or, equivalently, if G(Ax + t)/F(z) is
increasing inx > Oforall¢ > 0Oand 0 < A < 1.

E. Classes of life distributions

(a) X has the increasing likelihood ratio (I L R) (increasing failure rate (I F'R),
increasing reversed failure rate (I RF' R)) property, denoted by X € ILR (IFR,
IRFR), if

X <t (Shrps Senp) X

or, equivalently, if f(z)/f(z +t) (F(x)/F(z +t), F(x)/F(x + t)) increases in
x for any ¢t > 0 and X has the decreasing likelihood ratio (DLR) (decreasing
failure rate (DF'R), decreasing reversed failure rate (D RF' R)) property, denoted
by X € DLR (DFR,DRFR), if X <jp| (<pr,<ppy) X or, equivalently, if
fx+1)/f(x) (F(x+1t)/F(z), F(x +t)/F(z)) increases in x for any ¢ > 0.

(b) X has the increasing proportional likelihood ratio (I PLR) (increasing
proportional failure rate (I PF' R), increasing proportional reversed failure rate
(IPRF)) property, denoted by X € IPLR (IPFR,IPRF), if X <p (<phr,
<prn) X or, equivalently, if f(Az)/f(z) (F(A\z)/F(z), F(Ax)/F(x)) increases
inzforall0 < X < 1.

(c) X has the up increasing proportional likelihood ratio (UI PLR) (up in-
creasing proportional failure rate (U1 PF R)) property, denoted by

X € UIPLR (UIPFR),

if X <pirt (Sprr) X or, equivalently, if f(Ax)/f(z +t) (F(A\z)/F(z +t)) in-
creases in z for all 0 < A < 1 and ¢t > 0 and X has the down increasing pro-
portional likelihood ratio (DIPLR) (down increasing proportional failure rate
(DIPFR)) property, denoted by X € DIPLR (DIPFR), if X <pip| (Sphr)) X
or, equivalently, if f(A\x + t)/f(z) (F(Ax + t)/F(x)) increases in x for all 0 <
A<landt > 0.

TABLE 1. Some useful relations among various types of stochastic orders.

S = Spr = St Shrf = Shr = St
f f
Spirt = Spral = Srhp S S S S$pir) = S$phrl = Shr
) (g I \ U g N2
Splr = Sprh = Srh & S S Spir = Sphr = Shr
f f f f f f f
Spir| Sprhl = Srhl Sir] < Spir] = Sphr] = Shr)
(S J
Sst <= <ph Shr|
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(d) A non-negative rv X has IFRA (DFRA) if ( — %) In F'(t) is increasing
(decreasing) int > 0.

(e) A non-negative rv X is NBU (NWU) if F(t + u) < (>) F(t)F(u) for
t>0and u > 0.

In Table 1, we summarize some useful relationships among several stochastic
orders to be used in the sequel.

3. STOCHASTIC COMPARISON

Assume that the baseline df F'(z) in () is absolutely continuous with pdf
f(z). Then, the pdf and df associated with H (z; 6, k) in (IT) are given by

0V/k f ()
(1 _ G_Fk<$))l+l/k’

—oo< <00, 0<h <00, 0=1-6, k>0,

(3.1) h(z;0,k) =

and
OF%(z) V*
32 H(z;0,k)=1— | ——=—"— ,
—oco< <00, 0<h <00, 0=1-6, k>0,
respectively.

Batsidis and Lemonte [IT] in their Proposition 2 compared a Harris family
distribution with its corresponding baseline distribution with respect to several
stochastic and shifted stochastic orders. In the following theorem, we compare two
Harris families with respect to their tilt parameter 6.

THEOREM 3.1. Let X, Y1 and Yo be continuous and non-negative rv’s cor-
responding to survival functions F(-), H(-;01,k1) and H(-; 02, k2), respectively.
Moreover, let {0 < 01 < 1,0y > 1}. Then:

(i) [fX e UIPLR (IPLR, ILR), then Y1 <per (<pl,,, <er) Yg.

(i) If X € DIPLR (DLR), then Y1 plr (glrl) Yo.

(iii) If X e UIPFR (IPFR,IFR), then Y1 <phri (Sphr, <wri) Y2.

(iv) If X € DIPFR (DFR), then Y1 gphrl (ghﬂ“l) Ys.

Proof. We give the proof for the first part. Proofs of other parts are similar
and thus omitted. Let {0 < ¢; < 1,0 > 1} and X € UIPLR. For Y1 <pirq Y2,
it is sufficient to show that

h(}\l’, 927 kQ) _ 0;/1”62 f()\CC) (1 _ 9_1Fk1 (x + t))l/kl+1

hz 400 k) g™ fz+1) | (1 - 6,k () /et
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is increasing in « forany 0 < A < 1,¢ > 0 and k1, k2 > 0. Since X € UIPLR,
f(Az)/f(x +t) is increasing in = for any 0 < A < 1 and ¢ > 0. Also the term in
the brackets is increasing in = because

d (1 —0_1F’f1(x+t))1/k1“ _ (1 _glpkl(x+t))1/k1+l
Ao | (1= BpFP () (1= o b2 (A)) /o2

O1(ki + 1) f(x+ ) F*R =Dz 41) Aok + l)f(Ax)F(kQU()\x)}
% [ 1—0,F* (x4 t) - 1 — 0, FF2(\x)

is non-negative provided that {0 < #; < 1,62 > 1}. Thus, we have the assertion.
Our proof above also yields Y7 <, Y2, by putting ¢ = 0, and Y7 <4 Y2, by
letting A =1. m

THEOREM 3.2. Let Y1 and Ys be rv’s corresponding to the df’s H(-;01, k1)
and H(-;09,ks), respectively. If {0 < 61 < 1,00 > 1} or {0 < 01 < 02,k =
ko = k}v then Y1 <y Yo.

Proof. Y7 < Yaisequivalentto h(z; 01, k1)/h(z; 02, k2) being decreasing
in z. But, by equation (B), we have

w01, k) (OF [1 = Ok ()] /T
h(z; 02, k2)

0" ) [0y (a)] R

Thus, for any k7 > 0 and k3 > 0 we obtain

d [h(m; Gl,kl)]

dx | h(w: 02, k2)
_ i 0, k1) (@ [("72 + 16 FR () (ki + D)6 FF ()
 h(w; 02, k2) 1 — Oy Fk2(x) 1— 6, Fk ()

which is non-positive if {0 < 6; < 1,6, > 1}.
For k1 = ko = k, by equation (B), we have

hz;01,k)  (00\Y*[1— k()]
h(m;@g,k) 92 1-— élpk(l‘) '

Thus, for all & > 0 we obtain

d [h(x;el,k)

e 1 %) 80,
iz }W} —C(l’,kﬁl,@z)[ (

T 0FN@)] (1= 6 @)

where C(z;k,601,602) = (61/62)Y*(1 + k) f(z)F*~(x) > 0 is non-positive if
01 < 2. This completes the proof. m
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By Theorem B2 and Table 1, we immediately obtain

COROLLARY 3.1. Let Y1 and Yy be rv’s corresponding to df’s H(-;01, k1)
and H(-;09,ks), respectively. If {0 < 61 < 1,09 > 1} or {0 < 01 < 02,k =
k2 = k}v then Yl <h’r‘ (<7‘h7 <St? <E) Y2‘

REMARK 3.1. [t is worth mentioning that, in view of our Theorem B2, Theo-
rem 2.3 of [20] concerning the Marshall-Olkin family is not valid unless 61 > 65
is replaced by 0 > 0.

REMARK 3.2. Our results in Theorem can be viewed as extensions of
those of Theorem 3 of [13], Theorem 4 of [16] and Proposition 1 of [I'l], where they
consider the special case of k = 1, i.e., the Marshall-Olkin family. Furthermore,
our result in Corollary B for k = 1 was proved by Benduch-Fraqszczak [3] in
Corollary 2.

In the following theorem we study ageing intensity orders between rv’s Y; and
Y5 corresponding to df’s H(+; 01, k) and H(-; 62, k), respectively.

THEOREM 3.3. Let Y| and Ys be rv’s corresponding to Harris family df’s
H(-;01,k) and H(-;02, k), respectively. Then Y1 <y Y2 provided that 61 > 0s.

Proof. Y7 <47 Yo if and only if, for all x > 0, we have

1 z 1 z
- 01, )y < —————— 09, k)du, k>0,
ri(x; 61, k) {rH(lL’ 1, k)du ra(z; 09, k) {TH(U 2, k)du >

or, by equation (),

Lo 0PN e 1 BFN@) § el
rr(z) 0 1 0! | |

which is equivalent to

z 1—01FFx) 1—0.F%(x)
‘({TF(U) [1 — 01 FF(u)  1- 92Fk(u)] =0 k=0

But this is true if 6; > 65 because

d (1-0F @)\  FMaz) - Ffw)
df (1 - 9_F’“(u)> (1 —0Fk ) <0

orif (1 —60F"(z))/(1 — 0F*(u)) is decreasing in 6 when 0 < u < . Thus, we
have the result. =
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4. PRESERVATION OF STOCHASTIC ORDERS
BY HARRIS FAMILY WITH THE SAME TILT PARAMETERS

Let X3 and X5 be two rv’s with df’s F} and F5 and pdf’s f; and fo, respec-
tively. Suppose that Y; and Y5 are their corresponding Harris family rv’s, i.e., the
df’s F and F5 with baseline, respectively. In this section, we shall study several
stochastic order preservations of the baseline distribution by its corresponding Har-
ris family.

Kirmani and Gupta [23] have shown that usual stochastic, hazard rate, con-
vex transform, super-additive and star orders are preserved by transformation to
proportional odds ratio (Marshall-Olkin) family. In what follows, their results are
generalized to Harris family, i.e., for any k£ > 0 in equation (). In fact, more
generally, we have the following necessary and sufficient property.

THEOREM 4.1. X <y Xs ifand only if Y1 <4 Yo.
Proof. Itis true by Theorem 3.1 of [I] whena = 3. =

Since the Harris family of distributions coincides with weighted distributions,
with weight w(z) = 01/% /(1 — éFk(x))l/kH, by Theorem 9(a) of [9] we con-
clude that the hazard rate order is preserved by transformation to the Harris family.
The following theorem also provides a both-sided preservation for different types
of hazard rate orders. That is, by comparing lifetimes of two given systems, we
can detect which one is made of better quality components. But, in these cases, the
range of the tilt parameter values plays a restrictive role.

THEOREM 4.2. (i) Assume that 0 > 1. If X1 <phrt (Sphrs <hrt, <hr) X2,
then Y1 <phrt (Sphrs <hrts <hr) Yo

(i) Assumethat0 < 0 < LIfY1 <phrt (Sphrs <trf, <nr) Y2, then X1 <pppp
(Sphr, <hrt, <ur) Xo.

Proof. (i) Itis true by Theorem 3.2(i) of [I] when oo = 8 > 1.

(i1) For the up proportional hazard rate order, let Y1 <pp, Y2. So, for all z,
t>0and 0 < A < 1wehave rg, (z+1t;0,k) > Arp,(Az; 0, k). So, by equation
(), we have

re (z+ 1) - 1—0Ff(x+t)

“.D Arp, (M) T 1—0FFOx)

Since the hazard rate order is implied by the up proportional hazard rate order
(Table 1) and the simple stochastic order is implied by the hazard rate order, for any
randall k > 0 we have Hf(x) < HY(x). Also, by Theorem &1, Ff(z) < F¥ ().
Further, the survival function is decreasing, so forall0 < A < 1, > 0, k£ > O and
x, we get

Ff(z +1t) < Ff(2) < Ff(z) < Fy ().
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Thus, when 0 < 6 < 1, we have
—OFf(x+1t) > —0Ff(\z) = 1 —0FF(z +1t) > 1 — 0FF(\x).

Consequently, the right-hand side of inequality (&) is greater than one, which
implies g, (x +t) > A\rp, (Ax), i.e., X1 <pprp Xo, as required.

With proper choices of t or A, i.e. t = 0 or A = 1, or both, proofs for the other
parts are immediate. m

By using the counterexample 3.2 of [[I], the following counterexample shows
that the up hazard rate order is not preserved by transformation to the Harris family,
when 0 < 6 < 1.

COUNTEREXAMPLE 4.1. Let X; and X5 be two rv’s having the Erlang dis-
tributions with survival functions Fi (z) = (1 + 2z)e~%*, [y (x) = (x +1)e~* and
hazard rates rp, (x) = 4z /(1 + 2z), rp,(z) = z/(x + 1), for x > 0, respectively.
So, X1 <prt Xo. However, Figure 1 shows that for some 0 < ¢ < 1,¢ > 0 and
some z > 0, 7, (z +t;0,k) # ru,(w;0, k) or, equivalently, Ho(x; 0, k)/Hy (x +
t;0,k) is not increasing in z, i.e., the up hazard rate order is not preserved by
transformation to the Harris family when 0 < 6 < 1.

(a (b)

0 1 UL UL
0 0 0 02 04 06 0.8 1
X x

0=0.01,t=0.7and k=2 0=0.01,7=0.7and k=2 6=0.01 and k=2

FIGURE 1. (a) showing that 7, (z + ¢;60,k) # rm,(x;0,k), and (b)
and (c) showing that Hz(x; 0, k)/H1(xz + t;0, k) is not increasing in x.

COROLLARY 4.1. Let X and Xo be two rv’s with mean residual life (mrl)
functions my and mq and Harris family rv’s Y1 and Yo having mrl functions m}
and m3, respectively, such that my(t)/ma(t) increases in t. If X1 <y X2, then
Y1 <yt Ya provided that 0 > 1. The orders are reversed if m;(t) /m&(t) increases
intand 0 < 6 < 1.

Proof. By Theorem 2.A.2 of [B1], the assertion holds because if X1 <;,,; X2
and mq (t) /mo(t) increases in ¢, then Xy <p, Xo. Thus, by Theorem EZ(i) we can
conclude that Y7 <p, Y2. But by the sufficiency of the hazard rate order for mrl
order (Theorem 1.D.1 of [31]]), this implies that Y7 <,y Yo. =
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REMARK 4.1. Note that for the special case when k = 1, the log-odds func-
tion of an rv X is equal to the log-odds function of the corresponding Harris family
rv' Y. Consequently, the log-odds ratio order is also preserved by transformation
to the Marshall-Olkin family.

For the ageing intensity order, we have the following

THEOREM 4.3. Assume that X1 and Xo are non-negative rv’s. For all k > 0,
if X1 <ar Xo and X1 <p, Xo, then Y1 <y Yo provided that 6 > 1.

Proof. Letk > 0and 8 > 1. Y, <4y Ys if and only if

1 1

_ 0, k)du < —————
@ k) T w0 R < e

frHQ(u;Q, k)du
0
) it
1—-0F7(x)
———= [ rg, (u;0,k)du <
) R

But we have

1—0Ff(z) @
il 4G -0, k)d
()4 (0 k)

I _ Ak
me%Mm:—mﬁw&M:—mﬂ@+imC%W@)
0

So, we should show that

—In Fy () lln((l—éFlk(x))/G)}

@D(LJWW»[

TFy (ZL‘) k TRy (.7})
e [~ Fs() 1 (1= 0F () /6)
< (1 aRf(e) | S
Since X7 <a7 Xo, we also have
1 ® 1z
TRy (:E) %‘TFl (U)du s er(m) {TFQ(U)du

or

Equivalently, we have
—InFi(z) _ —InFy(x)
< .
rr () rry ()

On the other hand, if X; <p, Xo, forall z we have 1/rp, (z) < 1/rp,(z) and also
X1 <g Xo. Thus, FF(z) < F¥(x). So, since > 1, we have

(4.3)

1—0Ff(2) < 1 —0F%(2)
0 D 0 ‘
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Hence, we can conclude that

in (1= 6FF()/6) _ In (1~ 0FE(2)) /0

4.4
@4 (@) (@)

Now, adding up inequalities (E3) and (2.4) and multiplying the left-hand side by
(1 —0Ff(x)) and the right-hand side by (1 — 6F}(x)), we obtain inequality (Z2).
This completes the proof. m

In the next lemma we need inverses of the df and survival function of a Harris
family distribution. It is easy to verify that equations (1) and (B=2) lead to

k 1/k
4.5) H(p;0,k) = F~1 <9f9pk> , 0<p<l,

and

- - (L-pF

Equation (E-6) was observed by Batsidis and Lemonte [IT].

LEMMA 4.1. If Hi(x) = Hy(x;0, k) and Hy(z) = Ha(x; 0, k) are two Har-
ris family df’s with baseline df’s I and Fs, respectively, then H;l (H1 (m)) =
Fy Y (Fi(x)) for all z.

Proof. Thisresultcan be obtained by using the assumed form of H; together
with Hy ! which follows from equation (&8). For any k& > 0 and 6 > 0, we have

(- ()" ]/>
)k

0+06(1— Hi(x)

4.7) Hy'(Hyi(z)) = Fy! ( 1—

Thus, substituting H;(z) of equation (B2) into (1), we obtain the lemma. m

Without any restriction on the tilt parameter €, we have

THEOREM 4.4. The following orders are preserved by transformation from a
baseline distribution to its corresponding Harris family and vice versa.
(i) convex transform order,

(i1) star order,
(ii1) supper-additive order,

(iv) dispersive order.
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Proof. (i) X1 <. X5 holds if FQ*lFl(x) is convex in x € Sx,. Thus, by
Lemma B0, ;' (Hi () is also convex in z € Sy,. So Y} <. Ya.

(i1) X1 <4 X5 holds if F2_1F1(ac) /x increases in x > 0. Thus, by Lemma BT,
Hy! (Hi(z))/x also increases in z > 0. So Y7 <, Ya.

(i) X1 <gu Xo if Fy 'Fy(t +u) > Fy 'R (t) + Fy ' Fy(u) for t > 0 and
u > 0. Thus, by Lemma &1, H, 'Hy (t +u) > Hy "Hy(t) + Hy ' Hy(u) fort > 0
and u > 0. So Y7 <4 Yo.

(iv)X1 <gisp X2 if Fy 'Fi(x) — z increases in x. Thus, by Lemma B, it
follows that H{l (H1 (x)) — x also increases in x. So Y7 <gjsp Y2.

Proofs of converse transformations are similar. m

COROLLARY 4.2. If X1 <porensz X2, then Y1 <porenr Yo provided that the
function Fy ' (x)/F () is increasing for all x > 0.

Proof. If Fy *(x)/F ! (x) is increasing for all « > 0, then, clearly, it fol-
lows that Fi; ' Fy(z)/x is also increasing for all z > 0. Thus, X; <, X3 and the
Lorenz order is implied by the star order (cf. [H], p. 90), i.e., X1 <Lorenz X2-
Since, by Theorem B4, the star order is preserved by transformation to the Harris
family, we have Y1 <. Ya, which yields the Lorenz order, as required. m

REMARK 4.2. The usual stochastic, hazard rate, convex transform and star
orders are preserved by transformation to the frailty family (proportional hazard
family, cf. [26], p. 240) and to Marshall-Olkin family (cf. [23]). By combining
these facts with Remark 1 of [I1], it follows that such orders are also preserved
under transformation to the Harris family.

5. AGEING PROPERTIES

In the investigations pertaining to ageing concepts, the problem is to examine
how a component or system improves or deteriorates with age. In the reliability
context, life distributions are classified into different classes based on the mono-
tonic behavior of the failure rate and mean residual life functions. The works [Z],
[5] and [IR] proceed in this direction. Batsidis and Lemonte [IT] showed that IFR
and DFR properties are preserved by transformation to the Harris family. In what
follows, we shall show that the ageing characteristics, i.e., IFRA, DFRA, NBU and
NWU, are also preserved by transformation to the Harris family. First, we need to
recall some results.

PROPOSITION 5.1 ([26], p. 182). The following two statements are equivalent:
(i) X has IFRA (DFRA),

(il) X <.« (>«) X1, where X1 has an exponential distribution.
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PROPOSITION 5.2 ([26], p. 182). The following two statements are equivalent:
(i) X is NBU (NWU),
(i) X <sy (>su) X1, where X1 has an exponential distribution.

In the following corollary we shall investigate preservation of the IFRA, DFRA,
NBU and NWU characteristics by transformation to the Harris family.

COROLLARY 5.1. Let >1(0 <6 < 1).

(i) The IFRA (DFRA) characteristic is preserved by transformation to the
Harris family.

(ii) The NBU (NWU) characteristic is preserved by transformation to the
Harris family.

Proof. (i) Assume that an rv X has the IFRA (DFRA) property and that X
is an rv with survival function Fy(x) = e~* for z > 0. We transform F(-) to the
Harris family as follows:

_ gL/ko—=
. - - - > 0.

Hl(x767k) (1_96—k’x)1/k’ Tz 0
Let Y and Y; be the corresponding Harris family rv’s with survival functions
H(-;0,k)and Hy(-; 0, k), respectively. By Proposition BT, we get X <, (>.) X;.
But, by Theorem B-4(ii), the star order is preserved by transformation to the Har-
ris family, so we have Y <, (>.) Y1. Thus, by [00], for 6 > 1 (0 <6 < 1), Y}
has the IFR (DFR) property. Moreover, the IFR (DFR) property implies the IFRA
(DFRA) property (cf. [26], p. 181). Thus, Y7 has IFRA (DFRA), and so, by Propo-
sition B, Y7 < (>4) X1. From the transitivity property of partial order, we obtain
Y <, (>4) Xj. Thus, by Proposition B, Y has the IFRA (DFRA) property.

(ii) Let an rv X with survival function F'(-) be NBU (NWU) and X be an rv
with survival function Fy(z) = e~® for x > 0. We transform F(-) to the Harris
family as follows:

Hl/ke—x

Hy(2:0,k) = (1= G Fey1/k"

x> 0.

Let Y and Y7 be rv’s with survival functions defined in (1) and H:(-;6, k),
respectively. By Proposition B2, X <, (>s.) X1, but by Theorem EA4(iii), the
super-additive order is preserved by transformation to the Harris family. Thus, we
have Y <y (Zsu) Y1. For 6 > 1 (0 < 6 < 1), it can be easily shown that Y7 is
NBU (NWU). Then, by Proposition B2, Y] <, (>s,)X1. Due to the transitivity
property of partial order, this implies that Y <, (>s,) X1. Thus, by Proposition 2,
Y is NBU (NWU). =
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REMARK 5.1. Since the Harris family of distributions coincides with weighted
distributions with weight

01/k
(1 . éFk(x))l/k+1 )

w(z) =

the above corollary is a consequence of Theorem 3 of [IU] and Theorem 3 of [14].
Note that, by Theorem 3 of [IU], for the IFRA and NBU characteristics we should
let w(x)F(z) be increasing in x, but in our Corollary 51 we have a larger class
of 0 values with no restriction on k and x.

6. DISCUSSION AND CONCLUSION

The hazard and lifetime in a series system with variable number of compo-
nents, model (), are functions of a tilt parameter. So, a proper choice of the range
of values of this parameter plays an important role in optimization of the systems
lifetime. In Section 3, we indicated how a lower risk (hazard rate order), longer
lifetime (usual stochastic order), higher likelihood ratio (likelihood ratio order),
etc. can be achieved by a system comparing to its components by a proper choice
of the tilt parameter values. In Section 3, we also discussed how one can distinct
the optimum case of two systems using their tilt parameters. Section 4 determined
when a stochastic order between components is preserved by their corresponding
systems and, more interestingly, vice versa for the cases in which components are
not observable. Finally, in Section 5, we revealed when the ageing properties IFRA,
DFRA, NBU and NWU of components are transferred to their corresponding sys-
tems.
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