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Notations

A(g)—the von Mangoldt function.
t(g)—the divisor function.
@(q)—the Euler function.
u(g)—the Mobius function.
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e(&)—the additive character e*™.
x(n)—a multiplicative character.
f—the Fourier transform of f, i.e.,

fay=| f®e&n)de.

m=a(g)—means m=a(mod g).
d/c—means a/c where ad=1(mod ¢).
m~M—means M<m<2M.
|la|l—means L? norm of a=(a,,), i.e.,

laf} = (2 la,,,V)

e—any sufficiently small, positive constant, not necessarily the same in each occur-
rence.

B—some sufficiently large, positive constant, not necessarily the same in each occur-
rence.

L=logx..

ni(x; g, a)—the number of primes p<x, p=a(mod g).

Y(x; g, a)= Z,,g;},,sa (mod q) A(n).

Some of our results depend on a variety of assumptions scattered throughout the
paper. For ease of reference we list here the pages on which these are described.

Assumption Page
(Ay) 206
(Ay) 206
(A3) 214
(Aq) 220
(A5) 229
(Ag) 235
(A%) 237
(A7) 239

The reader should take some caution with our use of the constant £. Any statement
including ¢ is meant simply as the claim that the statement is true for all sufficiently
small positive ¢. The meaning of ‘‘sufficiently small”’ may vary from one line to the
next.
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1. Introduction

Given an arithmetic function f(n), it is natural to study its distribution in residue classes
a (mod g). One focuses on the classes a with (a, g)=1, without restricting the generality,
and expects that among these classes a reasonable function f will be uniformly distrib-
uted, such uniformity being measured by upper bounds for the magnitude of

Ax;q, @)= % f(n)-?(lq—) % fn). (L1
n=a(q) (n,q)=1

A not unreasonable goal is the estimate

Afx;q, a) <<;(15££'Ax”2|| Al (1.2)
for any A>0, the implied constant depending only on A, the result valid uniformly in g
in a range as large as possible. In view of Cauchy’s inequality it is natural to regard
(1.2) as saving ¥4 from the “‘trivial’’ estimate.
The following examples illustrate the largest known ranges of g in (1.2) for some
basic functions:

() f(n)=14(n), the number of representations of n as the product of k factors,

q<x""¢ with

0,=% (C. Hooley, Ju. Linnik, A. Selberg)
0,=1+5k (J. Friedlander and H. Iwaniec [9])
0,=41 (Ju. Linnik [16])

05=2, 0o=7,... (. Friedlander and H. Iwaniec [10]).

(ii) f(n)=r(n), the number of representations of »n as the sum of two squares,
g<x?~¢ with 9=2/3 (C. Hooley, Ju. Linnik, R. A. Smith).

(iii) fln)=b(n), the characteristic function of numbers represented as the sum of
two squares. Then

X

A @) =0 (% (log x)'?

) as x — x

uniformly in g<x”® where Hx) is any function decreasing to zero as x—o (H.
Iwaniec [14]).
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(iv) f(n)=A(n), the von Mangoldt function, g<(logx)* with any A>0 (Siegel-
Walfisz theorem).

This last example, A(n), has of course received the most attention. The Riemann
hypothesis for Dirichlet’s L-series implies and is implied by

W q, a) = ?(lq—)xmu"?”). a.3)

Here the constant implied in the symbol O depends at most on ¢; thus the Riemann
hypothesis yields (1.2) for g<x!2~¢. While a proof of (1.3) seems to be out of reach by
present methods, it was shown in 1965 by E. Bombieri [1] and by A. I. Vinogradov [21]
that (1.2) holds for almost all g<x'?~%, In the form given by Bombieri, the result
yields (somewhat more than)

Y(x;q, a)— ——| << x LA (1.49)

2 g o(q)

q<Q @a)=1

for any A>0 with Q=x'"2¥"2, where B and the implied constant depend on A alone.

It was conjectured by P. D. T. A. Elliott and H. Halberstam [3] that (1.4) may hold
with Q=x'"¢ but even the result with Q=x? has not yet been achieved. Several
simplifications and generalizations of the original arguments were provided; (see, for
example, [111, [20], [22], [18]). It is now known that Bombieri's mean value theorem is
valid for fairly general arithmetic functions f(n). This is essentially due to Y. Motohashi
[18]. The crucial property required is that f can be represented as a linear combination
of convolutions of two sequences axf with the following properties.

Ay a=(a,,), m~M, M=x'"?, B=(8,), n~N, N=x®, with esd¥<l—e.

(Az) B=(8,), n~N is well distributed in arithmetic progressions to small moduli,
that is, for any d=1, k=1, %0, (k,)=1 we have

> B— > B,<<IN"x(d)* log2N)
n=l(k) k), B=1 '
(n,d)=1

with some B>0 and any A>0, the constant implied in << depending on A alone.
Under the conditions (A;) and (A,) we have

> max |A,40x: g, a)] << l|al] ||Bl| x> L4 (1.5)

q<0 @ 9=1
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with Q=x'2%"2, B=B(A)>0. The proof is a consequence of the large sieve inequality
(see Theorem 0 below)

2
<(@*+H)|CII% (1.6)

> >

q<Q x(modq)

> Cuxh)

h<H

here L* stands for summation over primitive characters.

In order to complete the proof of (1.4) it remains to represent A(n) as a sum of
convolutions ax*f of sequences with the above properties. This is a matter of combina-
torial identities which we shall discuss later.

It is the application of the large sieve inequality (1.6) that sets the limit
Q=x"2%"% and not the shape of the bilinear form axp. By this we mean that the
location of ¢ in [e, 1—¢] in (A,) is irrelevant to the proof.

In the series of papers by E. Fouvry and H. Iwaniec ([6], [4], [7], [5]) the first
successful attempts were made to get mean value theorems for arithmetic progressions
to moduli beyond x'2. The large sieve inequality (1.6) is replaced by new arguments
based on the dispersion method, Fourier analysis and Kloosterman sums, the last
appealing to results from the spectral theory of automorphic functions.

In these new arguments the parameter a is now forced to be (more or less) fixed so
we must drop from both (1.5) and (1.4) the expression max, D=1 Since, in most
applications of (1.4), a is fixed, this causes no great concern. More serious is the fact
that, for these arguments, the location of ¢ does matter.

One would like to prove, with Q=x"2*%, an estimate

D Ve Baxslri g, @) << || |Bl| x"2 24 (1.7)
qs<Q
(g, a)=1

for general weights y, and thus, in particular, for absolute values,
},q = Sgn Aa*ﬁ(x; q7 a)'

This cannot yet be done. The class of weights for which (1.7) can be shown depends on
the range of .

In this paper we enhance the former arguments to extend substantially the range of
¥ and to work out forms that were not considered before. For technical reasons only we
deal with bilinear forms which satisfy some additional constraints, see (A4) below.
From our seven theorems of this type we infer, by combinatorial arguments, the
following results.
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THEOREM 8. Let a0, 0,<1/3, 0,<1/5, 50,+20,<2, and 6,+60,<29/56. For any
numbers yql<<r(q,)", 6q2<<r(q2)” and any A>0 we have

2 2 yq, @ (w(x 4, 9, @)~

q,<x qzsx
(g195,0)=1

< x4
o(q 1‘12)> *

the constant implied in << may depend at most on 0y, 6,, a, A and B.

THEOREM 9. Let a+0, £>0 and R<x''°7¢. For any A>0 there exists B=B(A)
such that provided QR<x¥~® we have

2|2 (W(x;qr,a)— (p(’;r)> <x¥74;

r<R g<Q
(r,a)=1 |(q,a)=1

the constant implied in << depends at most on ¢, a and A.

COROLLARY 1 (the Titchmarsh divisor problem). Let a%0. For any A>0 we have

> A t(n+a) = c,(a) xlog x+c (@) x+ 0L ™),

laj<n=x

the implied constants depending only on a and A. Here we have

@ = SDLO) T (

§(6) pla —p + 1 )

and

@) =c,(a) {22 __pllogp __, _loep 5, 1}

pla (P—l)(PZ—P+1) p P _p+1

Definition. An arithmetic function A(qg) is called ‘“‘well factorable” of “‘level”” Q if
for any Q,(Q,=1, Q,0,=0Q there exist two functions i,(g,), 42(q2) supported in
[1, 0] and [1, Q,] respectively such that

MIISI, l)»zfgl and l=l]*iz.

The well factorable functions were introduced in connection with the modern
linear sieve theory, cf. [15], [7].
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- THEOREM 10. Let a+0, >0 and Q=x*""¢. For any well factorable function A(q)
of level Q and any A>0 we have

PRI (V)(x; a, a)———"——) < x¥A;
@ a)=1 o(q)

the constant implied in << depends at most on &, a and A.

COROLLARY 2. Let my(x) be the number of pairs of twin primes p, p+2 with p<x.

We then have
m,(x) < (3 +¢) Bx (log x)7?

where B=2Hp>2(1—(p—1)"2), for any £>0 and x=x(¢).

Theorems 8, 9 and Corollary 1 are new and they constitute the bulk of this paper.
E. Fouvry has informed us that he has independently proved Corollary 1 and a slightly
weaker version of Theorem 9. Theorem 10 and Corollary 2 improve the results of
Fouvry and Iwaniec of [7] and of Fouvry [5].

In Theorem 8 the constraint 58,+26,<2 is unnecessary if Selberg’s eigenvalue
conjecture [2] holds.

Our methods are capable of giving results for larger ranges of ¢, given good
estimates for certain exponential sums. We formulate the following general conjecture.

Let A,(p), 1sp<w denote the hypothesis (A,) with ||8||N'? replaced by
18|, N'~ 7 where ||8||, is the usual /, norm.

Conjecture 1. Let (A,), Asx(p) hold, a+0, A>0, r=1, s=1. There exists By=B(A)
such that

> |Asxs g, @) <<llall, 1Bl M- NI e £,
q<’:$_”1
(g, a)=1

the implied constant depending on ¢, a, A, B, r, s.

Remark. We are led to the consideration of /, norms because Holder’s inequality
features in our arguments and because the optimal employment of this depends on the
current state of the estimates for exponential sums. It is possible that Holder’s
inequality could be dispensed with. This leads us to extend the conjecture to the case
where r or s (or both) is « and in which case we define

llall.o = sup T%(n) |a(n)].
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The value of the above conjecture is limited due to the absence of plausible
methods for attacking it. The following weaker conjecture can be reduced to the
expected estimate for certain exponential sums whose arguments are rational functions
in several variables. Lemma 1 is a prototype of such an estimate.

Conjecture 2. Let £>0, (a), (B) satisfy (A,), (A,) and |a,,|<t5(m), |B,|<t®(n). For
any A>0, a+0 we have

D Apglxiq, @) <<xL74,
q<XJ/4—€
(g,a)=1

the implied constant depending on ¢, a, A and B.

2. Lemmas

In this section we state some results from the literature of which we shall have need.
The most central to our purposes is the following estimate for sums of Kloosterman
sums, cf. [2, Theorem 12].

LEMMA 1. Let go(&,n) be a smooth function with compact support in R* XR*.
Let C, D, N, R, $>0 and g(c, d)=go(c/C, dID). For any complex numbers B, denote

H(C,D,N,R,$)=D, > > BmsEEg(c,d)e(n%)
d

r~R s~§ 0<n<N ¢
(rd, sc)=1

Then, for any £>0 we have

HC,D,N,R, S)<<(CDNRS)*¥C,D,N,R, S)|B||

where
$XC,D,N, R, S)= CS(RS+N)(C+DR)+C*DSV (RS+N)R +D*NRS™',
the constant implied in << depending at most on ¢ and g(&, 7).
The next lemma is a truncated Poisson formula.

LEMMA 2. Let M=1 and let f(m) be a smooth function with compact support in
[—4M, 4M] such that

fO9my<<M™, j=0,1,...
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the constant implied in << depending on j alone. For any H=q'**M~" we have

S fim= Ef(g) e(—ahiq)+0(g™")

1
m=a(q) 9 =<n
the constant implied in O depending on € alone.

LEMMA 3. Let a%0, A>0 and 1<k<x'"%. We then have

> Amrim-a)<< = etk log»?
mlif(::lxk)
with some B=B(A) and the constant implied in << depending at most on ¢, a and A.

Proof. Apply Cauchy’s inequality and Theorem 2 of [19].

It is often convenient to work with numbers free of small prime factors. The
following result, known in sieve theory as a “‘fundamental lemma’’, is useful for the
relevant reduction.

LEMMA 4. Let D=2, z=D"* with s=3. There exist two sequences {A}}d<D and
{A;}d<D such that

VHES
{(/1- x 1) (M)=@A" % 1)(W)=1 if n has no prime factor <z

A %DM <0<t %x1)(n) otherwise

2 Ad'= H (1——;—) (1+0 (exp(—slog s))).

d<D p<z
Proof. See [8].

Our next lemma is the combinatorial identity of Heath-Brown [12]. The use of
similar identities to replace sums over primes by sums over divisor-like functions was,
in the context of the dispersion method, originally made by Yu. V. Linnik, see {17].

LEMMA 5. Let J=1 and n<2x. We then have

J
A(n)=2(—1)fC) S umy)oum) DD logn,. @.1)
J=1 m, ..., m; n )

 m<xW oo I o =N
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In the next result we give rather general versions of two famous consequences of
the large sieve inequality (1.6). The first of these is the Barban-Davenport-Halberstam
theorem, the version of Hooley [13] being not quite sufficient for our purpose. The
second is the formulation of the Bombieri-Vinogradov theorem in terms of general
bilinear forms as described in (1.5).

THEOREM 0. (a) Let (8,), n<N, be any sequence of complex numbers satisfying
the ““‘Siegel-Walfisz”> assumption (A,). For any A>0, there exists By>0 such that

2
SIS B-— > B, <IBIPNGogN)™ 2.2)

g<Q (a,9)=1 | n=a(mod q) (P( ) (n,q)=1

provided that Q<N (log NP
(b) Let (A;) and (A,) hold. For any A>0, there exists B{>0 such that

> max 18.04g0x3 4, @) << el 1Bl x> £ 4 (1.5)

g<Q (a,9)=

for any QSxm.,?_B‘.
Here in (a) and (b) the implied constants depend on A and on the constant B
occurring in (A,), and in (b) also depends on the constant € occurring in (A,).

Proof. (a) The left-hand side of (2.2) is just

2<79()z

q<Q 1¥+Xo

>.8. x(n)

n

Let x be induced by y modf where g=fe, f>1. Since

S Bam= >, By,

(n,e)=1

and ¢(fe)=e(f) p(e), we have

ssY 5 3 s 3

=0 9@ 1= PU) yimoan)

>, b w(n)

(n,e)=1

=> —(s (fSF)+S.(f>F),
e<Q

say, where IL* is restricted to primitive characters. For 2<f<F we split into progres-
sions (modf) and apply (A,) getting



PRIMES IN ARITHMETIC PROGRESSIONS TO LLARGE MODULI 213
—A'_B
> B.wn) <<, |IBI N (1og N)*75(e) £,
(n, e)=1
so that

S(f<F)<<t®(e) F|||*N (log N)™**". (2.3)

For S.(f>F) we split the sum into <<log Q intervals of the type (V,2V]. The large
sieve inequality gives

S(f>F)<<log’Q sup V'(V*+N)||BIf
F<VsQ
<< (Q+NF) |||l 1og’ Q.
Thus, for some B,=B,(B) we have
S << ||B||* (log @)% {NF* (log Ny 4" + NF '+ 0}.

Taking B;=A+B,, A'=2B, and F=(logN)B‘, we get (a).
(b) We have

g =S
A,p(x; 9, @) e > i@ (; a,,,x(m)) (2 ﬁ,.x(n)).

1*¥xo

We reduce to primitive characters as in (a). The left-hand side T of (1.5) is thus bounded
by

> B,wn

(n,e)=1

Z a,, Y(m)

(m, e)=1

1 1 o
s 2 <p(f),,Z

e<0 P 2,520 (modf)

2.4)

- (7(15@( FSF)+T(f>F),
e<sQ

say. By Cauchy’s inequality

212
Te(st)s{ >3 S a.um }
2<f<F (p(f) p(modf) |(m,e)=1 (25)
21122
1 *
{52 5| 5 s
{2stsF @(f) w(gm (n,e2>=1ﬂ

Here, the multiple sum in the second parentheses is just S.(f<F) from (a) and to this
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we again apply (2.3). To the first multiple sum we apply the large sieve inequality (1.6).
Together these yield, provided that F<M'?,

T (f<F)<<||a]| ||| x"*t5(e) F**(log N)™*". (2.6)

We split the sum T.(f>F) into intervals V<F<2V. To each of these we apply Cauchy’s
inequality getting an expression like (2.5). Now we apply (1.6) to both sums in
parentheses. In this way we get

T,(f>F) << (log’Q)lla}||I8l] sup V '(V+M)"*(V:+N)"*
FsV<Q (2.7)

<<(log2 Q) “a“ "ﬂ” (Q+MIIZ+N1/2+M|/2NI/2F—I)_

Choose B,(B) so that

2 7(e) << £
esQ (p(e)

Take B,=A+2, F=%"(<M"?), A'=3A+B,+3. Combining (2.4), (2.6) and (2.7), we get

the result.

. 3. A generalization of the problem

We consider the somewhat general sum

aM, N0 R= vl Sab-——=3 a8, G.1)

a~Q r~R m~M n~N Pqr) o =m an
(qr,a)=1 mn=a(qr) (mn, qr)=1

with coefficients a,,, B, satisfying (A,), (A,) and the coefficients y,, 0, satisfying
(A3) lyd<t@? 16]|<t("?, OR<x.

Our aim is to prove the following upper bound
DM, N, Q, R) <<, ||a|| |18l x> L4 (3.2)

with any A>0 under certain constraints on M, N, O, R and on the sequences (a,,),

Bn)s 79, (6.
By Cauchy’s inequality we obtain
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P*M, N, Q, R <||6|’|lal]P AM, N, Q,R)

where

r~R m~M q~Q n~N (p(qr) n~N
(r,am)=1 \_(q,am)=1 mn=a(gr) (n, gr)=1

AMN,Q.R) =, 2{ > yq< > b X ﬂn)}z

with the aim of showing that for any A>0
AM, N, Q,R)<<||BI>xR~'£~4. (3.3)
Now we enlarge AM, N, @, R) a bit by introducing a smooth weight function
f(m)=0 in front of { }* such that
fim)=1 if m€M,2M)
fim)=0 if mé&[iM,3M)|
fAm)y<<M7, j=0,1,....

In this way we obtain a smooth majorant $*(M, N, Q, R). This is necessary for the
application of Lemma 1 and simplifies other aspects of the treatment. Squaring out in
F*(M, N, Q, R) we obtain

P =L -2%+S 3.4
where $,=%{M, N, Q,R), i=1,2,3 are defined by

$i=2 Zf(m)( DR ﬂn)z.

(am, r)=1 (g, am)=1 mn=a(qr)

H=3 Dfm 3T, L 5T g5,

amimt amgyayet P i
(g1

and

#-3 Ssm( 3 Lo 3 4).

(am,r)=1 (am, g)=1 !p(qr) (n, gr)=1
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Here we omitted the constraints r~R, g~Q, n~N for notational simplicity, so they
have to be remembered in the sequel.

We shall evaluate &, &% and &; separately. The above elementary arguments
constitute the underlying idea of Linnik’s dispersion method [17].

4. Evaluation of ¥;

We begin with the evaluation of the simplest sum. By Poisson’s formula (Lemma 2) we
get

) =i”§,i)f(0)+0(r(b».

(m, b)=1
This yieids
P =£(0) X+Rs 4.1)

where

X= z 2 2 (I)(ql"h’r)y‘h quE 2ﬂ"l’B”Z

(a,rq qp)=1
172 (n;, q;r)=1

and ®(q1, g2, N=@(q1 g2 )/q1 g2 rg(q, 1) (g2 ¥). The error term R; is bounded by
Rs << N||B|PR' L2 4.2)

which is admissible for (3.3).

5. Evaluation of %,
We have

y2= E 2 yqu‘h E ﬂ"l 2 ﬂ”zyz(nl’nz’ql’qz)

(g9, 2)=1 (11, g9)=1 (ny, g)=1

where

Fny,ny,9,,9) = Z ! E f(m).

R<r<2R (p(qZ r mn;=a(q,r)
(r,an; ny))=1 (m, g)=1
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The constraint (m, g»)=1 is relaxed by means of the Mébius inversion formula giving

Dfm= > ue > fom). 5.1

vigp. (v, ¢, =1 vmn =a(q,r)
The terms with v>x?¢ contribute to %, by Lemma 3
0(||ﬂ||2R_1x“€) (5.2)

which is acceptable for (3.3). Let v<x®. By Lemma 2 the innermost sum is equal to
1 o h vn, 1
f(—) e (—ah—) +0 (—)
vq, r |h%10 vq,r q,r OR

where Hy=x*QRM™'. By the ‘reciprocity’ relation

> fom)=

m=avnq,r)

—ah—=ah
a,r vn, vnqr

W ah

(mod 1)

we get

1 2 h q,r 1 1
;f(vm) e ,;%J(V(h’r) e (ah o >+0< OR + xl_e).
Here the error term O((QR)™'+x°"!) contributes to % at most O(||B|*R™Nx®)
which is acceptable for (3.3).

We first sum up the main terms f(O)/vq1 r, i.e. the terms with A=0. The restriction
v<x?* can be relaxed at the cost of the error term (5.2). Having done this the resulting
total sum proves to be f(O)X .

The remaining terms contribute to %(ny, na2,q1,q>)

L3 M S s L) (0T
2 V' o<ln=H, R<r=2r T (g, \vqr vn,
gy, (v, q)=1 (r.avny ny)=1

The innermost sum is essentially an incomplete Kloosterman sum. In order to estimate
this we use the following result which easily follows from the A. Weil upper bound for
complete Kloosterman sums

S e (b i) << <c‘/2+ml)) (ck". (5.3)
1<d<D ¢ ¢
d, ck)=1

15—868283 Acta Mathematica 156. Imprimé le 15 mai 1986
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Using the formula
dg _ _gq -1
¢(dQ) ‘P(Q) . q)=1,7%d

where n* denotes the product of all prime factors of # by (5.3) we first deduce that

S oda, (bi> << (.:‘*‘%MD) (ckqD)
1272p Pldq) ¢ c
d, ck)=1

from which by partial summation we obtain
1 @7  h aqr M( 1”2 R)
— h <<— | N"*+(h,n))— ) x*.
2 r <P(Qz’)f<"‘12’>e(a V”n) R ( I)N

R<r<2R
(r,avn ny)=1

Gathering the above results together we conclude that
%, =fO)X+R, (5.4)
with the error term R, bounded by
R, <<||BI(QR™'N*+ Q) x*+||B|*R'x'~".
This bound is acceptable for (3.3) provided that

N ol % -t 1—¢
< E x¢ and QR<x".

These constraints will turn out to be weaker than those imposed when evaluating ;.

6. A truncation of &,

The evaluation of ¥, is the most difficult and it involves the key arguments. Before
applying them, in this section we reduce the range of the summation by elementary
means. By definition we have

.9’,=2 Zf(m) 2 D Veve > 2 BB

(am, r)=1 (am,q'q")=1 mn=a(q'r)
mn,=alq’r)

Letting qo=(q’, 9", 91=q'/90, 92=q"/q0 We get
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% =2 2 2 z Yaya,Va0q, 2 2 ﬂnlﬂnz z f(m)

(@, qgr)=1 (qp,qp=1 (n;, qgq;N=1 m=u(qyq 4, 7)
(a, q,9))=1 nyEn,(qyr)

where u(mod goq; g2 1) is a common solution of

uny=a(modqoq,r)

6.1
uny=a(mod qoq,r). ©.1)
Let us impose the following condition
xXR<N 6.2)

which could already be anticipated from (3.3); it ensures us that there are enough terms
in AM, N, Q, R) to produce a considerable cancellation.

We first estimate trivially the contribution of terms with go>Q, where Qo will be
chosen later. By Cauchy’s inequality we deduce the following

160>00<< 3 ST Shad 3 B b 31

0<qy<2Q r~R m ny=ari(gyq,n ny=ari(qyq,r)

By (A;) and by Lemma 3 we obtain

2 2<< 2 t®(mn—a) t%(q,)
H m

n=arn(qyr)

<<N(gyr) ' LB+x << N(Q,R) ' &5,

provided Qy<x*. This and (As3) imply
(20> Q) << N(Q,R)'L2 > > |8 frP(mn—a).

Finally, again by Lemma 3 and by (A;), we get
F1(go> Qo) << ||BII*x(QoR)~1.£5.
This bound is admissible provided
Qo= PA+E 6.3)

which we henceforth assume.
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In a much similar way we estimate trivially the contribution of terms with
(n1, n2)=ng for some ny>N,, say. Namely we have
Fi(ng> No) << ||BI*x(NoR) ™' £B (6.4)
provided No<x?. We take

Ny=gA+E 6.5

so (6.4) is admissible.
Now, define (M, N, Q, R) to be the partial sum of %,(M, N, @, R) restricted by

qo < Qo, (6.6)
nosNo. (67)

Therefore ¥5 differs from &, by an admissible quantity (3.3).
From now on we impose a new condition on 3,, namely

(A4) B,=0if n has a prime factor <N,.

This assumption is not crucial (see [7]) but it greatly simplifies the congruences (6.1).
Due to (A4) and (6.7) each pair ny,n, in &f is coprime. Due to (A,) the terms in ¥}
with n, 1, not squarefree can be removed with admissible error as in (6.4). We write
the resulting sum ¥¥* as

> D D teatan D Wmn)B B, > fm). (68

20=Q r~R (g1, 97)=1 (n;q5,n,9)=1 m=p(qyq,4,")
(@,49919,N=1 n=ny(qyr)

To the innermost sum we apply Lemma 2 giving
2 h —uh
> f(m)——{Zf( )e( Z )+0(1)}
m=u(qyq, 4,7 D197 L= \9o91927 409, 9,

H=x"M"'Q°R. (6.9)

with

Here, by (6.1), we have

n—n, n
K a— e 2q1+ a (mod 1)

dod19,7 qyr niq, 4qy49,4,rn,
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whence

_ n,—n, n
e( uh >=e(ah 2~ 2‘11>+0( |lah| )
QDT qor nq, qpd19, 71

Since f<<M this yields

S fme— f(;_h_><,,_;_ ﬁq_n)w(xh-,).

m=u(dq g, 4,r) DU D" pea \ D99 Q" M9
6.10)
Finally, insering (6.10) into (6.8), by Lemma 3 we obtain
P, =£0) Z+ R+ O(|B|PxR™' £ ~4) (6.11)
provided
NQ?*R<x*"¢, 6.12)
where
= quql y‘loqz 2
F= 2, 2 2 X 3 )b, b, (6.13)
%<Qy R (q),q)=1 0TL1I2" (n,q),n,q)=1
(@.999,9,1=1 n=n,y(qyr)
and

y‘loql yqo‘h
— 2
=2 2 0t NS BB, p,
q0$Q0 r~R (qlqu)=l q()q] q2 ("1‘12; "qu)=l
(@, 9p9,9,7)=1 n=ny(qyr)

. n,—n, n
X 2 f( h )e(ah 2 ! qu).
1=t \ Do 927 qQyr nq,

Now it remains to evaluate ¥ and to estimate &,;.

6.14)

7. Evaluation of ¥

In this section we prove that Z is asymptotically equal to X, apart from the admissible
error term

O(BIPNR™'&™4). (7.1)
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This result is essentially of the type of the Barban-Davenport-Halberstam theorem and
rests on Theorem 0.

We remove from & the factor u%(n, n,) and the condition (n,, n2)=ne=1 at the cost
of the admissible error term (7.1). The arguments are the same as those for (6.4). Thus

A DR W I WAT S

20=<Q R (g.qp=1 0D DT igyn | n=llgyn n=l(gy")
(a, 999, 9,1)=1 (n, g))=1 (n, q))=1

+O(|BIPNR™'E74),

where L* stands for the summation over the primitive residue classes.
By (A,), Theorem 0 yields

2
SIS p-— 3 8, <IBINGogN)™ 7.2)
k<k Wk | n=i P(k) (n, gh)=1

(n,q)=1

for any A>0 provided that
K<N(logN)~ 3@, (7.3)

the constant implied in << depending on A alone. Applying (7.2) with K=2Q, R (as we
may by (6.2) and (6.3)) we deduce by (A;) that

= %,+O(|BPNR~' &) (7.4)

where

£=3 SO Jmlee_$ 5 44

=0y R (guayt 0D DTPG") 7 O,
(@, g9q)9,7)=1 (3, qyqy =1
Finally, extending the summation over all g, we get
&= X+O(H,B||2NR"'££‘A), (7.5)

the error term being estimated by the same arguments as those for (6.2). Gathering
together (7.4) and (7.5) we get what we claimed.
Now, if we insert the results (4.1), (4.2), (5.1), (5.2) and (6.11) into (3.4) we see that
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the main terms f(0) X disappear throughout and we are left with %, and with a couple of
admissible error terms (satisfying (3.3)). In the three next sections we give three
treatments of R, getting the admissible upper bound

R, << ||B|PR™1x*- (7.6)

for different ranges of the parameters M, N, Q, R.
' For notational simplicity we write B, in place of u*(n) 8, remembering that from
now on the support of 8, occurring in %, is restricted to squarefree integers.

8. Estimation of %,;. First method

The method begins with the arrangement of R, in the following way
2-3..3|S3
9

In order to separate the variables h, g, from the remaining ones we first compute

. 3.1

fhigya,q,7) =qqua,r f f(&qyq, 1) e(Ehlq,) dé.

Next we put k=(n,—n;)/qer, thus 1<|k|<K where K=N/R and (qok,n;n;)=1,
n1=ny(qolk|). Then, by (6.14) it follows that

R<4 D D D lawl 2 D 1Baal

9o<Qy 1<k<K ¢, (ny 3, np)=1
ny=n,(go k)
N i h n,q
x| fléqoq,n 2 2 Ly (—E—) e (ahk——2 2 ) dE.
- : 1sh<H (g an q)=1 D q, n.q,
Hence, by Cauchy’s inequality and by (A,) we get
R, << x*MQ~¥?R7"||B|I* sup £(4NQ, 2N, K, H, 2Q) 8.2

where by defintion

AC,D.KH Q=D > >

1<e<C Isd<D Isk<sK

2

’

dq
z 2 a(h,q)e(ahkT)

1sh<H 1<g<Q
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the supremum being taken over all coefficients a(k, g) with
lath, g)|< 1. , (8.3)
Now, we appeal to Lemma 1 to infer the following
LEMMA 6. Let C, D, H, K, 0=1, a*0 and ¢>0. We then have

.Qf(c, D, K, H, Q)<< (CDHKQ)E{CDHKQ+H(KQ)1/2(H+Q)1/2
X [C(Q2+HKQ) (C+DQ2)+CZDQ\/—Q_Z—:I?I?Q_+D2HKQ3]”2}

8.4
the constant implied in << depending on € and a only.

Proof. Clearly, it suffices to prove (8.4) for a modified sum having the variables c,
d reduced by a smooth weight function g(c, d) as described in Lemma 1. Squaring and
changing the order of summation we represent (C,D,K H, Q) as
H(C, D, |a|HKQ, 0% 1) (cf. Lemma 1) with the coefficients

Bnrs=Bnr= Z Z 2 z Z a(hl’ql)d(hZ’qz)-

1<q,,9,<Q Ish;, hy<H 1<k<K
a,9,=r ak(h, q,—hyq)=n

The terms on the diagonal (n=0) are not covered by Lemma 1, they contribute trivially

<<CDK Y, > Y, > 1<<CDHKQ(log2HQ)".

1<q,,q,<Q I<h h,<H
hyg,=hy 9

The terms off the diagonal (n+0), by Lemma 1, contribute

<< (CDHKQ)*#C, D, |a|HKQ, 0*,1)| Bl|

where

IBIF=>" > B,

nzl rzl

<HKQK D D > > 1

1=q,,q,<0 ! 1<h;, hy<H
hygy—hyq,=1
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=(HKQYK #{q,,q,, hy, hy, hy, hy; (hy—h3) g, = (h,—hy) q,}
<< (HKQ)K(H'Q*+H*Q).

Gathering the above results together we obtain (8.4).
Assume that

N?Q<x'"= 8.5
Then HK<<(Q, so Lemma 6 yields
SA@NQ, 2N, K, H, 20) << x*{N*°M~'Q*+ N*M~' Q"2 R2+ N'M ' Q°R"?}.
Combining this with (8.2) we end up with

%1 << ”ﬂlIZR-1x1/2+E{NQ1/2+Nl/4Q5/4Rl/4+Nl/2QRl/4} .

This bound satisfies (7.6) provided (8.5) and
NQ°R<x¥™¢, NWQ'R<x™ (8.6)
Concluding the investigations of this section we formulate our results as
THEOREM 1. Suppose (A,)(A4) hold. We then have (3.3) provided

F*R<N<x*min {x"?Q7"?, x2Q7°R~!, xQ2R'?}.

9. Estimation of &,. Second method

The method begins with the arrangement of R, in the following way
Ri=D }h: >
n

To separate the variables k, n, from the remaining ones requires more effort than
in the first method (8.1).

We first wish to get rid of the condition (r,a)=1; to this end we appeal to the
Mébius formula

. 6.1

| =
2,“(5)={ if (r, a)=1

sham) 0 otherwise.
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Hence we get

R=Du@) > 22&&3’1&

¥a =00 R (qiapmt Odd1 2"
(gs @)=1 (a,q,qp)=1
2 h ( h ny—n, "2‘11) ©-2
x(nznﬂ%ﬂﬂn'ﬂnzls%snf( 09,4, qz’)e ¢ To’ n,q, .
ny=ny(6g,r)
Now we change the variable r into k defined by
ny—ny = 0qork, 9.3)
(Oqok,nyn)=1 and ny=n(dqok). 9.4)
The remaining condition ér~R is interpreted as
qolk| R < |ny—ny| < 2qolk|R. 9.5)
In particular we have
Is|klsK 9.6)

where now K=N/qoR.

We wish to separate the variables A, n, from the remaining ones. We detect the
conditions (9.4) by means of multiplicative characters y (mod k) and ¥ (mod dqy), i.e.,
we appeal to the following orthogonality relations

1

2 () y(n) = {1 if n,=n, (modk), (n,n,, k) =1
k) x(modk)x "X =10 otherwise o

1 if n,=n, (mod dqy), (n,n,,0q,) =1
(61 Z w(nl) w(n2)= {0 hl .2 0 172 0
909y 4 (mod sqp otherwise. v

Next we detect the condition (9.5) by means of additive characters, i.e., we appeal to
the following integral relation

1 for~R

0 otherwise ©-8)

1
f e((n,—n,))a) F(a)da = {
0

where
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F@= Y  elah<<min{N, o]}

agkR<[l|=<2g,kIR
therefore

1
f |F(a)|da << log2N.
(1]

Finally, in order to separate the variables in f, we write

f(Wogya,a,7)=89ya,9,r | f(Eddyq,a,r) e(Eh) dE

—

Y
=0q,q,9," f f(&0qyq,q,7) e(Eh) d&
[}

227

9.9

with Y=3q, M/Q’R, because f has compact support in [}M, 3M]. Hence by the inver-

sion formula

Y @
f(hldgyq, 4,7V =0qyq,q,r f I f) e(€nday q, a, ) e(Eh) dn d&
0 -
Y 0
= 0qq kr f f f (Lk> e(n(n,—n,)) e(§h) dn dé.
(1] -0 ql q2

Here we notice that | f(r])|<<min {M, 17'2M"}, so

J 1G5

Now collecting the formulas (9.2)~9.11) we conclude that

R, << Y (log 2N)z 2 2 G 6q0) o® 2 2 2 2 Wavar Yaoel

dla gu<Q, 1<k<k P ¥éa) 10 (g, =1

919,
dnp=——>= dn << ——
] If( ) dn

9,19,
lkf

x > 1B >

(n7,q;)=1 Islhl<H

> B, nz)wx(nz)e(ahk )
niq,

(ny, nyqy)=1

with some |B(h, n2)|=|ﬂ,,2|. Hence by Cauchy’s inequality and by Lemma 3

R, << x*'MN"Q™"?R-*?||8|| B;*4NQ, 20, NR™', H, 2N)

where by definition

9.10)

9.11)

9.12)

9.13)
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2

BAC,D.K,HN)= Y > > ﬁ}j > o> ﬂ(h,n)x(me(ahk@)

1<c<C Isd<D 1sk<K 1K) | 1sh<H l<sn<N

9.149)

with some coefficients S(k, n) such that [3(h, n)|<|B,|.
Now, we appeal to Lemma 1 to infer the following

LEMMAT7. Let C,D, H, K, N=1, a+0 and £>0. Then, for any complex numbers 3,
we have

M(C, D, K, H, N)<< (CDKHN)’ {CDHKE 1B,
+[C(N*+HKN) (C+DN¥)+C*DNV N*+ HKN +D*HKN?]"*

12
X I:HZ(HK+N) > oln) |/3,,|4] } 9.15)

where the implied constant may depend on a and ¢ and where o(n)=L3-,(a, ).

Proof. As before it suffices to prove the result for a sum modified by a smooth
weight function g(c, d). Squaring and changing the order of summation we transform
B(C,D,K, H,N) into #(C, D, |a| KHN, N?,1) (cf. Lemma 1) with the coefficients

B, = 2 E 22 B(hy, n)) B(hy, ny).

nyny=r lsksk 1sh, hysH
&, nyn)=1,n=nyk) a(h,n,—h,n,) k=l

The terms on the diagonal (/=0) are trivially found to contribute

<<(HKN)Y’CDHK Y, |,I* (9.16)

The terms off the diagonal (/+0), by Lemma 1, contribute
<< (CDHKN)*#(C, D, |a|HKN, N*,1)||B| 9.17)

where ||B|]*Z Z |B,,*.

Let B'(/, n?) be the contribution to B,, of the terms with n;=n,=n in case r=n? and
n|l, and let B"(l, r) be the contribution to By, of all remaining terms.

For the first sum we have
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B'(, n) << |B,] # {k, h,, hy; alh,—h,)kn =1}
<< |8’ H(HKNY

and n|l or else the sum is void. Hence

> DB A << (HKNYHK D, |8, /"

I nll n

For the second sum we have

B'(,r) <<(HKNY(H+N)N"" > (n,,n,)|B, B,].

nl n2=r

Hence

> DB AP << HENY (H+N)H'N™' Y. (n,,1)18, B, B, B,
1 r

<< (HKNY' (H+N)H* Y, o(n) |8,

by Hélder’s inequality.
Gathering together the above estimates we conclude that

|1BI? << (HKNYHXHK+N) . o(n) |B,}*. ©.18)

Finally, we complete the proof of Lemma 7 by (9.16), (9.17), Lemma 1 and (9.18).

Remark. In the circumstances of &, the n’s are squarefree, so p(n)=t(n)<<n®.
This fact that n’s are squarefree will be useful (not crucial) in other situations as well.
Let us assume that

2
(A) N DI, << <2 w) :

Assume also that

Q°N < x!™ 9.19)
Then HK<N, so Lemma 7 yields

B(4NQ, 20, NR™', H,2N) << ||B|x*Q*°N* M~ {Q+RN"*+RQ"}.  (9.20)
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By (9.12) and (9.20) we get
R, << ||BIx*M2N*2QVIR-Y2{ Q"2 4 RN44+ RO,

This bound satisfies (7.6) provided Q°?N?<x'~*R, QN>?<x'~¢, and Q¥*N?<x'~%,
Concluding the investigations of this section we formulate our results as

THEOREM 2. Suppose (A;)<As) hold. We then have (3.3) provided
XR<N<x*min { (il—?—) " <5—) ” (—)-cz—) 1/4}
QZ ’ Q ’ Q3

10. Estimation of %,. Third method

This method does not depend on the factorization of the moduli gr; in other words we
assume that

R=1. (10.1)

This method was first applied by E. Fouvry in [5]; it begins with the arrangement
of Ry in the following form

Ri=> ..

In order to separate the variables in f we write

. (10.2)

PP

noom

A - ) h)dé&;
(qoq1 ‘12) 9o qu_ﬁf(&‘lo%‘lz)e(f ) d§

by (6.14) we get

%l<< E Z 2 lyqoql yqoqzl

9= (g1 a)=1

IqMQ ™2 -
x f Soeen S ﬂ,,l,snze(ahuﬁ) dE.
0 1 H

n
<hs (nyqyn,9,)=1 4o 192
ny=ny(qy)

Hence, by Cauchy’s inequality we get
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R, << x*MQ™'€Q, H,N) (10.3)

v where €4(Q, H, N) is given by
2

Z Zg(qp qz) Z e(&h) 2 2 ﬁntﬁnze(ah.nz_—n_l M)

n
(g ap=1 Ish<H (1, g9y @p)=1 99 192
7y =n, (mod go), ny¥n,

with some go=1 and some real £. Here g(q,,¢>) is a smooth function supported in
(445", 345'Q]x[445'Q. 34; ' Q)

Now we appeal to Lemma 1 to infer the following

LEMMA 8. Let H,N, 0=1, a%0, qo=1. Assume (As) and that B,=0 if n is not
squarefree. We then have

%,(Q, H, N) << (HNQY'||BlI*{HQ*+(VH +N) HNQ[N*+ HN*+QN+QV HN 1%}

(10.4)
the constant implied in << may depend on € and a at most.
Proof. Squaring and changing the order of summation we get
CQHN= > eh-h)® > B,6, > PBnbn
Ish), hy<H (ny, np)=1 (n3,n)=1
n=ny(qy) ny=n,(qq)
n,—n, Nyq n,—n, n,g
x Z z g(q,,qz)e(ah. 2~ a4, ~ah, 413 - 1).
(hydy 1y a)=1 9 M9 9 12
(nyqy, n3q)=1

Denote 6,=(n,, ny), 62=(ny, n3); thus the exponent is equal to (mod 1)

P B W 1 ngny R\ gimynfo, 0,
e 5.0, 8.0
9o 192 do 102 qyn,

(we recall that n’s are squarefree, so the above expression is well defined). This
transforms 45(Q, H, N) into four sums of the type H#(3Q, 3Q, 8|a|HN>, N3, N3) where
Nj=N or 2N, see Lemma 1, with the coefficients
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B= D BB BB D D, elh=h)d),

N<ny, ny,ny, n,<2N 1<h), hy<H

the variables of summation being restricted by the conditions nn;=s,

nz ng=(n1, n4) (na, n3)r, (ny, n)=(n3, ng) =1, n1=ny(qo), n3=n4(qo) and
ah,(n,—n,) nyn,—ahy(ng—ny)n n,=(n ny,n, n;) q,l. (10.5)

The terms on the diagonal (/=0) are not covered by Lemma 1; they contribute trivially

2
<@ D BuBuBubl > L.
(ny, ny)=(n3, ny)=1 I<h, hy,<H .
hy(ny—n) ny ng=hy(ny—ns) n n,

By Cauchy’s inequality the above does not exceed
2 2
> BEE 2 > 1

(ny, ny)=1 ny, ng~N 1<h, h,<H
hy(ny—npynyny=hyn,~ny)nyn,

Given hy,ny, n, we find that nznglhynyn,, so there are <<(HN)® values of hy,ns, ng.
Hence, the terms on the diagonal (/=0) contribute

<< (HN)*HQ?||8]I*. (10.6)
The terms off the diagonal (/+0), by Lemma 1, contribute
<< (HNQ)*$9(3Q, 30, 8|a| HN*,4N?,4N?) ||Bj| (10.7)

where

IBIZ=2 > > 1B,

=1 r s

We first give an upper bound for B,,,. By (10.5) we infer that A, is determined modulo

n nz/(nl Ry, N3 l’l4), whence

B J<<(HN+1) >, > (n,nunyn)lB, B, B, B,

=S nyny,=(n ny,nynyr
(nlv ”2)=(n3, "4)=l

=Bt

rs’
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say. Thus,
IBIP << >’ B}, > 1B
rs i
<<(HN—-2+1)H2 Z*LBnlﬁn}ﬂmlﬂm}' 2 Iﬁnzﬂmﬁmzﬂrml (nl’ ny, n3’n4)

where £* means that the range of summation is restricted by
ny Ny =m, m,,
ny, nm, msy, mym,) = m, my(n, ny, n,n,),
(ny, ny) ={ny, n)=(m;,m) =(my,m)=1.
Using (As) and two applications of Cauchy’s inequality we get
IBIF << N*(HN2+1) H||B|]°. (10.8)
Combining (10.6), (10.7), (10.8) and Lemma 1 we obtain
6,(Q. H, N) << (HNQY'|8]/"
X {HQ2+ (@ + 1) H[Q’N'N*+HNY+0°N*V N*+HN® + Q*HN?] "2}

completing the proof of Lemma 8.
From Lemma 8 and (10.3) it follows that

4 3N Q2N3 3 N 12y 112
R, <<|BiPxmMo | L + (L N EN| N EN L ont 2N .
<<t Lo (Lan) OV e B o gr [
This bound satisfies (7.6) provided Q*<x'™*N, ON3<x'~¢, Q*°N’<x¥*7¢, QN<x¥*~*,
and Q*N*<x*?~*, Assuming that N<x"® these inequalities all follow from only two, the

first and the last ones. Concluding the investigations of this section we formulate our
results as

THEOREM 3. Suppose (A1)<As) hold. Let R=1. We then have (3.3) provided
xe—]Q2< N<x5/6—5Q—4/3.

Remark. We may omit the restriction N<X"® because otherwise Q<x'>~¢ and
the result follows from the large sieve inequality (see (1.5)).

16—868283 Acta Mathematica 156. Imprimé le 15 mai 1986
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11. Special case. I

In this section we consider the following sum

AMNLR= > |3 S Sasi-— 3 > Sa.p.4 atp

r~R |m~M n~N I-L AU e Vo
(r,a)=1 mnl=a(r) (mnl, r)=1

where M, N, L, R=1, MNL=x with the aim of showing that

AM, N, L, R) << ||a|| ||BI| ||| x*2 L4 (11.2)

with any A>0 under certain constraints on M, N, L, R and the sequences (a..), (B,),
4.

The expression (11.1) is a particular case of (3.1), namely

AM,N,L,R)=9%M,NL,1,R)

with an obvious interpretation of the coefficients. We adopt the hypotheses (A»), (As)
for (8,) and the hypothesis (A,) for 4;, so the results of Sections 3-7 can be applied.
Therefore, our problem reduces to the estimation of &, which is given by (see (6.14))

1 o n,l

Ry= > — > ftwn D ﬂnlﬂnzzl,ll,ze<ahk : 12)
R T i<pu=n (1, my L)=1 Mh
(r.a)=1 nyly=ny Lr)

where H=x*M"'R (see (6.9)) and k=(n,l;—nyb)/r. To estimate R; we apply the
method of Section 9 obtaining (compare with (9.12))

R, << x"MR’IZ 2 m 2 2 ZZZW,.,AI,MJ

dla Isk<sK y(modd) y(modk) n, I} |
n,l,
X 2 Zﬂ(h, ny) yy(n,) el ahk ]
I<jh|<H n, ny by

with some |8(, n2)|=|ﬁ,,2| and K=4NLR™'. Hence by Cauchy’s inequality we get (com-
pare with (9.13), (9.14))

R, << x*MR™'K"?||B||||2]* BE*(4NL, 2L, 2NLR™', H, 2N). (11.3)

For an estimate of % we appeal to Lemma 7. Let us assume that
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L<x™*M, (11.4)
then HK<N, so Lemma 7 yields
By << xX*M~'N*L(L*+RN"+RL") ||/ (11.5)
Finally (11.3) and (11.5) yield
%1 << xchizN3/ZLR—3/2(L+Rl/2NlI4+Rl/2Ll/4) ”ﬂ"Z’”AHZ

We require this bound to be <<||B|*|IAI*R™'x'~¢ (compare with (7.6)) which is
satisfied under (11.4) and the following conditions:

N2} <x'"*R (11.6)
NL3+N3L?<x?*, L7

Then we have (11.2) provided
¥R<NL (11.8)

(compare with (6.2)). Notice that (11.8) and (11.6) imply (11.4).
Concluding the investigations of this section we formulate our results as

THEOREM 4. Suppose (A3)~(As) hold for (8,), that (A4) holds for (A), and that
(11.6), (11.7) and (11.8) also hold. Then we have (11.2).

12. Special case. II
In this section we consider (M, N, Q, R) with the special coefficients

(AG) Ay = 1.

Now ‘there is no point to using the dispersion method because we can execute the
summation over m immediately by applying Poisson’s formula (Lemma 2). We assume
the hypotheses (A,) and (A;). Before we proceed to estimate (M, N, 0, R) we replace
a,, by a smooth function a(m), say, whose graph is

a(m)

ya AN

A-x MM 2M 2M(1+x7°)
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The relevant correction in Z(M, N, Q, R) is bounded by (apply Lemma 3)

O(||B|| NY2Mx~#2), 12.1)

Now, applying Lemma 2 we get

> am=— 3 d(h)e(—ahqir)+0(g“R"‘)

m=angr) qr lhl<H ar

with H=x*QRM~! and

1 1 e
=—@a0)+O0(Q"'R! .
o(gr) (m,qz,)ﬂa(m) qr aO+0(@ ©(gr))

Hence

d _
PM,N,Q,R)= Z 2 Y% 2 B, 2 G (i) e (—ahl)+0(||/3||M”2x“2”5’2),
a~Qr~R U 2N a<p=n T qr
gr.a)=1 (n,qr)=1

In order to separate the variables in ¢ we write
4(L)=q f atga)e () ag
qr — r

DM, N, Q, R) << ||B|| M"x\2~5?

+X¥RH' D D 18,

q~Q n~N

giving

3, 3, o)

1<h<H r~R,(r,a)=1

with some real &. Hence by Cauchy’s inequality
DM, N, Q, R) << [|B]| M"2x"*~*7 + ||| x*MQ~?R~'8"%(2Q, 2N, H, 2R)  (12.2)

where

#C,D.H,R)= D>,

1<c<C l=dsD

E z o, e (ahi) ‘2
|<h<H 1<r<R cr

with |0(h, r)]<1. We have the following

LEMMA9. Let a+0, C,D, H,R=1. We then have
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&C, D, H, R) << (CDHR)*{ H*+ CDHR+ HR"(H+R)""*
x [D(R*+HR) (D+CRY)+D*CRVR*+ HR+C*HR?]"?}

the constant implied in << depending on € and a only.
Proof. This easily follows from Lemma 6 because
&C,D,H,R)< AD, C,1,H, R)+O((|la| Hlog 2RCD)?).

To see this apply the ‘reciprocity”” relation d/cr=-cr/d+1/cdr(mod 1) giving

e (ahi> =e (—ah—cr—)+0(m).
cr d cdr
This completes the proof.
Let us assume that

Q<M. (12.3)
We then have HA<R and by Lemma 9
%(2Q,2N, H,2R) << x*{ Q*R* NM '+ QR’M '[ONR*+QON*R*+ Q°R*M ]2}
Hence, by (12.2) we get
DM, N, Q, R) << ||B|| x\/>~¢M"? (12.4)

which is admissible, provided (12.3) and xX*QR*<xM, x*QR*<M?, and x*Q°R*<x’M.
Concluding the investigations of this section we put or results into

THEOREM 5. Let (A}), (Aj) and (Ag) hold. Let a%0 and £>0. We then have (12.4)
provided

M>x*max {Q, x'OR*, 'R, x*Q°R"}. (12.5)
Now, by means of Lemma 4 we extend Theorem 5 to the following sequences

1 if (m Pi2)=1
0 otherwise

(A9) a,= {

where P(z)=II,..p and z is a sufficiently small number.
Without lqss of generality we may assume that

B.=0,
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otherwise, consider the two sequences 8} =max {0,8,} and 8, =min {0, 8,} separately.

Then 1
€M, N;q,a):= D, >, @by > a,.B,
mn=a(q) Y9 (mn, g)=1
1 _
<2 Y EXb-— X 4B
dIP(2) dm~M n (p(q) dm~M n
(d,q)=1 \dmn=a(q) (dmn, g)=1
=E*(M,N;q,a)+AM, N;q),
say where
1
E*(M,N;q.a):= D, 2} > DB 2.8,
d|P(2) dm~M n (P(q) dm~M n
d, q)=1 dmn=a(q) (dmn, q)=1
and

i} 1
AM,N;q):= D, R5-27) O —— D B
4P@) amm 9@ o 5%
d, g)=1 (m,g)=1

Analogously, we have
EM,N;q,a)=E"(M,N;q,a)—AM, N;q).

From the above estimates it follows that

EM N;gal< > | X SB—— > b|+AMN;g).

d.@=1| dn~M n YD g S
d<D | dmn=a(q) (dmn, g)=1

The inner sum can be interpreted as E(d~'M, dN; q, a) with the coefficients a,,=1 and

Br=Bna for n=0(d), §,=0 for n£0(d).
Let us choose D=x*. Then, given d with 1sd<D, Theorem 5 is applicable for
9d~'M, dN, Q, R) giving (see (12.4))

Pd'M, dN, Q, R) << ||B|| x"*~¢d""*M""*
whence

z @(d-lM, dN, Q,R) << ”ﬂ”xl/Z—é‘(DM)llz << ”ﬁ”x(l—e)/ZMllz

d<D

provided (12.5) holds (with ¢ replaced by 2¢).
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Now it remains to estimate A(M, N;q). We have

Loy 1=%}-+0(—'@>

10) BT o(q)
(m, q)=1

whence

9\ are AP @)/ [ =1
d, q)=1 d, q)=1

it _
s N;g= 2[0S —=2 %“>+0(M> S B
M r(q))
< (£ —sl q)
< <qexp( sogs)+(p(q) (’I%:,ﬁ"

where s=log D/logz. Taking z<exp (log x/loglogx) we get s=¢loglogx, so

AM,N; )<< Z™40"'M D 8,

(n,q)=1

which is admissible.
Concluding the above investigations we formulate

THEOREM 5*. Theorem 5 holds if (Ag) is replaced by (A¥) subject to

2<Z0= ekp (log x/loglog x).

13. Special case. II1
In this section we consider 2(M, N, @, R) with the special coefficients

(A7) y,=1for Q<g=<Q, with 0<Q,<2Q, QR<x¥ B,
Without loss of generality we may assume that
Q’°R=<x.
To see this note that we are dealing with the equation

mn=a-+qrs

239

(13.1)

with m~M, n~N, Q<q<Q,, r~R where MN=x~(Rs. Since both g and s are counted
with weight 1 (see (A)) they appear symmetrically in & except that s runs through an
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interval dependent on m, n, r. By a subdivision argument we remove this dependence
with an admissible error term, since s~S=x/QR>%2, this lower bound being crucial to
the argument. Now, we have either Q?R<x or S’R<x and without loss of generality we
assume (13.1).

We replace the coefficients y, by a smooth function ¥(g), say, whose graph is

/S ~\
a-g;hQ 0 Q, (1+9yMH 0,

The relevant correction in (M, N, Q, R) is bounded by (apply Lemma 3)

O(led 1181l x> £°Q5 ™)

which is admissible (see (3.2) and (6.3)). Now we adopt the hypotheses (A;)—(A4) and
(A,) so the results of Sections 3-7 can be granted. Therefore our problem (to prove
(3.2)) reduces to the estimation of &, (see (6.14)). To this end we appeal directly to
Lemma 1. Writing

A h " |
T )= hiryd
f( 04, q2r> 909192 f(quqlqz)e(g r)d§

—

we get

%lz 2 j 2 V(chl)V(Q()(Iz)f@'_QQQqu)
—-% (q

‘IQSQQ ,q2)=1
(gg, a)=1 (g1 95 @)=1
1 Eh m—n mq,
X > - > BB D € =t )e| ah—=—t L | dE.
r~R (1, dy ny4))=1 I<jhl<H qo 192

(r,a)=1 ny=ny (gy")

The condition (g,q2,a)=1 can be removed by means of the Mobius formula (as in
Section 9)

S a4y 0 otherwise
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Hence

%1= E ,u((31(52) Z 2 7’(61‘IOQ1)V(62chz)f(§6162‘10(11(12)
4 62[“ 9@y —® (g1, q))=1
(gq, a)=1

«3S LIS g S

r~R (ny 49, 1y q7)=1 Islh|<H
(r,a)=1

—_ (13.2)
e(_&i)g(ah 1y 2‘11>d§.
r 0,0, qor nq,

ny=n, (gy7)

For fixed 6;, d,, go and &, the sum over the remaining variables is of the type
HC,D,N,R,S) of Lemma 1 with C—Q/d,q9, D—>Q/d1q0, N—|a|HN/d;02qoR,
R—N, and S—N, and with the coefficients B,, interpreted by

1
Bun =By > D e,
r~R, (r,a)=1 Is|hl<H
qo"("l_nz) ah(”z—n|)=(§| 62q0’l

We have |B,n1n2|<<x‘R"’|ﬂnlﬂn2| whence

IBIE:= >, > > IBy.
!

nooon,
< xER—lE 2 Elﬂn]ﬂnzBlnlnzl (133)
ngoony 1
<< x*R*H||B|I*.

Moreover, by (13.1) we have <V x and so

ﬁ( Q0 , Q , jalHN ,N,N) << x*Q*N*+x*Q’N*2. (13.4)
0,9 6,4, 0,0,q,R

Combining (13.1)<(13.4), by Lemma 1, we infer that
R << x*MQ7*#||B||
<< xeMQ—Z(QN2+ Q3/2N5/4)R—I(Q2RM_I)U2”/3“2.

This bound satisfies (7.6) provided N*R<x'"¢ and N*?QR<x'"°. The latter condi-
tion is a consequence of the former and (13.1).
Summarizing this section we have
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THEOREM 6. Let (A\)~(A4) and (A;) hold. Let a%0 and £>0. We then have (3.2)
provided

¥R <N <x*(x/R)"".

14. Special case. IV

In this section we consider the following sums

MMNLOR=3 > |3 |2 Dt-==3 31

ek it | a=0 \mema=n 9D T oaen
(r.a)=1 (,N=1 | (g,a)=1 \ Imn=algr) (mn, qr)=1

where M,N, L, Q, R=1, LMN=x, showing that
AM,N,L,Q,R)<<x!"¢ (14.1)

subject to certain constraints on M, N, L, O, R.
By clementary arguments (familiar from the previous sections) the problem re-
duces to estimating sums of the type

AM,N,L,Q,R)= > > 6,
r~R I~L
(r,a)=1 (I, r)=1

3 >SS a(m)ﬁ(n)—;(;—r) S am)Bw

(g, ah=1
Imn=a(qr) (mn, gr)=1

with |0,|<1 and a(m)=f(m/M), B(n)=f(nIN), y(q9)=f(q/Q) where f(§) is a smooth
function whose graph is '

‘ 1G]
e N
1-x~¢ 1 2 2+x7°

By Lemma 2 we have
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> am =29

am =39, L > d(i) (—ahli)+0( )
m=aln(qr) qar qr Islh|l<H qr QR

with H=x*QRM ™! and

S am= L”g’?’ld(on o).

(m, gr)=1

Hence

AyM,N,L,Q,R) (14.2)

=2 6,,2 )’(G)Zﬁ(n)— > d(i)e(_ahg_),{_o(chM—]).

~R I~L T <<y \9T
(gr, aln)=1

Here the error term is admissible provided

M > x*, (14.3)

e (—ah—’”—) =e (azh ﬂ) +O(x)
qr ain

so after separation of variables in & by means of

d(qir)wLa(sq)e(—gr—) dt

We have

we transform (14.2) into

AfM,N,L, Q,R)

fM/Q 5 2 2 0, <5h> 2 2 Y@ aq)f(nela ( h qr>

<<M(QR)"'#(N, Q, @’H, R, |a|L)+x""*

dE+O(x'™®)

where H(C, D, N, R, S) is the expression from Lemma 1 with bounded coefficients. By
Lemma 1

H << x*$|B||

where |IB|I? << HLR
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and
$2 << NL(LR+H)(N+QR)+N*QLV (LR+H)R +Q*HRL™".
Assume

N<x*QR and Q’°R<x. (14.4)
Then H<x*LR, so

F<<x(QRLN)"*(LR+NL"%"?

and QRZL 12
<< X r)” L R+NL =) +x7
AO eM( ) 1( R N)1/2 (L N 1/2)1/2 W 1-¢
<< x'"¢
provided
LR<X"?¢, (14.5)
and L'2R < Mx~¢. (14.6)

The conditions (14.4) can be removed without loss of generality. To this end we assume
that N<M, so N<x!2<x*QR because otherwise the result follows from (1.5). The
assumption Q’R<x can be removed as in Theorem 6. Thus we have

THEOREM 7. If (14.5) and (14.6) hold, then we have (14.1).

As in Section 12, using Lemma 4 we can extend the result to sums
A*(M, N, L, Q, R) say, where the variables [, m, n are free of prime factors p<z (<z).
This gives

THEOREM 7*. If (14.5) and (14.6) hold then

A*(M,N, L, Q, R) << x(logx)™4.

15. Proof of Theorem 8

We first make the trivial observation that it is enough to prove the following

> quldqz > Am- 1 > Am<<xZ™*  (15.1)

4~Q; 9,~0, x<n<lx (p(ql q2) x<€n<2x
(qy g3, d)=1 n=a(q,q,) (n, 9,4, P(2)=1
(n, P(z))=1



PRIMES IN ARITHMETIC PROGRESSIONS TO LARGE MODULI 245

with
0= xo" 0,= K
0,<13-¢, 0,<1/5~¢ (15.2)
6,+6,<29/56—¢, 560,+20,<2—¢ '

and

0,+0,>1/2—¢, (15.3)

the last constraint (15.3) being imposed because in the opposite case the estimate (15.1)
follows from the Bombieri mean-value theorem (1.4). Here z is any number <x. We
take

Z=z¢ = exp (log x/log log x) (15.4)

but, in fact, any number z with Ny<z<z, (see (6.5), (A4) and Theorem 5*) would be
equally good.

Next, we apply Lemma 5 with J=7 for any » from (15.1). By an obvious partition
of the range of summation in (2.1) into O((log x)“(A‘H)) intervals we reduce the problem
to estimating the following sums

EM,,.... MIN,,..N)= > > 7,0, AM,, ..., M|N,,...,N;q,dy,)
~Q; 4~0,
(qlqz,a)=l

where

AM,,...,M||N,,...,N;;q,a)

* 1 *
= 2 uimy) ... u(m)——— 2 p(my) ... u(m).
ml...mjnl...nan(q) (p(q) (ml...mjnl...nj,q)=1
m€ M, n,€ N, mi€ M, €N,

Here L* means that the summation is restricted to numbers free of prime factors <z,
and ;, W; are intervals of the type

Mi=[1-A)M;, M), N;=[(1-A)N;N)
with

My..M;N,...N;=x, M,...,M;<x
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and

A=
where A, is a sufficiently large constant depending on A. Our aim is to show that
EM,,...,M)|N,,...,N)<<xZ™ (15.5)

for any A,;>0 (actually A,=A+14(A,+1) suffices). To this end we shall appeal to
Theorems 1, 2, 3, 4 and 5*. Accordingly we need to represent A(M;|N;;q,a) as a
bilinear or trilinear form; this can be arranged once one groups the intervals #,, ..., #;,
N1, ..., Nj into two or three disjoint sets. The resulting coefficients a,,, b,, are convolu-
tions of the truncated Mobius function and of the constant function 1; in particular they
satisfy the hypothesis of Theorems 1, 2, 3, 4 and 5*. In this case the hypothesis (A;)
(the most crucial one) is a consequence of the Siegel-Walfisz theorem.

What is left to do is of a combinatorial nature; we must show that there exists a
decomposition of each product

M,..M;N,...Nj=x,

into blocks in the range of the variables in our previous theorems. We begin the
construction by introducing the following notation:

M=x% N=x"
with
Ospys<..su <), Osys.. sy, wy+..+utv+..+y=1 (15.6)

Next, put
0,=2(0,+0,)—-1, 0,=3-46,+0,), 0,=06,,

0s= min {%+%02_01) %(1_61)’ %_%01}9 0s= 011 Q6= %(1—02)

and introduce the intervals

0 1128 17 /5 1/4 13 25
! I[ TH3 La.l Tﬂglrb'LTHlLl .

or1te 02—€ 03t¢€ Q4—E Os+e€ Os—¢& 172
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If (15.6) has a partial sum located in one of the intervals TH1, TH2, TH3 then
Theorems 1, 2, 3 are applicable respectively. Therefore, let us assume that there is no
partial sum of (15.6) located in the prescribed intervals.

Notice that g,—e=¢+max {0,, 0,+40,—1,10,+6,,30,+40,-2}, so if v,>p,—¢ then

Theorem 5* is applicable. Consequently we may assume now that
‘V1<Q5+8. (15.7)

Next, notice that 2(p,+£)<@,—¢, so the terms of (15.6) which are <p,—¢ give in
total T with
1<01+¢, (15.8)

of course 7 contains all y, ..., 4; and possibly some of the v;’s. The remaining +’s must
be located either in

a=[g,—¢,03+¢]
or in
b=[04—¢, 05t¢].

Any two numbers v’, " in a give g3 +e<v’+1"<pg—e so v’ +v” must be in b. Moreover,
t together with any v"” from b give t+v"<gs+e+0;+e<gg—¢, so T+v" must be in b.
From the above discussion it follows that we can arrange (15.6) as a sum of partial sums

M+ H=1, L1=...2

each but at most one located in b, the exceptional one being in a. In fact the exceptional
one must exist because otherwise we would have 3<k<4 which is impossible. Hence
we conclude that the situation is the following:

k=4', 2.1,112,1365; 146(1.

In this situation it turns out that Theorem 4 is applicable with N =xl’, L=x". We verify
the hypothesis (11.6), (11.7) and (11.8) as follows:

<3(l-p,+&)<1+6,+0,—¢ because 6,+0,>i~e¢.
44,434, <], +4,+4) = J(1-4)

<i(l1-p,+£)<2-¢ because 6,+0, <29/56.



248 E. BOMBIERI, J. B. FRIEDLANDER AND H. IWANIEC

Ay+A;=2(0,—€)> 0,+6,+¢ because 50,+28,<2 and 6,<1/3, 6,<1/5.

This completes the proof of Theorem 8.

Remark. The inequality 6,+60,<29/56 cannot be improved by a refinement of the
combinatorial arguments used in the proof because of the case v,=...=v;=1/7.

16. Proof of Theorem 9

The proof is much the same as that of Theorem 8; the difference is that we appeal to
Theorems 6 and 7* instead of 1, 2, 3, 4 and 5*.
If (15.6) has a partial sum, say 4, with

0,+e<A<}(1-6,)—¢ (recall that 6, <) (16.1)
then Theorem 6 is applicable. Therefore, suppose (15.6) has no partial sum in (16.1).

Notice that 2(6,+¢)<i(1-6,)—¢, so the terms of (15.6) which are <l(1-6,)—¢ give in

total, say 7, with
1<0,+¢, (16.2)

of course 7 contains all g, ...,u; and possibly some of v;’s. Hence we conclude that
(15.6) can be partitioned as follows

i+ Antr=1,
with v,=...2v,>l(1-6,)—¢, 0,+&>7. This implies that 1<k<3. We now apply Theo-
rem 7* with M=x"' and

V2 .
N=1* if k= 2
1 otherwise

SO

1=y —» .
L= X )% Y ifkz 2} < 2042
MN |5 otherwise

We verify the hypotheses (14.5) and (14.6) as follows:

1-2(1-0,)/3+6,+3¢

LR<x < xV?t

and
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112-(1-6,)/3+6,~(1-8,)3+2¢

L”RM'<x <x75

since #,<1/10, the previous inequalities hold for sufficiently small ¢. This completes
the proof of Theorem 9. *
Corollary 1 is an immediate consequence of Theorem 9 with R=1.

17. Proof of Theorem 10

The proof is again similar to that of Theorem 8. The difference is only in combinatorial
arguments, which, due to the well factorable weights A(q) are more flexible. We apply
Theorems 1 and 2 with

R=x"*N and Q=x""%N"1,
Theorem 1 is applicable if
K76 < N < 3T+ a17.1)
and Theorem 2 is applicable if
KVT-6 < N < VT (17.2)

We now adopt the arguments of Section 15 up to the formula (15.6). If there exists a
partial sum of (15.6), say A, with

<A<

(17.3)

~—=
~lw

then the results (17.1) and (17.2) complete the proof. Suppose there is no partial sum of
(15.6) in (17.3). All the terms u; and those A,;<1/7 give in total, say 7, with

r=<l (17.4)

i

Hence v,=3/7 and Theorem 5* is applicable with
M=N,=x"zx"
and
Q R<xX"T%,
This completes the proof of Theorem 10.
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Corollary 2 is an immediate consequence of Theorem 10 and of the linear sieve
result of [15].

Added in proof (September 26, 1985). Recently the authors have extended the
methods of this paper to prove the following

THEOREM. Let a+0, A>0 and x=3. We then have

. lix
> |atq.a)-
(Gt o(q)
q<V'x (logx)*

(loglogx)®
(log x)*

where B is an absolute constant and the constant implied in << depends at most on a
and A.
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