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PRINCIPAL BUNDLE STRUCTURE
ON JET PROLONGATIONS OF FRAME BUNDLES
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ABSTRACT. In this paper, we introduce the structure of a principal bundle on
the r-jet prolongation J"FX of the frame bundle FF.X over a manifold X. Our
construction reduces the well-known principal prolongation W"FX of FX with
structure group G7,. For a structure group of J”"FX we find a suitable subgroup
of G},. We also discuss the structure of the associated bundles. We show that the
associated action of the structure group of J" F'X corresponds with the standard
actions of differential groups on tensor spaces.
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1. Introduction

The concept of jet prolongations of principal and associated bundles is a
fundamental tool in higher order differential geometry, the theory of differential
invariants, and in applications (see, e.g., Brajercik [2], Doupovec and Mikulski
[3], Janyska [4], Kolaf, Michor and Slovék [7], Kowalski and Sekizawa [9], Krupka
[11], Kures [13], Patdk and Krupka [15]). This paper is a contribution to the
structure theory of the prolongations.

One of the structure problems is the existence of a principal bundle structure
on a jet prolongation of a principal bundle. This problem was originally studied
by Kolai. His analysis was based on the works by Ehresmann and Libermann.
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For a principal G-bundle P over an n-dimensional manifold X he introduced a
new principal bundle W" P, where a structure group is the (r,n)-prolongation
of G, denoted by GJ, [5.6]. Later, a modified prolongation formula was stated
in [10], and the theory was explained in a more systematic way in [7] and [12].

The principal prolongation W7 P has found numerous applications in the ge-
ometry of differential invariants, calculus of variations, etc. In most of them,
the underlying principal bundle was a bundle F'X of frames over X. It was
shown, in particular, that many applications utilize only the subgroup LI, the
differential group, and do not require properties of the whole structure group
G . Geometrically it means, that in many applications only a reduction of G}, to
a subgroup is needed (e.g., differential invariants, natural Lagrange structures,
gauge theories). In the case of a frame bundle F'X over a manifold X it is pos-
sible to use reduction of W"FX to the bundle F"*1X of frames of order » + 1,
where the structure group G7, is reduced to the differential group L7t ([12]).

Jet prolongations of F.X are also studied by Libermann in connection with
prolongations of higher order connections [I4]. She showed that the first jet
prolongation J'FX can be naturally identified with the principal bundle of
second order semi-holonomic frames over X (see also [§]). Also a correspondence
between the bundle of semi-holonomic r-jets of sections of FFX and the bundle
of semi-holonomic frames of order r + 1 over X was described.

The aim of this paper is to study the existence of principal bundle structures
on holonomic frame bundle of order r, J"FX. Our main result consists in
finding a Lie group which defines a principal bundle structure of J"FX. The
construction gives us a reduction of the principal prolongation W"F X to J"FX.
We also study the associated actions of this newly introduced group on the
corresponding associated fibre bundles. These actions generalize the standard
tensor actions of differential groups to a broader class of type fibres.

Note that the prolongation procedure presented in this paper can be applied
to an arbitrary principal Ll-bundle P. As an example we can take a principal
L}-bundle J"P over the bundle C" P of r-th order connections of P for any r

(see, e.g., [1]).

2. Preliminaries

Let G be a Lie group, and denote by 7 G the set of all r-jets with source at
the origin 0 € R™ and target in G. T,/ G is a closed submanifold of J"(R", G) of
r-jets with source in R™ and target in G.

Let S, T € T)G, S = Jjs, T = Jit, where s,t: R™ — G, be any elements.
The rule

ST =Jy(s-t),
where (s-t)(z) = s(x) - t(z) is the group multiplication in G, defines a structure
of Lie group on 7} G.
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Let us consider the r-th differential group of R", denoted L] , which consists of
all invertible r-jets of mappings a: R™ — R™ with source and target at the origin
0 € R™, and multiplication is given by the composition of jets. Each element
A = Jja € L7, defines a mapping ¢(A): TG — T, G by the formula p(A)(S) =
So A7t p(A) is an automorphism of the Lie group 7@, and the mapping
A — ¢(A) is a homomorphism of the Lie group L] into the group Aut T,,G of
automorphisms of T}, G. The exterior semi-direct product Lj, x, T G, associated
with the homomorphism ¢ (see [12]), is a Lie group with the multiplication

(A,S)- (B, T)=(A-B,S-(ToA™)),

where A,B € L], S,T € T;G. This Lie group is called the (r,n)-prolongation
of G and is denoted by G7,.

Let F"X denote the set of all r-frames, i.e., invertible r-jets Z = Jj(¢ with
source at the origin 0 € R™ and target in the n-dimensional manifold X. F"X is
endowed with a natural structure of principal bundle with the structure group
L7 and is called the bundle of r-frames over X.

Let P be a principal bundle over an n-dimensional manifold X, let 7 be its
projection. Let J" P denote the r-jet prolongation of P. The r-jet of a section
v of P at a point x € X is denoted by T = J. .

Consider the fibre product WP = F"X & J"P, i.e., the submanifold in
FTX x J"P of pairs (Z,T) such that Z and T belong to the fibre over the same
point of X. For every (Z,Y) € WP, Z = Jj¢, Y = J.~, where z = ((0), and
every (A,S) € G, A= Jja, S = Jjs, we put

(2,7)(A,8)=(Z- AT (S0 Z7h) = (J5(Coa), Jy(y-(so¢™h))), (1)

where (v-(so(™1))(z) = y(z)-s(¢"*(x)) is the right action of G on P. Then (1))
is a right action of the group G}, on W" P which defines a structure of principal
Gr-bundle on W"P. W"P is called the (principal) r-prolongation of P.

In this paper we consider a frame bundle over an n-dimensional manifold
X instead of P. A frame at a point € X is a pair 2 = (x,§), where { =
(&1,&2,...,&,) is an ordered basis of the tangent space T,X. The set of all
frames in all points of X is denoted by FX and the structure p: FX — X is
a principal bundle with the structure group Gl,,(R) (the general linear group of
R™); the dimension of a fibre is n?.

For every chart (U, ), ¢ = (z%), on X, x € U, the associated chart (V,1),
Y = (', %), on FX, is defined by V = p~(U), and

(=] o= = 9
4@ = wE@). 5= () -

where Z € V.

FX can be identified with the bundle F'X of all invertible 1-jets with source
at the origin 0 € R™ and target in X. To every = = (z,§) € FX, z € U,
we assign a 1-jet Z = Jj¢ such that ¢(0) = x and D;(z" o ¢)(0) = «(E). This
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defines a bijection between the bundles F X and F'X. Due to this identification,
in what follows, we will use the notation FX also for F1X.

Let us consider a local trivialization of the principal bundle F.X. For every
x € X there exists an open subset U C X and a diffeomorphism ¢, such that
the diagram

p~'(U) P U L,
w h
\ \
id
U - U (2)

commutes. By p; (p2) we denote the projection onto the first (second) compo-
nent. Let Ji¢ € p=1(U), ¢(0) =z, and let t,: R® — R™, z € R™, be a translation
of R™ given by t,(w) = w — z. Then an identification ¢: u=1(U) — U x L1, as-

sociated with a chart (U, ¢), is defined by J3¢ — (¢(0), J3¢), where (: R™ — R"
is given by

5 = tap(x) oo C (3)
If 2= J5¢ € p='(U), and (a}) are the (first) canonical coordinates on Lj,, then
¢(E) = (1(E), A), where aj(A) = z3(Z).

Let FX x L} 2 (E,A) —» Z-A = Ra(E) € FX be a right action of the
structure group L. on FX, in the corresponding coordinates given by

T'=1'0oRp =2, ﬁvz ::r;oRA :x};-af(A).
The mapping x = pz o ¢: p~ 1 (U) — L) satisfies
X(Ra(E)) = x(8)- A (4)
for every Z € p~1(U) and every A € L}.

By J"F X we denote the r-jet prolongation of FX. The r-jet of a section  of
FX, at apoint z € X, is denoted by J!~, and the assignment x +— J"vy(x) = JLvy
is the r-jet prolongation of . The canonical jet projections p™°: J"FX — FX
(the target projection), and p”: J"FX — X (the source projection), are defined
by p"0(Jiy) = y(x), and u"(Jiv) = z, respectively. With a chart (U, ¢) we
also associate a chart (V",4") on J"FX, where V" = (u")~Y(U), and ¢" =
<Iz’ I;’ x;Jﬁ ’ x;}kﬂw’ cr I;’,kle...kr)'

It is well known that J”F X has a structure of fibre bundle with the standard
fibre TTLL = JJ(R™, L) (the manifold of all jets of mappings from R® — L}
with source in 0 € R™ and target in L.). To describe a fibre bundle structure on
JTFX, we take a local trivialization of F'X, consisting of pairs (U, ¢) (see (@),
and we introduce the corresponding local trivialization of J"FX. Let (U, ) be
a coordinate chart on X. Over U we have the mapping

O: JFX|y = (u")" ' (U) = U x Tr L}, (5)

n-—n’
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in the form J"FX|y 3 JIvy +— (x, J§7), where : R® — L} is defined by

’7:X070§0710t74p(x)' (6)
Obviously, ® is smooth. Its inverse ®~': UxTILL — J"FX|y; (x, J5s) — J56,
with 0: U — FX, 6(y) = ¢ (y, (s oty 0 ) (y)), y € U, is also smooth.

Thus, the collection of pairs (U, ®) represent the local trivializations of J" F' X
such that the diagram

)
J'FX|y » UxTrL}

n—n

u"0 idxp
\ \
¢ )
FX|u » UxL,
o p1
\ \
id
U - U (7)

commutes. In (@), p: T"LL — L! is the projection (of the fibred manifold)
defined by T7' L), > Jis — s(0) € L}..

3. Principal bundle structure on J"FX

In contrast with [7JI2], in this section we introduce a modified group operation
on T'L!, denoted *, and a structure of principal bundle on J"FX with the

n-—n’
structure group (77 L1, *).

Let us recall that 7" L} consists of all jets of smooth mappings from R™ — L1
with source in 0 € R™ and target in L}. The identification 7L}, = J§(R", L})
(closed submanifold of J"(R™, L1)) induces a structure of smooth manifold (also
a structure of fibred manifold p: T L. — LL). Moreover, T/ L} is endowed with
a Lie group structure, where multiplication is given as follows (see, e.g., [12]).

Let S, T € T'LL, S = Jis, T = Jit, where s,t: R® — Ll then
ST =Ji(s 1),

where (s-t)(x) = s(x)-t(z) (the group multiplication in L}). In what follows we
wish to introduce another Lie group structure on 777 LL. Under the correspon-
dence between the general linear group Gi,,(R) and the differential group L} we
have the following

LEMMA 1. For every S € L. there exists a unique linear automorphism so of
R™ such that S = J} so.
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As a direct consequence of Lemma [I] we have:

COROLLARY 1. For every S = Jis € TTLL there exists a unique linear auto-
morphism so: R™ — R™ such that s(0) = J&so.

The mapping sq is said to be associated with S.
For every S, T € T/ L}, we define a multiplication on 77 L., denoted *, by

SxT=Jg(s (tosy")), (8)

where - denotes the group multiplication in L}, and sg: R™ — R" is the mapping
associated with S.
LEMMA 2. (T7LL %) is a Lie group.
Proof. T/L} has a structure of smooth manifold. Obviously, S * T € T» L}
for every S, T € TrL}..

Further, we show that (S« T)*U = S« (T *U). Let S,T.U € TrL},
S =Js, T = Jit, U = Jju, s,t,u: R* — L.. By Lemma [I there exist
mappings so,%o: R™ — R™ such that s(0) = S = Jdsg, t(0) =T = Jito. If we
denote S x T = Jjv, then by &), v(0) = (s - (tos5'))(0) = s(0)-t(0) = S - T,
and the mapping vg: R™ — R"™ associated with S % T is of the form vy = sg o tg.
Indeed, J}(sooty) = Jiso - Jito =S -T = v(0), and sg o tg is linear, thus, by
Corollary [, we get vg = sq o tg. Further,

(S*T)xU=J5(s (tosg ")) * Jgu=J5(s-(tosg') - (uo(sgoto)™"))
=Ji(s-(tosy') - (uotgosgh)) =J5(s- (t- (uoty)osy'))
= Jhsx Jy(t-(uotyl)) =S (T «U).

The identity element of x defined on T/ L} is & = Jje, where e: R® — L is
the constant mapping assigning the identity matrix F € L. to every z € R".
The corresponding mapping eg: R™ — R™ with the property Jleg = €(0) is idgn.
Note, that &€ coincides with the identity element of (T)7L.,-).

The inverse S~! of an element S = J§s € TrLL is given by 7! = Jis™!,
where s71(2) = ((s 0 50)(2))~!. The mapping associated with S~ is s5*.

Denoting for a moment the group multiplication in L. by ¥, we obtain (8]
in the form

S*T =JisrVoldi(sx(tosg)) = Jgpr¥o(S,T)o(Jgiden, Jisy ).

Since the composition of jets is smooth, the product & * 7T depends smoothly on
S and T, and we see that the group structure in (77 L1, %) is compatible with
its smooth structure. Thus (77 L}, *) is a Lie group. g

n-—n?

Let (a%,a},,a} ;) denote the coordinates on T7Ly, let (b;) be the second

n-—n?

canonical coordinates on L}, i.e., aj, - bf = 0% Then, for any S, T € T L}, the
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coordinate expressions of * on T2L} are
aj(S = T) = ap(S)aj(T), b3(S*T) = b(T)VF(S),
a5 k(S * T) = ap(S)as(T) + ai(S)af  (TIB(S),
a5 (S * T) = a1 (S)aj"(T) + ayy, k:(S) (T (S)
+ay, 1 (S)ag, (TO(S) +am(3) ajg(TU (S)R(S),
and the coordinates of the identity element £ of T/ L, are
aé(é’):&;, aé.’klkl_km(é’) =0, 1<m<r. 9)

Unless otherwise stated, from now on by the Lie group 7' L. we mean (T L}, x).

Now we are in a position to define an action of 7" L} on J’"FX Let T = Jrv
€ J'FX, where v: U — FX is a smooth section, x € U C X. Using the local
trivialization of F'X, mentioned in Section 2] and Lemma [T} we have

LEMMA 3. For every ¥ = J.v € J'FX there exists a unique invertible smooth
mapping vo: R™ — X such that 0(0) = x, Jivo = v(z), and Fo: R™ — R™,
defined by @), is a linear mapping.

The mapping 7o is said to be associated with Y. Let S € T'LL, S = Jis.

n-—n?

We define a mapping J"FX x T/'LL 5 (Y,8) — YTxS € J'FX by

TS = Ty (50707, (10)
LEMMA 4. (I0) defines a right action of Th L} on J"FX.
Proof. Let ¥ = Jiy € J'FX, v: U — FX and S,T € T'LL, S = Js,

T = Jit. Let us denote TS = Jo (v (sovy ') = JLJ. First, we notice that
the corresponding mapping dp associated with J7§ is equal to g o s9. Indeed,

(70 ©50)(0) = v0(50(0)) = 70(0) = = = 60(0).
Further,
i (Ja (0 © 50)) = Dj(x' (70 0 50))(0) = Dy (" 0 70)(50(0)) - D;(a* 0 50)(0)
Di(a’ 70)( ) - Dj(a* 0 50)(0) = 2 (J30) - a¥ (I3 s0)

I
8
.
—~
=2
—
8
~—
~—
A
V2l
—
=)
~
~—

and
H(r- (s09 D)) = i (v(@)) - a5 (s(0)).

j J
) (z) = JE (70 © s0). Moreover, denoting wy = g © s,

Thus §(z) = (y- (soy
by ([B) we have that

Wo = ty(z) © P O Y0 © S0 = Yo © So
is linear, and therefore, using Lemma [3] we can conclude that

0o = Yo © So. (11)
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Now, by (I0) and () we can write
(T#8)*T = Ji((v-(s075 ") - (to (r0050) 1))
=Ji((v-(so9g ") (tosg o))
=Ji(v-((s-(tosg'))org ) =T*(S*T).
Finally, it is obvious that T+ & = JI(v-(eov;')) = Jiy = T, because e(z) = E
for all z € R". g

Let (a ,:vj,:vj fo L5, z%,,) denote the fibred coordinates on J?FX, and let yi,
be the inverse matrix of z}. For any T € J*FX, § € T;L,, the coordinate

n-—n?
expressions of ([) on J2FX are given by

(T % 8) = (),

z3(T * S) = @}, (T)aj(S), yJ(T*S)—b’<S)yf( );
@ (T % 8) = @] 1 (T)aj(S) + i (T)aj,, ()i (T), (12)
x?,kz(T*S)—xmu( )GT(S)Jr:rmk( ) (S)yf(T)

THEOREM 1. J"FX with the right action ([I0) becomes a principal T} L}, -bundle.

Proof. J'FX has a structure of fibre bundle with the standard fibre T LL;
its local trivialization is described in Section 2l The action (I0) of 7Ll on
J'FX is free. Indeed, if we suppose that for some T = J v € JTFX and

S=Jis€eTrLL wehave T S = Y, then by (I0),

Je(y-(som0™) = Jp- (13)
This implies (v - (s oy~ 1)) (z) = v(x) - s(0) = v(z), which gives us s(0) = E
(identity element of Ly,), i.e., a}(s(0)) = a}(S) = d%, because the action of L,
on FX is free. Further, from (I3), 2% (T xS) = 27 (1), and using (I2), we get
a’ (S) = 0. Since relations similar to equations (I2) hold for any r, continuing

analogously, we finally get that a’ ., (§) =0 for all 1 < m <r, which by
@) means that S = £ and (I0) is free.

Finally, using the local trivialization of J"F X, consisting of the collection of
pairs (U, @), where the diffeomorphism ® (f) is defined by (@), we shall show that
® is equivariant with respect to the right action (I0) of 7)'L}, on J"FX and the
group operation [8) on T7LL. Let T = Jivy € J'FX|y and S = Jis € T LY.
Let us denote 7 = pg o . We wish to show that 7(Y * S) = 7(Y) * S. We have
7(T) = J§4 with 4: R*® — Ll given by (@), and by (8) we get

T(1)xS=J5(7-(s035 ") = Jg((xovop ot gw) - (s07g 1)),  (14)
where 4p: R” — R” is associated with 7, i.e., J370 = 7(0) = x(y(x)).
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In addition, let us denote TS = J7 (- (sovo~!)) = J56, where yo: R" — X
is associated with Y. Then 7(Y *S) = J§d, where ¢ is defined by (@), and using
@), we get

S=xo(y-(son ) oy ot yw
= (X o7yo 9071 © t*tp(I)) : (8 o '7071 © 8071 © t*tp(x))'
Using (@) and according to Corollary [[l and Lemma [, we have

(15)

Joo = 7(0) = x(v(2)) = x(J570) = Jg0,
where both 4y and Jo are linear. Corollary [ gives us that o = %o, and (&)
implies 0t o p 7t ot_y, () = 7y '. Using it, J§6 for § (IF) coincides with (1)
which means that 7(YT * S) = 7(T) * S. Since T and S are arbitrary, this
completes the proof. O

4. Prolongation of associated bundles

Let Q be a left L} -manifold and let FoX be a bundle with fibre @, associ-
ated with the principal L.-bundle FX; a point of FpX is, by definition, the
equivalence class [Z, ¢] of a pair (2, q) € F X x@Q with respect to the right action

((Ea Q)rA) = (E ’ Aa A_l ’ Q>

of LL on FX x Q.
Let (T LL,*) be a Lie group as in Section Bl Consider the mapping

TiLy x ThQ = T3Q;  (Jgs, Jgf) = Jg(s- (fosg™h)). (16)
LEMMA 5. ([I6) defines a left action of (TLLL, %) on T Q.
Proof. The proof is a modification of the proof of Lemma 2l (]

The action (I6) will be denoted by J§s* J5f = J5(s- (fosgth)).
Let J"FX be a principal T7 L. -bundle with the structure group (77 L., *).

Using (I6) we can construct a bundle (J"FX)y with type fibre Y = T7Q),
associated with J"FX. The group (T"LL,*) acts on J"FX x Y by the formula

((J27: J6 ), 8) = (Jyy + S, 87 = Jg f),
where 71 = Jl's™! is the inverse of S = J§s € (T/L}, *) defined in the proof

n n’
of Lemma[2. The corresponding invertible linear mapping R™ — R", associated

with S71, is s;!. Thus we can write

(Jor* S, STHxdof) = (Jo(y-(song '), Jo(s™' - (foso), (17
where 79: R” — X is the mapping associated with the r-jet J~.
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THEOREM 2. The r-jet prolongation J"FoX of FoX has a structure of fibre
bundle with fibre T Q, associated with the principal T L} -bundle J"FX .

Proof. Let (JTFX)y be a fibre bundle with fibre Y = T, Q, associated with
the principal 77 LL-bundle J"FX. We are going to show that there exists an
isomorphism of manifolds ¥: (J"FX)y — J"FpX, commuting with the projec-
tions onto the base X of F'.X.

Let 79: R® — X be the mapping associated with J.v € J"FX, where
v: U — FX is a local section over an open subset U C X, x € U. Putting

10(2,9) = [170(2), 4] (18)
we obtain a mapping vg: v, (U) x Q — FgX. Consider
U: (JTFX)y = JFX; [Ty, Jof] = J.5,
where 8(y) = 7o(75 " (1), f(1 ' (¥))), ie., B =g 0 (id, 1) xf) oy - Clearly,
B is a local section of Fig X defined on U C X. To show that ¥ is a well-defined

mapping, take any pair (J5v/, J5f') € [Jiv, J§ f]. There exists S € (T L}, %),
S = Jjs, such that

(Lo I f') = (v S. 871w i ).
In [@7), (Jiy*S, S = Jif) = (Ji(y- (s oy ), JE(sTh(fo $0))), denote
§ =7-(soyy ') and h = s71-(fosg). Consider the r-jet J;(aQO(idéal(U) xh)ody )
and take its representative y — 5o (55 (y), R(55 * (y))). In view of (I8), we have
3 (05 (), h(d5 ' (1)) = 18(y), h(dy ' ()]

=[(v-(s09 N, (57" (Fo50))(85 ' ()]

=[v(y) - s( ' (), 57 (85 ' () - 0S5 (1)))].
Using s~ (y) = (s o so(y)) ! and () we obtain

(
50 (65 ' (1), (65 (1))

)
= [v() - s(% W), ((s050)(05 " () - fs0(d5 " (1)))]
= [1() - s(v ' (), ((8050080 070 H) " (fosoosy o))
= [v() - 505 ®): (500 @) (FogH(®)]
=), for W] = (o (ldyofl(y) xf)org ') ().

This proves the independence of the r-jet J7(yq o (id%_l(U) xf)oxy') of the
choice of (J2~', J§ f') € [Jiv, J§ f]. Thus

U: (JFX)y = JFQX;  [Jov,J§f] = JL(vg o (id, -1y X ) o)

1286



PRINCIPAL BUNDLE STRUCTURE ON JET PROLONGATIONS OF FRAMES

is a well-defined mapping. Moreover, it can be verified that this mapping has
the inverse U1 defined by the formula

U X = (JTFX)y;  Jp8 e [Ty, J5 (020G B0)]s

where v is any local section of FX over U C X, z € U, and p2: R" X Q — Q
is the second projection. Thus ¥ is a bijection. The differentiability of both
U and ¥~ follows from the differentiability of g and the composition of jets.
The commutativity of ¥ with the projections onto X is obvious. O

5. Reduction of W"FX to J'FX

Let P (resp. Pp) be a principal G-bundle (resp. Gi-bundle) over a manifold
X. We say that P is a reduction of P; if there exists a pair (vx,v), where
v: G — G7 is an injective homomorphism of Lie groups and vx: P — P; is
a homomorphism of principal fibre bundles over idy, i.e., vx is smooth with
projvx =idx and vx(p-g) = vx(p)-v(g) forall pe P and g € G.

The aim of this section is to show that the principal T L}-bundle J"FX
with the structure group (777 LL, %) is a reduction of the principal (LL)"-bundle
WT'FX.

Consider the mapping v assigning to S € T" L1, S = Ji's, the element v(S) €
(L1 defined by the formula

v(8) = (Jso, J§s),
where sq is the mapping associated with S. Clearly, v is a well-defined mapping.

Let S = Jis, T = Jit be elements of the Lie group (77 L),*). Since
ST = Jju, where u = s - (tosy!') and for the mapping ug: R” — R", as-
sociated with J§u, we have ug = sg oty (see proof of Lemma [2]), we can write

v(S*T) = (Jg(sooto), Jg(s- (tosy"))).
Additionally, with respect to the operation defined on (L.)", we have
v(8) - v(T) = (Jgs0. Jgs) - (Joto. Jgt) = (Jg (s0 0 to), Jg (s (to55))).

Thus v is a homomorphism of groups. Clearly, v is an injective smooth mapping,
and therefore we can conclude that v is an injective immersion of the Lie group
(TFLL %) to (LL)r.

n n?
Now, consider

vx: JTFX - W'FX;  J v (J5v0,J57),
where vp: R” — X is the mapping associated with J.~v. It is easy to see that
vx is a well-defined injective smooth mapping and projvx = idx. We are going
to show that
vx(T*8S) =vx(YT) v(S) (19)
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forall T € J'FX and S € (TT L., ).
First, we notice that the mapping associated with T % S, where T = J.~,
S = Jjs, is equal to vy o s (see Proof of Lemma [)). Now, we can write

vx (T xS)=vx(Joy*Jjs) =vx (J;(V' (s 070_1)))
= (J5 (o s0), (v (s0751)))
and (using the action of (LL)" on W"FX)
vx (1) - v(S) = (J50, J27) - (S50, J58) = (J5 (0 0 50), Jr (v (5075 1))

Thus (I9) is true.
Summarizing, we obtain the following main result of this paper.

THEOREM 3. The principal bundle J"FX with the structure group (T/ L, x) is
a reduction of the principal (L},)" -bundle W"FX.

This is analogous to the result on reduction of W” F' X to the principal bundle
F1X with the structure group L7 (see [12]).

Remark 1. We have an injective homomorphism of Lie groups
LY S TrLl ) T e Jha, (20)
where a: R" — Ll is for any z € R™ given by
a(z) = Jy(t.oao t_agl(z))7
and ap: R™ — R" is a linear mapping satisfying Jj g = Jia.
Using (20) and the corresponding local trivializations of principal bundles

Fr+1X and J"FX we obtain that F"*1X is a reduction of J"FX. Thus, we
have the sequence of reductions

Frt'X — JFX — W'FX.

Remark 2. Let F2X be the semi-holonomic frame bundle of order 2. In [14],
it is stated that there exists a natural diffeomorphism from J'FX onto the prin-
cipal bundle F?X (without any reference to the principal bundle structure on
JYFX). Considering the holonomic frame bundle F2X, this statement trans-
forms into the following one: The mapping

ix: F2X — J'FX;  ix(J3¢) = JHJM o,
is a homomorphism of principal fibre bundles over idx.

Remark 3. Let Q be a left L!-manifold. By the general prolongation theory,
T7Q has a (canonical) structure of a left L7*!-manifold. For any J;ta € LT+,
Jif € TrQ, aleft action of LI on T Q is given by

Joa - Jgf = J5(@- (foa™)), (21)
where @ is defined by
a(z) = J& (t,oao t_a—l(z)).
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Denoting «(J3 T a) = J§&, and ag o o' = 3, we have
JoTa Jgf = J5(@- (foa™))
=Ji((@ocaocaytoapoa™) - (foaz'oagoa™)) (22)
=J5((@- (foag'))o(anoa™))
= (Joax Jg f) - JgB-
r411. Ll

Let us denote by 7] : L' — Ll the canonical jet projection, by ¢
LY — L™ the canonical injective Lie group morphism, and put K:;“ L=
Ker mrhl 1 Then L7™1 is the interior semi-direct product of (L™ ™1(L}) and
Kr+id,

Consider the subgroup «(L5™) of T7 LY, defined by ¢ (20). Then ([22) means

that the left action (2I) of L7 on T7Q corresponds with the action (I6]) of
t(LT1) on T Q through the element JJ3 € K7t

Remark 4. The action ([I8) of 77 L. on T7Q is in some sense more general than
the left action I) of L'*t! on T7Q given by the general prolongation theory.
Consider a vector bundle with type fibre () with dim@ = m. Let Q be a left
L} -manifold. Let (21) denote coordinates on @, 1 < I < m. Then (I8) allows
us to consider actions of L., on Q of the form

= Pl(z")27,
where P1: U — L}, are arbitrary smooth mappings.

The first author wishes to thank Professor Donghua Shi for kind hospitality
and discussions during his stay at Beijing Institute of Technology, China,
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