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Abstract

We present a framework for mining association rules from transactions consisting of categorical items where the data
has been randomized to preserve privacy of individual transactions. While it is feasible to recover association rules and
preserve privacy using a straightforward “uniform” randomization, the discovered rules can unfortunately be exploited
to find privacy breaches. We analyze the nature of privacy breaches and propose a class of randomization operators
that are much more effective than uniform randomization in limiting the breaches. We derive formulae for an unbiased
support estimator and its variance, which allow us to recover itemset supports from randomized datasets, and show
how to incorporate these formulae into mining algorithms. Finally, we present experimental results that validate the

algorithm by applying it on real datasets.
© 2003 Published by Elsevier Ltd.
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1. Introduction

The explosive progress in networking, storage,
and processor technologies is resulting in an
unprecedented amount of digitization of informa-
tion. It is estimated that the amount of informa-
tion in the world is doubling every 20 months [1].
In concert with this dramatic and escalating
increase in digital data, concerns about privacy
of personal information have emerged globally
[1-4]. Privacy issues are further exacerbated now
that the internet makes it easy for the new data to
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be automatically collected and added to databases
[5-10]. The concerns over massive collection of
data are naturally extending to analytic tools
applied to data. Data mining, with its promise to
efficiently discover valuable, nonobvious informa-
tion from large databases, is particularly vulner-
able to misuse [1,11-13].

An interesting new direction for data mining
research is the development of techniques that
incorporate privacy concerns [14]. The following
question was raised in [15]: since the primary task
in data mining is the development of models about
aggregated data, can we develop accurate models
without access to precise information in individual
data records? Specifically, they studied the techni-
cal feasibility of building accurate classification
models using training data in which the sensitive
numeric values in a user’s record have been
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randomized so that the true values cannot be
estimated with sufficient precision. Randomization
is done using the statistical method of value
distortion [16] that returns a value x; + r instead
of x; where r is a random value drawn from some
distribution. They proposed a Bayesian procedure
for correcting perturbed distributions and pre-
sented three algorithms for building accurate
decision trees [17,18] that rely on reconstructed
distributions.! In [20], the authors derived an
Expectation Maximization (EM) algorithm for
reconstructing distributions and proved that the
EM algorithm converged to the maximum like-
lihood estimate of the original distribution based
on the perturbed data. They also pointed out that
the EM algorithm was in fact identical to the
Bayesian reconstruction procedure in [15], except
for an approximation (partitioning values into
intervals) that was made by the latter.

1.1. Contributions of this paper

We continue the investigation of the use of
randomization in developing privacy preserving
data mining techniques, and extend this line of
inquiry along two dimensions:

® categorical data instead of numerical data, and
® association rule mining [21] instead of classifi-
cation.

We will focus on the task of finding frequent
itemsets in association rule mining, which we
briefly review next.

Definition 1. Suppose we have a set Z of n items:
I ={aj,ay,...,a,}. Let T be a sequence of N
transactions 7 = (¢, 1, ..., ty) where each trans-
action ¢; is a subset of Z. Given an itemset 4 <Z,
its support supp”(A) is defined as

#{teT|A<t}
supp’ (4) = — N )]
An itemset AcZ is called frequent in T if
supp?(4) =1, where 7 is a user-defined parameter.

"Once we have reconstructed distributions, it is straightfor-
ward to build classifiers that assume independence between
attributes, such as Naive Bayes [19].

We consider the following setting. Suppose we
have a server and many clients. Each client has a
set of items (e.g., books or web pages or TV
programs). The clients want the server to gather
statistical information about associations among
items, perhaps in order to provide recommenda-
tions to the clients. However, the clients do not
want the server to know with certainty who has
got which items. When a client sends its set of
items to the server, it modifies the set according to
some specific randomization policy. The server
then gathers statistical information from the
modified sets of items (transactions) and recovers
from it the actual associations.

The following are the important results con-
tained in this paper:

® In Section 2, we show that a straightforward
uniform randomization leads to privacy
breaches.

® We formally model and define privacy breaches
in Section 3.

® We present a class of randomization operators
in Section 4 that can be tuned for different
tradeoffs between discoverability and privacy
breaches. We derive formulae for the effect of
randomization on support, and show how to
recover the original support of an association
from the randomized data.

® An estimator for the confidence of association
rules is given as well, and its precision evaluated
(see Section 4.6).

® We present experimental results on two real
datasets in Section 5, as well as graphs showing
the relationship between discoverability, priv-
acy, and data characteristics.

1.2. Related work

There has been extensive research in the area of
statistical databases motivated by the desire to
provide statistical information (sum, count, aver-
age, maximum, minimum, pth percentile, etc.)
without compromising sensitive information about
individuals (see surveys in [22,23]). The proposed
techniques can be broadly classified into query
restriction and data perturbation. The query
restriction family includes restricting the size of
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query result, controlling the overlap amongst
successive queries, keeping audit trail of all
answered queries and constantly checking for
possible compromise, suppression of data cells of
small size, and clustering entities into mutually
exclusive atomic populations. The perturbation
family includes swapping values between records,
replacing the original database by a sample from
the same distribution, adding noise to the values in
the database, adding noise to the results of a
query, and sampling the result of a query. There
are negative results showing that the proposed
techniques cannot satisfy the conflicting objectives
of providing high quality statistics and at the same
time prevent exact or partial disclosure of indivi-
dual information [22].

The most relevant work from the statistical
database literature is the work by Warner [24],
where he developed the “‘randomized response”
method for survey results. The method deals with
a single boolean attribute (e.g., drug addiction).
The value of the attribute is retained with
probability p and flipped with probability 1 — p.
Warner then derived equations for estimating the
true value of queries such as COUNT (Age = 42
& Drug Addiction = Yes). The approach we
present in Section 2 can be viewed as a general-
ization of Warner’s idea.

Another related work is [25], where they
consider the problem of mining association rules
over data that is vertically partitioned across two
sources, i.e., for each transaction, some of the
items are in one source, and the rest in the other
source. They use multi-party computation techni-
ques for scalar products to be able to compute the
support of an itemset (when the two subsets that
together form the itemset are in different sources),
without either source revealing exactly which
transactions support a subset of the itemset. In
contrast, we focus on preserving privacy when the
data is horizontally partitioned, i.e., we want to
preserve privacy for individual transactions, rather
than between two data sources that each have a
vertical slice.

Related, but not directly relevant to our current
work, is the problem of inducing decision trees
over horizontally partitioned training data origi-
nating from sources who do not trust each other.

In [12], each source first builds a local decision tree
over its true data, and then swaps values amongst
records in a leaf node of the tree to generate
randomized training data. Another approach,
presented in [26], does not use randomization,
but makes use of cryptographic oblivious func-
tions during tree construction to preserve privacy
of two data sources.

This publication extends our conference paper
[27]. At the same time, independently from our
work, there was a paper [28] that considered
another algorithm for randomizing transactions
for privacy preserving mining of association rules.
Some additional research in the framework of this
paper is published in [29].

2. Uniform randomization

A straightforward approach for randomizing
transactions would be to generalize Warner’s
“randomized response” method, described in
Section 1.2. Before sending a transaction to the
server, the client takes each item and with
probability p replaces it by a new item not
originally present in this transaction. Let us call
this process uniform randomization.

Estimating true (nonrandomized) support of an
itemset is nontrivial even for uniform randomiza-
tion. Randomized support of, say, a 3-itemset
depends not only on its true support, but also on
the supports of its subsets. Indeed, it is much more
likely that only one or two of the items are inserted
by chance than all three. So, almost all “false”
occurrences of the itemset are due to (and depend
on) high subset supports. This requires estimating
the supports of all subsets simultancously. (The
algorithm is similar to the algorithm presented in
Section 4 for select-a-size randomization, and the
formulae from Statements 1, 3 and 4 apply here as
well.) For large values of p, most of the items in
most randomized transactions will be “false”, so
we seem to have obtained a reasonable privacy
protection. Also, if there are enough clients and
transactions, then frequent itemsets will still be
“visible”, though less frequent than originally.
For instance, after uniform randomization with
p = 80%, an itemset of 3 items that originally
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occurred in 1% transactions will occur in about
1% - (0.2)> = 0.008% transactions, which is about
80 transactions per each million. The opposite
effect of “false” itemsets becoming more frequent
is comparatively negligible if there are many
possible items: for 10,000 items, the probability
that, say, 10 randomly inserted items contain a
given 3-itemset is less than 10~7%.

Unfortunately, this randomization has a pro-
blem. If we know that our 3-itemset escapes
randomization in 80 per million transactions, and
that it is unlikely to occur even once because of
randomization, then every time we see it in a
randomized transaction we know with near
certainty of its presence in the nonrandomized
transaction. With even more certainty we will
know that at least one item from this itemset is
“true”: as we have mentioned, a chance
insertion of only one or two of the items is much
more likely than of all three. In this case we can
say that a privacy breach has occurred. Although
privacy is preserved on average, personal informa-
tion leaks through uniform randomization for
some fraction of transactions, despite the high
value of p.

The rest of the paper is devoted to defining a
framework for studying privacy breaches and
developing techniques for finding frequent itemsets
while avoiding breaches.

3. Privacy breaches

Definition 2. Let (2, F,P) be a probability space
of elementary events over some set Q and o-
algebra F. A randomization operator is a measur-
able function

R : Q x {all possible T} — {all possible T}

that randomly transforms a sequence of N
transactions into a (usually) different sequence of
N transactions. Given a sequence of N transac-
tions T, we shall write 7" = R(T), where T is
constant and R(7) is a random variable.

Definition 3. Suppose that a nonrandomized
sequence T is drawn from some known distribu-
tion, and #;€T is the ith transaction in 7. A
general privacy breach of level p with respect to a

property P(t;) occurs if
AT : P[P(t) | R(T) = T =p.

We say that a property Q(T') causes a privacy
breach of level p with respect to P(t;) if

P[P(1;) | Q(R(T))] > p.

When we define privacy breaches, we think of
the prior distribution of transactions as known, so
that it makes sense to speak about a posterior
probability of a property P(¢;) versus prior. In
practice, however, we do not know the prior
distribution. In fact, there is no prior distribution;
the transactions are not randomly generated.
However, modeling transactions as being ran-
domly generated from a prior distribution allows
us to cleanly define privacy breaches.

Consider a situation when, for some transaction
tieT, an itemset A<Z and an item aeA, the
property “A<t;eT' causes a privacy breach
w.r.t. the property “aet;.” In other words, the
presence of 4 in a randomized transaction makes
it likely that item « is present in the corresponding
nonrandomized transaction.

Definition 4. We say that itemset 4 causes a
privacy breach of level p if for some item ae€ A
and some iel...N we have Plaet; | A=t]>p.

We will focus on controlling the class of privacy
breaches given by Definition 4. Thus we ignore the
effect of other information the server obtains from
a randomized transaction, such as which items the
randomized transaction does not contain, or the
randomized transaction size. We also do not
attempt to control breaches that occur because
the server knows other randomized transactions,
or some other information about items and clients
besides the transactions. For example, the server
may know some geographical or demographic
data about the clients. Finally, in Definition 4, we
only considered positive breaches, i.e., we know
with high probability that an item was present in
the original transaction. In some scenarios, being
confident that an item was not present in the
original transaction may also be considered a
privacy breach.
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4. Algorithm

“Where does a wise man hide a leaf? In the
forest. But what does he do if there is no
forest?” ... “He grows a forest to hide it in.”—
G.K. Chesterton, “The Sign of the Broken
Sword”

The intuition of breach control is quite simple:
in addition to replacing some of the items, we shall
insert so many “‘false” items into a transaction that
one is as likely to see a ““false” itemset as a “‘true”
one.

4.1. Randomization operators

Definition 5. We call randomization R a per-
transaction  randomization if, for T =
(t1, 12, ..., ty), we can represent R(T) as

R(ll,lz, ...,IN) = (R(],[]), R(2, 12), ...,R(N, ZN)),

where R(i,t) are independent random variables
whose distributions depend only on ¢ (and not on
i). We shall write #; = R(i, t;,) = R(t;).

Definition 6. A randomization operator R is called
item-invariant if, for every transaction sequence 7'
and for every permutation © : Z—Z of items, the
distribution of 77! R(nT) is the same as of R(T).
Here nT means the application of « to all items in
all transactions of 7" at once.

Definition 7. A select-a-size randomization opera-
tor has the following parameters, for each possible
input transaction size m:

® Default probability of an item (also called
randomization level) p,, €(0, 1);

® Transaction subset size selection probabilities
Pml0L, pml1], ..., pm[m], such that every p,[j]=0
and

PmlO] + pu[1]1 4 -+ + pm[m] = 1.

Given a sequence of transactions T =
(t1,t2, ..., ty), the operator takes each transaction
t; independently and proceeds as follows to obtain
transaction #; (m = |t;).

(1) The operator selects an integer j at random
from the set {0,1,...,m} so that
P[] is selected] = pu[/].

(2) It selects j items from ¢;, uniformly at random
(without replacement). These items, and no
other items of #;, are placed into 7.

(3) It considers each item a¢¢; in turn and tosses
a coin with probability p,, of “heads” and 1 —
p,, of “tails”. All those items for which the
coin faces “heads” are added to 7.

Remark 4.1. Both uniform (Section 2) and
select-a-size operators are per-transaction because
they apply the same randomization algorithm to
each transaction independently. They are also
item-invariant since they do not use any item-
specific information (if we rename or reorder
the items, the outcome probabilities will not be
affected).

Definition 8. A cut-and-paste randomization op-
erator is a special case of a select-a-size operator
(and which we shall actually test on datasets). For
each possible input transaction size m, it has two
parameters: p,,€(0,1) (randomization level) and
an integer K, > 0 (the cutoff). The operator takes
each input transaction ¢ independently and
proceeds as follows to obtain transaction ¢ (here
m = |t]):

(1) It chooses an integer j uniformly at random
between 0 and K,,;; if j > m, it sets j = m.

(2) The operator selects j items out of #; uniformly
at random (without replacement). These items
are placed into 7.

(3) Each other item (including the rest of #;) is
placed into 7, with probability p,,, indepen-
dently.

Remark 4.2. For any m, a cut-and-paste operator
has only two parameters, p,, and K,,, to play with;
moreover, K, is an integer. Because it is easy to
find optimal values for these parameters (Section
4.4), we chose to test this operator, leaving open
the problem of optimizing the m parameters of the
“unabridged” select-a-size. To see that cut-and-
paste is a case of select-a-size, let us write down the



348 A. Evfimievski et al. | Information Systems 29 (2004) 343-364

formulae for the p,,[/]’s:

min{K,;} o o ]
ZVEEDY (m ’)p/"(l—p)m‘-’

i=0 J—i
l-m/(K+1) if i=m and i<K,
1/(K+1) otherwise.

Now let us give one example of a randomization
operator that is not a per-transaction randomiza-
tion, because it uses the knowledge of several
transactions per each randomized transaction.

Example 4.1. The mixing randomization operator
has one integer parameter K>2 and one real-
valued parameter pe(0,1). Given a sequence of
transactions T = (¢, t, ..., ty), the operator takes
each transaction #; independently and proceeds as
follows to obtain transaction #:

(1) Other than ¢;, pick K — 1 more transactions
(with replacement) from 7 and union the K
transactions as sets of items. Let ¢/ be this
union.

(2) Consider each item aet/ in turn and toss a
coin with probability p of “heads” and 1 —p
of “tails”.

(3) All those items for which the coin faces ““tails™
are removed from the transaction. The re-
maining items constitute the randomized
transaction.

For the purpose of privacy-preserving data
mining, it is natural to focus mostly on per-
transaction randomizations, since they are the
easiest and safest to implement. Indeed, a per-
transaction randomization does not require the
users (who submit randomized transactions to the
server) to communicate with each other in any way,
nor to exchange random bits. On the contrary,
implementing mixing randomization, for example,
requires to organize an exchange of nonrando-
mized transactions between users, which opens an
opportunity for cheating or eavesdropping.

4.2. Effect of randomization on support

Let T be a sequence of transactions of length N,
and let 4 be some subset of items (that is, 4 =7).

Suppose we randomize T and get 7/ = R(T). The
support s = supp’ (4) of A for T’ is a random
variable that depends on the outcome of
randomization. Here we are going to determine
the distribution of s/, under the assumption of
having a per-transaction and item-invariant ran-
domization.

Definition 9. The fraction of the transactions in T
that have intersection with A of size / among all
transactions in 7 is called partial support of A for
intersection size /:

#{teT|#Ant) =1}
N ' 2)

It is easy to see that supp’(4) = supp/(4) for
k = |A|, and that

k
> supp (4) =1
=0

since those transactions in 7" that do not intersect
A at all are covered in supp{ (4).

supp; (4) =

Definition 10. Suppose that our randomization
operator is both per-transaction and item-invar-
iant. Consider a transaction ¢ of size m and an
itemset A<=Z of size k. After randomization,
transaction ¢ becomes ¢. We define

PRl =1 =pll-1]
=P[H({ A) =1|#1tnA) =1]. 3)

Here both / and // must be integers in {0, 1, ..., k}.

Remark 4.3. The value of p{’[/ -] is well-defined
(does not depend on any other information about ¢
and A, or other transactions in T and T” besides ¢
and ¢'). Indeed, because we have a per-transaction
randomization, the distribution of ¢ depends
neither on other transactions in 7" besides ¢, nor
on their randomized outcomes. If there were other
t; and B with the same (m,k,/), but a different
probability (3) for the same /, we could consider a
permutation 7 of Z such that nt = ¢; and n4 = B;
the application of n or of n~! would preserve
intersection sizes / and /. By item-invariance we
have

P[#({ nA) =1l = P[H(n 'R(nt)nA) =],
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but by the choice of = we also have

P[#(n 'R(n)n A) = I']
= P[#(n 'R(t))nn'B) = 1]
= P[#({)nB) = I'|#P[#({' nA) = 1],

a contradiction.

Statement 1. Suppose that our randomization
operator is both per-transaction and item-invariant.
Suppose also that all the N transactions in T have
the same size m. Then, for a given subset AT,
|A| = k, the random vector

N (5,8, ...,8,),  where s = supp! (A) 4)

is a sum of k + 1 independent random vectors, each
having a multinomial distribution. Its expected value
is given by

E(SZ),SII,...,S;C)T:P-(S(),Sl,...,Sk)T (5)

where P is the (k+1)x (k+1) matrix with
elements Pp; = p[l—1'], and the covariance matrix
is given by

|k
Cov(s), s, ...,s;)" = N Z siD[1] (6)
1=0

where each D[] is a (k+ 1) x (k + 1) matrix with
elements

DIy = pll=1]- 0i=j — pll=1] - pll =] ()

Here s; denotes supp] (A), and the T over vectors
denotes the transpose operation; d,—; is one if i = j
and zero otherwise.

Proof. See Appendix A.l.

Remark 4.4. In Statement 1 we have assumed that
all transactions in 7 have the same size. If this is
not so, we have to consider each transaction size
separately and then use per-transaction indepen-
dence.

Statement 2. For a select-a-size randomization with
randomization level p and size selection probabilities

{pmljl}, we have

min{ill} (/ ) ("H)
Z q J—q

g=max{0,j+I—m,I+I'—k} (T)

x < ! ) P —p) L ®)

PZ?[Z—’Z/] = Z pm[j] .
Jj=0

I'—q

Proof. See Appendix A.2.
4.3. Support recovery

Let us assume that all transactions in 7" have the
same size m, and let us denote

5= (50,51, co0sS6) s 8 = (50,515 oeus SH) S

then, according to (5), we have

Es'=P-5. 9
Denote Q = P~! (assume that it exists) and
multiply both sides of (9) by ©O:

s=0 -E¥ =EQ-¥7.

We have thus obtained an unbiased estimator for

the original partial supports given randomized
partial supports:

e =05 (10)

Using (6), we can compute the covariance matrix
of Sest:

Cov 5ot = Cov(Q - §) = Q(Covs)O"
| &
:N-Z s;0D[NO". (11)
=0

If we want to estimate this covariance matrix by
looking only at randomized data, we may use Seg
instead of 5 in (11):

1 k
(CovSesest = 77+ > _(Feh QDINQ"
1=0

This estimator is also unbiased:
k

L > (E 5.),0D[]Q" = Cov 5.

E(COV 3351)651 = N
1=0

In practice, we want only the kth coordinate of s,
that is, the support s = supp’ (4) of our itemset A4
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in 7. We denote by § the kth coordinate of S, and
use § to estimate s. Let us compute simple formulae
for §, its variance and the unbiased estimator of its
variance. Denote

qll <11 = Qn.

Statement 3.

k
5= Sy qlk<17;
I'=0
1 k k
Vars =% si| D pll =gtk 1T = o1 |
N =0 I'=0
~ 1 k / 112 !
(Var o =+ D Silglk [T = qlk <1,
I'=0

Proof. See Appendix A.3.

We conclude this subsection by giving a linear
coordinate transformation in which the matrix P
from Statement 1 becomes triangular. (We use this
transformation for privacy breach analysis in
Section 4.4.) The coordinates after the transforma-
tion have a combinatorial meaning, as given in the
following definition.

Definition 11. Suppose we have a transaction
sequence T and an itemset 4 =7. Given an integer
[/ between 0 and k = |A4|, consider all subsets C < 4
of size /. The sum of supports of all these subsets is
called the cumulative support for A of order / and is
denoted as follows:

5 =2(4,T)= > supp’(O),
Ccd, |Cl=1
=021 ....20)" (12)

Statement 4. The vector X of cumulative supports is
a linear transformation of the vector s of partial
supports, namely,

Zli<§>s- and s = Z( )”() i

=
(13)

in the 2 and 3’ space (instead of 3 and 5') matrix P
is lower triangular.

Proof. See Appendix A .4.

4.4. Limiting privacy breaches

Here we determine how privacy depends on
randomization. We shall use Definition 4 and
assume a per-transaction and item-invariant ran-
domization.

Consider some itemset 4<Z and some item
ac A; fix a transaction size m. We shall assume that
m is known to the server, so that we do not have to
combine probabilities for different nonrandomized
sizes. Assume also that a partial support s; =
supp/ (A) approximates the corresponding prior
probability P[#(rn A) = I].* Suppose we know the
following prior probabilities:
sf =PHItnA) =1, aed],

s; =P[H(ENA) =1, a¢t].

Notice that s; = s 4 s, simply because

act & #(tnA) =1, or

HinA) =1 =
agt & #(tnA) = 1.

Let us use these priors and compute the posterior
probability of aet given A<=¢':

Plaet, A={]
PlA=t]

Z,l [#H(tnA) =1 aet,A=?]
S S pll—k]
le [#(enA)=1, act]- p[l-k]
S s pll—k]
IR, Ul
S s pll—k]

Thus, in order to prevent privacy breaches of level
50% as defined in Definition 4, we need to ensure
that always

ZS/

Plact|Act] =

[[>k]<0.5- Z s pll = k). (14)
1=0

2Here I denotes all transactions of size m.
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The problem is that we have to randomize the data
before we know any supports. Also, we may not
have the luxury of setting “oversafe” randomiza-
tion parameters because then we may not have
enough data to perform a reasonably accurate
support recovery. One way to achieve a compro-
mise is to:

(1) Estimate  maximum  possible  support
Smax(k,m) of a k-itemset in the transactions
of given size m, for different k and m;

(2) Given the maximum supports, find values for
s; and s that are most likely to cause a
privacy breach;

(3) Make randomization just strong enough to
prevent such a privacy breach.

Since s§ = 0, the most privacy-challenging situa-
tions occur when sy is small, that is, when our
itemset 4 and its subsets are frequent.

In our experiments we consider a privacy-
challenging k-itemset 4 such that, for every />0,
all its subsets of size / have the maximum possible
support smax(Z, 7). The partial supports for such a
test-itemset are computed from the cumulative
supports 2; using Statement 4. By it and by (12),
we have (/> 0)

k ) . k
si=Y (=1 (j)z/ % = (J. )smaxu,m)
j=l

(15)

since there are (k) J-subsets in A. The values of s;°
follow if we note that all /-subsets of 4, with a and
without, appear equally frequently as 1t A4:

sy =PH(ItnA) =1, aei]
=Plact|#(tnA)=1]-si=1/k-s.

While one can construct cases that are even more
privacy-challenging (for example, if ae 4 occurs in
a transaction every time any nonempty subset of 4
does), we found the above model (15) and (16) to
be sufficiently pessimistic on our datasets.

We can now use these formulae to obtain cut-
and-paste randomization parameters p,, and K,, as
follows. Given m, consider all cutoffs from K,,, = 3
to some Kp.x (usually this K. equals the
maximum transaction size) and determine the
smallest randomization levels p,,(K,,) that satisfy

(14). Then select (K,,p,,) that gives the best
discoverability (by computing the lowest discover-
able supports, see Section 5.1).

4.5. Discovering associations

We show how to discover itemsets with high
true support given a set of randomized transac-
tions. Although we use the Apriori algorithm [30]
to make the ideas concrete, the modifications
directly apply to any algorithm that uses Apriori
candidate generation, i.e., to most current associa-
tion discovery algorithms.®> The key lattice prop-
erty of supports used by Apriori is that, for any
two itemsets 4 < B, the true support of A4 is equal
to or larger than the true support of B. A
simplified version of Apriori, given a (nonrando-
mized) transactions file and a minimum support
Smin, WOrks as follows:

(1) Let k£ =1, let “candidate sets’ be all single
items. Repeat the following until no candidate sets
are left:

(a) Read the data file and compute the supports
of all candidate sets;

(b) Discard all candidate sets whose support is
below Spin;

(c) Save the remaining candidate sets for output;

(d) Form all possible (k + 1)-itemsets such that all
their k-subsets are among the remaining
candidates. Let these itemsets be the new
candidate sets.

(e) Let k =k + 1.

(2) Output all the saved itemsets.

It is (conceptually) straightforward to modify
this algorithm so that now it reads the randomized
dataset, computes partial supports of all candidate
sets (for all nonrandomized transaction sizes) and
recovers their predicted supports and sigmas using
the formulae from Statement 3. However, for the
predicted supports the lattice property is no longer

3The main class of algorithms where this would not apply are
those that find only maximal frequent itemsets, e.g., [31].
However, randomization precludes finding very long itemsets,
so this is a moot point.
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true. It is quite likely that for an itemset that is
slightly above minimum support and whose
predicted support is also above minimum support,
that one of its subsets will have predicted support
below minimum support. So if we discard all
candidates below minimum support for the
purpose of candidate generation, we will miss
many (perhaps even the majority) of the longer
frequent itemsets. Hence, for candidate genera-
tion, we discard only those candidates whose
predicted support is “‘significantly” smaller than
Smin, Where significance is measured by means of
predicted sigmas. Here is the modified version of
Apriori:

(1) Let k =1, let “candidate sets’ be all single-
item sets. Repeat the following until k is too large

for support recovery (or until no candidate sets are
left):

(a) Read the randomized data file and compute
the partial supports of all candidate sets,
separately for each nonrandomized transac-
tion size®;

(b) Recover the predicted supports and sigmas for
the candidate sets;

(¢) Discard every candidate set whose support is
below its candidate limit;

(d) Save for output only those candidate sets
whose predicted support is at least Spin;

(e) Form all possible (k + 1)-itemsets such that all
their k-subsets are among the remaining
candidates. Let these itemsets be the new
candidate sets.

(f) Let k =k + 1.

(2) Output all the saved itemsets.

We tried smin — o and sp;, — 20 as the candidate
limit, and found that the former does a little better
than the latter. It prunes more itemsets and
therefore makes the algorithm work faster, and,
when it discards a subset of an itemset with high
predicted support, it usually turns out that the true
support of this itemset is not as high.

“In our experiments, the nonrandomized transaction size is
always known and included as a field into every randomized
transaction.

4.6. Estimating confidence of association rules

Now we would like to see what happens if the
support estimators from a randomized dataset are
used for the computation of confidence for
association rules.

Definition 12. Consider two disjoint itemsets A4
and B; the confidence of the association rule
“A = B is defined as

supp’ (AU B)
supp”(4)

Perhaps the simplest way to estimate conf’ (4 =
B) is by replacing the actual supports in 16 with
the predicted supports estimated from a rando-
mized dataset as described in Section 4.3. Denote
by X the unbiased estimator for the support of
AuUB, and by Y the unbiased estimator for the
support of A4; then the actual confidence
conf’(4 = B) equals EX J/EY, and the confidence
estimator (conf’(4 = B)),, equals X /Y. Mathe-
matical expectation of this estimator does not
behave well, because Y may sometimes fall too
close to zero (though it happens rarely if 4 is a
frequent itemset). However, one can compute the
probability p = f(J) that the actual confidence is
within a given distance ¢ > 0 from the estimator.
Below we shall give the formulae needed for
computing f(9).

conf’(4 = B) = (16)

Let us denote

EX EX
0= gy ﬁzzﬁ+5.
Then the probability f(J) that our estimator X /Y
gets within ¢ from (EX/EY) is

X EX X

f():=P v 5<ﬁ<7+ 0
=Pla<X/Y<f]
=PlaY<X<pBY,Y >0]

+PBY<X<aY,Y<O0]

For simplicity, we assume that the distribution of
(X,Y) is a two-dimensional Gaussian. The
assumption seems justified because both X and
Y are linear combinations of multinomials
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(see Statement 1). In this case,

+ o0 by 1
o= [\, s
) —o |Jay 21| 2|2

1 (xfEX) T oo (xfEX)
x e 2\IEY »EY) dx dy,
where X is the 2 x 2 matrix
5 Var X Cov(X,Y)
"\ CovX,Y) Vary |

The formulae for Var X and Var Y are given in
Statement 3. The computation of Cov(X, Y) is a
little more involved; intuitively, it requires to do
Sections 4.2 and 4.3 for two itemsets 4 and B
simultaneously. Let us start with a notion of “two-
set partial supports.”

Definition 13. The two-set partial supports for
disjoint itemsets A and B are defined as follows:

ltn Al = 1y,
#<teT:
|t B| = Ip

N

Slyly = suppZJB(A; B) =

Here [, =0,1,...,|A] and I3 = 0,1, ..., |B|.

The vector of two-set partial supports is denoted
by §; and has (4| + 1)(|B| + 1) coordinates that
sum up to 1. The vector of two-set partial supports
for the randomized dataset is denoted by ;.
Analogously to (3), there is a two-set version of
pll-1]:

m 1,4—>l;1 —p |[lﬁA|:l//4 ) |ZF\A|:1A
T | InBl =1 |tnB| =g

For a per-transaction, item-invariant randomi-
zation operator, this probability depends only on
m, |A|, |Bl, L4, Ig, I;, and [ by the same argument
as for p[/ —1'] (see Remark 4.3). If our randomiza-
tion operator is a select-a-size with parameters p

and p,,[i] (see Definition 7), then

m lA —>ll/4
Pavs| g, p,

Ja<min{lyl'}

m—I,—lg Jp<min{/p,l,}

= E E DPm [i +Jja4+ ]B]
=0 jy=max{0,l4+/,—|Al}
Jp=max{0,/p+/;—|B}

m - 1,4 ZB
X . . . . .
i+ja+JjB Ja ) \Us
(Wl — lA — IB>
X .
l
(=1 (1BI=1s
Iy —Jja Iy —Jjs

x plitliain(1 — p)ARIBI=Li=ls—l,~ly+as

We denote the (|4|+ 1)(|B]+ 1) x (|4| + 1)(|B| +
1) matrix of these two set probabilities by Py, and
its inverse P;' by Qu. Then, analogously to
Statement 1, we have

1
4 - =
ESH = PHSH, Cov S = N

X Z st Dnlla, 18],

0</4<|A|
0</p<|B|
where

Dulls, Ig];72 =p [IB—’I'B] : 5§A:_]/:A
B=J/B

lg—iy la—j4
4 4 -
Ip—ip lg—jp
Now we define the two-set partial support
estimator and compute its covariance matrix:

(S1)est = OusTys

Z 81,0, OnDulla, I5)0F. (17)

0</4<|4]
0</3<|B

COVG’II)eS[ ==

The “one-set” partial support estimators for sets
Avu B and A4 can be obtained from (511), by linear
combination of its coordinates. In particular,
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X and Y can be computed as follows:

|B]

X = Ewell4L 1B Y = Gu)ell4l. 1]
1310

(18)

Remark 4.5. These estimators are exactly the
same as those computed in Section 4.3. Indeed,
consider for example set A; let an (J4| + 1)x
(14] + D(B| + 1)-matrix M be such that M5y
equals the “‘one-set” vector § of partial supports
for A. Since we have

Es' = Ps, Es; = Pusu, §= Msu, 5 =Msy

for all possible partial support vectors, hence we
also have

PM = MPy = MQy=0M,
i.e. both estimators do the same thing.

By combining Egs. (17) and (18), the formula
for Cov(X, Y) is given by

1
Cov(X,Y)=—- G- Dulls, 151Gy,
v( ) i 0<;|A‘ 10159 x Dulla, 181G v
0</p<|B|

where (the ¢[...]’s are the coordinates of Q)

. ] 1,=0,1,...,04\"
dx = | ¢q : 5

Bl | " l,=0,1,...,|B|
T
iy .:fl: . Al | I =0,1,...,14|
15=0 lB<_l/B ;3:0,1,,|B|

5. Experimental results

Before we come to the experiments with
datasets, we first show in Section 5.1 how our
ability to recover supports depends on the
permitted breach level, as well as other data
characteristics. The same is shown for the con-
fidence of association rules in Section 5.2. We then
describe the real-life datasets in Section 5.3, and
present results for support estimation on these
datasets in Section 5.4.

5.1. Privacy, discoverability and dataset
characteristics

We define the lowest discoverable support as the
support at which the predicted support of an
itemset is four sigmas away from zero, i.e., we can
clearly distinguish the support of this itemset from
zero. In practice, we may achieve reasonably good
results even if the minimum support level is slightly
lower than four sigma (as was the case for 3-
itemsets in the randomized soccer, see below).
However, the lowest discoverable support is a nice
way to illustrate the interaction between discover-
ability, privacy breach levels, and data character-
istics.

In order to compute the cut-and-paste rando-
mization parameters for the graphs, we have to fix
some values for maximum supports syax(k, m). We
do it as follows:

ltemsetsize: 1 2 3 4 5 6 7 8 9 10
Support(%): 20.010.05.02.01.00.50.2 0.1 0.050.02

We set the cutoff value to 5 (except in Fig. 3,
where it is 7). To set the partial supports of the
itemset being mined, we use independence assump-
tion: all items within the itemset occur indepen-
dently of each other and with the same frequency.

Fig. 1 shows how the lowest discoverable
support changes with the privacy breach level.
For higher privacy breach levels such as 95%
(which could be considered a “‘plausible denial”

25 T T T T T T
o 3-itemsets ——
S 2-itemsets -+--
g’ 2 l-items -@-- |
Qo
o
>
%]
o 15 F 1
=}
g
(5]
>
S 1r J
a .
7] Tkl
£ 05F g w2 i,
2 g TR
] =

O 1 1 1 1 1 -

30 40 50 60 70 80 90
Privacy breach level, %

Fig. 1. Lowest discoverable support for different breach levels.
Transaction size is 5, five million transactions.
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Fig. 2. Lowest discoverable support versus number of transac-
tions. Transaction size is 5, breach level is 50%.

breach level), we can discover 3-itemsets at very
low supports. For more conservative privacy
breach levels such as 50%, the lowest discoverable
support is significantly higher. It is interesting to
note that at higher breach levels (i.e. weaker
randomization) it gets harder to discover 1-itemset
supports than 3-itemset supports. This happens
because the variance of a 3-itemset predictor
depends highly nonlinearly on the amount of false
items added while randomizing. When we add
fewer false items at higher breach levels, we
generate so much fewer false 3-itemset positives
than false 1-itemset positives that 3-itemsets get an
advantage over single items.

Fig. 2 shows that the lowest discoverable
support is roughly inversely proportional to the
square root of the number of transactions. Indeed,
the lowest discoverable support is defined to be
proportional to the standard deviation (square
root of the variance) of this support’s prediction. If
all the partial supports are fixed, the prediction’s
variance is inversely proportional to the number N
of transactions according to Statement 3. In our
case, the partial supports depend on N (because
the lowest discoverable support does), i.e. they are
not fixed; however, this does not appear to affect
the variance very significantly (but justifies the
word “roughly”).

Finally, Fig. 3 shows that transaction size has a
significant influence on support discoverability. In
fact, for transactions of size 10 and longer, it is
typically not possible to make them both breach-

2 T T T T T T T T

3-itemsets ——
2-itemsets -+--

l-tems -& -
15

05

Lowest Discoverable Support, %
=
T

1 2 3 4 5 6
Transaction size

~
o]
©
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Fig. 3. Lowest discoverable support for different transaction
sizes. Five million transactions, breach level is 50%.

safe and simultaneously get useful information for
mining transactions. Intuitively, a long transaction
contains too much personal information to hide,
because it may contain long frequent itemsets
whose appearance in the randomized transaction
could result in a privacy breach. We have to insert
a lot of false items and cut off many true ones to
ensure that such a long itemset in the randomized
transaction is about as likely to be a false positive
as to be a true positive. Such a strong randomiza-
tion causes an exceedingly high variance in the
support predictor for 2- and especially 3-itemsets,
since it drives down their probability to “‘tunnel”
through while raising high the probability of a
false positive. In both our datasets we discard long
transactions. The question of how to safely
randomize and mine long transactions is left open.

5.2. Discoverability of confidence

The formulae from Section 4.6 can be used for
computing the radius J of the interval

[conf”(4 = B) — 5, conf’(4 = B) + 9]

around the actual confidence of the rule “4 = B”
such that our estimator (conf’ (4 = B)) ey 18 pYo-
likely to fall into this interval, where p is any given
probability. To find the 6, we should solve the
equation f(d) =p by means of any suitable
numerical algorithm. The 6 depends on p, on
transaction size m, on sizes of itemsets |4| and |B|,
on the number N of transactions, and on the
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parameters of the randomization operator. It also
depends on all two-set partial supports for 4 and
B (see Definition 13).

For our confidence graphs we use the interval
probability value of 95%. Like we did in the case
of support prediction, we define the Jlowest
discoverable confidence as the smallest confidence
conf” (4 = B) that is twice as large as the radius of
the 95%-interval for its predictor.

In order to set the partial supports for our
graphs, we shall use independence assumption: all
items in 4 U B occur in transactions independently
from each other, all items in A have the same
frequency, and all items in B have the same
frequency. The two frequencies are chosen accord-
ing to the given supp”(4) and conf’ (4 = B). We
have also tried maximum dependence assumption:

® All items in 4 and in B are independent from
other items in their set and have the same
frequency;

® Always if Bct then A<t Thus,

supp’ (B) = supp”(4) - conf” (4 = B);

® Transactions ¢ are “filled”” with items from B in
the order of decreasing |t A|, observing the
above constraints.

Graph in Fig. 5 is computed under maximum
dependence assumption, the other graphs are
computed under independence assumption. As it
turns out, the two assumptions produce similar
results, the maximum dependence assumption
usually giving a little higher values of lowest
discoverable confidence (by several percent or
less).

The default parameter settings for the graphs
are the same as in Section 5.1, including 5 million
transactions, each of size 5 items, and privacy
breach level of 50%. The default value for the
support of 4 is set to 2%. We plot the results for
four sizes of 4 and B, as given in the graphs. The
cutoff for cut-and-paste is set to 5, except in
graphs in Figs. 7 and 8, where the cutoff is set to 7
(for Fig. 7) or to the transaction size (for Fig. 8).

Graphs in Figs. 4 and 5 show how the lowest
discoverable confidence depends on the privacy
breach level, graph on Fig. 6 shows its depen-
dence on the support of the set A; graphs on
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Fig. 5. Lowest discoverable confidence for different breach
levels, under ““‘maximum dependence” assumption. Five million
transactions, transaction size is 5, supp’(4) = 2%.
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Fig. 8. Lowest discoverable confidence for different transaction

sizes. Five million transactions, breach level is 50%,

supp’(4) = 2%, cutoff equals transaction size.

Figs. 7 and 8 demonstrate its dependence on
transaction size; finally, graph on Fig. 9 shows the
influence of the number of transactions. The
tendencies here are similar to the ones for the
lowest discoverable support, with some additional
sensitivity to the support of A since its predictor
appears in the denominator of the confidence
estimator. The graphs demonstrate that our
estimator can be used, as long as the confidence
being predicted is not low and the support of A4 is
predicted well above zero.

5.3. The datasets

We experimented with two “‘real-life”” datasets.
The soccer dataset is generated from the click-
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Fig. 9. Lowest discoverable confidence for different numbers of
transactions. Transaction size is 5, breach level is 50%,
supp’(4) = 2%.

stream log of the 1998 World Cup web site, which
is publicly available at ftp://researchsmp2.
cc.vt.edu/pub/worldcup/.” We scanned the log
and produced a transaction file, where each
transaction is a session of access to the site by a
client. Each item in the transaction is a web
request. Not all web requests were turned into
items; to become an item, the request must satisfy
the following:

(1) Client’s request method is GET;
(2) Request status is OK;
(3) File type is HTML.

A session starts with a request that satisfies the
above properties, and ends when the last click
from this ClientID timeouts. The timeout is set as
30 minutes. All requests in a session have the same
ClientID. The soccer transaction file was then
processed further: we deleted from all transactions
the items corresponding to the French and English
front page frames, and then we deleted all empty
transactions and all transactions of size above 10.
The resulting soccer dataset consists of 6,525,879
transactions, distributed as shown in Fig. 10.

The mailorder dataset is the same as that used
in [32]. The original dataset consisted of around
2.9 million transactions, 15,836 items, and around
2.62 items per transaction. Each transaction was

SM. Arlitt and T. Jin, “1998 World Cup Web Site Access
Logs”, August 1998. Available at http://www.acm.org/
sigcomm/ITA/
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the set of items purchased in a single mail order.
However, very few itemsets had reasonably high
supports. For instance, there were only two 2-
itemsets with support >0.2%, only five 3-itemsets
with support >0.05%. Hence we decided to
substitute all items by their parents in the
taxonomy, which had reduced the number of
items from 15836 to 96. It seems that, in general,
moving items up the taxonomy is a natural thing
to do for preserving privacy without losing
aggregate information. We also discarded all
transactions of size >8 (which was less than 1%
of all transactions) and finally obtained a dataset
containing 2,859,314 transactions (Fig. 10).

5.4. The results

We report the results for both datasets at a
minimum support that is close to the lowest
discoverable support, in order to show the resi-
lience of our algorithm even at these very low
support levels. We targeted a conservative breach
level of 50%, so that, given a randomized transac-
tion, for any item in the transaction it is at least as
likely that someone did not buy that item (or access
a web page) as that they did buy that item.

We used cut-and-paste randomization (see
Definition 8) that has only two parameters,
randomization level and cutoff, per each transac-
tion size. We chose a cutoff of 7 for our
experiments as a good compromise between
privacy and discoverability. Given the values of

maximum supports, we then used the methodol-
ogy from Section 4.4 to find the lowest randomiza-
tion level such that the breach probability (for
each itemset size) is still below the desired breach
level. The actual parameters (K, is the cutoff, p,, is
the randomization level for transaction size m) for
soccer were:

m 1 2 3 4 5 6 7 8 9 10
Kn 7?7 7 7 7 7 7 7 7 7 7
pm% | 4.7 16.8 21.4 32.2 35.3 42.9 46.1 42.0 40.9 39.5

and for mailorder were:

m 1 2 3 4 5 6 7
Kn |\ 7 7 7 7 7 7 7
pm% | 8.9 20.4 25.0 33.4 43.5 50.5 59.2

Table 1 shows what happens if we mine itemsets
from both randomized and nonrandomized files
and then compare the results. We can see that,
even for a low minimum support of 0.2%, most of
the itemsets are mined correctly from the rando-
mized file. There are comparatively few false
positives (itemsets wrongly included into the out-
put) and even fewer false drops (itemsets wrongly
omitted). The predicted sigma for 3-itemsets
ranges in 0.066-0.07% for soccer and in 0.047—
0.048% for mailorder; for 2- and I-itemsets
sigmas are even less.

One might be concerned about the true supports
of the false positives. Since we know that there are
many more low-supported itemsets than there are
highly supported, we might wonder whether most

Table 1

Results on real datasets

Itemset True True False False
size itemsets positives drops positives
(a) Mailorder, 0.2% minimum support

1 65 65 0 0

2 228 212 16 28

3 22 18 4 5
(b) Soccer, 0.2% minimum support

1 266 254 12 31

2 217 195 22 45

3 48 43 5 26
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Table 2
Analysis of false drops

Size Itemsets Predicted support

<0.1 0.1-0.15 0.15-0.2 >0.2

(a) Mailorder, >0.2% true support

1 65 0 0 0 65
2 228 0 1 15 212
3 22 0 1 3 18

(b) Soccer, >0.2% true support

1 266 0 2 10 254
2 217 0 5 17 195
3 48 0 1 4 43
Table 3

Analysis of false positives

Size Itemsets True support

<0.1 0.1-0.15

(a) Mailorder, >0.2% predicted support

1 65 0 0 0 65
2 240 0 0 28 212
3 23 1 2 2 18

(b) Soccer, =0.2% predicted support

1 285 0 7 24 254
2 240 7 10 28 195
3 69 5 13 8 43

of the false positives are outliers, that is, have true
support near zero. We have indeed seen outliers;
however, it turns out that most of the false
positives are not so far off. Tables 2 and 3 show
that usually the true supports of false positives, as
well as the predicted supports of false drops, are
closer to 0.2% than to zero. This good news
demonstrates the promise of randomization as a
practical privacy-preserving approach.

Privacy analysis: We evaluate privacy breaches,
i.e., the conditional probabilities from Definition
4, as follows. We count the occurrences of an
itemset in a randomized transaction and its sub-
items in the corresponding nonrandomized trans-
action. For example, assume an itemset {a,b,c}
occurs 100 times in the randomized data among
transactions of length 5. Out of these 100
occurrences, 60 of the corresponding original

transactions had the item ». We then say that this
itemset caused a 60% privacy breach for transac-
tions of length 5, since for these 100 randomized
transactions, we estimate with 60% confidence
that the item b was present in the original
transaction.

Out of all sub-items of an itemset, we choose the
item that causes the worst privacy breach. Then,
for each combination of transaction size and
itemset size, we compute over all frequent® item-
sets the worst and the average value of this breach
level. Finally, we pick the itemset size that gave the
worst value for each of these two values.

Table 4 shows the results of the above analysis.
To the left of the semicolon is the itemset size that
was the worst. For instance, for all transactions of
length 5 for soccer, the worst average breach was
with 4-itemsets (43.9% breach), and the worst
breach was with a 5-itemset (49.7% breach). We
can see that, apart from fluctuations, the 50% level
is observed everywhere except of a little “slip” for
9- and 10-item transactions of soccer. The “slip”
resulted from our decision to use the correspond-
ing maximal support information only for itemset
sizes up to 7 (while computing randomization
parameters). In another experiment, when we used
the maximal supports for itemset sizes up to 10, we
compensated for the increased privacy require-
ments with the following cut-and-paste para-
meters:

m 1 2 3 4 5 6 7 8 9 10
Kn |7 7 7 7 7 7 7 10 10 10
pm% | 4.7 16.8 21.4 32.2 353 42.9 46.1 52.5 57.8 59.7

Also, for this experiment we have used a
different (better quality) pseudorandom number
generator.” The results of this soccer dataset
experiment are given in Table 5. Some details on
false drops are in Table 6, on false positives are in
Table 7. Privacy analysis is given in Table 8. We
can see that the “slip” for 9- and 10-item
transactions is no longer observed.

S1If there are no frequent itemsets of certain size, we pick the
itemsets with the highest support.

7“Mersenne  Twister”, http://www.math.keio.ac.jp/
matumoto/emt.html
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Table 4

Actual privacy breaches
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Transaction size

1 2 3 4 6 7 8 9 10
Soccer
Worst average: 1:44%  2:202% 3:39.2% 4:44.5% 4:43.9% 4:37.5% 4:36.2% 4:38.7% 8:51.0% 10: 49.4%
Worst of the worst:  1: 45.5% 2:45.4% 3: 53.2% 4:49.8% 5:49.7% 5:42.7% 5:41.8% 5:44.5% 9:66.2% 10: 65.6%
Mailorder
Worst average: 1: 12.0% 2:27.5% 3:48.4% 4:51.5% 5:51.7% 5:51.9% 6:49.8%
Worst of the worst:  1: 47.6% 2: 51.9% 3: 53.6% 4: 53.1% 5: 53.6% 6: 55.4% 7:51.9%

Table 5
Soccer results, “no-slip” experiment. Soccer, 0.2% minimum
support

Itemset size True True False drops False
itemsets positives positives

1 266 250 16 33

2 217 197 20 38

3 48 39 9 27

Table 6
Analysis of false drops, “no-slip” experiment. Soccer, >0.2%
true support

Size Itemsets Predicted support

<0.1 0.1-0.15 0.15-0.2 >0.2
1 266 0 1 15 250
2 217 0 4 16 197
3 48 0 0 9 39
Table 7

Analysis of false positives, “‘no-slip” experiment. Soccer,
>0.2% Predicted support

Size Itemsets True support
<0.1 0.1-0.15 0.15-0.2 =>0.2
1 283 0 7 26 250
235 4 7 27 197
3 66 6 11 10 39

Summary: Despite choosing a conservative
privacy breach level of 50%, and further choosing
a minimum support around the lowest discover-
able support, we were able to successfully find
most of the frequent itemsets, with relatively small
numbers of false drops and false positives.

6. Conclusions

In this paper, we have presented three key
contributions toward mining association rules
while preserving privacy. First, we pointed out
the problem of privacy breaches, presented their
formal definitions and proposed a natural solu-
tion. Second, we gave a sound mathematical
treatment for a class of randomization algorithms
and derived formulae for support and variance
prediction, and showed how to incorporate these
formulae into mining algorithms. Finally, we
presented experimental results that validated the
algorithm in practice by applying it to two real
datasets from different domains.

We conclude by raising three interesting ques-
tions for future research. Our approach deals with
a restricted (albeit important) class of privacy
breaches; can we extend it to cover other kinds of
breaches and other assumptions on the dataset?
Second, what are the theoretical limits on dis-
coverability for a given level of privacy (and vice
versa)? Finally, can we combine randomization
and cryptographic protocols to get the strengths of
both without the weaknesses of either?



A. Evfimievski et al. | Information Systems 29 (2004) 343-364

Table 8
Actual privacy breaches, “no-slip”” experiment. Soccer
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Transaction size

1 2 3 4

5 6 7 8 9 10

1: 4.4%
1: 45.6%

2:20.2%
2:45.6%

3:39.0%
3:52.5%

4: 35.8%
4:49.9%

Worst Average:
Worst of the Worst:

4:36.0%
5:50.4%

4:31.3%
5:44.0%

3:30.6%
7:44.3%

3:31.6%
7:45.4%

3:30.1%
9:40.4%

3:30.5%
10: 42.3%

Appendix A. Proofs
A.1. Proof of Statement 1

Each coordinate N - s, of the vector in (4) is, by
definition of partial supports, just the number of
transactions in the randomized sequence 7" that
have intersections with A of size /. Each rando-
mized transaction ¢ contributes to one and only
one coordinate N - s}, namely to the one with /' =
#(f' " A). Since we are dealing with a per-transac-
tion randomization, different randomized transac-
tions contribute independently to one of the
coordinates. Moreover, by item-invariance as-
sumption, the probability that a given randomized
transaction contributes to the coordinate number
I" depends only on the size of the original
transaction ¢ (which equals m) and the size / of
intersection 1 A. This probability equals p[/—/'].

So, for all transactions in 7' that have intersec-
tions with A4 of the same size / (and there are N - s5;
such transactions) the probabilities of contributing
to various coordinates N - 5}, are the same. We can
split all N transactions into k + 1 groups accord-
ing to their intersection size with 4. Each group
contributes to the vector in (4) as a multinomial
distribution with probabilities

@[-0],p[l—1], ..., p[l - k]),

independently from the other groups. Therefore,
the vector in (4) is a sum of k + 1 independent
multinomials. Now it is easy to compute both
expectation and covariance.

For a multinomial distribution (X, X1, ..., X})
with probabilities (pg, p1, ..., pr), where Xy + X| +
-+ + X; = n, we have EX; = n - p; and

Cov(X;, X)) = E(X; — np;)(X; — np;)
=n-(pidi=j — pip))-

In our case, X; = I’s part of N -5}, n= N -5, and
pi=pll—i] For a sum of independent
multinomial distributions, their expectations and
covariances add together:

k
EWN -s)) =) N-si-pll=1),
=0

k
Cov(N - s, N - 5)) = Z N -s;-(pll—i]-di—j
=0

= pll—=1i]-pll=)])

Thus, after dividing by an appropriate power of N,
the formulae in the statement are proven. [

A.2. Proof of Statement 2

We are given a transaction te 7' and an itemset
ACST, such that |[t{| = m, |A| =k, and #(tnA4) = [.
In the beginning of randomization, a number j is
selected with distribution {p,,[j]}, and this is what
the first summation takes care of. Now assume
that we retain exactly j items of ¢, and discard m —
j items.

Suppose there are ¢ items from 1~ 4 among the
retained items. How likely is this? Well, there are

(’;’) possible ways to choose j items from
transaction f; and there are (;) (7:11) possible
ways to choose ¢ items from tn A4 and j — ¢ items
from AA. Since all choices are equiprobable, we

get (f]) (’J":ql) / (3’) as the probability that exactly ¢
A-items are retained.

To make ¢ contain exactly /' items from A, we
have to get additional /' — ¢ items from A\z. We
know that #(A\f) = k — [, and that any such item
has probability p to get into 7. The last terms in (8)
immediately follow. Summation bounds restrict ¢
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to its actually possible (=nonzero probability)
values. [

A.3. Proof of Statement 3

Let us denote

B = ([l =0],p[l=1], ...
g1 = (q[l<0],q[l 1], ...

L=k,
Lq[l k)"

Since PQ = QP =1 (where I is the identity
matrix), we have

k k
> pli=ilgll 1= pli—11glj <11 = 6y
1=0 I'=0

Notice also, from (7), that matrix D[I] can be
written as

D[l] = diag(B)) — pip, ,

where diag(p;) denotes the diagonal matrix with
pi-coordinates as its diagonal elements. Now it is
easy to see that

§5=q,
=0
| &
Var§ =N Z s;c?ZD[I]qk
=0
1 £ T(4; T
=N ; 519y (diag(p1) — pip; )gr
1 - AT
si(@rdiag(B)gr — (B 4x)°)
=0
B k
Z 5 sz_)ﬁ k1P —d1—t |;
=0
~ 1 k >T—=r K !/
(Varf)eq = > @5)| > pli-1]
=0 =0

X gl =17 — 51_k>

k
:% Z s, (Z qll < jlpll - 1]
Jj=

Lr

qlk <17 251 kq1<—1>

/
Sj

==

OM»

X
/—\

5Hq [kIT — q[k<—j]>
l/

= S,’(q [k —JT = qlk /).

1
N “4

\M*

A.4. Proof of Statement 4

We prove the left formula in (13) first, and then
show that the right one follows from the left one.
Consider N - 2;; it equals

N-%=N- >

Ce4)Cl=l

#{t,eT|Cc=ty}
Ccd,\|Cl=]

supp’ (C)

N
Z H{C<A||C|=1,C=1).
i=1

In other words, each transaction #; should be
counted as many times as many different /-sized
subsets C< A4 it contains. From simple combina-
torics we know that if j = #(Ant;) and j >/, then ¢;
contains (}) different /-sized subsets of A. There-
fore,

N .
N-2;= Z<#(Almtl)>
NG
= Z(]) -#{l[€T|#(Amli):j}
N .
= Z(J[)N.Sj’

and the left formula is proven. Now we can check
the right formula just by replacing the X;’s
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according to the left formula. We have

k

k ) j k ) q
20 )E =20 ) ] )
j=l j=l

= \/
= > o (D))
I1<j<q<k J
k q ;
_ )[4
‘2 g( VAV
k q— -/
2 ; VT G g -7 =y
‘ _-n
— 1/
=g n 1>' Z( Y T
k q-—! _
=S 1) e (1) =
=0 J

R
&

since the sum Z;’,;i)(—l)j, ("]7]> is zero whenever
qg—1>0.

To prove that matrix P becomes lower trian-
gular after the transformation from § and § to %
and 2, let us find how E2’ depends on Z using the
definition (12).

EX, = Y Esupp’(O)

CcA,Cl=l

= > Zp [ - supp/ (C)
Cc4,|Cl=l' =0
1/
= > > puen
Ccd,|Cl=l' =0

14 .
i J
SDI(C Vi M P (ey
=1

! J )
=2 > D e
Jj=0 =0
L’,//-
x Y. Z(C,T)

CcA,Cl=l

> supp’(B)

=0 CcA,|Cl=I' B=C,Bl=j

ay Y. #{C|B=C<A4,|C|

=0 BEAB
=1} - supp’(B)
4 k—7
J
— Z crj p supp’ (B)
=0 B A,B=j
r .
k—j
= C[fj . Z]
j=0 r=J

Now it is clear that only the lower triangle of the
matrix can have nonzeros. [J
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