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The telegrapher’s process with drift is here examined and its distribution is
obtained by applying the Lorentz transformation. The related characteris-
tic function as well as the distribution are also derived by solving an initial
value problem for the generalized telegraph equation.
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1. Imtroduction

In this paper we consider the two-valued integrated telegraph signal with rightward
velocity ¢; and leftward velocity —cq (¢4,c9 > 0) and rates A, A, of the occurrence of
velocity switches, (A; when the current velocity is (—1)° + 1cl~,i =1,2).

The classical case (¢; = ¢y = ¢;A; = Ay = A) has been studied in many papers and
important probabilistic distributions and representations have been obtained indepen-
dently by various authors and by different methods (for example, Orsingher [8],
Foong [2], Foong and Kanno [3], Kabanov [4]).

When ¢; # ¢y and A # X,, the motion differs from that in the classical case in
that it displays a drift whose components have also been studied (see [1, 6, 7]). One
component of the drift depends on the different velocities and the other on the
different rates. These components differ substantially in the mathematical treatment
they necessitate.

In particular, when A, # A,, the elimination of the drift requires the Lorentz
transformation of Special Relativity Theory. This was first noted by Cane [1] and
further examined in [6, 7] but nowhere has an accurate analysis of the transformation
and 1ts probabilistic implications been carried out.

Here we discuss the random motion in the original frame of reference (z,t) and in
the related relativistic one, (z',t') where the drift has been eliminated.
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Ccqy —C
The space coordinate z' must move with velocity v, = L 5 24
Ao — Ay )(cq + ¢ ApCs — AscC . L.
( 22(,\1)1){ 3 2 = 2)‘1+)\1 2 with respect to the original frame of reference and the
2 1 1 2

time ¢’ must either be speeded up or slowed down with respect to ¢, in order to elimi-
nate the drift. ‘ ‘ N 2eq + ey

In the frame (z',t'), the particle moves with velocities ¢’ = + “‘ma
initially chosen with equal probability 1/2, and the switches from positive t(} negZative
values and vice versa are governed by a homogeneous Poisson process with rate A' =
2A1A2
Al +~A2'

Therefore, the probabilist, in the reference (z',t') attributes to the random position
of the particle, a symmetric distribution p = p(z',t'). Returning to the original coor-
dinates and writing down the asymmetric distribution p = p(z,t) requires careful
attention due to the fact that here, differently from the Special Relativity theory, the
adjustment of time depends on the random changes of the rates (and thus of the velo-
city of the particle).

In the last section of the paper we obtain the distribution p = p(z,t) by means of
the usual approach, based on Fourier transforms. This also enables us to present the
characteristic function in the case where a general form of drift is assumed.

The reader can easily judge how significant the simpification using the relativistic
transformation is and how deep an insight into the intimate structure of the random
motion is afforded.

The relativistic approach also immediately yields the form of the flow function and
therefore the joint distributions of the position and of the velocity of the particle.

2. Features of Motion and the Governing Equation

We assume that at time ¢ =0, a particle starts from the origin and that its initial
velocity is the two-valued r.v.

c with probability 1
vV)={ " 2

¢,  with probability 1

where ¢, c, are positive, real numbers.

The current velocity V = V(t), t > 0 switches from ¢; to — ¢, after an exponential-
ly distributed time (with parameter A;) and from —c¢, to ¢, after a random time
with exponential distribution with parameter A,.

The time intervals separated by velocity changes are independent r.v.s (also inde-
pendent from V(0)).

Thus the particle moves forward with velocity ¢; and backward with velocity —c,
and the changes are governed by a non-homogeneous Poisson process.

For the probabilistic description of the random position X = X(t) = [{V(s)ds we
need the following distributions

[i(z, t)de = Pr{X(t) € dz,V(t) = ¢y}

(2.1)
folz,t)de = Pr{X(t) € dx,V(t) = —cy}.
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It is well known that the functions (2.1) are solutions of the following differential
system (see [5])

%le: _01%+)‘2f2_)‘1f1
2.2)
ofy  Of, (

51 = C2gp T MS1— A S

The system (2.2) by means of the transformation

p:f1+f2,w:f1"f2
can equivalently be written down as

5t 2 oz 2 Oz

op €1 =Cdp ¢+ Juw

(2.3)
BT Ty 9 0 ar~ M A)p— (A A)w

The distribution p(z,t)dz = Pr{X(t) € dz} consists of a singular component con-

centrated in z = c;t (with probability %e—)‘lt) and in £ = —cyt (with probability

— A5t . .
—é—e 2") and an absolutely continuous part spread over the interval ( — ¢yt ¢ t).

The absolutely continuous part of the distribution is a solution of the second-order
hyperbolic equation (extracted from the differential system (2.3) by means of sub-
sequent differentiations and substitutions):

’p_  p 9%p p
2 = Ot t(—algg — (at A)gy

: o (2.4)
+3llea —e)(A +A9) = (A = A)(eq + ea)I5

2
The presence of gg and gzgt in (2.4) is clearly related to the drift of motion.

Equation (2.4), when ¢; =c,=c and X =X, =), reduces to the classical
telegraph equation

—s = —5 — 22 (2.5)

3. Elimination of the Drift by Means of a Relativistic Transformation

The elimination of the drift necessitates the use of the Lorentz transformation

' =azx+ Bt

(3.1)
t' = vz + 6t

where the constants «, 3,7,6 are to be determined in such a way that the coefficients

2
of 2p_ and op

EEYy 32" vanish. In order to evaluate the four parameters in (3.1), clearly,
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two further conditions must be introduced.

We now have our first theorem.

Theorem 3.1: A linear transformation from the frame of reference (z,t) into
(z',t"), capable of eliminating the drift in (2.4) is

(c2—c1)()\2+/\) ()\ /\1)(c1+c2)t

TEot ()‘1+’\) 2 (3.2)
g 03-a) (A +2y)? _<c2—c1>(A2—A%) ; '
- 2/\1/\2(c1 +¢y) 4/\ A, 14X, {cq+¢q)

Proof: We first remark that any transformation of the form

. (e = e1) A1 +29) = O = A)(ey +cg),
x_a{w—i— 20g F Ay }

(3.3)
tl:'y{x_*_(Az—Al)( “Cl)—(A +A1)(C +C2) }

(/\ - )(cl+c2)

eliminates the coefficients of 2 —, and £ ’gt
Assuming that & = 1 and that the Jacobian of (3.3) is equal to 1, we get that
A -t
v = - .
2M (1 +eg)
This completes the proof of (3.2).
Theorem 3.2: In force of the Lorentz transformation (3.2), equation (3.2) is
converted to the following telegraph equation with respect to the space-time
coordinates (z',t"):

0%p _Alcy + )] 9%p AN, 9p (3.4)
at/2 ()\1 +/\2)4 8:(:'2 )‘1 +>‘2 ot .

Proof: We first observe that in the frame (2',¢), after the elimination of the drift,
equation (2.4) is transformed into the following one

{52_010272“75(62 01)} = {aciey = 52+aﬂ(02 31)}

ot 12 oz I2 (35)
]

+ {5((02 — e A2) = (g = A)ep + ) — (A + )‘2)5}@-
In light of (3.2) we have that

a=1
08
2XA5(cq +¢5)
ﬁ:c2—c1_(/\2—)\1) (cq+¢y)
2 (pth) 2
(A +2y)° _ (A =2D%(ep—c))
4202 AAxy(ey +¢y)

6=
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and therefore

A+ A,)?
62 — clcz'y2 —yb(cy—cq) = ——————-( }1)‘1/\22)
(e [ Og= )
ac162_52+aﬁ( —cy) = 1 7 2 {1_()\24-)\1)2} (3.7)
%{(Cl — )M+ A) = (Mg = A)(eg +e)} = 6(Ap +A5) = — (A +Ay).
( 2

Substituting (3.7) into (3.5) and then dividing by
tion (3.4).

Remark 3.1: We are now able to infer from equation (3.4) some important
features of the random motion in the frame (z',1").

For an observer in this system (compare equation (3.4) with (2.5)) of reference, the
particle moves with velocities

Ay +Ag) . .
“1 227 we readily obtain equa-
4A Ay

o= 4 2(eq + 02))‘;)‘2
(A1 +2y)

and the switches between the two values (3.8) are governed by a homogeneous
Poisson process whose rate is

(3.8)

22\,

A:)‘1+)‘2.

(3.9)

Remark 3.2: The connection between the velocities in (z,¢) and in (z',¢') is given
by the formula

dz  (ca=c1)  (g=A)leyg+¢)

de’ T T T Tan 1Ay
dat’ 2 ) RV, (3.10)
_ A3-AD)  ar , i+ (eg —¢1)(A3 = A7)
2)\ A (c1 + c2) dt 4/\1/\2 - 4/\1/\2(01 + 02)

which can be straightforwardly obtained from (3.2).
From (3.10) it is easy to see that

2 A A
if% =¢,, then (cilf’ =c' = ———————-(cl + ) 12 2
(A +A2)
d
an ¢ dz hen 942 o 2eg oMy
noy= - 9, then dt’_c = -
(A +25)

Remark 3.3: From (3.2) it is also possible to extract the relationship

dt’ _ _ M- d_x+()‘1+’\2)2_c2‘c1)‘%*/\%
dt 2)\1)\2(61 + 02) dt 4/\1/\2 Co + 1 4)\1)\2

(3.11)

which tells us how the time ¢’ changes with ¢ (as a function of the velocity Z—f) We
have the following picture:
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A+ A
1 2 ieda
4 , f 5 =1¢
At ifdz — _ ¢
2/\1 dt 2

Formula (3.12) shows that the times t' and ¢ grow at the same rate if A, = A,.

This explains the fact that the part of the drift due to different rates must be
canceled by suitably speeding up (or slowing down) the clock in (z’,¢'). For example,
if A; > A, (and the current velocity is ¢; in (z,t) and ¢’ in (2',t')) the time ' must be
speeded up in order to compensate for the fact that switches from ¢, to ¢4 occur more
frequently then those from c, to c;.

Remark 3.4: The connection between the interval of possible positions in (x,?) and
in (z’,t') can be discussed observing that:

' 1241 Ag— A :
w2_c2t2:{1—()‘§+)‘1) }(x—clt)(a:+c2t). (3.13)

Remark 3.5: In the frame (2',t'), the velocity |c¢'| is always inferior to the mean
of the velocities ¢; and c,. In fact we have, from (3.8), that

Gt e 422, c1+ ¢y
= s 2
1+ 142
because 2, A, < )\% + /\g.

Remark 3.6: If A\ =X, =X, ¢, #cy, the transformation (3.2) reduces to the
Galilean form

Cq—2C
=z +(L2__1_)t
t=1.
CcCq4 —C
Thus the relative velocity v, = 12 2 and in (z',t) the particle oscillates with
o c1te
velocities ¢/ = =+

57 -

4. The Distribution of the Position in the Frame (z,t)

The Lorentz transformation discussed in Section 3 permits us to derive the distribu-
tion

p(z,t)dz = Pr{X(t) € dz}

from that of p = p(',t'). By exploiting well known results in literature (see [3, 8])
we can express p(z',t') as follows:

2212, .
(', 1) = & ALt Ay 2X, 2, J M+, 4(61_'_62)2)\%)\%7:,2 2
p\z, —f(cl_+i2)_)‘l_’§2 AL+ A, ety ()‘1+/\2)4
(AL +29)?

A+ [4 2N2)242
+—6%10(01 icz\/ (1 +¢9) 1002 (4.1)
172 (A1 +A2)
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2A /\2

Le M 2+ Ry o =+ 2(cy + 02))‘{\%/ Iy 2(cq + 62)>‘12)‘2tl
(AL +Ag) (A +29)

2(01 + c2)/\ )\ t’

for |2'] <
(M +,\)

Clearly 00 2 |
o = (37 L
kz-_—:o 2/ (k)
is the zero-order Bessel function with imaginary argument. In view of a result in [8]
we can also write the expression for the flow function w = w(2’,t') in the following
way

2/\1/\2t

w(l‘/ t/) — _¢ A + )\ 0 97 )‘1 + AZ 4(61 + 02)2)‘:12)‘%t/2 _ .’L’I2 (4 2)
’ 2 0x" O\ cpte (A +29)1 i ‘

We now present what we consider the most important result in this paper.

Theorem 4.1: The distribution of the position of the particle in the frame (z,t)
reads

_()\1+/\2)t )\2——)\1w (A2—)\1)(c2—cl)£
2 02+Cl 2(02+Cl)
c1+ ¢

p(z,t) = €

RS Gy o)

9, (2\/—1_2

+5; R \/1:+c2t)(c1t—a:)) (4.3)

g g r o(Qc\z/iT\/ (@ cyt)(et = ””))]

+ —%—e - Alté(x —cqt)+ %e N A2t6(x +¢yt)
for —cyt <z <cqt.
Proof: Taking into account formula (3.2) we get that
Ac; +e)ANE? L, 4,
M)t o (A +2p)?

(z + cyt)(cyt — ). (4.4)

Of fundamental importance is to obtain the connection between 88’ and é’ax’ gt
We first note that
0 dz\dit

0 _0 dt 0 dx (8_1_%%(”

97 " otdy "oz dt - \oi
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and thus it o _ 9.0 da
_0 z
di 57 = 9t 0z dt (45)
By using Remark 3.3, from (4.5) we get:
A+ A
1 2 80 _08 [2)
™y or 90 1o (4.6)
Mt 9 _o_ 8 '
272 ot ot 28z°
Summing the identities in (4.6) yields
M) 9 00
"TXZ— 57 = 25t (e = el (4.7)

which, together with (4.4), permits us to pass from the absolutely continuous

I
component of (4.1) to that of (4.3).
For the transformation of the singular component we must bear in mind that

] = 2'\1’\2 t
r —C —m(l’-—cl )

A
'+t = 2 (2 4 cyt)
A+ A 2
and A2
20 o= Ay =X o A+ ’\2t (eg—c)Aa—=A) ¢
AitAy (e tey) 2 (cg+cq) z

Since the Dirac delta function is concentrated in = ¢;t and z = —c,t we have

2/\)\
2
)\1+)\ —At -A2t
Q——Q——-—{é(z +c't) +8(x' —c't)} =& 6(z —cqt) +& 5 8(x + cyt).

This concludes the proof of Theorem 4.1.
Remark 4.1: On the basis of the same reasoning it is possible to obtain the expres-

sion of the flow function in (z,t) from (4.2)
After some calculations we have that

de'dt’ 0 _ 0 , 0 dz
4t di 9~ 01 9z dt’ (4.8)
In view of Remark 3.3 and formula (3.8) we get
)\
8 2]
(Cl + 62),\ LA, o7 =5t i3,
(4.9)

A
N a 2}
(cl + 02),\1 FDW 34 ot 25¢

Subtracting the identities in (4.9) yields
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and thus the flow function in the frame (z,t) can be written as

_(,\1+,\2)t ,\2-,\1+(>\ —,\)(2—c1)
we)= —le 02T Hete)
9 ( \/(w—i-c (c t—:c)) (4.10)
81‘ 0 c2+c 2 1 .

for —cyt <z <cqt.
From (4.3) and (4.10) it is easy to obtain the distributions

+ w —w
fl—_——-——p2 aundf2:————p:2 .

For example, the density of f, reads

(AL A0t Ay =Xy ()\2—)\1)(02—01)‘

2 Ccyt+cC c c
h0 =5 e S
A Ay (242
[ 1 5 (cl +1c 2\/x+c2t)(clt—:c)> (4.11)

gt (c Fe (RO Clt—z'))
i (%/TT

— o510 7270_\/(9: + ¢ot)(cqt - w))]

for —c,t <t <cqt.

Remark 4.2: We note that formulas (4.3), (4.10) and (4.11) coincide with the
well-known distributions when no drift is assumed (¢; = ¢y =¢, Ay = A, = A). Even
more important is the fact that

clt

/ p(z,t)de = 1,

- c2t

whose verification involves intriguing, yet cumbersome, calculations. This will be
done in the next section since the necessary formulas will be extracted from general
ones.

It may appear strange that the distribution (4.3), in the special case where the
asymmetry is due only to different rates A, # A,, ¢; = ¢, = ¢, is much simpler than in
the case where A} = Ay, = A, but ¢y # ¢,.

In effect, in this case, formula (4.3) reduces to

Ay +A)t A, —A
1 2+2 1

- Pl 1) WY N R —
p(z,t) = £ : 2¢ : [ 1—2+_ 210( Cl 2 c2t2—$2)
N
810(*71-—2‘/0%2 - x2>] (4.12)

ot

+
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for |z| <et.
The reason for the simple structure of (4.12) is that the support of the distribution

is symmetric and the asymmetry of the distribution is due only to the factor

A2 — A
exp————:c.

5. Derivation of the Distribution P(z,t) by Solving an Initial-Value
Problem

The classical approach based on Fourier transforms permits us to obtain the charac-

teristic function
o0

+
F(B,1) / P24 P(z, 1) (5.1)

of the distribution e
P(z,t) = P{X(t) < z}. (5.2)

Theorem 5.1: The characteristic function of the distribution (5.2) is
1.
e

Aty
A1+
VO ) = 826y + ) +2iB(cy +¢3)(g = Ay)

eg\/ul +29)% = B3y +ep)? + 2iB(cy + ¢) (Mg = Ap)

(5.3)
+{1- Aty
\/(’\1 +29)2 = B2(eq +¢3)? + 2iB(cq +¢)(Ay — N)
t 2_ 42 2, o
'"i\/(Al + Az) - ﬁ (Cl + Cz) + 215(62 + Cl)(A2 - Al)]
‘e
for BER and t > 0.
Proof: We first note that the Fourier transform of equation (2.4) is
dt2 Ey {iBleg —cp) + (A + >‘1)}
(5.4)

i
+ {‘5‘[(02 —c)Pg+ M) = Qg = A ey + )]+ ,320162} =0.
It is straightforward that the general solution of (5.4) reads

F(8, 1) = B2+ Ot )]
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[y = ey e mstey + )0y -0 (55)

+ K - %\/(/\1 + /\2)2 - ﬂ2(cl + 02)2 + 2iﬁ(c2 + 01)('\2 - >‘1)
€ .

The constants H and K are evaluated using the fact that F must satisfy the
following initial conditions:

F(8,0)=1

5.6)
1. (
Ll  =Lible,—cy).
t =0
While the first condition immediately follows from the fact that p(z,0) = é(z), the
second one involves much more analysis.
The features of motion described in Section 2 authorize us to write

FeiBX(AL) ic; At

1 —tc,t 1
-2-6 2 (1 - )\ZAt) + §€

clAt

(1 -XAt)
(5.7)
(A +Ay)At 1

1By
+ (cq +cg)At 2 / ePVdy +o(At)
- czAt

since, in a small time elapse [0,At), either no velocity change occurs (and the parti-

cle, at time At, is at either endpoint of the interval [ —c,At, ¢ At]) or one Poisson

event happens (and the particle is then uniformly distributed inside that interval).
From (5.7) and some calculations, we get

BePX (0 — 1 4 Bic, e )AL+ o(A1)

and thus

as claimed in (5.6).

A little algebra permits us to calculate H and K and thus obtain (5.3).

For the inversion of the characteristic function, we need three integrals which can
be inferred from the relationship

ct { % /3222 _% /2 _ C272}
€ — €

i A/ 22 3
eI\ SV et  —2° dze = ¢ 5.8
_/Ct O(C ) \/)\2_6277 (5.8)
obtained in [9].
For the sake of simplicity, we write
A= O+ 20)% = B2y + ¢ +2iB(ey + ) (A = Ay): (5.9)

The formulas we must apply are
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t

° Ag—A

1
/ eiﬂwecz+c1$10 <26\/+_16‘2\/(1; + cot) (e t — J:))d:c
—C2t
_m(CZ_Cl).;__%CQ I (5.10)
= (cy +cy)e 1 {e__f____}
o ip 2;;; 81, (2/3%
e W( o ey \/($+Czt)(clt—x))da: (5.11)

) ,G(c2 - Cl)t B (Ag — )\1)(c2 - cl)‘
_ (C +c ) —2,3(02—01)_(A 1)(C2_Cl) 2 2(C2+Cl) t
= 2 2 2(62_'_01)

iy _ty _ iﬂ(c2 - cl)t B (/\2 - /\1)(02 - cl)t . .

Qe R Teate) {3}
ot L et — Lo
ez 1 ecz+c1 -—026_1 cze c2+cl

The third formula we need is

cqt A _)\
g ¥y 701 24/ A1
BT 2T 41 a:L‘O ( TS \/(;(;—+-c2t)(clt—-.’c) dx
—cqt
Ay — A Ay — Ay
. ——=—T—Cyt
_ zﬁc t c +c1 1 —1ﬁczte <:2+cl 2
(5.12)
. (A= Ay)(eg—c )
B L 22(0;-{—021) : tf 54 _ -4
— (¢ +¢y) z,ﬁ+cz+cl € [
Formulas (5.11) and (5.12) are closely connected by
o kth o)
cot+ ¢y 701, 2y/ A1
/ 87,2 St <cl+62 \/(x+c2t)(c1t—z) dx
—cqt
cqt )\2—>\
€y—¢C . 81 23/ A
=20 / ethr 2t a—0< o +1622\/(:c+c2t)(c1t——ac))dw (5.13)
—cot
/\2—/\1 Ag—A
_ lﬂc t cqy +c

1
t . ———cC,l
+€—zﬂc2te 02+c1 2}
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(g =Aley—¢y)

iﬁ(cz—cl)‘

ci+cy 2 i
1 2
+ 5 ¢

/\—)\

t cqt

g zﬂc c—+-c1

- 026

tf t t
2(cy +¢q) {6§A+6_§A}

Ay =N

—————Col
cz—{—c1 2

- 1ﬁ02t6

as a simple comparison between (5.11) and (5.12) shows.
With this at hand, the characteristic function (5.3) can be written as:

(A
i

F(,t) =¢—5"—

iB(cy —cq)

+ (A +A)e

iB(cy — Cl) (

t
ZA
t( 2

(using (5.13) for the first term and (5.10) for the second one)

B ()\1 +A,)t (Ag = A ey = cl)‘

e 2 . 2(cy +¢q)
- 2
°qt AN
)\1+/\2 . o+l & 2,/ 1 2
C1+Cz/ B2t e et VL2 et egt)(eyl — ) Jde
—02t
Clt )\2—/\
2 1ﬂz €y +ecq 8101 2 )‘1)‘2 —
+Cl ‘+‘C2/ ot cq —+—62 \/(x—l—th)(clt :L') dz
—c2t
clt )\
CZ_CI ; c IO 2‘\/A A
—c1+c2/ e oz ( ¢, Ty \/“’+Cz eyt —=) Jd
—czt
)\ —/\ /\2—/\1
Cq —Cq zﬂclt 02+c GG —z,@czt c2+clc2t
cl+c26 c1+c2
/\ —/\ /\2—-/\1
261 zﬂc t 02—*—01 ¢yt 202 e—ﬁCZte— C2+C162t (5 14)
R R ’
_(A2+A1)t (/\2—,\1)(02—-c1)*
_e : Aegtey)
B PR
cqt Ay =Xy
A+ A ¢, fc L 24/ M4y
12 2 eiBz, 21 €1 I(c Te, Ve +et)eit—z) Jd
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clt ,\ ._)\
Jipe, 5 T 000 23/ Ay
+/ Bz, 2 8—0(61+C Ve +ceyt)(e it —z) Jde
—czt
clt )\ ._,\ )‘)‘
CZ_C 1 cq +c 1 2\/
-2 1/ 8z, 1 ‘6—0<61+C \/(x+c2t)(c1t—x))
——c2t

4L =t et 4+ 1.- Agt, —iBegt

2 2

From this we immediately obtain again the distribution (4.3).

Remark 5.1: In order to prove that the distribution (4.3) integrates to one, we
only have to integrate the absolutely continuous part and use formulas (5.10), (5.11)
and (5.12) when 8 = 0. We present some details here

Qg+ At (Ag=Ap)(ey—cy)
- + t
2 2(cy +¢q)

Pr{i—cyt < X(t) <c,t} =%

€1+ cq
clt A —)\1
A+ aFe x 2./ 179
12 2/ 1 I(c1+c ViE+egt)egt—z) Jd
—c2t
1t A ——A
T, %01, [ 24/
+/ 02 q 8—;)(61-1—6 ﬂ+c2 (clt—m)
—c2t
cqt ,\2—A
Co—C o Ty Iof 24/A 1)
- 22 1/ 1 70(61+C V0 +cept)(e it —x) Jda
—c2t
(Ag+Ay)
_e— 2 ! ’\1+)‘2 ( 2(’\ +)‘2) “%()‘1+’\2)
= ¢ +eo)\e e
¢y tcy 2(,\1_*_)\2)\ 1 2
¢1+¢ (A=A (e — ) {%(z\1+>\2)_ —%(/\1-1—)\2)}
+ AL+ A, { - 2(cy +¢y) ¢ e (5.15)
Ao — A Ay — A
t i 2 1 2 M,
+‘c'1‘¥(e§()‘l+A2)+6_§(A1+/\2))—Clec2+0101t——cze c2+0162

Ca—Cp €1+ A= (6%(>\1+>\2)_6“%(/\1+1\2))
2 M+ Mcto
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MM Tl W
Coy—Ci c,Fec it cy—cC Cytcy 2
2 _l,c2ra 2 T, 9274

Ayt Ay

-t
(observe that coefficients of e 2 cancel throughout)

g A t
_e 2 2
=TTy Lt

(A +X,) Cotc ar Tkl PR 4o, 227N,
1 2__22_16 2 _2 1, 2

2

_1 _.21,6‘*12%_6‘*2‘ =1-P{X(t) = + ¢t} — P{X(t) = —c,t}.

References

[1]

Cane, V., Diffusion models with relativity effects, In: Perspectives in Probabili-
ty and Statistics (ed. by Gani), Academic Press for the Applied Probability
Trust, Sheffield, UK (1975), 263-273.

Foong, S.K., First-passage time, maximum displacement and Kac’s solution of
the telegrapher equation, Phys. Rev. A 46 (1992), 707-710.

Foong, S.K. and Kanno, S., Properties of the telegrapher’s random process with
or without a trap, Stoch. Proc. and their Appl. (1994), 147-173.

Kabanov, Yu.M., On the probabilistic representation of the telegraph equation,
Theory of Prob. and its Appl. 37 (1992), 425-426.

Kolesnik, A.D., The equations of Markovian random evolution on the line, J. of
Appl. Prob. 35 (1998), 27-35.

Orsingher, E., Hyperbolic equations arising in random models, Stock. Proc. and
their Appl. (1985), 49-66.

Orsingher, E., Probabilistic models connected with wave equations, Boll. Un.
Mate. Italiana 7:1-B (1987), 423-438.

Orsingher, E., Probability law, flow function, maximum distribution of wave-
governed random motions and their connections with Kirchhoff’s laws, Stoch.
Proc. and their Appl. (1990), 49-66.

Orsingher, E., Motions with reflecting and absorbing barriers driven by the tele-
graph equation, Random Oper. and Stoch. Egns. 3:1 (1995), 9-21.



Advances in Advances in . Journal of Journal of
Operations Research Decision Sciences Applied Mathematics Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

ces In

matical Physics

Journal of

, Journal of Mathematical Problems Abstract and ' Discrete Dynamics in
Complex Analysis

Mathematics in Engineering Applied Analysis Nature and Society

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

Disrefe Mathemalcs

Journal of International Journal of Journal of

Function Spaces Stochastic Analysis [l Optimization




