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Probabilistic representation formula for the solution of fractional
high-order heat-type equations

STEFANO BONACCORSI, MIRKO D’OVIDIO AND SONIA MAZZUCCHI

Abstract. We propose a probabilistic construction for the solution of a general class of fractional high-order
heat-type equations in the one-dimensional case, by using a sequence of random walks in the complex
plane with a suitable scaling. A time change governed by a class of subordinated processes allows to handle
the fractional part of the derivative in space. We first consider evolution equations with space fractional
derivatives of any order, and later we show the extension to equations with time fractional derivative (in the
sense of Caputo derivative) of order @ € (0, 1).

1. Introduction

The connection between partial differential equations and stochastic processes or,
more generally, functional integration, is an extensively developed theory which cov-
ers one-dimensional, finite-dimensional and infinite-dimensional problems. Since this
paper is mainly devoted to the one-dimensional case, we shall specialize this intro-
duction to such problems. The first and main example is the Feynman—Kac formula
[33,34] providing the solution of the Cauchy problem for the “heat equation with
sink”

1
ou(t,x) = Eafu(t,x) + V(x)u(t, x), xeR,teRT, @))
in terms of a Wiener integral of the form
u(t,x) =E [u(O, X+ W())eh V“‘*W(A‘))d“‘] ,

where W = (W (t));>0 denotes a one-dimensional Wiener process.

In fact, the connection between heat equation and Wiener process is just a particular
case of a general theory connecting Markov processes with parabolic equations associ-
ated with second-order elliptic operators (see [21,25]). In the general, d-dimensional
case, we are given a Lipschitz map o : R — L(RY, R?) from R? to the d x d
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matrices, a Lipschitz vector field b : R? — R? and a d-dimensional Wiener process
W = (W(t)):>0. The solution of the Cauchy problem

{ Du(t,x) = 3Trlo()o*(x)V2u(t, )] + (b(x), Vu(t, x)) + V()u(t, x), 2

u(0, x) = uo(x)

is related to the solution X* = {X*(#)};>¢ of the stochastic differential equation

dX*(t) = b(X*(t))dt + o (X (2))dW (1), 3)
X*(0)=x, xeR?
by the probabilistic representation formula:
u(t, x) = E[u(0, X* @)l VE OS] p >0, x e R “)

One possible extension of the heat equation occurs if we replace the right-hand side
of (1) by a spatial fractional derivative operator 7, namely by a Fourier operator with
symbol ¥ (y) = (—iy)*, which leads to the equation

du(t, x) = —0%u(t, x), xeR, reRT, ae(01). 5)

Fractional powers of operators have been introduced in [17,24] where the authors
considered fractional powers of the Laplace operator. For a closed linear operator A,
the fractional operator (—A)® has been investigated by many researchers, and the
reader can consult the works [8,30,39,40,66], for example. Equation (5) is associated
with a Lévy process {H*(t)},>0 called a-stable subordinator for o € (0, 1) (see [14]
and Appendix A). In particular, the Laplace transform of H%(¢) has the form

Ele " O] = ¢ ) e RY;
hence, the solution of the Cauchy problem associated with Eq. (5) is given by
u(t,x) =E[u0,x — H*1))]. (6)

The generalization of these results to different types of PDEs which do not satisfy
the maximum principle is in general not possible [20]. In particular, a probabilistic
representation of the form (4) or (6), giving the solution in terms of the expectation with
respect to a real stochastic process with independent increments, cannot be proved in
case the second-order elliptic operator on the right-hand side of Eq. (2) is replaced by
a differential operator of order N > 2, obtaining a high-order heat-type equation of
the form

du(t,x) = %a;"u(z,x), x eR, r e R, (7
where f is a real constant satisfying some conditions on the sign, while the % term
is the analog of the factor % for the heat equation. In fact, this no-go result was stated
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originally by Krylov [42] in the case where N = 4 and is related to the non-positivity
of the solution g = g(¢, x) of the problem
1 9N

g(x,0)=6(x), xeR

as well as the rather restricting conditions for the generalization of Kolmogorov exis-
tence theorem to the limit of a projective system of either signed or complex measures
(see [68] for this result and [1] for a discussion of its implication in the construction
of a probabilistic representation for the solution of high-order PDEs).

The problem of a probabilistic representation for the Cauchy problem associated
with Eq. (7), namely a generalized Feynman—Kac formula, is extensively studied and
different approaches have been proposed, in particular in the case N = 4. One of the
first approaches was introduced by Krylov [42] and continued by Hochberg [31], who
introduced a stochastic pseudo-process whose transition probability function, defined
as the solution of (8), is not positive definite. The generalized Feynman—Kac formula is
constructed in terms of the expectation with respect to a signed measure on RI%/! with
infinite total variation. For this reason, the integral on RI%] is not defined in Lebesgue
sense, but is meant as limit of finite-dimensional cylindrical approximations [10]. It is
worth mentioning the work by Levin and Lyons [45] on rough paths, conjecturing that
the signed measure (with infinite total variation) associated with the pseudo-process
could exist on the quotient space of equivalence classes of paths corresponding to
different parametrizations of the same path. Properties of the pseudo-process X (¢)
associated with the signed measure P, corresponding to the fundamental solution of
(8) via the identity P, (X () € dy) = p(t, x, dy), were studied by several authors,
see, e.g., [31,32,43,54-57]. It should be noticed that, in the case N = 4, paths of X ()
are not continuous.

A different approach was proposed by Funaki [26] and continued by Burdzy and
Madrecki [18], based on the construction of a complex-valued stochastic process with
dependent increments, obtained by a certain composition of two independent Brownian
motions.

Recently, in [15] a new approach has been proposed. Starting from the weak conver-
gence of the scaled random walk on the real line S, () := \/Lﬁ Zy’:”l &; to the Wiener
process B(t) (§; for j =1, ..., n being independent identically distributed Bernoulli
random variables such that P(§; = 1) = P(§; = —1) = 1/2), the solution of the heat
equation can be written as the limit u (¢, x) = lim;,— ;o0 E[u (0, x + S, (¢))] . This for-
mula can be generalized to the case of Eq.(7) with N € Nand N > 2, by constructing
a sequence of complex random walks {W,fv’ﬁ(t)}neN as W,iv”g(t) = nl% ZE'Z{ &;,
where & for j =1, ..., nisasequence of independent identically distributed complex
random variables uniformly distributed on the set of Nth roots of 8. In fact, if N > 2,
the particular scaling exponent 1/N appearing in the definition of W,fv P (t) does not
allow the weak convergence of the sequence of random variables W,fv’ﬂ (1). However,
for a suitable class of analytic initial data ug : C — C, the limit of the expectation,
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namely lim,;_, o E [uo(x + W,fv A (t))], exists and provides a probabilistic represen-

tation for the solution of Eq. (7). Properties of the random walks W"-# are further
studied in [16], where a kind of Itd calculus is introduced, by the construction of the
It6 integral and an It6 formula for the limit of these processes. A similar approach to
pseudo-processes was introduced by Lachal [44] for N even. In that paper, the &;’s
take values in the discrete set {—N /2, —N /241, ..., N/2—1, N /2} with (positive or
negative) real pseudo-probabilities P(§ = k) = 8= + (—D*!(, +}]\\’, /2). He proves
that with the same scaling exponent as ours, his sequence of pseudorandom walks
converges to the pseudo-process associated with the signed measure P introduced
before.

An extension of Eq. (8) to the case of higher-order space fractional derivatives, by
replacing the order N € N with the product No, with N € Nand @ € (0, 1), has been
obtained in [60]. The authors define a sequence of pseudorandom walks, converging
weakly to pseudo-processes stopped at stable subordinators. The fundamental solution
of higher-order space fractional heat-type equations is obtained as the limit of the
(signed) laws of the pseudorandom walks, which are signed measures.

A related problem is the study of time fractional equations of the form

Dfu(t, x) =Au(t, x),

9
u(0,x) =f(x), ©

where A = %8};’ and the time fractional derivative DY must be understood in the
Caputo sense.

The fractional diffusion equations are related to the so-called fractional and anoma-
lous diffusions, that is, diffusions in non-homogeneous media with random fractal
structures; see, for instance, [47]. The term fractional is due to the replacement of
standard derivatives with respect to time ¢ with fractional derivatives and the corre-
sponding equations describe delayed diffusions. However, we do not care about the
geometrical structure of the medium, and therefore, our meaning of fractional diffu-
sions is far from the definition of fractional diffusions introduced in [7]. Anomalous
diffusion occurs when the mean square displacement (or time-dependent variance) is
stretched by some index, in other words proportional to ¢, for instance. In the litera-
ture, equation (9) is used as a mathematical model of a wide range of important physical
phenomena, usually named sub- or super-diffusions, for instance, in microelectronics
(dielectrics and semiconductors), polymers, transport phenomena in complex systems
and anomalous heat conduction in porous glasses and random media (see, for instance,
[27,28,50,62]).

Fractional diffusion equations as (9) where N = 2 have been investigated by several
researchers. In [37,53,67], the authors established the mathematical foundations of
fractional diffusions. In [63,67] and later in [23,29], the authors studied the solutions
to the heat-type fractional diffusion equation and the corresponding representation of
the solutions in terms of Fox’s functions. The explicit representation of the solutions
by means of stable densities has been studied in [11,58] and, in the case « = 1/2",
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Orsingher [58] proved the connection of this solution with the distribution of n-iterated
Brownian motion.

For a general operator A acting in space, several results can also be listed. Nigmat-
ullin [53] gave a physical interpretation when A is the generator of a Markov process.
Zaslavsky [69] introduced the fractional kinetic equation for Hamiltonian chaos. The
problem concerning an infinitely divisible generator A on a finite-dimensional space
has been investigated in [4]. In general, a large class of fractional diffusion equations
are solved by time-changed stochastic processes. We usually refer to such processes
as stochastic solutions to the driving equations. Stochastic solutions to fractional dif-
fusion equations can be realized through time change by inverse stable subordinators;
see, for example, [46,58]. Indeed, for a guiding process X () with generator A we have
that X (L% (¢)) is governed by 9fu = Au where the process L% (¢), t > 0 is an inverse
or hitting time process to an «-stable subordinator. The time fractional derivative
comes from the fact that X (L*(¢)) can be viewed as a scaling limit of continuous time
random walks where the iid jumps are separated by iid power-law waiting times (see
[48,49]). The interested reader can find a short survey on these results in [52]. Results
on subordination principles for fractional evolution equations can be found in [9,17].

Besides the interest in studying fractional equations, many researchers have concen-
trated their efforts toward the study of the higher-order counterpart (13) of fractional
equations; see, for example, [2,5,19,22,35,51]. When the underling operator gener-
ates a strongly continuous semigroup, the time-changed process can be considered in
order to study the fractional diffusion equations and also, the higher-order equation
with a non-homogeneous term involving higher-order powers of the driving operator.
The reader can consult Keyantuo and Lizama [35] and the references therein.

The first aim of the present work is the generalization of the construction in [15] to
the case of higher-order fractional derivatives of order N, with N € Nand o € (0, 1).
After a couple of sections where we introduce some preliminary results, mainly taken
from [15] and [16], in Sect. 4 we provide a probabilistic representation of the solution
to a family of equations of the form

dqu = —Au, (10)

where A : D(A) c L*(R) — L2(R) is a Fourier integral operator with symbol
W : R — C either of the form W(y) = c(iy)N® or W(y) = /|y|N¥, with ¢, ¢’ € C
suitable constants.

As opposite to [60], in our approach the solution of the equation is given in terms
of the limit of expectations with respect to the probability laws of rather simple jump
processes in the complex plane, without the need to introduce signed probabilities.

By subordinating the sequence of complex random walks W,iv P () associated with
the Nth-order Eq. (7) with a sequence of processes {S,, ()} neN converging weakly
as m — 400 to the a-stable process H% (), a sequence {X, m (t)}(n,m)eNz of jump

processes on the complex plane is defined as X, ,,(¢) := W,fv P (S5 (1)). It converges
formally to an Na-stable process in the sense that
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lim lim B[] = (MR R
m—0o0 n—00 ’ :
This result allows the representation of the solution to (10) with @(y) =
N+1:N N\ @
(%) i(y) (the symbol " denoting the Fourier transform) as the limit

lim lim E [uo (x + W,fv»ﬂ(sg(z)))] , teRT,xeR, 11
m—00 n— 00

for a suitable class of analytic initial data ug. Moreover, we show that in the case the

symbol of the operator A has the form W(y) = |y|V¢, the solution of (10) can still be

given by a formula

lim lim E [uo (x Xy (1) + f(,,,m(t)>] . teR* xeR,

m—00 n— 00

where X, ,,(¢) and f(,,,m (t) are two independent copies of the process X, ,,(f) =
W,fv”g(Sf,; (t)) and )?n,m(t) = W,fv’ﬂ/(S,‘;‘l (1)), constructed, respectively, by setting 8 =
N'!'and B’ = —N!.

In Sect. 5, we also consider time fractional equations of the form (9) and we prove
that the solution of the initial value problem, for a suitable class of initial data f, is

given by
ut,x) = tim E[f+ WP L)), (12)

where L% (t) is the inverse of the subordinator H%(¢).

Furthermore, in the case where « = M ! for some M € N, M > 1, we prove that
problem (9) is equivalent to the diffusion equation with non-local forcing term of the
form

1/a—1
du(t, x) = AYu(t,x) + Y ——1 1A f(x),
~ T(ak) (13)

u(0,x) = f(x),

in the sense that both problems share the same solution (12).

2. A sequence of random walks on the complex plane

The present section is devoted to the construction of a sequence of random walks in
the complex plane whose limit can be interpreted in a very weak sense (see Theorem
1) as an N-stable stochastic process, with N € N.

Let (2, F, P) be a probability space. Let 8 be a complex number and N > 2 a
given integer.
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Let R(N) = {eZi”k/N, k =0,1,..., N — 1} denote the set of the N-roots of
the unity and let us consider the complex random variable &y g that has uniform
distribution on the set 8!/Y R(N), namely for any function f : C — C:

1 N-—1 '
ELfEnp)l = D fBYNemHN), (14)
k=0

The random variable £y g has some interesting properties (see [15] for detailed
calculations). Indeed it admits (complex) moments of any order:

ﬁm/N, m=nN, neN,

(15)
0, otherwise.

E[S;\/nﬂ] =

In particular, its characteristic function is

N—1
1 ) ]
11’%1\/_/3 A) = N E Cxp(lﬁl/NkeZIﬂk/N).
k=0

Further, we may compute the absolute moments of £y g obtaining

Ellén g™ = 18"V,

Equation (15) is the starting point for the construction of a particular sequence
of random variables on the complex plane which converges (in a sense that will be
explained soon) to a stable random variable of order N > 2.

Let {§;, j € N} be a sequence of iid random variables having uniform distribution
on the set /N R(N) asin (14). Let S(N, ), be the random walk defined by the {£;},
ie.,

SN, B)u =Y _&j.

j=1

Interesting properties of the complex random walk S(N, ), in the case B = 1 have
been investigated in [15].

Consider the case where N = 3 and the walk S(3, 1),, occurs on the regular lattice
generated by the vectors {(1, 0), —%, “/Tg), (-1, —@)}, considered as a directed
graph. Therefore, the motion is 3-periodic, and a return to the origin only happens if

the same number of steps is made in every direction. Therefore, we compute

Gm)! 1
PSG. Dan =0 = (5 5
and Stirling’s formula implies P(S(3, 1)3,, = 0) ~ ﬁ; hence, the expected number

of returns to the origin is

[e¢]

D PG Dan =0~ % = +o00,

m=1 m=1
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and the process is recurrent.

The case N = 4 corresponds to the standard, two-dimensional random walk; hence,
the motion is 2-periodic on the lattice Z? (this time considered as an undirected graph).
Finally, the motion is recurrent.

In the case where N = 5, the process is transient. Indeed, in this case, the motion
is again 5-periodic and the only way to return to the origin is taking the same number
of steps in each direction. Hence, again by an application of Stirling’s formula,

Gm)! 1 V3

P(S(S, D5y =0) = (m!)3 55_m m’

and the expected number of returns is finite:

>
27 m)?

D PSS, Dy = 0) ~

m=1 m=1
However, for N > 5 the following result holds [15].

Proposition 1. Let N > 5. The process {S(N, 1),,} is neighborhood-recurrent, i.e.,
for every x in the lattice generated by the basis {ﬂl/NeZ””‘/N, k=0,1,...,N—1}
it holds

P(S(N, ), — x| < ¢ infinitely often) = 1, Ve > 0.

By the classical central limit theorem, the sequence #S (N, B), converges to a
Gaussian random variable for any N € N and 8§ € C. However, if we consider a
normalized random walk S(N, ), defined as

~ 1
SN, Bon = —775 SN+ Bn

then we have convergence to a stable distribution of order N in the sense that (see [15,
Theorem 2])

‘N
lim_ Elexp(iAS(N, £),)] = exp (lﬁx”’) : (16)

It is important to remark that for N > 2 the sequence S(N, B), cannot converge
in distribution because of the scaling exponent 1/N. In fact, for N > 2, the function
exp(cx™) is not a well-defined characteristic function. Equation (16) states that even
if the distributions of S(N, ), cannot converge weakly to a measure, the integral of
suitable functions (the exponentials) with respect to these measures has a well-defined
limit as n — oo.

It is possible to extend the definition of S (N, B)n to a continuous time process
and construct a sequence of random walks W,{v P (t) on the complex plane such that
S(N, B = W,fv P (1). Given a sequence {&;} of independent copies of the random
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variable &y g defined in (14), let us consider for # > 0 the process W,fv B (t) defined
by
WA (0) = 0;
[nt]

1 1
Wb =~ D & = g SN, B (17
j=1

The process W,iv *# has some interesting properties. The following lemma shows the
particular behavior of the complex moments.

Lemma 1. Fork € Nandt € R™, the k-moment of W,fv’ﬂ(t) satisfies

(ﬂ)k/NLl (k/N)+ R(n. k: 1), k=hN, h €N
E[(W,iv’ﬂ(t))k]: NT &/N)1 0. Lnt]] / n,Kk;t), K= » ey,

0, otherwise,

(1[0, |ns ] being the indicator function of the interval [0, [nt]]).
Fork =0andk = N, i.e., for h = 0 and h = 1, the remainder term vanishes. For
k=hN, h € N, h > 2, the remainder term R(n, k; t) satisfies the following estimate:

"N+ ) (AN heh=1 1 0792hN "N
(R hN: 1y < P+ D) (N 11T < 0.79 ) |

2n RN n log(hN + 1)

Proof. Let W,fv P ) = nll/N ZE"” &; and v, be its characteristic function, namely:

.o N B
Y (M) i= B[ 0],
We have that

kdklﬂ‘n

E[(WNP (1)K = (—i) i

0),

where 1, is equal to

| Lnt] A |nt]
wn(x)=(E[eXP<m“5)D =<‘”S (W)) ’

with ¢ being the characteristic function of £. By Fad di Bruno’s formula [41]

(1B 1/N
s w0 Gt/
=) clr.y [\ ——mmr— (18)
mwell Bem
where 7 runs over the set IT of all partitions of the set {1, ..., k}, B € w means that

the variable B runs through the list of blocks of the partition 7, |7 | denotes the number
of blocks of the partition 7w and |B] is the cardinality of a set B, while the function
C :N xR — Cisequal to

! i) J .
CGjx) = {Wt—n' (Ve G/t ) =

, otherwise.
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Formula (18) can be written in the equivalent form:

d*y k! nt]!
TR =2
dx mylma! - -my! (|nt] — (my +ma+ -+ my))!
0) 1Ny \ "
[nt ] —(my+mo4---—4my) Y (A )
1/N k §
< (ve/n')) W=t | = jom ’
(19)
where the sum is over the k-tuple of nonnegative integers (m1, ma, ..., my) such that
my+2mo+---+kmp =kandm) +mo+---+my < |nt]. In particular, we have:
(1B
d wn I_ntj! wg (O)
— . n — ], 20
(0= %(Lﬂﬂ—lﬂl)! ser | —mw (20)

where the first sum runs over the partitions 7 such that |7 | < |nt] or equivalently

dl//,,() 5 k! Lt ! o v o\
drk mylma! - mg! (nt] — (myp +ma + -+ mg))! /=1 jini/N '

ey

Since ¥ (0) = (1)E[£/], and E[£/] # 0iff j = mN, with m € N, then product
- v 0)

=1 \ oo isnon-vanishingiffm ; = Ofor j # I[N andk = Nmy+2Nmoy+

-, L.e., if k is a multiple of N. Analogously in the sum appearing in formula (20),
the only terms giving a non-vanishing contribution correspond to those partitions
having blocks B with a number of elements which is a multiple of N, giving, for

k=hN:

d"N B Lnz]!
o O = "5 2 Gy 22

where again the sum runs over the partitions 7 such that || < |nt]. Equivalently:

d"Ny, (hN)! [nt]! b
0) = I
d\hN © Z M) man)! - (mpa)! (] — (my +moy + -+ mpy)! =1

Mo\
((lN)'n ) ’

-y (hN)! Lnt]! o
— ) man)!-- - ()t (Int ] = (my +moy A+ -+ mpy)! !

.IN ol miN
()
L
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MV gh (hN)!
nh (mn)!man)!- - - (mp)!
Lnt]! n 1

X 1_[1:1 s
(lnt] = (my +moyN + - +myN))! ((IN)HmN

where the sum is over the A-tuple of nonnegative integers (my, man, - . ., mpy) such
thatmy +2moy +---+hmyy = handmy +moy +---+mpny < |nt]. Hence, we

have
(hN)!
N.B AN _ ph
BP0y =5 Z (ma)I(ND)™N (mon) 2NN - (myy ) (RN )Y
o |nt]!
nh(|nt] — (my +man + - +muy))!

When n — o0, the leading term in the previous sum is the one corresponding to

my = h (hence moy = -+ = myy = 0), which is equal to
n (RN Lnt]! _ ghih (hN)! gt (hN)! ( [nt]! B th)
(mMUNDE nh(lnt) = h)! RI(ND! RU(NDE \ nh(|nt] — h)! '

In the case where [nt] < h, this term does not appear in the sum and we can set it
equal to 0. In the case where |nt| > h, we can estimate the quantity inside brackets
as:

lnt]! Wl 1 i - .
m— —n—h‘—(m) T () _J)‘
h—1
= hZ({"t}+J)Hk¢,nt
j=0
h—1 h—1 h—1 2
mn E:Gﬂ+-)<() Sat=" 2n+ ).
j=0

where in the second line we have used that if a;, b; € R, with a;,b; > 0 for all
Jj =0,...,m,then (see Appendix)

m
H;ﬂ:()(aj +bj) — H;’l:()aj < ijnk#j(ak + by).

j=0
Hence,
) = | ! nel! s N
|R\(n, h; 1) = |B ) (NDE 2 (] — )] t TN

wwh1m2+m (hN)!
2n h'(N')h
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By using formula (22), the remaining terms in the sum (corresponding to the A-tuple
(my,man, ..., mpy) With my < h) are bounded by
h
]! hN)! ]!
Ro(n, hii 1) = ﬂz lne]t oy (AN) Lnt]
(lnt] = |z! (NN rh([nt] — h)!

<—Zm” 2 —" "B,

mell

where Bjy is the Bell number, i.e., the number of partitions of the set {1, ..., hN}.

hN
In particular, for any & € N (see [13]) Byy < (kgg'z}?—%ﬁvl)) ; hence,

|R2(n, b 1)| =

1Bt =1 1 0.792hN MY
n log(hN + 1) '

O

A direct consequence of Lemma 1 is the following theorem, which generalizes
formula (16) to the sequence of random walks W, NB,

Theorem 1. Forany § € Cand N € N, N > 2, the sequence of random walks W,fv #
converges weakly to a N-stable process in the sense that for any t > 0 and ) € R the
following holds:

i pt,
lim Elexp(iAWN-P(1))] = exp ( ) ) (23)
Proof.
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Theorem 2. Let f : C — C be an entire analytic function with the power series
expansion f(z) = Z,fio arz¥, such that the coefficients {ay} satisfy the following

condition:
3 n(_ N " +
,;mhmc (]og(hN—i—l)) <o VeeRT. (24)
Then
> hN)! b S N0y B\
Jim BV @) = 3 ann h!) <%> -7 h!( ) <%)
h=0 h=0
Proof.
lim E[f(WYP@)] = lim Y aBLW,"F(1))]
k=0

Lt
B Bt (hN)'
_nlggozah,v< + lim ZahNR(n hN; 1)

N T
> Bt \" (hN)!

=D <N'> T
h=0

Indeed, by assumption (24), we have

[e.e]

> annR(n, kN, 1)

h=2

v 1BV (W2 4h) (AN)! o 0.792RN MV
C"%'““'( 2 mavyn TP <log(h—N+1)) =%

C
< -,
n

where the series on the right-hand side is convergent thanks to condition (24). 0
Remark 1. Let us discuss further the assumption (24).

1. First, we provide the following simple, yet widely applicable, condition about
the coefficients {ay}:

there exist Cp, C» € R such that for all k the coefficients a; satisfy
Cy C%
k!

the inequality |ax| < (25)
Then, if condition (25) holds, the sequence of coefficients {ay} satisfies assump-
tion (24).

2. Recall that an analytic function f is said to be of exponential type c if f(z) =
S arzt and (apk)V* — cask — oo.

3. If f is of exponential type, then it satisfies assumption (24), since (25) holds.



S. BONACCORSIA ET AL. J. Evol. Equ.

4. If f : C — C is the Fourier transform of a complex bounded variation measure
w on R with compact support, then f is of exponential type; hence, in particular,
it satisfies assumption (24).

5. If f : C — Cis the Fourier transform of a complex bounded variation measure
© on R with compact support, i.e.,

f&x) = / e du(y),
R
then for all t € RT, x € R it holds

lim E[f(x+ W, P (1)) = / e "B du(y). (26)

3. A sequence of subordinated processes

Given a positive integer N € N with N > 2 and a constant ¢ € (0, 1), in the
present section we construct by means of Bochner’s subordination a sequence of jump
processes on the complex plane converging weakly (in the sense of Theorem 4) to an
Na-stable process. Our aim is the derivation of the limit of subordinated processes
W,iv # (H*(t)), where W,iv i the sequence of complex random walks defined in Sect.
2and H*(t), @ € (0, 1) and ¢t > 0, is the a-stable subordinator.

The first step is the construction of a sequence {S5, (¢)}men of compound Poisson
processes (with finite moments of any order) approximating the «-stable subordinator
H“ (1) (see Appendix A for the definition of «-stable processes).

Let S% (¢) be defined by

1 X
Sm®) =~ ), 27)
j=0

where X ~ Po(Atm>®) is a Poisson random variable of parameter A m>®, with
A= (T —a)~}, and Y; are independent identically distributed! copies of the

random variable Y[,,,), with density f,, (y) = ¢ y~el1 2 ), em = m

(see Appendix B), X and the {Y;} being independent as well.

Theorem 3. The sequence of random variables {S;, (t)},, converges weakly to the
a-stable subordinator H* (t):

lim E [eiys%(’)] =exp(—t(-iy)®¥), yeR (28)

m— 00

1For notational simplicity, we do not write explicitly the dependence of ¥; and X on the index m
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Proof.
E [e"ysfr'z(’)] ) [(]E[e"%])x} — exp (—x t m2 (1 -E [e'%yiml]))
m? oy
=exp —Atm*@ e, / (1 —e"%z) 7% ldz ),
1/m

by means of a change of variable x = z/m we get
m
E [eiysr‘:l(’)] =exp (—A tm* ¢, / (1 — ei”) x e dx)
1/m2
m .
=exp (—ktm“ Cm / (l — elyx) x! dx) .
1/m?

Since lim,,— oo m“c,, = a, we eventually obtain

o
lim E Iieiyszl(t)] = exp —IL/ (1 _ eiyx) w1 gy
=exp (—t(—i y)).
O

Remark 2. Formula (28) remains valid by replacing iy, for y € R, with a complex
variable z € C with Re(z) <0

li ]E|: ZS,D‘n(t)] _ (—t o /OO (1 _ zx) —a—1 d >
lim R e = exp o/ ) x X
= exp (—1(—=2)%). (29)

Lemma 2. There exists a constant C («) € R such that the moments of the compound
Poisson process Sy (1) given by (27) satisfy the following estimate

(30)

k+1
E[(S%(1)"] < C(a)ftkmk+2ek= 3a< k+1 ) |

log(k + 2)
for every k > 1 and for everym > (I'(1 — o) / 1)1/
Proof.

1 X X
E[(S5,(1))] —kZ 2 il
1=0 Jk=0

S0 we can rearrange the expectations and the sums as follows

X

E[(S%(1))*] ZP(X—x) Y E[Y...v]
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By the estimate (B.11) (see Appendix B), we obtain that for any choice of indexes
Jis--» Jjk =0, ..., x the following inequality holds:

E [le .. ij] < c(ot)kak_3°‘,

where c(a) =1V hence, by estimate (B.10):

la’

EL(SE ()] < c@)* m* 3 Y "P(X = x)(x + D
x=0

(1
= c(a)km*=3 (t 2aa) ZH”(X xkF1

k+1
Tl —a) tm
= cafmt (1 Y (F(l——a)> ) e

P () (1 v( tm2 )"“) <O.792(k+ 1))“1'
= tme I —a) log(k + 2)

In particular, for m sufficiently large, i.e., form > (I'(1 — o) /1)1 the following
holds

k+1
E[(Sa (t)) ] < C(Ol)k k. k+2ak—3a ( k+1 ) ’

log(k +2)

where C(«) = ¢(«)0.792/T'(1 — «).
O

Let us now consider the sequence of random walks {W,{v A (t)}, described in Sect.
2, and for any couple (n, m) € N2, let us consider the subordinated process X, (1) =
W,fv P (Sp (1)). We can think of X, ,, as a jump process in the complex plane, where a

. . C . /
random number of jumps, uniformly distributed on the set ’z—/z R(N), occur, namely:

ENAG)

5 2. & 31
J

i—1

n

where &; are iid uniformly distributed on the set 8 INR(N) [see Eq. (14)].

The following theorem is the analog of Theorem 1 for processes that are driven by
subordinators, and shows that X, ,,, (f) converges in a suitable sense to an Na-stable
process.

Theorem 4. Let the parameters N € N and B € C be chosen in such a way that the
following inequality is satisfied

Re((—)VByN) <0 Vy eR. (32)
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Then the following holds

lim  lim E[e_lyW’ivvﬁ(Sfrtl(t))] _ (( 1)N+11N N ﬁ) .
m—o0 n—o0

Before proving Theorem 4, we give an alternative estimate of the difference between
swiVB T
E[e=YWr "] and its limit for n — oo.

Lemma 3. Under the assumption (32), there exists a constant C(y) depending con-
tinuously on the parameter y such that the following estimate holds

Efe—i Wi 0 _ 0NV ny _ED e TIBII™ 33)
n n N!

. N.B
Proof. By definition of W, *# (1), E[e="Wn "] = (Wey 5 (/nt N )] where e,
is the characteristic function of the complex random variable &y g defined in (14).
Hence,

_ow N8 AN g N
|E[e iyWy, (l)] — OBty /N!| — |(W§N,ﬁ(}’/”1/N))LmJ

SN N
— Y L R Y q @y
AN
1/Ns | nt OB Lne] N <:> O L) N AN BryN N
< Wy 5 /0N — TN ST e YT — fOTPOTINY (34

The first term can be estimated as

(Wew, r/n NI — 5| < ey, (r/n YY)

Vg vN lnt]—1
—e N | Y ey, (v/n ).

j=0

N yN

By setting r(n, B,y) = Yy, (y/n'/N)y — ¢~ 7, the latter estimate takes the
following form:

lnt]—1
Wy, (/M) — TSN <, B, 1)) Z P AR
Lntj—l '
<lr(n, B, Y (L+r(n, B, Y
j=0
<lr(n, B, Wlnt (1 + |r(n, B, )DL
Moreover,

(1, By V)| = 1Yy, (/0 Ny — e W0 |
Ui O N SN E) N N NG NN s,
=N T e 2 T 5( Nin ) el




S. BONACCORSIA ET AL. J. Evol. Equ.

where z,Z € R, with z € [0, %] and Z € [0, y/n'/N]. By formula (15) and the
boundedness of the continuous map Iﬂg/? over the interval [0, y],i.e., |w§(il\;) @l <M

vz € [0, y], we obtain:

BPIYPY (1 ony 1
Irn. By < =3 (aNﬂWaﬁQ”+zuwﬂ>

<wmﬂ”< M1 >;
- n? 2N)!  2(N))?

hence, there exists a constant C'(y) depending continuously on the parameter y such
that |r(n, B, )| < €32, We then obtain

ONg il v C(y) c\"  cor e
o/ 01— S <Dy (14 T2 ) < S

Further, the second term in (34) can be estimated as:

N AN _ N
|e(l)N!ﬁ Li’;iijN _ e(i)NﬂtyN/N!l _ |e(l)N!ﬂ Lntjn 'lny . ]| < l |ﬂ|1|vy'|
n !

’

and we eventually obtain
N
|E[eilyW’{Vv/3(l)] . e(l)NlBlyN/Nll :C(y)tetc(y) + l |ﬁ||y| )
n n N!

Proof of Theorem 4.
By lemma 3,

B [e 0] S [0 POV | R, 3,0,

where |[R(n, m, y,1)| <E [C(y)s;x"(t)esﬁ(t)c(y) + %—lﬁljlv);IN].

n
Since, by estimate (30), the expectation E [ S% ()e5» (€] is finite for any m € N,
we obtain

lim E [e—nynN ! “ZUD] _E [eo')Nﬁsz, (t)yN/N!] .

n—o0

Eventually, by using (29), we get

. wNBca S (t
lim lim E[e—'»"WnN GO = tim ]E[exp <(—i)NyN—ﬁ n( )ﬂ
m— 00

m—00 n— 00 N!

= exp <—t <(—1)N+1iNyN%> ) .
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Theorem 5. Let f : C — C be the Fourier transform of a complex bounded measure
w on R with compact support, i.e., f be of the form f(x) = fe_iyxdu(y). Then
under the above assumptions on B and N

m—0o0 n—0o0

lim lim ELFWYA(520))] = /R () ). GS)

Proof. Let K C R be the support of the measure j«. By lemma 3, there exists a positive
constant M € R such that for any y € K the following holds:

E [e—iyw,fv*’%sz(r»] —E [eu)NﬁS,z(z)yN/N!] 4 R(n.m. D).

o o N
whete [R(n,m, )] < B[SO o550 4 LER] < oo,
By Fubini theorem,

E[f(W,fV’ﬁ(S;(t))] :/ E[efin,fvﬁ(S%(t))] du(y)
R

=f [exp(( DYy Nﬁsa())} du(y) + [ R(n. m, 1),
R N!

where || denotes the total variation of the complex measure p. By letting n — oo,
we obtain:

Jim ELf WP (85,0)] = /R [exp(( iy o ())} du(y).

Eventually, by dominated convergence theorem, the following holds
Sy (t
lim  lim_ E[f(WN-P (5% (1))] = lim /E[exp <(—i)NyNﬁL'())} du(y)
m— o0 R

=f lim E[exp <( HNy N BSnt ))} du(y)
R M= N!
=/ ) ),
R

O

Remark 3. Theorem 4 allows to interpret formally the limit process of X, , as an
Na-stable process. In fact, such a process cannot exist in the case No > 2 and,
analogously to the random walk W,fv # studied in Sect. 2, the sequence of complex
random variables X, ,, (t) does not converge in distribution. Theorems 4 and 5 have
to be interpreted in a weaker sense; indeed, even if the distribution of W,fv ’ﬂ(Sf,‘l (1)
does not converge to a well-defined probability measure on the complex plane, the
integral of suitable functions (i.e., linear combinations of exponentials) converges and

the limit is given by formula (35).
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It is particularly interesting the study of the case N being an integer strictly greater
than 2 and the product Ne satisfies the inequality No < 2. In this case, an Na-
stable process H™%(t) exists and its relation with the sequence of jump processes
{W,fv b (Sp(t))}m,n is worth of investigation. We can consider, for instance, the case
where N = 2M with M € N, @ = 1/M and B = (—)M*1 2 According to
Theorem 4, we have the following convergence result

lim lim Ele-oW SO 2 Ty eR.
m—0o0 n—0oQ
Nevertheless this is not sufficient to interpret the limit of W,fv B (S5, (1)) as areal-valued
Wiener process.

Indeed, for any (n,m) € N2 the process W,iv b (Sx()) has complex paths and
we can prove that for any ¢ > 0 given, the law of the random variable W,fv’ﬁ (Se (1))
cannot converge to a Gaussian distribution on the real axis. Actually, a straightforward
computation shows that

lim IP(W,f”/’(an(r)) = BR(O)) =0,

n,m—00

for any given R > 0, with Bg(0) C C. Therefore,

im P({|Re[W,§V~ﬁ(S;;g(t))]] < ﬁR] N HIm[WéV’ﬁ(Sf,‘l(t))H < ﬁR}) —0;

n,m— 00

hence, even in the case where the imaginary part disappears, the real part cannot have
a Gaussian distribution since it is concentrated outside the interval (—+/2R, v/2R).

4. Probabilistic representation of evolution equations with fractional-order
space derivative

Let Ay g : D(Anp) C L*(R) — L%(R) be the operator defined by

o EDNBYN
Anpf(y) = Tf()’),

where f is the Fourier transform of f € L%(R), i.e., f(y) = fR ™Y f(x)dx for

f e LY(R), with

D(Ang) = (f € L’(R) - /Ry2N|f<y>|2dy < o).

N g N
In other words, Ay g is the Fourier integral operator with symbol W(y) := %

On smooth functions f € L2(R) N CN (R), it is given by

aN
AN pf(x) = %ax_’\’f(x)'
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In the following, we shall always assume that 8 € R is a real constant such that,
whenever N € N is even, the inequality Re((—1)N/ 2 B) < 0 is satisfied. Under this
assumption, the operator Ay g generates a strongly continuous contraction semigroup
on L*(R). In addition, for N € N odd, the operator i Ay g is self-adjoint and generates
a strongly continuous unitary group on L?(R).

Let B : D(B) C L*(R) — L*(R) be the operator defined by

Bf(y) := Iyl f ().

with
D(B) = (f e L’(R) - /Ry%f(ynzdy < oo},

B is called Riesz operator, formally written as B = 0|x). It is given by

O f(x) = —k/oo fa=9) =2/ + fGts) o
0

52

- Lo
k:(zf ﬁm) -
0 N T

Via functional calculus, it is straightforward to define the N-power of B, as the
operator BY with symbol W(y) = |y|Y and domain D(BY) = {f € L*(R) :
fR y2N|f(y)|2 dy < oo}. For N even we have that Ay g = (72?’3 BV

For a given real constant a € (0, 1), let us define the fractional power of —Ay g

and BY as the operators (—A . g)¥ and By  with symbols, respectively

(_l)N-l-ll'NIByN o«
N F ),
By.of () =1y ).

x eR,

(—Anp)2f () = (

where, given a complex number z € C, with z = |z|ei9, with 6 € (—m, ], the
a-power of z is taken as

Za — |Z|aeia9.

Note that when N is odd and iV g is a purely imaginary number the symbol of

1; a o ¥ e By

(G N s

The action of the operator (—Ay, g)* can be also represented by the following
formula

(—Ap,p)* is explicitly given by

o o ) — e f(x)
Anp ) = r | T g

__« /°° G R VIR ARG I
T —a) Jy no s+l ’
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e*AN-P being the semigroup generated by A ~,p and W,fv # the sequence of complex
random walks defined in Sect. 2. For N an even integer, there is a trivial relation
between the operators (—Ay g)* and By o, namely

_1\N+1:Ng\ ¢
(=D /3) By

(—Anp)* = ( N

For N odd, we have By o = %. The action of By  can be also written
in the following form:

—(» OO1—cossd -1
By f(x) = s s

f“ e ANLf () —2f () + eV f(x)
X ds
0

gatl

X1 —coss -1
foo _EBLF 4+ W )] = 2 () + ELF(x + W, )]
e lim ds.
0

n—00 s+l

Let f € L?(R) be a function of the form
1 A
rw =5 [eimay. xer (36)
2 R

with f € L*(R) being a compactly supported function. It is straightforward to verify
that f belongs to the domain of any of the operators above. Furthermore, the subset
D C L?*(R) of functions of the form (36) is an operator core. By considering the

complex bounded Borel measure on the real line i ¢ absolutely continuous with respect
to the Lebesgue measure with density %, we can look at the function f defined by
(36) as the Fourier transform of 1 . Hence, f can be extended to an entire analytic
function f : C — C of exponential type (see Remark 1).

For any of the following initial value problems

oru(t) = Au(t)
uto)=f, t=ty, f€D (37

with A being either one of the operators Ay, g and —B" or one of their fractional
powers —(—Ay )% and —By o and with f of the form (36), we are going to con-
struct a sequence of complex jump processes { X, u}n.menN providing a probabilistic
representation for the solution u(¢, x) of the form

u(t,x) = lim lim E[f(x 4+ Xpm(t — t0))].
m—00 n— 00

The first result is taken from [15] and is a direct consequence of Remark 1.
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Theorem 6. Let f : R — C be an L%(R) function of the form (36). Then the
(classical 2 ) solution of

Oru(t,x) = Ay gu(t, x)
u(tg, x) = f(x), t>1ty,x €R (38)

is given by
u(t,x) = lim E[f(x + WNP@ — 1)), (39)
n—o0
where {W,fv A (t)}nen is the sequence of complex random walks defined in (17).
Proof. By formula (26), we have

u(t,x) = lim ELf(x+ WPt = 10))]
N

y_
N!

o iXY exp <(_i)Nﬂ(t — 1p) > f(y) dy.

2n Jn

By the compactness of the support of the function f , the function u(z, x) is smooth
and, by direct computation, a classical solution of the PDE

du(t, x) = %a;*’u(z,x).

O

Let us consider now the fractional power (—Ay g)* of the Nth-order differential
operator —Ay g and construct a probabilistic representation of the associated Co-
contraction semigroup.

Theorem 7. Let f : R — C be an L*(R) function of the form (36). Then the solution
of

du(t,x) = —(—Anp)*u(t, x)

u(to,x) = f(x), t>=1,x€eR (40)

is given by

u(t,x) = lim lim E[f(x + X, (@ — t0))], 41

m—00 n—00

where {X,,,m(t)}n.meN is the sequence of complex random walks defined in (31) as
N,
Xom () = Wy P (S%(2).

2For a classical solution of the initial value problem (38), we mean a function u : [0, +00) x R — C
which is of class C! in the time variable ¢, of class CV in the space variable x and such that for any

(t, x) € [0, +00) x R the equality d;u(r, x) = % Z;L—NNM(I, x) holds.
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Equation (40) can be formally written as

9 B\" oM
Eu(r,x) = — (—m> 3xN°‘u(t’ x).

Proof. By Theorem 5, the function u(z, x) defined by the r.h.s. of (41) is equal to

u(t,x) = lgnoo ILH;O E[f(x + Xn,m(t —19))]

_ L[ iy (DN
2 R

) f () dy.

The last line is exactly the action of the semigroup e~ (—4~.6)“(—0) o the vector
f € L*(R). Moreover, because of the assumptions (32) on the constants N, 8 and the
compactness of the support of f € L2(R), the function u(z, x) is smooth in both the
time and space variables. g

Let us now consider the Riesz operator B and its powers. Given N € N, let us
consider the initial value problem

du(t,x) = —BNu(r, x)
u(ty, x) = f(x), t>t,xeR 42)

with f of the form (36) as above. For N even, the operator BY coincides with (—A N.B)>
with 8 = (—1)%+1N!. By Theorem 6, the solution of (42) is given by (39). In the
case where N is odd, the construction of the associated process is neither simple, nor
unique, as the following result shows.

Theorem 8. Let us consider problem (42) with N € Nand f € D. Forany M € N,
let us consider the sequence of processes {an MN.p (1)} defined as in (17), with B =
(=DHMN+L QM N). Then, choosing o« = ﬁ according to Theorem 7T the solution of
the initial value problem (42) is given by

u(t,x) = lim lim E[f(x + WjMN*ﬂ(s,sz(r—to)))], (43)

m—00 n—00
where Sy, (t) is the sequence of processes (27) approximating the o-stable subordinator.
Proof. By an application of Theorem 5, the function u(#, x) defined by the r.h.s. of
(43) is equal to

1 : ~
u(t, x) = Zée—txye—(l—to)|Y\Nf(y) dy.

O

More generally, let us consider the operator By , and the corresponding associated
initial value problem
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ou(t,x) = —Bn qu(t, x),
u(to, x) = f(x), (44)
with f € L%(R) of the form (36). For N even, we can take the process W,{V A (1)

associated with the operator Ay g, with 8 = (—1)N/2N! and the solution of (44) is
given by

u(t,x) = lim lim ELf(x+ WNB(S (1 —19)))].

The following construction allows to handle the case where N is odd. Indeed, recall

from [15] that the distribution of —&y g is equal to the distribution of &y g and the
same holds for the corresponding continuous time processes W,fv # ().
Theorem 9. Let W,fv b (t) and W,fv - (t) be two independent copies of the process (17),
with B = N!and B’ = — N\, respectively, and let SS,(t) and S’fr‘, (t)be two independent
copies of the process (27). Taking a rescaled time variable t := (2 cos (%))*1 t, the
solution of (44) with f € D is given by

u(t,x) = lim lim E [f (x +WNB (S = 7o) + WNF (S;;(f— fo)))] .

m—0o0n—0o0

Proof. By applying Theorem 5, we obtain

1 4 e Ny A
o) = 5 [ e O iy ay

1 : o A
- e—lxye—(t—to)ly\N F(y) dy.
2 R
O

Remark 4. In fact for any operator of the form BY, with N € N, there exists a family
of associated processes. For instance, if N = 2, the solution of the heat equation

du(t, x) = %Bgu(t,x) (45)

can be represented by means of the Feynman—Kac formula, as the expectation with
respect to the distribution of the Wiener process W (¢):

u(t,x) =Elu(to,x + Wt —1))], t>1,x€eR,

but alternative constructions are possible. Let us consider, for instance, the sequence
of processes W,{V’ﬂ(S,‘;‘, (t)), with N =4, ¢ = 1/2 and B8 = —3!. Then the solution of
(45) can also be represented by

u(t,x) = lim lim Elu(to, x + WNBSE(t —10))], t>19, x €R.

The same formula holds by taking a generic M € N and setting N = 2M, o = 1/M
and 8 = (—1)M+! % Itis important to remark that, even in these cases, the sequence

of jump processes {W,iv b (Sp (t))}m,n does not converge to the Wiener process W, as
discussed in Remark 3.
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5. Time fractional diffusion equations

In this section, we consider time fractional equations of the form
DYu(t, x) =Ay pu(t, x)
u(0, x) =f(x),

where the time fractional derivative DY must be understood in the sense of Caputo
derivative. Since throughout the paper o € (0, 1), we can define

(46)

} 1 S
Dt v(t) = m/o (t—ys) av(s) ds.

The Caputo derivative D v(t), for o € (0, 1), can also be defined as the function with
Laplace transform BE;(A) = A%F(A) — A%~ Ly(0T). The reader can consult the book
by Samko et al. [62] for further details.

In our construction, equation (46) is solved with the aid of a random time change of
the complex random walk W,iv b (t). In order to explain our construction, we introduce
the «-stable subordinator H%(¢), i.e., a subordinator with zero drift and Lévy measure

c
ma(dx) = m ]l(o’oo)(x) dx,

where ¢ > 0 is a given constant. If we choose ¢ = ﬁ, then the Laplace exponent
becomes ® (1) = AY.
We denote by L% (¢) the inverse of the subordinator H*(¢) (see Appendix A), namely:

L) =inf{s >0 : HY(s) > t}.
The moments of LY are equal to

klrek

E[(LY(1))*] = Tei D)’

keN,

while its Laplace transform is

T (—Z)kl‘ak
Ele 1= Z ﬁ, zeC.
= (ak+1)

In the following result, we show that the sequence of subordinated processes
W,ﬁv # (LY) canbe associated with the PDE (46). Notice that, as opposite to the previous
section, here we only need to take one limit.

Theorem 10. Assume 8 € C and N € N satisfy assumption (32). If f : R — Risan
analytic function that is the Fourier transform of a bounded complex Borel measure
on R with compact support, i.e.,

f(x) = / e M dur(n),
R
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then of the solution of the initial value problem
Dfu(t, x) =Ay pu(t, x)

46
u(0,x) =f(x), (#0)

is given by
u(t.x) = lim E [f(x + W,{W(L"‘(t)))].
n—0o0
Proof. By explicit computation,
u(t,x) = lim E[ £+ WYL 0)] = f e P E[em VL0 gy (1)
n—0o0 R
:/e*i“Ea ( p (—i,\)Nt“) dpr(n), 47)
R

N!

where E, denotes the Mittag-Leffler function, namely E,(t) = Zkzo F(#:_l)

Under the stated assumption on the constants § € C and N € N, the argument
= % (—i2)Nt¥ is a complex number with non-positive real part for any r € R* and
A € R; hence, the map A — E, (%(—iA)Nt“) is bounded and the integral (47) is
absolutely convergent and defines a C* function of the x variable. Furthermore, for
any t € R™ the function u(t, x) is still the Fourier transform of a complex measure /i,
on R with compact support which is also absolutely continuous with respect to u f,

namely :
d
Mok, (ﬁ(—i/\)Nt“> .
d/Lf N!

In particular,

i B B . . N
Ay pu(t, x) =fRe * m(—zA)NEa (m(— MVt ) dir(h).

In order to prove that this is equal to D{u(, x), and hence that equation (46) holds, let
us take the Laplace transform of both sides. Denoting i(p, x) the Laplace transform
of u(t, x) and applying Fubini theorem as well as the properties of the Mittag-Leffler

function and the condition Re (%(—i MV ) < 0, first of all we have

i(p, x) =/OO e Plu(r, x)dr = / e*"“/w e PE, <£(—iA)Nt“) drdps(n)
0 R 0 N!

—iix
_ / ¢ - ! du (). (48)
R P 11— (m(—i)»)Np_“>

On the other hand, by taking the Fourier—Laplace transform of both sides of (46) we
obtain

B

m(—imsz(p, 1),

% (p, A) — p* (0, 1) =



S. BONACCORSIA ET AL. J. Evol. Equ.

which yields
o
ii(p, 3) = ——————ii(0, ), (49)
1= fi(=in)N p=
By comparing (48) and (49), we obtain the final result. O

5.1. Time fractional equations and non-local space fractional equations
In this section, we discuss the relationship between equation (46) and the diffusion
equation with non-local forcing term of the form

1/a—1
du(t, x) = (Ay.p)"*ut, x) +
k=1

14T AY g f (),

T (ak) (50)

u(0, x) = f(x).

We shall require that « = M ! forsome M e N, M > 1,s0in particular o € (0, 1).
The proof of the equivalence follows by taking Laplace (in time, parameter s) and
Fourier (in space, parameter A) transform of both equations, proving that the Laplace—
Fourier transforms of the solutions coincide.
Let us first consider equation (46). By taking Laplace and Fourier transform on both
sides, we get

N - —iN AN .
s%i(s, 1) — % o) = %ﬁ(s, W)
hence,
A Sot—l .
u(s, A) = mf()»)- (5D
!

(It is worth noticing that the assumption on the sign of B: Re((—i)V ) < 0 implies
that the quantity we simplify on both sides is never zero.)
Next, we apply the same machinery to the solution of equation (50). We have

M M1 k
. - (=Y AN\ 2 ok (EDVBATNT
sits, 1) — F) = (T u(s, )+ Y sT ) T,
: k=1 :
and rearranging both sides, we get

—'NXNMA M—1 _'N)\‘N kA
(s—(—( l)N!ﬂ ) )ﬁ(s,/\)zzs“k (—( ’)N!ﬂ ) 7o

k=1
SN N M
1— (s—a i) )

—a DN AN
N!

fo

1—ys
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=¥V \M
_ i )m),

§ — Sl a( Z)Nﬁ)‘N

so we simplify the quantity in the numerator

1

(s, 1) = fo,

s —

which coincides with (51), as required.

Informally, we notice that a fractional time derivative of order o has become a
fractional space derivative of order 1/, but this transformation affects, in a rather
complicated way, the initial condition. In the next and last example of this section, we
shall see what happens if we start with an equation involving fractional derivatives of
the same order in both time and space, and we compare it with an equation of integer-
order derivatives. To be precise, the following equation takes place instead of (46)

DYu(t, x) =(Anp)%u(t, x)

u(0,x) =f(x), 6
while the following non-local problem takes the place of (50):
1/a—1
ou(t,x) = Ay gu(t,x) + . Tah ﬂxkAakﬁf(x) -

u(0, x) = f(x).

The proof is analogous to the previous one. Let us first consider equation (52); we
have that

AN N\®
s%i(s, ) — sV F ) = (%) (s, 1),

so that

safl

. o
o — ((—t)}’\j!ﬂﬂ’)

(s, 1) = F). (54)

Consider now (53); we have

A ~ _HN _\Ng3N
sﬁ(s,m—m):(( R ) 70 x)+z —“k( P ) Fo,

from which we obtain
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__\N )\N R M—1 N )\,N ak .
(s_(( S ))ﬁ(s’k): Zsak(( st ) e
. k=1 .
-3 (e

= L 1 ((71')N,BAN>
59 N!

which, compared with (54), implies that the solution of (53) coincides with that of
(52), as required.
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Appendix A. Fractional derivatives and Bochner’s subordination
Fractional derivative

Let o € (0, 1) be a real constant and let us consider the Lévy measure M on the
positive half line defined by

ds

(A.1)
It is well known that M is the Lévy measure of an «-stable subordinator ( [14]) that is
a totally (positively) skewed stable process for which the Lévy—Khinchin formula is
written in terms of the Bernstein function

X% = /00(1 — ™) M(ds). (A.2)
0

Formula (A.2) is valid for any x € C, with Re(x) > 0, in particular for x = |x|e?,
0 € [—m/2, /2] it gives |x|*e!%0 = fooo(l — e )M (ds). The representation (A.2)
is therefore associated with the symbol of a positively skewed stable process, say
HY(t), t > 0. Indeed, for A > 0, we have that E [e_)‘Ha(’)] = ¢ ™" and we say that
H“(t) is a stable subordinator of order @ € (0, 1). It has nonnegative increments and
therefore non-decreasing paths. Thus, H(¢) can be considered as a time change and,
given a stochastic process X (¢), one can consider the subordinated process X (H%(?)).
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We recall that, for « 1 1, H*(f) becomes the elementary subordinator #. The density
law h = h(t, x) of H*(t) solves the problem

B,h - —8;‘}1
h(0,x) =8(x), x eR" (A.3)
h(t,00=0, teR*"
where 9Y = 9%/0x“ is the Riemann—Liouville fractional derivative with symbol
(—iy)® = [yl%e T
daf 1 —ixy s No £ £ ixy
() === [ e (=iy) " fdy, f) =[] f(x)dx.
dx® 2
According to (A.2),
daf o0
o (x) = fo (f(x) = f(x —s)) M(ds). (A4)

We also introduce the inverse to a stable subordinator that is the non-Markovian
process

L) =inf{s >0 : H*(s) >1¢t}, t>0.
We have that P(L4(t) < x) = P(H*(x) > t) and E[exp —AL"‘(t)] = Ey(—At%)
with A > 0 where
cP1et s 7
LY T P
27wi Jya CP — 2 Pt 'Bk+1)

Re(B) >0, zeC, (AS)

(Ha is the Hankel path) is the Mittag-Leffler function. We observe that, fora € (0, 1),
u(t) = Eq(wt*) with t > 0, w > 0, is the fundamental solution to the fractional
relaxation equation

D2u(t) — wu(t) =0, (A.6)

where

DYu(r) e 1 " 9su(s)ds A7
M= ET Ty = (A1

is the so-called Caputo derivative or the Dzerbayshan—Caputo fractional derivative.

Fractional power of a generator

Given a strongly continuous contraction semigroup 7' (¢) on (C*°(R), || - |lco) With
infinitesimal generator (A, D(A)), we write T'(t) = e, t > 0. Let us consider the
Markov process X = ({X (t)};>0; Px, x € R) with

T f(x) =Ecf(X(0), feD(A),
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where E 1 4(X (1)) = P, (X(¢) € A). We can define the subordinated semigroup
given by the Bochner integral

T f(x) 1= /oo T(s)f(x)h(t,s)ds = By F(X(H%(1))), x €R, tecRYA8)
0

where h(t,s) = P(H*(t) € ds)/ds has been introduced before. According to the
representation given by Phillips [61], for f € D(A), we also define

— (A fx) = /0 (T (s) f(x) = f(x)) M(ds). (A.9)

The formal representation ¢’4 of T(¢) shows that A* = —(—A)% given in (A.9)
is the generator of 7% given in (A.8) by considering a functional calculus which is
referred to as Bochner—Phillips calculus (see, for example, [12]). The special case we
introduced here can be extended to general time-changed processes with infinitesimal
generators —¢ (—A) where ¢ : (0, 00) — [0, 00) is a Bernstein function, which is the
symbol of a time change (a non-decreasing process). Then, —¢ (—A) is characterized
via resolvents in terms of Dunford—Taylor integrals ( [12,64]). For the generators we
considered so far, we evidently have that the corresponding (Fourier) symbols are
written in terms of Bernstein functions. If —W is the symbol of the generator A, i.e.,
for f belonging to the Schwartz space S(R) of rapidly decaying C°°(R) functions,

1 +oo ) .
Af(x) =—5— / e U () F(A) da,

then the fractional power of —A can be represented as:

+00

1 . A
(A" f(x) = E[ e WA F (1) da.

—0oQ
Appendix B. Some estimates
Appendix B.1: Moments of the Poisson distribution

Let X be a Poisson random variable with parameter A. Then the moments are given
by

k
k
_ ky _ 1
me =E[X*]=) "1 {1}
1=0
where {];} denotes the Stirling numbers of the second kind, defined as

l
Kl 1 =i
{l}‘l!];( vHI)
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n

In particular, { |

} =1 and {n} = 1 for any n > 1. Moreover, the sum over the first
n

values of the Stirling numbers of the second kind gives Z;‘:O {k} = By, where By is

[
the kth Bell number. Hence, if A > 1, then m;, < Ak Bi, while if A < 1, then m < By.
This eventually yields

0.792k \*
. (B.10)

mp < OV DB < (0fF v (k)g(k——i—l)

Appendix B.2: Power-law distributions

Given « € (0, 1), let us consider a sequence of random variables Y[, with density

In®) = eny™ T 0D,
where
N o

T e (1 — m)

The moments of Y[,,) are given by

2

m 1
Eiyk 1= k—a—1 4, — o ( 2k—a) _ —(k—a))
il =m /I/my YTk —a me A —m " "

—3(k—a)

o n—3g L —m
m 3
k—a 1 —m—

’

and for every m > 1 and every k > 1 we obtain the estimate
E[Y[,] < cle) m* 73, (B.11)

where c() 1= 1V 1.
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