PROBABILISTIC TREATMENT OF THE BLOWING UP
OF SOLUTIONS FOR A NONLINEAR
INTEGRAL EQUATION

BY
MASAO NAGASAWA AND TUNEKITI SIRAO()

1. Introduction. The blowing up of the solutions of the following semilinear
parabolic equation
ou(t, x)/ot = Gu(t, x)+ c(x)u(t, x)°, Bz2

u(0, x) =f(x), x € RY,

depends on the dimension d and power B, where G is the infinitesimal generator
of a linear nonnegative contraction semigroup on the space B(R?) of bounded
measurable functions on R? and ¢ is a bounded nonnegative measurable function
on R¢. This fact was recently proved by Fujita [2] when G is the Laplacian operator.
In this paper we will give upper and lower bounds for the solution of (1.1) con-
structed by a probabilistic method (cf. (3.4) and (4.7)). As a corollary we shall
obtain Fujita’s result when G is a fractional power —(—A)%, 0<a=<2, of the
Laplacian operator.

Our method is based on probabilistic arguments relating to the branching
Markov processes (cf. Ikeda-Nagasawa-Watanabe [3], Sirao [8] and Nagasawa
[7]). The necessary facts of probabilistic arguments in this context will be sum-
marized in §2, while in §3 and §4 we shall give upper and lower bounds of the
probabilistic solution of (1.1) and some applications.

(1.1)

2. Preliminaries. Let D be a compact Hausdorff space with a countable open
base, B(D) be the space of bounded Borel measurable functions on D. B*(D)
denotes the set of nonnegative elements of B(D). Let {T}; =0} be a nonnegative
contraction semigroup on B(D) defined through a kernel T,(x, dy) such that

(i) T(x, -) is a nonnegative Borel measure on D with Ty(x, D)<1;

(i) T.(-, B) is measurable on [0, c0) x D for any Borel subset B of D,

(iii) T}+s(x, B)=[ Ty(x, dy)T(y, B) for any t,520, xe D and Borel subset B,
and

(iv) T.f(x)= [Tix, dy)f(y) for fe B(D).

We shall consider the following nonlinear integral equation with an initial data
fe B*(D) instead of (1.1):

¢
@.1) o(t, %) = Tf )+ [ dsTe-ot—s5, ),
0
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where ¢ € B*(D), which will be fixed throughout the paper, and §=2, 3, 4, ....
One may apply the usual successive approximation method to obtain a solution
of (2.1). This is, however, not appropriate for our present purpose. We shall treat
the nonlinear integral equation in a different way, finding a linear integral equation
which is a linear dilatation of the equation (2.1). This linear integral equation will be
defined on an enlarged space

Cs

2.2) s= U D,

n=1

where D" is the symmetric n-fold product(?) of D, n>1.
For fe B*(D), set

@.3) 70 = [T /G), when x = (ey, Xar. .., %) € D",
7=1

fis, then, a measurable function on S and f'e B*(S) when f<1.

We shall state some fundamental facts which will play an important role in the
following discussion.

[a.1] There exist unique nonnegative kernels Ty(x, dy) and ¥(x, ds dy) defined
on [0, o0) x §'x S and S x [0, o) x S respectively, such that when x=(x;, x5, . . ., Xy)

e D"
24 [ meanfo) = T1nse,  reme),
and(®)

n

@9 [ Yo da)fen =d 3 T P 1 106 0.

Moreover the support of T(x, -) is concentrated on D" and that of ¥(x, ds-) on
Dr+£-1 (cf. Ikeda-Nagasawa-Watanabe [3, Lemma 0.3]).
Then we define a linear integral equation with an initial data f

2.6) u(t,x) = T.f(x)+ f: fs Y(x, dsdy)u(t—s,y), xS, feB*(S),

where
LW = [ T /o)
Now set
ul(t, x) = T,f(x),
2.7

t
wdt, x) = fo fs Vv, ds dp)up_i(t—5,y), k= 1.

(?) That is, D" is the quotient space of the n-fold product of D by the permutation of the
coordinate.
®) f(s, x) is obtained by applying (2.3) to f(s, x) for fixed s.
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[a.2] u.(t, x) is well defined and -, u,(¢, x) converges for sufficiently small
t>0. If we put

2.8) u(t, x) = i u(t, x),

when the right-hand side converges, then it is the minimal (local) solution of (2.6)
(cf. [3, Chapter 1V]).
[a.3] The most important property of the u(t, x) is the following branching

property:

2.9) u(t, x) = 1—1 u(t, x;), when x = (x,, Xy, ..., X,) € D",
i=1
(cf. [3, Chapter I]).

[a.4] Accordingly, by the branching property, (2.4), and (2.5), it is easy to see
that the restriction of (¢, x) on D is a solution of the nonlinear integral equation
(2.1). Moreover, it is the minimal solution of (2.1), since if v(¢, x) is a solution of
(2.1) then v(t, x)=]17-, v(t, x;), x € D" is a solution of (2.6) (cf. [3, Theorem 4.7}).
We shall call this minimal solution u(¢, x), x € D, of (2.1) obtained through (2.6)
the probabilistic solution of (2.1)(*).

[a.5] Let fi (s, x) (i=1,2,...,m) be in B*([0, ) x D) and a, ...,, be certain
constants which are symmetric with respect to (ki, ko, ..., k,). When x=
(%1, X2y ..., X,) € D,

(k,m)
J‘D ‘P'(x, ds dy){ Z Qi kg - ko ka;(s’ yt)}
(2-10) n_ (k.m) n
i 3% kas(c- [T/ -)) ) T Tt N,

where m=n+8-1, >*™ denotes the sum over all (ky, ks, ..., k,) satisfying
S>r., ky=k, and []? the product over i=1I, n+1,n+2, ..., m. This representation
of ¥ follows from the fact that the integrand of the left-hand side of (2.10) can be
expressed by a linear combination of functions of the form g, g € B*(D).

We will give upper and lower bounds of u,(#, x) in the following sections.

3. Case 1. There exists a global solution. Now we give an upper bound of
u,(t, x).

LeMMA 3.1. For fe B*(D) and x=(x,, Xy, . . ., X,) € D*, u,(t, x) which is defined
by (2.7) has an upper bound

(*) When T is the semigroup of exp ( —-jé (xs) ds)-subprocess of a conservative Markov
process on D, u(t, x) in (2.8) exists for all #=0 and U,f(x)=u(t, x), where U, is the semigroup
of a Markov process on § which has the branching property (branching Markov process).
This remark is also true for any T;, but we need some additional structure for branching Markov
processes (cf. Sirao [8], Nagasawa [7]).
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{n+iB-1} /. koo
_k'_{ .[, sup h(s, ds} LT %),

k=1

B wlt, x) < |c||k- =2

where k=1,2,3,... and
(32 h(t, x) = T.f(x).
Proof. We shall prove (3.1) by induction. u,(¢, x) is estimated as follows: By
(2.5) and (2.7)
u(ts) = [[ds 3 e -0 T] T
6 < el [ dsfoup =52} 3 [T T

=1 1i=1

t n
= s-17.
e [} dsfoup i,y =1 T T hte .

where we used that T;h,_ (x)=h(z, x)(°). Thus (3.1) is valid for k=1.
Suppose that (3.1) is valid for k= 1. Then by (2.7) and the induction hypothesis,
we have for x=(xy, xs, ..., x,) and m=n+p—1

wtyx) = [ [ ¥ex ds dppate—s,)
k-1
T {n+B—1+iB=1) | oo, .
< ol [ = {[7 arsup her, =1}

m
[ ¥, sy T e—s,3).
7=1
By (2.5) this is equal to

k-1
1:[ {n+B—-1+i(B-1)} . t—s O
llef¥- =2 i 'fodS{ , dr sup h(r, y)’ }

2 (et x0T ] Theeo5)

k-1

I {n+B-1+i(B-1)} .

< njcfk+t- =2 f ds sup h(s, y)* !
k! 0o veD

S k n
{ [} drsup ner y)B-l} TTAe %)
0  veD §=1

[1 (r+iB-1} [ e
et = { [ e} T T e

This proves (3.1) for k+ 1, completing the proof.

(%) We write sometimes h(x) for h(z, x).
(®) Note: [¢ dF(s)F(s)<[k!=F(t)+[(k +1)!, F(0)=0.
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COROLLARY 3.2. Let u(t, x) be the probabilistic solution of (2.1), then

(3.9 u(t,x) < T, f(x){l + i vk(t)},

where

TT a+ig-1)
(3.5) bt = 2 {ncu f sup (T.f))- etv}

ReMARK. When T, f(y) <1, (3.5) shows that larger B provides better converging
factor (T,f(y))? 1. Therefore >, v,(t) converges more easily for larger B.

THEOREM 3.3. For fe B*(D) satisfying

(3.6) B=Dlel [ sup (P2 dr < 1,
there exists a global solution u(t, x) of (2.1).

Moreover there exists a constant M >0 such that
(3.7 u(t, x) £ MT.f(x)(").

Proof. By (3.5) we have

ottt s HEr ke [ swp o

Therefore (3.6) implies
sup Z v(t) < 0.
t k=1

Thus the probabilistic solution actually provides a global solution. (3.7) follows
from (3.4), completing the proof.
We shall give some applications of the preceding theorem.

COROLLARY 3.4. Suppose that the semigroup T, is transient in the following sense:
For any open set U< D with compact closure U, (U# D)

(3.8) f ® sup TyIy)(x) dt < oo®).

If we assume B2 2 and if 8> 0 is sufficiently small, then there exists a global solution
u(t, x) of (2.1) for f=381y, and it satisfies (3.7).

(") In this case u(t, x) is the unique bounded solution of (2.1), because u? satisfies locally
Lipschitz’s condition.

(®) Iy is the indicator of U.
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Proof. The assertion of this corollary is clear from

[ " sup (Tf()P -1 dt < 881 j ® sup Tul,(x) dt.
x 0 x

LY

THEOREM 3.5. Let T, be the semigroup of the d-dimensional symmetric stable
process of index « (0<a<2), ie.

T.56) = [, ot x=9)f0) dy,

3.9
et = jd ei(z,x)p(t’ x) dX(s).
R
Let
(3.10) dB—Dfe > 1,

and y a positive number. Then there exists a positive number & with the following
property: If

3.11) 0 = f(x) = 8p(, x),
then there exists a global solution u(t, x) of (2.1) which satisfies
(3.12) 0 < u(t, x) £ Mp(t+v, x),

for some positive constant M.

When e=2, i.e., T; is the semigroup of the d-dimensional Brownian motion,
this theorem was first proved by Fujita [2] by a different method.
Proof. If an initial data f satisfies (3.11), we have

T.f(x) < 8p(t+v, x).

Since
plt+y, x) = (t+y)~4p(1, (t+y)~ ),
and
p(1,y) £ p(1,0), foryeR?,
we have

[ sup sy ar < 0-2p01, 007 [ )0
0 x °

1-d(8-1)la

_ s8-1 -1 Y
= 8-1p(1, 0 dB=T)a=T

Therefore if we take & sufficiently small, (3.6) is satisfied. Hence the assertion of
this theorem follows from Theorem 3.3.

(®) |z] and (z, x) denote norm and inner product, respectively.
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REMARK. Put
A= d(x) & +> bi(x) 2,
5 ox' ox’ "~ 4 oxt

where a” and b' are sufficiently smooth and subject to 3, ; a’(x)AA; = 3 A for all
x € R%. Then it is known that the elementary solution p(¢, x, y) of du/ot= Au has
the following upper bound:

p(t’ X, y) é Kt_dlz ¢Xp (_alx_ylz/t)a

where a and X are certain positive constants. Therefore Theorem 3.5 is true when
we take [ p(t, x, y) dyf(y) as T,f(x), where we put a=2.

4. Case 2. There exists no global solution. In order to obtain a criterion for
existence of no global solution, we give a lower bound of #(z, x).

LEMMA 4.1. Assume

“.1) ing c(x) = ¢o > 0.
Then, for nonnegative f € B(D) and x=(xy, X, . . ., X,), #(t, X), which is defined by
(2.7), has a lower bound
(k,n)
ult, x) 2 6’6{ 2 Begi - ety %0)28 7V (e, x2)a 8=V - ke, xn)""“"”}

4.2) n "

. h(t, x;)
wherek=1,2,3,..., h(t, x)=T,/(x), and ayy, ..., are certain symmetric constants
satisfying

(k,n)

4.3) D Gy ok, = nn+B=1)- - (n+(k—1)(B-1)),

where >%™ denotes the sum over all (ky, ko, . . ., k,) satisfying >t., ky=k.

Proof. We shall prove (4.2) by induction. Noting the following inequality
which is justified by Jensen’s inequality(*°),

@.4) Ty(h(t—s, -Y) = {Th(t—s, )} = h(t, x¥,
we have by (2.7)
ity x) = [ ds > Te b)) T] T md®),
0 =1 1#1
2 co [ ds > ht 5 TT ),
0 =1 i1#1

that is, (4.2) is verified for k=1, with ago ...010...0=1.

(9 B=z2.
(**) We write h(x)=h(t, x).
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Suppose that (4.2) is valid for k= 1. By (2.7), the assumption, and (2.10), we
have for x=(x,, X5, ..., X,) € D" and m=n—1+8

w9 = [ [ ¥0x,ds dpue—5,)

" t (k,m) (t—s)k
z cf L fD,,. ¥(x, dsdy){ D kg ko n R 1)+1} -
t n  (k,m) P)
2 c§+lj ds z Qiykog - (1_[ e~ 1)+1)(x)
o =
ﬁ T,(hE8-D+1)(x). (1—s) s)k (2)
j#hj=1
n  (k,m)
z gt Z Z Qg - renth(t, X))% FiB-D+D1}
i=1
= _ tk+1 (13)
h(t, x,yesB-D+1.
f*llll ) (k+1)!

where we used (4.4) and performed the integration with respect to s in the last step.
The last line is equal to

n_ (k,m) n

7 2D Gy kgl ) R0 b x)o
- n . t"+1 itlij=
. t, —_—
,Il %) Dy

If we introduce k;=>* k;+ 1, this can be written as

4.5)

(k,m)

n ) n e+l
1 121 Z Qesieg -+ ket X)) ]f;[ h(t, xj)k’w-l)g h(, x’)'(k—+_1)!.

Consequently we have

(k+1,n)
Ues1(t, X) = kY z ak;kz k,.h(t X, Y18V h(t, x5)ka® =D . .. h(t, x,)nB =D

113 h(z, xj).(k_'l'—l)!,

where we put

3

’
(4.6) ak1k2 vk = z Z akl [ERS YRERY
I=1 pi+kps1+ - tkm=k -1

This proves (4.2) for k+1. ay, ..., are symmetric because so are ay, ..., . More-
over, since we have, by the induction hypothesis,

(k,m)

D Gyt = 1B DY +2B—1)} - - {n+k(B- 1D},

(32) [1# denotes the product over i=I, n+1,n+2,...,m
(*%) 3 denotes the sum over i=l, n+1,n+2,...,m.
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we have, noting (4.6),

(k+1,n)

D, ey = Mn+(B=DHn+28—1)} - - {n+k(B—1)},
which proves (4.3) for k+ 1, completing the proof.

COROLLARY 4.2. Let u(t, x) be the probabilistic solution of (2.1), then

4.7 u(t, x) 2 T}f(x){l + i ult, x)}, xe D,
where
48 01, %) = g || {1408 = DHeo (T~

THEOREM 4.3. For fe€ B*(D) satisfying, for some x, € D and t,>0,

4.9) (B—Deoto(Tio f(x0))P 1 > 1(+4),

all solution u(t, x) of the equation (2.1) blows up at a point in a finite time interval
(i.e. no global solution exists).

Proof. By [a.3] the probabilistic solution u(¢, x) is the minimal solution of (2.1).
Therefore it is sufficient to consider this solution u(¢, x). Assume that u(¢, x) does
not blow up all #>0. Then u(z, x) satisfies (4.7). We have, however, for sufficiently
large k

Uk+1(fo, Xo) _ 1+k(B—1) 5-1
Uk(to, xo) = k+l COtO(nof(xO)) > 19

which contradicts the assumption.
We shall give some applications of the above theorem.

COROLLARY 4.4(*%). Let D be a bounded domain in R® and let T, be the semigroup
of an A-diffusion on D with absorbing boundary(*5). If the initial data f=0 takes
sufficiently large values on an open set with positive Lebesgue measure, then the
solution u(t, x) of (2.1) blows up in a finite time interval*™.

ReMARK. In the above corollary, A-diffusion with absorbing boundary is a
process on D= D U {8} (one-point compactification of D) with § as the terminal
point. We always assume f(8)=0 for f€ B(D).

(**) co=inf,p inf ¢(x)> 0.

(1%) A different proof of this theorem is given in S. Ito [6].

(*%) This is the process with transition probability p(t, x, y) dy, where p(t, x, y) is the
elementary solution of ou/dt= Au, u|op =0, A=a"(x)(9?/ox' 8x?)+ b'(x)d/ox'.

(*") We assume inf,¢p c(x)=co>0.
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THEOREM 4.5(18). Let T, be the semigroup of the d-dimensional symmetric stable
process with index « (0<a=<2). Let

(4.10) 0 < dB—1)a < 1.

Then for any nonnegative measurable function f on R* which has strictly positive
values in an open set with positive Lebesgue measure, all solution u(t, x) of (2.1)(*®)
blows up in a finite time interval, i.e., (2.1) has no global solution.

Proof. First of all we note that we have, if t>1, T,f(x)=¢~4*T,f(x). On the
other hand there exists x, € R? such that 0< T, f(x,) by the assumption. There-
fore under the condition (4.10), we have, if ¢ is sufficiently large,

(B—1Dcol(T:f(x0))* =1 = (B—1)cot* =4~ VI¥(T f(x0))P = > 1.
Hence u(t, x) blows up in a finite time interval by Theorem 4.3. This completes
the proof.
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