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Abstract
We construct nucleon knock-out amplitudes which exactly satisfy
probability current conservation. The derivation i1s first produced for a
nucleon bound to an inert core and is then generalized to the case of
realistic nuclei. Numerical tests are presented for a nucleon bound in a
square well potential for which nnwnn results are compared with several
approximated onesjthe need of imposing vuovmuuw»nw current conservation

1s also numerically ‘demonstrated.
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I. INTRODUCTION

The amplitude for a nuclear reaction in general, and for nucleon
knock-out in particular, is the matrix element of a transition ovnmnnon T
taken between initial and final nuclear states. In the latter
type of reactions it is not uncommon that differeat approximations are
used for the nuclear many-body Hamiltonian in initial and final channels.
For example, in a nucleon knock-out reaction, the final state »:nonmnnﬁ@n
(FSI) of the knocked-out nucleon and the residual nucleus 1is either
neglected (plane-wave approximation), or is approximated by a complex
optical potential. The latter need not necessarily generate the initial
state and consequently wave functions for a bound and knocked-out nucleon
are not orthogonal. An immediate consequence may be inferred if the
knock-out mechanism is weak. The amplitude then appears proportional to
the inelastic target form factor Fone The latter ought to go to zero
for momentum transfer q + 0, yet it will not if <bgsdp> # 0. For q#0
there is a more general constraint on Fon(q),namely the conservation
of the probality current (PCC) of which orthogonality 1s a particular
case. Implementation of PCC is the topic of the present investigation.
For an electromagnetic knock-out process one clearly deals with the
conservation of the e.m. current or, equivalently, gauge
invariance."

In the present paper we consider nucleon knock-out by a weak scalar
probe, for which the nuclear part of the amplitude is just the inelastic
formfactor. New expressions for the knock-out amplitudes which respect
PCC are derived. 1In Sec. II we do so for a nucleon bound to an
inert core. Apart from the exact expressions, we also focus
on the Born approximation (BA) applied to a weak interaction, and on the

eikonal approximation in the case of a fast, ejected nucleon. Section



m.o
AO-NV *0=Z Q—Alm.v > = AO - va d

£331eUO080Y310

898892dx? (£°Z) UT O = b sswo Teroads ayy eyl adyIoN

0p "2 o ne neﬁ .
(8°2) ¢ w5 G0 o) =( v T
»
98FAaYFT °*(Z°7) 103Id®3 w103 UOTIFSuUBII Pyl 38nf 1
m e(x2)
AhoNv AWV ¢ n_v+W¢A ) Iﬂ -
~ d¢o

o <«
)¢ 3 () N [ =(®) d
w.wm (=) *
eyl S238 VO UOTITUTIIP Ag

)
(9°2) 13+ Fam
yra

K %
(s) “©* m - i

¢

sey onoew ¢0¢ ussmiaq (9°2) 30 sjuawara xjajvm

feb

+* <
v

Surjeyl °A3ysusp ueaand L1717qeqOad 3O uoTIBAIASUOD 3y sassaidxa yYoyya

(9°2) & @mT - E?a
20
: &.@m: - awvw.»

£3stIes 983yl A = A 104 *(2)d ‘()f
v v

v v

£11suap pue juaiand L37Trqeqoad 103 siojezado 3yl mou 1apysuo)

4 d

(€°2) C % B h e = ®F
uoF18IUILI1dax wnjusdwWom Y3 U} Speax 1913eT L [Th A
° d do :
(z°2) @) ¢ 352D ) =® a

103d%e3 wao3 dF3seraut Iyl pue N3 apniprdue
uoaTINU-aTFIdRfoad L1ejuswata ay3 AraarIdadsaa aie (1°Z) uy 8101083 3yl

@o N ° 4 _ . ® 4
(°2) B a®3=c exlal A>T pIEIPRCI B

13p30 3ISIMOT O SPUTF JUO ‘13FSuBI] WNIUSWOW Y3 3. b pue ‘ary30af
-oad 3yl jo ejudmom TERUTJ PUR TBTITUT Y3 3 ‘q uITM  *(1 *%ra) 4 ¢ uniuamom
91303dumise yaigm AEN\Nm = mmvme 33e3s wnnujljuod ® 03 (g > ou £812u3)
%¢ a3e3s punoad sy WOl13 UOITINU 3yl BuyIyoxa ‘mwopa’day jo seaaSap
TeUI9IUF INOYITA 2qoad aereds Surideiajuy ATiesAa ® 13pTsuo) *Np
Teriualod ueriymiaay ‘redsor ® £q 3102 3JI9ug ue 01 punoq ST
WOITONU B YITYA UF Tapom 1eITOnu ITdWTS ® YITM 31838 BN
*uoriewyxoadde
Kue up 994 Burf3syies Jo K31aadoad 9Tqeaysap a3yl aAey Yorys sapniyrdue
UOTIFSUBII JOF IBTNWIOJ IDBX? IATIIP 9 UOTIVISqNS STy Ul
suoyssaidxs 3owxz °y
TAAOR ¥VAIONN ATDIIYVI-TIONIS V NI SIANLITIKV INO-ADONX °II
*811ed127UN0d paepuels 1FaY3 UEBYl 19MSuUB 3IJEXD By 03 198072
a8aer pue £q 2ae Lay3 ‘spuncas Tedyourad uo arqeaysap .ATuo 30u 218 954
£q paureaisuo> suoriewrxoadde 3eyy umoys sy 11 °T19A 2aenbs e 03 punoq
UuoaTONU e 103 STSATEUE TEJTiamnu B JO SITNS’I1 uasaad aa Al °29§ uy

*¥2Tonu JTISTTE3I 03 SuoyIezyreaaua’ supeiuod III



Substituting Eqs. (2.7) and (2.8) into (2.5) one obtains

> >
Ot 3 22D, (q) = w

QI
e ¢ &) 0, (@

@0 b (2.10)
In momentum uovnoumnnnn»on the scattering state eA ) reads
v
v» > t(p,k
. - - —t(pk)
ew &) = @2n)3 s(k-p) + BT (2.11)

Here

e(p.%) = < & VAT - 1) |po* = < _n:mw +1n) k> (2.12)
1s the half-off shell matrix element of the transition operator which
satisfies a unrrnwua Lippmann-Schwinger equation t = V+V Got. One now
substitutes (2.11) into (2.1). Corresponding to the two terms of
ealv in Eq. (2.11), the inelastic form factor is decomposed into
pPlane wave (PW) and final state interaction (FSI) parts

@@ o (@ t(p,&r)

F (@ =¢ 3:6 + T . (2.13)
(2n)TE_-E__ + in
o w?m

Similarly, using Eq. (2.11) in (2.8) gives

L3 > N.v 4 > > .v N.v b4 na.v .nv~+.vv

I @ =2 -0 + vau o (@ T4 L(R.2tq) R CBD)
P ? m._.a

Now, substituting Eqs. (2.13) and (2.14) into (2.5), the PCC relation may

be rewritten as

L d »> >
LOED , G+ [y () LD D
2 ° (2x)3 2m mw - mm+m + 1n

4G, R (2.15)

3% Er-Ers+ 1
Sé P Qrq "

It 1s easily seen that by making approximations for the FSI part only,
one might violate PCC. 1In order to express quantitatively the degree of

such a violation (see also Sec. IV) one may use the dimensionless ratio

@ - a. @
R, (@ - st of (2.16)
ap wp w?:

which ought to be zero if PCC 1s respected. However, taking as an

example t=0, which is usually called the the plane wave approximation
(PW) we find using Eqs. (2.13), (2.14), and (2.16)

3+ el

0.% FW.* _n _

Results (2.17) show that the PW approximation does not respect PCC. This

#0 . (2.17)

18 due to the substitution t+o which is applied to the FSI, but not
simultaneously to the PW part.
Proceeding with our derivation, we obtain from (2.15) the following

integral equation for do

»> > >
-3 = - " 1 dQ S He+m¢|m0 +u ooaov t(p,3+) .
w NM|M = mw (2%) mm - M + 1in

(2.18)

(2.18) 18 now substituted into the first term of (2.13) resulting in

> > > > > > > >
1 dQ  q*(Q+q-p) t(p,Q+q)
F ST . .
o.wﬁnv E»r » - ¢ (2x)3 n ovov (219

B R
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- z
£(p,&+3) . 1G-0F 2 [ v,z
= [ dr e e -w -1 (2.26)
P & :

where ¥ = Am.uw. and the z-axis is taken to be parallel to m.

Substituting Eq. (2.26) into Eq. (2.19) we find

lh
> e = <A.W.N.vnu.
k@ - L dt ¢ (¥) el(Pa)er Ll v . (2.27)
o,p € “E ., °
Prq
In particular if $//§ one may eliminate the derivative in the integrand
of Eq. (2.27). The result is z
t |
> s = v(b,2")dz
PL@ - e [at g (0 1D Ty e V = (2.28)
'v ° *> >
P=q

For comparison the standard eikonal approximation obtained upon
3
substitution of (2.26) into (2.13) 1s given by

-1
> > = <Aw.n.vnn. )
Q) - [ at 0,(r) ABDE Y u..\ . (2.29)
o,p

This concludes our discussion of the inelastic form factor (2.2)
needed in the description of kmock-out of a nucleon bound to an inert

core. In the following section we shall attempt to make generalizations

to realistic nuclei.

III. AMPLITUDES FOR NUCLEON KNOCK-OUT FROM A MANY-BODY NUCLEAR SYSTEM
Under the conditions stated in Sect. I1.A, the amplitude for

removing a nucleon from a A-nucleon system is proportional to the

inelastic form factor.

-10 -

A; (A-1)
> n
F , (@Q=F
o,pn o,p ]
(A-1) > > :
_ u, _iqer), A
=< ¢, |e | oo > (3.1)
P
A>n~vn
Here o 1s the target ground state wave function and e a scattering
v

state of a nucleon (labelled "1%) with asymptotic momentum M and a

residual nucleus with A-1 nucleons in a state n.

For the A-body system one may define a single particle density and

current density operators by

p(D) = N 8(t-1.)

31 ?
5, + > (3.2)
i@ =t Mau. (-1},

=1

As in Sec. II, transition matrix-elements of the operators above,

A
will then for a Hermitian H, satisfy

A>ouv >1wv .
<,  MEIDA> -0 “, "lo@ o2 . (3.3)
P
Here
w=E - Ly (3.4)
P
A-1 A
with >o= " €, T €, the nucleon separation emergy. The scattering state
_eabnwvn > satisfies
(a-1) - .
1o, ™ = 86" + 6,v; 1A Dg> (3.5)
P n p
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IV. NUMERICAL RESULTS FOR A SQUARE WELL
In this section we present results for a nucleon bound in the lowest
S-state of a square well. Bound and scattering state wave mcnnnpoanwnmu be
easily obtained.”
Two sets of potential parameters have been studied:
strong binding: V = =40 MeV; a = 3 fm; ¢ = -25.62 MeV, (4.1)

o o (]

tanVHanunm" <o lluuxn<m a = 1.5 fm; € " =2.16 MeV . (4.2)

For these model parameters above and with fixed P = 500 MeV, we

calculated (6 = cos™! ($+9))

>
F(q,0) = |F,(q)| (4.3)
9p
and compare
1) F Exact result, Eq. (2.3) or (2.19)
11) wmc H Plane wave approximation, Eq. (2.21a)

111) FA i PCC conserving Born approximation Eq. (2.24)

eik(s)

iv)F Standard eikonal approximation Eq. (2.27)

elk(CC)

Vv)F PCC respecting eikonal approximation, Eq. (2.29)

We first discuss results for paramaters (4.1) leading to strong
binding. Fig. 2a shows that, due to the strong distorting potential, PW
and BA are clearly not adequate.

Fig 2b shows that mo»wﬁnnv fits the overall shape of F®* better than
pelk does. Because of lack of orthogonality mopwamv does not vanish at

q=0, consequently it is unreliable for small q. Both mn»wamv and

- 14 -

monwAnnv are very close to F®X in the region of the quasi-elastic peak
qvp. In fact here wn»ramv seems to do somewhat better than wo»rannv.
This can be attributed to the fact that, in order to maintain PCC in a
given approximation, one must also approximate $o accordingly (see

Eq. (2.18)). This seems to have an adverse effect in the quasi-elastic
region where violation of PCC by pelk is minimal. (See Fig. 2¢)

A comparison between Figs. 2a and 2b clearly shows the superiority
of the eikonal approximation over PW and BA as expected. The same
observation can also be made for the angular distributions shown in Figs.
3a and 3b.

As mentioned before, the function xo.WAnv of Eq. (2.16) measures
the extent of PCC violation in a given approximation. This function is
plotted for PW and EIK(S) in Fig. 2c¢, with m\\w. and p = 500 MeV/c. We
see that both PW and EIK(S) violate PCC badly around q=0. However these
violations are minimal around the quasi-elastic peak (qvp). Notice that
PW violates PCC more severely than does EIK(S).

Next we discuss the weak binding case for which BA is expected to
be adequate. That this is indeed borne out, can clearly be seen in Fig.
ba. wm: is not reliable for small q, again due to lack of orthogonality.
Fig. 4b shows that FeIX(CC) 1s much closer to FeX than 1s FeiK(s) for
small q, while the latter does better in the quagsi-elastic region. Fig.
4e 1s ncnwnnnm»<oww similar to Fig. 2c¢, indicating that PCC violations

are larger when q is small, and minimal near the quasi-elastic peak.
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Figure captions
Knock-out of a nucleon by an external probe. The open ellipse-
symbolizes scattering of the nucleon by the residual nucleus.

ex PW

I, and _mu>_ for the strong-binding

a. noav»n»uom of I, |F

parameter set (4.1); p = 500 MeV/c, m\\m.
b. Comparison of |F€X|, _wn»wﬁmvr and _mn»wannv_ut»nr parameters

same as in Fig. 2a.

Function wﬁmv , which measures the extent of PCC.violation in

c.
a given approximation, is plotted for PW, and EIK(S). Parameters
are same as in Fig. 2a.

a. Comparison of angular dependence of |F®*|, _mmt_ and _mw>_.

with parameter set (4.1), p = 500 MeV/c, and q = 100 MeV/c.
b. Comparison of angular dependence of _mnn_. _mowwnmv_.-nn
_mo»rnonv_. with parameters same as in Fig. 3a. .

a. Same as Fig. 2a for weak-binding parameter set (4.2).

b

Same as Fig. 2b for set (4.2).

c. Same as Fig. 2c for set (4.2).
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