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ABSTRACT: Measurements of the Higgs boson and top quark masses indicate that the
Standard Model Higgs potential becomes unstable around A; ~ 10 GeV. This instability
is cosmologically relevant since quantum fluctuations during inflation can easily destabilize
the electroweak vacuum if the Hubble parameter during inflation is larger than A; (as pre-
ferred by the recent BICEP2 measurement). We perform a careful study of the evolution
of the Higgs field during inflation, obtaining different results from those currently in the
literature. We consider both tunneling via a Coleman-de Luccia or Hawking-Moss instan-
ton, valid when the scale of inflation is below the instability scale, as well as a statistical
treatment via the Fokker-Planck equation appropriate in the opposite regime. We show
that a better understanding of the post-inflation evolution of the unstable AdS vacuum
regions is crucial for determining the eventual fate of the universe. If these AdS regions
devour all of space, a universe like ours is indeed extremely unlikely without new physics
to stabilize the Higgs potential; however, if these regions crunch, our universe survives, but
inflation must last a few e-folds longer to compensate for the lost AdS regions. Lastly, we
examine the effects of generic Planck-suppressed corrections to the Higgs potential, which
can be sufficient to stabilize the electroweak vacuum during inflation.
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1 Introduction

Recent measurements of the Higgs boson and top quark masses, m; ~ 125.7 GeV [1-4]
(see [5] for combination) and m; = 173.34 GeV [6], have important implications for the
stability of the electroweak vacuum. For these values, the Standard Model (SM) Higgs
potential develops an instability at scales well below the Planck scale (adapted from [7]),
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where Ay is the scale at which the effective Higgs quartic Aeg becomes negative.

If the Higgs potential is indeed unstable, the Higgs field h can quantum mechanically
tunnel from the electroweak vacuum to the true (unstable) vacuum at large field values.
The lifetime for this tunneling event exceeds the age of the universe, rendering our universe
metastable. As a result, the existence of the additional vacuum at large Higgs vacuum
expectation value (vev) does not appear to preclude the existence of our universe.

This instability becomes cosmologically relevant, however, if the universe underwent
a period of inflation. During inflation, the large inflationary energy density can drive the
Higgs out of the electroweak vacuum, since perturbations in the metric induce fluctuations
in h of size

oh = E (1.2)
27
When the scale of these fluctuations, set by the Hubble parameter H, is larger than the
instability scale of the Higgs potential, the likelihood that h fluctuates to the unstable re-
gion of the potential during inflation will be sizable, even if the Higgs field begins inflation
in the electroweak vacuum.



The question of the evolution of the Higgs field during inflation has become particularly
important in light of the recent BICEP2 [8] measurement of the tensor-scalar ratio, r, which
directly probes the scale of inflation,
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where Mp = G71/2 = 1.22 x 10! GeV is the Planck mass and A% = 2.21 x 107 is
the observed amplitude of the (nearly) Gaussian curvature perturbations as measured by
Planck [9]. This translates to a scale of inflation

1/2
H~1.0x 10" Gev (ﬁ) . (1.4)

If the BICEP2 result r ~ 0.2 holds, then the Hubble scale is indeed much larger than
the Higgs instability scale A; over much of the preferred (my, m;) parameter space. The
main analysis and conclusions of this paper, however, are relevant regardless of whether
the BICEP2 result holds.

To determine the implications of inflation for the stability of the electroweak vacuum,
one must follow the evolution of the Higgs through the production of e3Me distinct Hubble
volumes, where IV, is the number of e-foldings during inflation, and then map this evolution
to a probability that a given Hubble volume is in the stable or unstable vacuum at the
end of inflation. As we will show, to correctly follow the probability distribution requires
different approaches depending on the relative size of H and the scale Ay . where the Higgs
potential is maximized (in practice, Apax is not very different from the instability scale Ay
in eq. (1.1)). The different regimes of the calculations are shown pictorially in figure 1 and
summarized as follows (a more detailed discussion appears in section 2):

e When H <« Ay, the potential barrier is classically impenetrable and the vacuum
transition proceeds via Coleman-de Luccia (CdL) bubble nucleation [10].

e As H approaches Apax, quantum fluctuations in h of the size eq. (1.2) may drive
the Higgs to near the maximum of its potential, at which point the Higgs field will
classically roll down the potential. As a result, the transition from the false vacuum
to the true vacuum is dominated by the Hawking-Moss (HM) instanton [11].

e When the Higgs quantum fluctuations are comparable to or larger than the height of
the potential barrier, the fluctuations may drive the Higgs field back and forth over
the barrier multiple times during inflation. The exponential suppression associated
with CdL or HM is completely lifted, and the potential barrier at Ay .x essentially
becomes irrelevant. In this case a statistical treatment via the Fokker-Planck (FP)
equation is appropriate.

The Higgs evolution was first studied within the FP approach in ref. [12], while ref. [13]
employed a HM solution. While we concretely connect our results to these references, we
differ in both the understanding of the domain of validity and the implementation of the
solutions, as we discuss in more detail in section 2.
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Figure 1. The Higgs potential illustrated with the regimes of validity for various solutions for
the Higgs vacuum evolution during inflation: Coleman-de Luccia (CdL), Hawking-Moss (HM) and
Fokker-Planck (FP). Left: for H < Apax, the CdL tunneling or single bounce HM instanton yields
the transition probability. Right: for H > Aax, the potential barrier at Ay .y is irrelevant, and
a stochastic random walk approach is necessary until classical slow roll takes over at h = A,
(H = 10 Apax has been chosen). The dashed curve in the right-hand panel shows the effect of
Planck-suppressed stabilizing terms on the potential (in this case AV = 0.2H?h?), which we study
in section 4. To illustrate the relative scale between the two panels, the dashed lines show the region
where the left panel fits into the right panel.

Once the probability distribution of the Higgs expectation value has been computed,
the next important question is its implication for the evolution of the universe. The HM or
FP probabilities give the distribution of vacua across the e3¢ causally disconnected Hubble
patches at the end of inflation. In the case that H < Apax, most of these Hubble patches
will be in the safe electroweak vacuum while, when H 2 Ay, most of the Hubble patches
are in the unstable vacuum. The probability that we evolve into a universe that looks like
ours depends on the evolution of the unstable vacuum patches once inflation ends. These
regions exhibit a large negative vacuum energy density, so will eventually transition to an
anti-de Sitter (AdS) phase and “crunch.” However, as they are at a lower energy density
than the electroweak vacuum regions, the crunching bubbles of true vacuum can also “eat”
the false electroweak vacuum regions. Depending on the relative rates of these processes,
unstable regions could either disappear or critically threaten the existence of our universe.
As we shall see, these two outcomes have very different implications in terms of constraints
on the scale of inflation H. Ref. [12] implicitly assumed that the AdS volumes benignly
crunch without destroying the stable electroweak vacua, while ref. [13] did not consider
the post-inflationary evolution. In section 3, we discuss these scenarios and define different
probabilities of the universe surviving depending on the evolution of the AdS vacua.

In section 4, we discuss corrections to the Higgs potential that can be important during
inflation. We find that Planck-suppressed operators (which one generically expects to be
present) can significantly alter the Higgs potential (see the dashed curve in figure 1), greatly
enhancing electroweak vacuum stability. Finally, in section 5, we conclude and identify the
outstanding questions for future work.
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Figure 2. Left: Aeg(h) within the Standard Model for my, = 125.7 GeV, m; = 173.34 GeV. Right:
contours of Apax (black, dashed) in the (mp,m:) plane. Also shown are ellipses corresponding to
the 68.27%, 95.45% and 99.73% confidence level regions for two parameters. The measured values
for the masses are taken to be my, = 125.74+0.4 GeV and m; = 173.34 +0.76 GeV. For the central
values, Amax = 4.9 x 1010 GeV.

2 Higgs field evolution during inflation

In this section, we describe the formalism for studying the evolution of the Higgs field during
inflation. We begin with a single Hubble patch, assuming (h) = 0 initially, and follow the
Higgs field evolution as this region inflates. Our goal is to calculate the probability that
the universe can undergo the necessary amount of inflation without quantum fluctuations
knocking the Higgs out of its false vacuum. For large Higgs field values h > v, where
v = 246 GeV is the Higgs vev in the electroweak vacuum, we make use of the potentiall

)\eff(h)

V() = =

. (2.1)
Since Aeg runs negative at higher scales, the Higgs potential turns over at some scale Apax.
We show the behavior of Aeg in the left panel of figure 2, and Apax in the (my, my) plane,
as well as ellipses corresponding to the 68.27%, 95.45% and 99.73% confidence level regions
for the two parameters, in the right panel. The shape and scale of this potential determine
the transition between the three different regimes of CdL, HM, and FP vacuum transitions
shown in figure 1. Our goal in this section is to explore the Higgs evolution in and elucidate
the phenomenological relevance of these regimes.

For simplicity and ease of comparison with earlier studies, we first concentrate on the
Higgs potential without any corrections from higher dimension operators; in section 4, we
will consider Planck-suppressed corrections to the Higgs potential, which can be significant.
We also assume that H is (to a very good approximation) constant during inflation, in
order to study the general phenomenon of electroweak vacuum stability during inflation in
a model-independent manner.

! Throughout this paper, we employ two-loop renormalization group equations with boundary conditions
at u = my as given in [7]. In addition, as in [7], we include anomalous dimension and one-loop effective
potential contributions to the effective quartic Aeg(h).



2.1 Various approaches to fluctuations past the potential barrier

Tunneling through a classically impenetrable barrier is calculated using the Coleman-de
Luccia (CdL) formalism [10], which gives the nucleation rate of bubbles of true vacuum
in a region of false vacuum. An illuminating interpretation of the CdL transition in de
Sitter (dS) space is in a thermal context, as thermally-assisted tunneling [14], where the
field is thermally excited partially up the barrier and then tunnels through. The thermal
contribution is attributed to the existence of an event horizon in dS space, which effectively
gives rise to a dS temperature via the Gibbons-Hawking effect [15]
H

Tas = o (2.2)
where H is the Hubble parameter; correspondingly, the thermal system is defined on a
static patch of size H!.

In the semiclassical approximation, the CdL tunneling rate in a unit volume is
[~ Ae B B = Sg(¢) — Se(éf), (2.3)

where Sg(¢) and Sg(¢y,) are the Euclidean actions for the bounce solutions and the false
vacuum respectively. The exact calculation of the prefactor A is difficult though its effects
are usually subdominant in comparison to the exponential. Estimates of the tunneling
probability generally employ the thin wall approximation (see, e.g., [16]). However, the
SM Higgs potential has no true minimum, just a runaway to large field values, such that
the thin wall approximation does not apply in this case; a bubble of “true” vacuum would
have the Higgs field changing spatially as well as temporally throughout the bubble, and a
solution has to be obtained numerically.?

If the Higgs potential barrier is sufficiently broad, |V/f(Amax)| < 4H?, the CdL in-
stanton does not necessarily exist [18], and the transition instead is given by the HM
instanton [11]. In the thermal picture [14], this corresponds to the scenario where the
broad potential barrier suppresses the tunneling process and the field is instead thermally
excited all the way to the top of the barrier, after which it classically rolls down to its true
vacuum with unit probability. The study in [17] found that, in the case of HM tunneling,
the inside of the bubble does not reach the true vacuum while the outside of the bubble
is cut off by the finite dS horizon before the false vacuum is reached. As such, this tran-
sition should be interpreted as an entire Hubble-sized region tunneling to the top of the
barrier [18]. It should be kept in mind that it is only a Hubble patch, and not the entire
universe (as had been originally assumed), that makes this transition. The HM transition
probability of a Hubble patch from the false vacuum to the top of the barrier during one
Hubble time is given by p ~ e~BM where [11, 13]

812 AV

Buv = ——+ 2.4
HM 3 H4 ) ( )

2See [17] for an illuminating discussion of the various cases of CdL tunneling. For H < Amax, tunneling
through the Higgs barrier corresponds to Case (II) in that paper.



with AV = Vog(Amax), the height of the Higgs potential barrier relative to the false (elec-
troweak) vacuum. Note that for H* > AV, the exponential suppression factor essentially
becomes unity and the prefactor (as well as subleading corrections) becomes important [17].

In the |V (Amax)| < 4H? regime, where the transitions are dominated by thermal
fluctuations, a stochastic approach to field evolution [19, 20] is more relevant. This involves
replacing the quantum fluctuations with a random noise term and studying the ensuing
Brownian motion of the field, described by the Fokker-Planck (FP) equation. The FP
approach becomes necessary because it captures dynamics that the HM instanton cannot.
Recall that the HM instanton is computed by obtaining the bounce for evolving from the
bottom of potential to the top — it computes a single transition across the barrier. When
H > Anax, by contrast, multiple transitions across the barrier are possible. Moreover,
the dynamics of the regions where the field value is larger than Ap.x are important in
determining the final distribution of the Higgs field values at the end of inflation; this
information is contained in the FP equation but not in HM. The stochastic approach is
therefore necessary in this regime. However, for H < Ay, a single transition across the
barrier dominates, and one can show that in this limit the FP equation gives rise to the
HM transition probability as expected [12, 21].

To summarize, the various regimes are:

e CdL bubble nucleation is the dominant contribution when

H* < elgf(AmaX) ~ )‘eﬂ(AmaX)A?nax'

e A single HM instanton is the dominant contribution when

e (Amax) S H? S (Ve (Amas))? ~ Dett (Amax)) /% A2

max*

e F'P statistical treatment is needed when the potential barrier becomes small in com-

parison to the quantum fluctuations, i.e. for H 2 (Veff(AmaX))l/4.

The recent LHC and BICEP2 data suggest that |V/i(Amax)| < 4H? and likely H >
(Ve (Amax)) ™%, such that the HM and stochastic approaches are most relevant to Higgs
evolution during inflation. However, even without input from BICEP2, this regime is of
far greater interest than the CdL regime. For H sufficiently small that CdL tunneling
dominates, the transition probability is sufficiently suppressed that the likelihood of our
universe existing is exponentially close to unity regardless of the evolution of the unstable
vacuum patches — the fluctuations are simply too weak to knock the Higgs out of the
electroweak vacuum. For this reason, we will use the HM solution and the stochastic
approach to study the evolution of the Higgs field. We find that Aeg(Amax) ~ 1074, such
that the FP regime corresponds to H/Apax 2 0.1. In the next subsection, we describe the
implementation of the stochastic approach using the Fokker-Planck equation.

2.2 The Fokker-Planck equation

The probability P = P(h,t) to find the Higgs field at value h at time ¢ satisfies the Fokker-

Planck equation [19, 20]
or _ 9 [V'(h), H? 0P

ot oh| 3H ' Tseton|

(2.5)



The first moment of the Higgs field in a time 7 is determined by the equations of motion

assuming “slow roll” evolution of the Higgs field, <ATh> = —3‘/7/2; this approximation is valid
aslong as h < H\/3/Aeg(h). The second moment is dominated by the random fluctuations

of the Higgs field, which are driven by the inflationary energy density. Specifically, in a time

7 ~ H™1, the field fluctuates an amount h ~ % We can view this as a random walk with
time intervals 7 ~ H~! and step size %, such that M = gr—z. Since the FP equation
has no spatial derivative, the approach is equivalent to studying the evolution of the Higgs
field locally at a “point,” where the point is a region of spatial dimension H~! [20]; this is
consistent with the observation made earlier that the HM transition should be interpreted
as a coherent transition of an entire Hubble-sized region of space.

The precise solution to the FP equation depends on the initial conditions. We assume
that the Higgs field is initially localized at h = 0, P(h,0) = 6(h). Since the typical size
of the fluctuation in one Hubble time is ~ %, the final survival probability after several
e-folds of inflation is not very sensitive to this initial choice. For our numerical studies, we
employ a sharply-peaked Gaussian distribution for P(h,0) — our results are insensitive to
the exact shape of the Gaussian provided the standard deviation o < Apax.

In principle, the FP equation is valid for all values of (h,t) provided the slow-roll
approximation holds for the Higgs field. As such, one could simply evolve the initial
distribution and use the resulting P(h, t) to determine the likelihood of h taking a particular
value in any Hubble patch. However, for practical computational ease and to avoid regimes
in which Higgs slow-roll, and hence eq. (2.5), does not hold, it is useful to impose boundary
conditions. If the boundary is set at a sufficiently large field value, the solution will converge
and be independent of the exact location of the boundary.

In order to determine suitable boundary conditions, we note that in a Hubble time At =
H~1! the classical change in the Higgs field due to the potential is (again, assuming slow-roll)

; w(h)
Ahc assical — hAt = — off . 2.
i - 26)
Meanwhile, the typical quantum fluctuation is of size
H
oh uantum — 5 _ - 2.
q t ot ( 7)

As such, the Higgs field will begin to roll irreversibly down the potential once Ahcjassical >
0hquantum- We define A, to be the point at which classical motion starts to dominate,

_ 3H?

- e/ff(Ac) - W (28)

3Strictly, this is only true for constant H; for time-varying H(t), scalar field variances receive additional
corrections. However, provided the rate of change of the Hubble parameter is small, H <« H?, these
additional contributions are negligible such that the Fokker-Planck equation remains applicable in the
quasi-de Sitter background (see, e.g., [21]). Here, we assume H < H? as for, e.g., slow-roll models. We
have analyzed the effect of a changing Hubble parameter in several specific models of inflation, and find
that the results are numerically equivalent to changing the constant H by a factor less than 2, which will
not significantly affect our conclusions.



Consequently, P(h 2 A, t) rapidly flattens out as the Higgs field rolls away. Thus, a
suitable approximation to P(h,t) can be achieved, particularly in the regime of interest
|h| < Amax, by employing the boundary condition P(h = A.,t) = 0.%

In figure 2 (left panel), we show Aeg(h) for my, = 125.7 GeV,my = 173.34 GeV; the
effective quartic becomes approximately constant for h > Apax, such that we can approxi-
mate V/g(h > Amax) & et (h)h3. Then

1 1
3 3 —0.01 \3
Acx|——+—~) H=36|— ] H. 2.9

(27">‘ef‘f(AC)> (AeH(AC)> ( )

Therefore, quantum fluctuations remain larger than the classical effect until h ~ O(few)H.
As a consistency check, we note that within this approximation the condition for slow
roll |V/i(h)| < 9H? requires h < 17.31/—0.01/Aer(h)H, such that the aforementioned
boundary does indeed avoid the region where slow-roll breaks down.® Moreover, since
the total energy density is dominated by the inflaton energy density until Veg(h) ~ —V(¢)
(which requires the Higgs roll off to |h| ~ v/HMp), inflation proceeds unabated for |h| < A..
As such the FP equation, which models dS-to-dS transitions, remains valid in this regime.

An alternative boundary condition previously considered in the literature [12] is
P(|h| = Amax,t) = 0. This is an appropriate boundary condition if the field rolls down
to the true minimum with unit probability once it fluctuates to the top of the barrier.

However, this is not the case for large quantum fluctuations H 2, (V;ff(Amax))l/ 4

— such a
boundary condition artificially forces P(h,t) to vanish at a particular point h = Apax de-
termined by the potential in spite of the fact that the classical motion due to the potential
is negligible in this region. Consequently, the resulting solution underestimates the proba-
bility distribution in the regime h < Apax. Analogously, in this regime, it is insufficient to
consider the transition probability due to a single HM instanton. For H 2 (Veff(Amax))l/ 4
the HM instanton has an order one probability, hence multiple HM-like transitions back
and forth over the barrier occur over the course of inflation. Setting P(|h| = Apax,t) =0
neglects the large probability of fluctuating back over the barrier.

As an aside, we comment that this also has interesting implications for the tuning of
the initial configuration of the Higgs field at the onset of inflation. If the Higgs field can
take on any value below Mp at the start of inflation and the Higgs must start within its
shallow potential well if the electroweak vacuum is to be realized in some regions of space,
this would require a fine-tuning of the initial conditions at the level of Ay.x/Mp. However,
in light of the above picture, it appears possible to start with the Higgs field value on
the order of the Hubble scale and still realize the electroweak vacuum due to quantum
fluctuations into the false vacuum, relaxing the amount of tuning required to ~ H/Mp.
Since the combination of LHC and BICEP2 data suggests H > Apax, this is a significant

improvement in tuning by several orders of magnitude.

4While we use this boundary condition for our analytic analysis below, we have verified numerically that
the probability distribution in the region of interest does not change as the cutoff is increased.
5Although we show approximate values here, in our numerical studies we determine A. by solving

eq. (2.8).



At the end of inflation, Hubble patches where the field has fluctuated to regions beyond
the top of the barrier will roll off to the AdS vacuum (we assume that reheating does
not modify the Higgs potential sufficiently to push these field configurations back to the
electroweak vacuum). In the remaining Hubble patches, the Higgs field will roll back to the
electroweak or Minkowski vacuum. The probability of landing in the electroweak vacuum
at the end of inflation is therefore given by

Amax
Py = / dh P(h,t.) (2.10)
_Amax

where t. denotes the end of inflation. P, should be interpreted as the probability of a
region that is of Hubble size towards the end of inflation to land in the electroweak vacuum.
Note that we have not included the effects of thermal fluctuations in the Higgs during the
reheating phase at the end of inflation. If the reheat temperature is high enough, these
effects can further destabilize the electroweak vacuum; this issue is well addressed in [12].

2.3 Approximate solution to the Fokker-Planck equation

For H? > V/;(Amax), the FP equation admits an approximate analytic solution. In this
limit, the effect of the Higgs potential barrier as well as the Higgs contribution to the
Hubble parameter are negligible, and the first term on the right-hand side of eq. (2.5) can
be dropped provided Ahclassical < Aquantum- In the opposite regime Ahcassical > 6Aquantum,
the Higgs potential eventually causes the field to rapidly roll off to large vevs. This is (to
a good approximation) taken into account by the boundary condition P(A.,t) = 0.

With this boundary condition and the initial condition P(h,0) = §(h), one obtains the
following approximate solution®

2 o~ 1 1\ [ H 1\ TAmax
Py== - - —_dt s -
A ﬂ;n_i_;exp{ (n—|—2> /SAgdt}sm<<n+2> A >

e e R e A

where in the second line we have retained the leading terms in the sum and taken A, >

12

Amax. We also take H to be approximately constant during inflation such that [ Hdt = N,
where N, is the number of e-folds for which inflation occurs.

The leading exponential reflects the fact that the survival probability falls exponen-
tially with the duration of inflation, as one might expect given that a longer period of
inflation allows more time for the probability distribution to spread out due to the quan-
tum fluctuations.” Meanwhile, as the potential is negligible for h < A., P(h,t) rapidly
becomes broad relative to Apax. The result is that P(|h| < Amax,t) is essentially flat; this
is reflected by the Apax/Ac factor.

5The derivation is the same as that in [12], except for the modified boundary condition.
"Using eq. (2.9), we note that the leading exponent is ~ N./300. As such, the transition rate out of the
false vacuum is too slow to terminate inflation globally.
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Figure 3. Comparison of survival probability Py (eq. (2.10)) with N, = 60 as given by numerically
solving the FP equation (red crosses), the approximate analytic solution in eq. (2.11) (solid black
curve), and the solution with A, = Apax from [12] (solid gray curve). For comparison, we also show
the HM probability as explored in [13] (with unit prefactor, see eq. (2.4)). Vg (h) in our numerical
solution is computed using the central values m; = 125.7 GeV, m; = 173.34 GeV.

As mentioned in the preceding subsection, boundary conditions are employed for sim-
plicity only and our numerical results for Py are independent of the exact location of the
boundary. This may seem inconsistent with eq. (2.11), which depends on A.. However,
assuming A. 2 H 2 Apax, this series converges to very similar values even for different
choices of A, and achieving good agreement with the numerical results simply requires
sufficient terms are kept in the sum. Truncation at three terms is suitable for A. as de-
fined by eq. (2.8), N. = 50 — 60 and the SM Higgs potential — for a higher cutoff values
Al > A., more terms would have to be kept to achieve the same level of agreement with
the numerical results as the exponential terms in parentheses are less suppressed.

In figure 3, we show our numerically evaluated FP solutions (red crosses) and the
analytic form of eq. (2.11) (solid black curve). The numerical results were obtained using
the boundary condition P(h = A.,t) = 0, but we have verified that P, is unchanged
when a higher cutoff is employed. Given the excellent agreement between the analytic and
numerically evaluated solutions, we will henceforth use eq. (2.11) for our calculations in
the H/Amax > 1 regime. This result should be compared with that of ref. [12], in which the

boundary condition was set at |h| = Apax instead of A, resulting in a significantly smaller

2
survival probability Py ~ exp {—g; (%) The difference between these results is

clearly visible in figure 3, where this survival probability (the solid gray curve) dips sharply
for H/Apax 2 1, whereas the probability from our FP calculation dies off more gradually.

~10 -



3 Post-inflation evolution and the fate of the universe

The previous section provided the necessary tools to track the evolution of the Higgs field

during inflation, as a single Hubble-sized region inflates to e3Ve

Hubble regions that are
causally disconnected from each other. In the regions that exit inflation with |h| < Amax, h
rolls down to the electroweak vacuum, forming regions of Minkowski space. In the regions
with |h| > Apax, the Higgs rolls off to arbitrarily large field values and arbitrarily negative
potential energy, causing these regions to become AdS. As inflation ends and reheating
begins, the horizon starts to expand again. Previously causally disconnected regions of
space, some of which are in the acceptable electroweak vacuum and some of which are in
the crunching AdS vacuum, come back into causal contact. What happens as this merging
process occurs — whether the asymptotically AdS vacuum regions crunch or expand to eat
the good electroweak vacua — determines the eventual fate of the universe.

Analyzing the evolution of these patches during this epoch is not a trivial task.
Ref. [22] demonstrated that, when AdS and Minkowski bubbles collide in a dS back-
ground, whether or not the AdS bubble is expelled depends on the tension in the domain
wall separating the bubbles relative to the energy density in the AdS region. While
qualitative aspects of this picture apply to our study, ref. [22] only considered empty
bubbles and studied their evolution in the thin wall approximation. In our case, the thin
wall approximation fails because the true minimum of the Higgs potential, if it exists, lies
far below the false minimum. Moreover, neither the AdS nor the Minkowski bubbles are
empty; the negative energy of the unstable Higgs vacuum can come to dominate the energy
density only once the Higgs has rolled out to sufficiently large vevs or once inflation has
ended. In either case, different phases of matter from both the inflaton (during reheating)
and Higgs (due to the combined effect of its potential plus kinetic energy) are present and
affect the bubble evolution. Even during inflation, the Higgs field and the inflaton evolve
differently in distinct Hubble patches (a smaller Hubble parameter due to a significantly
negative Higgs potential energy would cause the inflaton to roll down its potential faster),
implying that different patches will exit inflation at different times, further complicating
the picture. Finally, knowledge of the true vacuum of the Higgs potential, which remains
unknown, is necessary to determine the behavior of the AdS regions.

It is impossible to determine the exact fate of the universe without detailed under-
standing of these aspects — in light of the complications, we postpone this study for future
work [23]. However, we can determine the consequences of a given scenario for the existence
of our universe. In particular, the two extreme possibilities are:

1. All AdS regions crunch rapidly before the domain walls can expand out and take over
the Minkowski vacua. The Minkowski regions survive while the AdS regions vanish.

2. Any AdS domain wall moves out and takes over all of Minkowski space. The AdS
regions dominate the universe, ultimately resulting in a big crunch. In this case, a
single AdS volume in the past light cone of the observable universe is disastrous.

We now study the implications for the likelihood of the existence of our universe in each
of these two extreme cases.
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3.1 AdS regions crunch

We consider first the optimistic case that AdS regions simply crunch without destroying
neighboring Minkowski regions. The approximate analytic form in eq. (2.11) gives the prob-
ability for a Hubble-sized region at the end of N, e-folds of inflation to survive quantum
fluctuations and remain within the shallow Higgs potential barrier for H 2 Apax. Mean-

3Ne

while, the physical volume of space grows as e”'¢. Therefore the volume of space (measured

via the number of e-folds N, that survive) after the AdS regions crunch is given by

2A N, [ H\?
3N, 3Ne max _ €
o = e3Ne py = A, exp{?)Ne % <Ac> }(1—1—) (3.1)

This quantity grows with N, (for A, = 3.6H, the term in the exponent is 3N, — 0.0024N,).
Therefore, although the survival probability of a single Hubble region decreases as inflation
is prolonged, the physical volume of surviving space grows; fluctuations into AdS regions
effectively slow down the rate of inflation, but cannot completely counter the exponential
growth.

Since N, 2 50 — 60 to solve the homogeneity and flatness problems, inflation must
occur for a longer period N, > N, to compensate for volumes that crunch. The left panel
of figure 4 shows the total volume of the surviving region (normalized to e3Vo = 180
Hubble volumes) after N, e-folds of inflation for various ratios H/Apyax with mj, and my
fixed to their central values. One can also compute the additional number of e-folds,
AN = N, — N,, required to produce the desired 3o surviving Hubble volumes for a
particular value of H/Apax — the result is shown in the right panel of figure 4. Requiring
e3No = ¢3Ne Py implies

2
AN = —Log (QAW> A (H) ~Llog(1+ ... (3.2)

3 A, 96 \ A, 3

The survival probability, and hence AN, is determined predominantly by the ratio
Amax/Ac — corrections due to different N, = N, — AN are subdominant for N, ~ 50 — 60
(as is clear from the coincidence of the two lines in figure 4). Furthermore, the relatively
mild dependence on the hierarchy between H and Ap.x can be traced to linear dependence
of Py on Apax/Ac ~ Amax/H (see eq. (2.11)). This is related to the observation of section 2
that Apax is only relevant at the end of inflation, since for H 2 Apax the potential does
not significantly influence the evolution of the Higgs field until A ~ A.. As a result, even
when the Hubble parameter is several orders of magnitude larger than Ap.y, the number
of Hubble regions necessary to give the observable universe can be obtained with only a
few more e-folds of inflation, AN < 5. It is also clear that, for H < Apay, the survival
probability is sufficiently close to unity that AN = 0.

Our analysis and results paint a qualitatively different picture to that in [12, 13]. In
these studies, the rate of formation of AdS regions was always found to be significantly
greater than the rate of inflation for H > Apax (see, e.g., the gray curves in figure 3).
Consequently, the universe is unlikely to inflate sufficiently — the probability of achieving
e3No surviving Hubble volumes from a single Hubble patch is always vanishingly small
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Figure 4. Left: total volume of the surviving region (normalized to ¢'8° Hubble volumes) after N,
e-folds of inflation for different values of H/Anyax. Right: additional number of e-folds of inflation
needed in order to obtain e Hubble volumes of space left over after the AdS regions crunch. A,
is determined by solving eq. (2.8) with the Higgs potential for m;, = 125.7 GeV, m; = 173.34 GeV.
The gray, dotted line corresponds to Hgicgpz = 10" GeV.

and a universe like ours is extremely disfavored. In contrast, we find that the increase in
surviving Hubble patches with each e-fold of inflation is sufficient to overcome the decrease
due to patches transitioning to the AdS regime.

One can ask whether the crunching AdS regions leave behind any trace of their ex-
istence. Ref. [12] asserted that the AdS regions simply crunch and vanish without trace,
prompting a study of the size of curvature perturbations in an anthropic window to obtain
a meaningful measure of the probability of landing in a universe like ours.® However, the
eventual fate of crunching AdS regions is not clear. Ref. [22], for instance, suggests that a
crunching AdS bubble surrounded by Minkowski space probably forms an ordinary spheri-
cal black hole. If this is true, the collapsing AdS regions should litter our universe with pri-
mordial black holes. While such black holes are likely light enough to have evaporated away
fairly rapidly, this is nonetheless an interesting line of inquiry that merits further study.

3.2 AdS regions dominate

We next consider the opposite limit, a pessimistic scenario in which a single AdS patch
in our past light cone is sufficient to destroy the asymptotically Minkowski regions and
hence our universe. Since our past light cone must contain at least e3Ne Hubble patches,
for our universe to have a non-negligible survival probability the transition probability
for a single Hubble patch must be exponentially close to unity, requiring H < Apax. In
addition, as Aef(Amax) is small, the potential barrier tends to be broad and sufficiently high
in comparison to H that we can compute the transition probability using a HM calculation.
We find Aefr(Amax) ~ 1074 and |V"(Amax)| ~ 1073A2 ., such that |[V"(Amax)| < 4H? for

max?

H

max

>1072 (3.3)

8 A similar study can also be performed within our framework; this, however, is inflation-model-dependent
and not directly relevant to the current paper, so we postpone it for future work.
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Figure 5. Bpy and Pyhoads as a function of H/Apax for the central values my = 125.7 GeV,
my = 173.34 GeV (left) and as a function of m; for m;, = 125.7 GeV and Hgicgpz ~ 10'* GeV
(right). The survival of our universe either requires H/Apax < 0.065 or, if the BICEP2 result holds,
my S 171.47 GeV, ~ 2.50 below the central value.

As mentioned previously in eq. (2.4), the HM probability for a single Hubble patch to
fluctuate out of the false vacuum during one Hubble time is p, where p ~ e~ BaM and

(3.4)

8m2AV 27 g (Amax) <Amax > *
Bunm = =

3H4 3 H

For p <« 1, one can approximate the survival probability during a single Hubble time as
1 — p = e P. Thus, the probability of no Hubble patches transitioning during inflation to
the destructive AdS regime in our past light cone is

N, No
o\ o3Ne _3N,—B
Poads ~ H (6 p)e = H e ° i (35)
Ne=1 Ne=1

and

No e3(e3No — 1)
— log Pyoads ~ § e3Ne—=Bum — —Bum ~ ¢3No—Bum

63 o 1 ’ (36)

Ne=1
where the last approximate equality indicates that the probability is dominated by the final
e-fold of inflation, as one would expect from exponential growth.
Achieving a non-negligible survival probability Pyoaqs = e~ requires Bym 2 3N, or,
from eq. (3.4),

H  _ (20 Ner(Amax)
Amax ~ 9NO

The exact limit on H/Apax depends on Aeg(Amax), which is determined by the boundary

1/4
> ~ 0(0.1). (3.7)

values for the couplings at y = m; (and hence by, e.g., mp, m;). However, as the limit goes
as the fourth root of Aeg(Amax), it does not vary significantly throughout the preferred
parameter space. In figure 5, we show Bpy and Ppoags as a function of H/Apax for
the central values my, = 125.7 GeV, m; = 173.34 GeV, and as a function of m; with H
fixed to the approximate BICEP2 value Hpicrpz ~ 10'* GeV. As expected, the survival
probability becomes negligible almost instantaneously once Bmy < 200, corresponding to
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H/Amax = 0.065 (for my = 173.34 GeV) or my > 171.47 GeV (for H = 10' GeV). In

~Y
27 2)\ A
figure 6, we show contours of M

, which can be used to determine the limit on
H/Apax for a particular choice of (mp, m;), and delineate the region of parameter space
exhibiting a significant survival probability for H = Hgicgp2 and N, = 60.

Given the approximate form of eq. (2.4) and the large powers involved in eq. (3.5), we
would like to stress that the results here should be taken as estimates of where the survival

of the universe switches from being improbable to likely.

4 Corrections to the Higgs potential during inflation

To this point, we have considered a purely SM Higgs potential, valid up to the Planck scale.
However new physics, such as new states associated with the solution to the hierarchy
problem (e.g. supersymmetry), can modify the Higgs potential and may even render the
electroweak vacuum stable. Even in the absence of new states, we expect the Higgs potential
to be modified by finite temperature and gravitational corrections. Thermal corrections to
the Higgs potential are negligible during inflation but gravitational corrections, as we will
show, are crucially important. In this section, we discuss possible gravitational corrections
and the implications for the stability of the electroweak vacuum.

Quantum gravity is expected to generate higher dimension operators in the Higgs
potential, suppressed by powers of Mp. Despite this suppression, these operators may be
relevant for electroweak vacuum stability for two reasons. First, large h values may counter
some of the Mp suppression, leading to non-negligible contributions to the potential
as h rolls away. Consequently, these corrections may stabilize the runaway direction.
Second, the large inflationary vacuum energy density due to the inflaton, Vi(¢) ~ MI%H 2,
can make higher dimension operators important during inflation. Specifically, as gravity
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couples to energy, the Higgs-graviton couplings may generate a sizable effective mass for
the Higgs via a “gravitational Higgs mechanism,” which significantly alters the shape of
the Higgs potential.

Consider the following dimension six Planck-suppressed corrections to the Higgs po-
tential,

AV = Az%vl(qs)h? + J\OZ%hG' (4.1)

As Vi(¢) ~ H2M?, the first term generates a mass for the Higgs field set by H that, if
a > 0, serves to stabilize the Higgs potential to scales h ~ H.? Since the transition from a
highly probable to an improbable universe (with the requirement that there be no unstable
Hubble patches in the past light cone) happens when H ~ Ap.x, this term is crucially
important for the evolution of the Higgs during inflation. The second term stabilizes
the runaway direction of the Higgs potential for as > 0, leading to a true minimum at
h < Mp. This affects the energy density in the true vacuum patches — h settles down to
the minimum of the potential, as opposed to continuously rolling to larger field values —
and so could ultimately influence the evolution of these patches, determining which of the
scenarios discussed in section 3 (true vacuum patches crunch or dominate) is realized.'”

To examine the effects of the first operator, we parameterize the Higgs potential as

V(h) = gfﬂh? + Aefi(h)h”‘ (4.2)

and investigate the implications for electroweak vacuum stability, focusing on the stabilizing
choice ¢ > 0. Neglecting the running of Aeg(h) (which is small for large h, see figure 2),

Amax c
=4/ 4.3
H |/\eff(AmaX)| ( )

such that, for Aeg &~ —0.01 and ¢ ~ O(1) (a reasonable estimate from an effective field

the potential is maximized for

theory perspective), Apax ~ O(10)H. In this case, the probability for a single Hubble patch
to remain in the electroweak vacuum during inflation becomes significant (as in figure 3
with Apax = H). A HM calculation gives the transition probability provided 0.1 < ¢ <2 —
for smaller ¢, H ~ Apnax such that you enter the Fokker-Planck regime, whereas for larger
c the potential barrier is no longer sufficiently broad that the HM instanton dominates.
Again neglecting the running of A.g(h),

2722
3 | AeH(Amax) |

where the final approximate equality uses |Aef(Amax)| = 0.01 (as in figure 2 for large h).
Thus, Bayv 2 3N, = 180 requires ¢ 2 0.5.

Buy =~ ~ 660c?, (4.4)

9For quadratic inflation, this is analogous to the stabilizing term considered in, e.g., [24].
°0One might have thought that the dimension eight operator %VI(Qﬁ)hAL could potentially counter the
P

negative Higgs quartic coupling and prevent the Higgs potential from turning over at all for H < Mp.
However, even for the large H favored by BICEP2, Vi(¢)/Mp ~ H? /M3 ~ 107*°. The coefficient of the
quartic term in the Higgs potential is |Aeg/4| ~ 1073 at large energies, so this correction is irrelevant for
reasonable values of as.
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Figure 7. Contours of By as a function of ¢ and H for the central values mj, = 125.7 GeV,
my = 173.34 GeV (left) or m; for my, = 125.7 GeV and Hpicgps ~ 10'* GeV (right). The gray
shaded region denotes By < 180, in which case the survival probability of our universe becomes
negligible when a single AdS volume in our past light cone would destroy our universe. In the right
plot, we also show the 20 regions for m;. Over much of the parameter space, a modest ¢ < O(1) is
sufficient to stabilize the potential and thus increase the likelihood of our universe surviving inflation.

The actual values of Anax and By, and hence of ¢ necessary to sufficiently stabilize
the potential, depend on the running and precise value of A\.g. This is taken into account
in our numerical studies, but the above are reasonable estimates in the regime of interest.
In figure 7, we show contours of Bpy as a function of H and c¢ for the central values
my, = 125.7 GeV and m; = 173.34 GeV, and as a function of m; and ¢ for mj, = 125.7 GeV
and Hgicepz = 10'* GeV. The gray, shaded region in figure 7 delineates By < 180 (such
that Pyoaqs < e~ !). For reasonable values of ¢, Byy is sizable and so the probability
for a Hubble patch to remain in the electroweak vacuum is significant. If true vacuum
patches crunch, this does not significantly alter the conclusions of section 3.1 beyond that
the number of e-folds required to yield e*° surviving Hubble patches is very close to
N,, AN =~ 0. If unstable patches dominate, a moderate value for ¢ can ensure that the
probability of a Hubble patch transitioning out of the electroweak vacuum within our past
light cone is sufficiently small that our universe is not disfavored even if H > Apax.

5 Conclusions and open questions

We have studied the evolution of the Higgs field during inflation in the presence of a
potentially catastrophic true minimum. Our goal was to understand how improbable our
universe is given the conditions for inflation that likely existed in the early universe. This
has become especially relevant in light of the BICEP2 results, which favor a scale of inflation
H ~ 10" GeV, likely several orders of magnitude larger than the scale at which the Higgs
potential is maximized, Apax (see figure 2).
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We focused on elucidating and delineating the appropriate calculation in three
different regimes of validity: where Coleman-de Luccia (CdL), Hawking-Moss (HM) or
Fokker-Planck (FP) evolution should be applied. In particular, we presented numerical
2 0.1, as

~

and analytical solutions to the FP equation that are valid when H/Apax
preferred by the combination of LHC measurements and the BICEP2 results. In this
regime, we find that our calculation of the survival probability differs substantially from
earlier results in the literature.

We then considered the implications of these probabilities for the fate of our universe.
For the LHC and BICEP2 preferred values for H and A.x we find that, provided the
unstable regions of space rapidly crunch, the universe survives (even though the unstable
vacuum is exponentially more likely to be populated than the electroweak vacuum) but
must have undergone a few more e-folds of inflation to compensate for the crunched regions.
If this is indeed the scenario realized in nature, the additional period of inflation must be
taken into account along with horizon and flatness considerations in calculating the mini-
mum number of e-folds of inflation required to produce the observed universe. On the other
hand, if the unstable vacuum regions come to dominate and destroy the (relatively rare)
electroweak vacuum regions, then our universe is extremely improbable (as an exponential
of an exponential). Even in the context of a multiverse, such low probabilities call for the
existence of new physics to stabilize the electroweak vacuum up to scales that are on the
order of the inflationary scale. However, the new physics does not need to involve, e.g., new
particles with couplings to the Higgs field — as we discussed in section 4, Planck-suppressed
operators with sufficiently large (O(1)) coefficients can provide the necessary stabilization.

An important open question is which of the scenarios for the post-inflationary vacuum
evolution — AdS crunch or domination — is realized. This question is complicated due
to the interplay of the coupled inflaton and Higgs energy densities in the asymptotically
Minkowski and AdS regions of space. We leave this question for future work.

Note added. While this work was in preparation, refs. [25-27] appeared, which have
some qualitative overlap with our work in the limit H > A, relevant for the BICEP2
results.
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