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Quantum Hall edge modes are chiral while quantum spin Hall edge modes are helical. However, unlike
chiral edge modes which always occur in topological systems, quasi-helical edge modes may arise

*inatrivial insulator too. These trivial quasi-helical edge modes are not topologically protected and

. therefore need to be distinguished from helical edge modes arising due to topological reasons. Earlier

. conductance measurements were used to identify these helical states, in this work we report on the

. advantage of using the non local shot noise as a probe for the helical nature of these states as also

. their topological or otherwise origin and compare them with chiral quantum Hall states. We see that in
similar set-ups affected by same degree of disorder and inelastic scattering, non local shot noise “*HBT"
correlations can be positive for helical edge modes but are always negative for the chiral quantum Hall
edge modes. Further, while trivial quasi-helical edge modes exhibit negative non-local”HBT” charge

. correlations, topological helical edge modes can show positive non-local “HBT” charge correlation.

. We also study the non-local spin correlations and Fano factor for clues as regards both the distinction
between chirality/helicity as well as the topological/trivial dichotomy for helical edge modes.

In presence of magnetic field and at low temperatures, chiral quantum Hall (QH) edge modes appear in a 2DEG"2.
. In such 2D QH bars, edge modes flow in a manner (shown in Fig. 1(a), left panel) such that at the top edge elec-
: trons only move in one direction to the right. At the other, i.e., bottom edge electrons flow to the left in exactly
opposite direction. So if a electron in the top edge has to change its direction, it has to scatter to the opposite
edge (bottom), according to the chiral traffic rule’. At low temperatures and in samples, e.g., Mercury Telluride/
Cadmium Telluride (HgTe/CdTe) heterostructure’s® with strong spin-orbit coupling quantum spin Hall (QSH)
edge modes appear. Herein spin of the electron is locked to its momentum. If at the top edge of the sample spin up
electrons are moving in one direction (say, right) then spin down electrons are moving in the opposite direction
(left). And at the bottom edge vice versa. Thus a new traffic rule comes into effect-helical traffic rule and these
edge modes are therefore helical®, see Fig. 1(a) (middle panel). To scatter, an electron into the opposite direction
its spin has to flip. This is prohibited by time reversal(TR) symmetry as QSH samples obey TR symmetry in
contradistinction to QH samples which don’t. However, it is not always that the origin of helical edge modes in
. QSH samples is topological, recently there have been cases* where spin-momentum locked quasi-helical edge
: modes appear but these are not topologically protected. It has to be pointed out that the spin momentum locking
among quasi-helical edge modes does not survive non-magnetic disorder and intra-edge backscattering comes
into effect. These are termed trivial quasi-helical edge modes and are shown in Fig. 1(a) (right panel).
The reason it is necessary to probe helicity is because the QSH state is a new state of matter- it is a 2D topolog-
ically ordered phase in absence of magnetic field. The QSH edge modes due to the potent spin-orbit interaction,
. realize a 1D metal wherein spin is tied to the direction of motion. This unique state of matter has to be experi-
. mentally and rigorously probed such that its existence is beyond doubt. Secondly, this confusion regarding the
© origin of helical edge states whether its really topological and therefore protected from disorder and inelastic
scattering in the sample or its due to some trivial reason and thus of non-topological origin is a current topic of
interest as evidenced by the recent works in this field*>. Further, as the QSH edge modes can be used in low power
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Figure 1. (a) Chiral vs Helical (Topological) vs quasi-Helical (Trivial), (b) 3-terminal QH, QSH(topological)
and QSH(trivial) bar.

information processing due to their robustness against disorder, it is very important to identify these helical edge
modes and their topological origins.

There are different methods for distinguishing between helicity and chirality. The usual way to probe the exist-
ence of chiral/helical edge modes is via conductance measurements in multi terminal transport experiments®”.
Lets consider an elementary set-up as in Fig. 1(b) (left panel)- a two terminal conductor with probes 1 and 2 as
source and sink. If a third probe is added in between probe 1 and 2 as a voltage probe (Fig. 1(b) (left panel)) then
for QH sample one edge mode enters probe 3 from source and another edge mode goes out from it. So to main-
tain net current zero at probe 2 its potential is adjusted to potential of the source, and the two terminal conduct-
ance of the sample remain the same as before (without voltage probe 2). We can understand this from
Landauer-Buttiker formalism?> & Current through voltage probe-Z I, = Gy (V, — V) = 0leads to V, =V,. The

total conductance of the QH sample (Chiral-Topological) is then 2<-. The conductance of the QH sample does not
change with addition of an extra voltage probe. But in QSH sample (topological- helical) (Fig. 1(b) (middle
panel)) one edge mode enters the voltage probe from source and two edge modes come out of the voltage probe.
The current through voltage probe- I, = G,(V, — V) + G,3(V; — V;) = Oleadsto I, = G2V, — V| — V;) = 0,
=V,=V,/2, where G,; = G,;=G and V;=0. So its potential is adjusted to half of the potential of the source’. In

QSH (Helical-Topological) samples the conductance is reduced by adding a voltage probe and is £ Measuring
the conductance with the inclusion of a voltage probe one can differentiate between the topolog%cal helical and
chiral edge modes. Now what about trivial quasi-helical edge modes these are not topologically protected and
therefore these are susceptible to intra-edge scattering. At the top edge the electronic edge mode with spin-up
(shown in red) has a finite probability of spin-flip scattering and reversing its path, the same thing happens for the
spin-down electron (shown in blue). The small arrows in between the quasi-helical (trivial) edge modes indicates

this process. The three terminal conductance for the quasi-helical trivial case then is ;eh—z(l — f), where fis the
probability of intra-edge scattering a measure of the vulnerability of trivial quasi-helical edge modes to disorder
and inelastic scattering. In clean samples where the probability of intra-edge scattering (f) is expected to be small,
relying on conductance measurement alone may not be wise. Therefore in this work we focus attention on the
noise in particular the non-local HBT correlations.

Herein, we have assumed that the trivial quasi-helical edge modes in absence of any disorder are similar to the
topological helical edge modes and are spin-momentum locked. In other words- helical, up-spin edge modes at same
edge have exactly opposite momentum to down-spin edge modes. There is evidence that trivial quasi-helical edge
modes have spin-momentum locking* but it's not fool-proof. In case there is no spin-momentum locking in the trivial
phase then this case resembles a ballistic scattering state. The two terminal ballistic conductance will be double for the
no spin-momentum locked trivial phase as compared to that with spin-momentum locking. We show via a simple cal-
culation in section 4.3.1 the validity of our assertion. However, the ballistic phase unlike the spin-momentum locked
phase will be susceptible to not just spin flip scattering but also back scattering in presence of sample disorder. This may
complicate the situation and again one has to take recourse to the non-local noise to resolve this situation. Thus, the
topological or otherwise origin of helical edge modes needs further probe via the nonlocal HBT correlations.

The subject of this work on distinguishing topological chiral and helical edge modes and determining whether
the origin of the helical edge modes is topological or not via non-local HBT correlations has not been dealt with in
any previous work. However, some works have looked at other aspects of topological helical and chiral edge modes.
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In two of our recent works!'®!! we also have explored the distinct attributes of chiral QH and helical QSH topological
edge modes. Further, to the aforesaid works, few more papers'>~' have explored the topic of helical vs. chiral edge
modes using superconductors'?, with polarized STM tips'®, with corner junctions'* and finally exploiting the Rashba
coupling’®. All these works while relying on different systems have a common conductance measurement which acts
as the arbiter of helicity. Since in quantum spin Hall systems spin is locked to momentum, relying on just conductance
measurements is risky, wherein detecting degree of spin polarization in samples exposed to disorder and spin-flip
scattering will be tricky. In this paper we aim to use the Hanbury-Brown and Twiss or shot-noise correlations to probe
the presence of helical edge modes and determine its origins whether topological or not. Non-local shot noise corre-
lations on the other hand are seen to use the disorder and/or inelastic scattering present as a resource in being better
able to differentiate between chirality and helicity and also between trivial and topological edge modes.

The theoretical examination of noise in QSH systems has mostly focused on the effect of electron-electron
(e-e) interactions on the current-current correlations within a helical Luttinger liquid model describing the QSH
state. Further these studies are in presence of a QPC in a QSH bar, as in refs 16-18. There are also few papers
on current-current correlation studied via the scattering matrix approach or other than helical Luttinger liquid
approach, see refs 19 and 20. In ref. 21 differential noise is studied in presence of magnetic moment which is
strongly dependent on frequency of the current. In our work zero frequency non-local correlations are studied for
QSH systems as regards distinguishing chiral versus helical (topological) and quasi-helical (trivial) phases. The
focus of the aforesaid references is not on identifying the topological origins of helical edge modes neither on the
distinction between chiral and helical edge modes as is the case in our work.

However, apart from noise, various research groups around the world have made intriguing attempts at infer-
ring helicity in edge mode transport QSH systems via the conductance.

A very recent proposal concerns a 7 shift seen in the conductance measurement of a QSH system??, this
work relies on quantum point contacts(QPC’s) which due to the Klein effect for Dirac states will be difficult to
achieve experimentally in QSH systems. This method also has an inherent weakness in that such a 7 shift is only
observed when backscattering is absent. This implies presence of disorder will trip this method up rendering it
un-fructuous. Another interesting proposal aims to use a Hong-Ou-Mandel interferometer? with QSH/QH edge
modes. This work uses noise and proposes to use the dip in noise at zero power as a probe. However, this dip is
shown as function of the time delay between two sources in the interferometer and its magnitude is compared
for chiral and helical cases. These dips are affected by number of edge modes making the clear cut differentia-
tion difficult. Further, no comment is made on the presence of disorder and inelastic scattering. Another work
which includes disorder? and tries to distinguish between chiral and helical edge modes via a quantization of the
conductance measurement obviates the weakness of refs 22 and 23 but has an inherent weakness in that- with
disorder the quantization vanishes. An interesting proposal which also uses the noise correlations® to distinguish
between chiral and helical edge modes in presence of disorder purports to be better than ref. 24 but then it again
would be difficult to experimentally realize with current technology because of its reliance on QPC’s. Another
related work concerns the amount of net spin tunneling between edge states and this can be also used as an arbiter
for helicity®®, however herein too effects of disorder and inelastic scattering are not dealt with, finally a related
work suggests the use of noise'® and uses a four terminal QPC to probe the helicity versus chirality dilemma,
however herein too the dependence on QPC’s will hamper any experimental realization. Further, the distinction
between chiral and helical cases is via a difference in magnitude of the noise while a better arbiter is the sign
which we will focus on in this work and will aim to surmount the challenges in the above proposals. On the ques-
tion of topological helical vs. trivial quasi-helical edge modes there have been a couple of experimental papers*
which have shown that quasi-helical edge modes do exist in trivial insulator but only a single theoretical work has
dealt with this problem. In ref. 27, the authors propose a method to distinguish between the two which relies on
the addition of two non-magnetic impurities in an other wise clean QSH sample. The occurrence of localized zero
modes identifies the topological origin of the helical edge modes. Notwithstanding the complexity of the method
this approach also will be hard to fashion experimentally since detecting zero modes is a non-trivial task.

Further, while local shot noise correlations have been calculated in some recent works with QSH samples’ to our
knowledge this is the first work wherein both the non-local charge and spin shot noise correlations have been used as a
probe of helicity and its topological origins and also to discriminate between chiral and helical edge modes. In 1950, R
Hanbury Brown and R Twiss found out the diameter of radio stars via a intensity-intensity correlation experiment® 2.
The fermionic analog of this famous experiment was realized in refs 29 and 30 for a 2DEG in the chiral QH regime.
The correlations were shown to be completely anti-correlated meaning fermions in obedience to Paulli principle
exclude each other. These correlations also go by the name of shot noise which measures the correlations between
fluctuations of the current®.. In this work we find that measuring the non-local HBT noise correlations between two
disordered probes in presence of inelastic scattering via a voltage probe one can differentiate between the chirality
or helicity of the edge modes as well as the topological or trivial origin of the Helical edge modes. We observed that
in the mentioned condition while the cross correlations are always negative for chiral QH case, it can be positive or
negative depending on the disorder in the topological Helical QSH case. So getting a positive nonlocal correlation in
these conditions identifies topological helical edge modes. Further, the shot noise correlations can be of two types for
Helical case: one the charge and the other spin. We find in this paper that while there is no distinction between charge
and spin noise correlations for topological helical edge modes, they are completely different for trivial quasi-helical
edge modes enabling an effective discrimination between the topological or trivial origins of these edge modes.

The rest of the paper is organized as follows, first we focus on the chiral QH case and calculate the non-local
“HBT” correlations for two disordered probes in our set-up, then proceed to case of all disordered probes. Next
we add inelastic scattering to our set-up with two disordered probes and finally ending with all disordered probes
with inelastic scattering. We see in all these cases non-local HBT correlations are always negative. We particularly
also focus on a well known theoretical work?®? and its subsequent experimental implementation®® and show that
due to the presence of quantum point contacts(QPC) in these studies, one get positive non-local correlations for
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chiral QH samples. In our work we deliberately remove QPC’s since our focus is on obtaining positive correla-
tions in helical QSH samples, where due to Dirac nature of the edge states experimental implementation of QPC’s
is difficult.

We next focus on the topological helical QSH case, herein we distinguish between the non-local charge
and spin correlations. Similar to the chiral QH case we calculate the the non-local “HBT” correlations for two
disordered probes in the QSH set-up, then discuss the case of all disordered probes. Like the QH case we next
add inelastic scattering to the QSH set-up with two disordered probes and finally to all disordered probes with
inelastic scattering. We see that the non-local charge correlations can be positive in presence of inelastic scatter-
ing. Next we focus on the question of distinguishing topological from trivial quasi-helical edge modes. In case
of topological helical edge modes charge and spin HBT correlations are identical however these two differ for
trivial quasi-helical case. The non-local spin HBT correlations turns completely positive for trivial quasi-helical
case but the non-local charge correlations turn absolutely negative. We end the paper by focusing on the Fano
factor, summarize our results in two tables, finally concluding it with a perspective on applications to other
materials.

Shot noise in Quantum Hall set-up
Following the scattering matrix approach one can calculate the noise in the sample from the scattering matrix of
the system as shown below ref. 32:

2
- zideZTr{A;ﬁAfy}fw(l -£)
% )

wherein A = 8,0, — SaSox is defined by the scattering matrix element s;; and i, j are the indexes of the
probes in the samp]e In thls work we detect the non-local correlations via probes {a, 3 — 4, 3 respectively. f, is
the Fermi-Dirac distribution at probe ~. Further, we are at zero temperature always, so f, can take values 1 and 0
only.

Quantum Hall set-up with two disordered probes. The two probe disordered case for QH is depicted
in Fig. 2(a). The scattering matrix relating the incoming wave to the outgoing one is given as follows:

b, a n 0 0 f
b, a, -t 0 0 n
= N th = >
b, Slag | WS 0 —t; 50
b, Ay 0 rp t;0 )

r;and t; represent the reflection and transmission amplitudes at contact i. In Fig. 2(a), M, the no. of edge modes is
one for clarity. We can check from the scattering matrix- the unitary relation s's = ss" = I, I being identity
matrix, which is the necessary condition for the conservation of current. The equations required to satisfy the
scattering matrix to be unitary are|t,* + |r,> = 1, where i = probe index. Contact 2 is a current probe with
V,=0, and other potentials V; = V, V; = V, = 0. Thus all four contacts are basically current probes. Further,
fi=1land f, = f, = f, =0 (for 0 < E < ¢}}) at zero temperature, where E is the electronic energy and
fi="Fermi-Dirac distribution at contact i which basically depends on the potential of that contact. From Eq. (1)
one can calculate the nonlocal correlation between probes 3 and 4 as:

2¢?
S = - [AEARALLG — £) + ARALLQ —£) + ALALLA — £
2¢?
= T[e(Vl — WARAS + eV, — WASAS + e(V — VDALA]
2¢? oot to ot tooof
= T V| (54142832831 + S41843533831 T Sa1544534531)

=0

herein s; are the elements of scattering matrix (Eq. (2)). Thus, from above equation, nonlocal correlation S,; van-
ishes for case of two disordered probes.

Quantum Hall set-up with all disordered probes. The all probe disorder case for QH is depicted in
Fig. 2(b). The scattering matrix relating the incoming to the outgoing wave is given as follows:

no—nnty —hbhrry —hin —hty
s— 1| —hfy  nonnr —hinn —hin
a| —htsh —hty 13— nnry bt
IS —htyrs — 13ty Ty — Nhis 3)
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Figure 2. The QH setup, probes 3 and 4 are detectors kept at zero potential, a voltage is applied only to probe 1,
(a) QH bar with two disordered probes (potential at probe 2 =0), a;’s and b;s with i = 1-4 are the incoming and
outgoing waves at the probes, (b) QH bar with all disordered probes, (¢) QH bar with two disordered probes
and inelastic scattering- probe 2 (curvy box) is a voltage probe (with current into it I, =0), (d) QH bar with all
disordered probes and inelastic scattering- probe 2 (curvy box) is a voltage probe (with current into it I, =0).
To avoid clutter the waves are only shown in (a). (b—d) Have exactly similar waves to and from the probes, these
aren’t shown explicitly.

herein theterma = 1 — rryryr, in the denominator arises because of the multiple reflections from the disordered
probes!®. This matrix satisfies the unitarity relation s's = ss' = I. Here too the potentials are identical to two
probe disorder case- Vi = V,V, = V; =V, = 0. Thus, f, = land f, = f, = f, = 0 (for 0 < E < eV}) at zero

temperature. We can calculate the nonlocal HBT correlation from Eq. (1) as shown below:

2
S = o [AEIABALL( = £) + ABALL( = £) + ABALL(Q = £)

2¢2
= T[E(VI - VZ)A142A231 + e — V3)A143A331 + e(V, — Vfl)AliAzl]

2¢” . toool £t
= T VAl [54142832531 + S41843833531 T S41544534531]
2¢%  TIT,T,RIR,
P eV] ————
a

wherein we have used the unitarity or conservation of probability condition |r,* + |t,* = R; + T; = 1. Here the
correlation depends on the disorder at probes 2 and 3 which explains why the correlation for two disordered
probe (contacts 1 and 3) case is zero. The nonlocal HBT correlation is negative which is the property of the
Fermi-Dirac distribution which directly relates to the antisymmetric wave function of electrons.
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Quantum Hall set-up with disordered probes and inelastic scattering.  We have introduced inelas-
tic scattering via voltage probe 2. The average current (I,) through this probe is zero. Electrons coming from the
probes 1 and 3 are equilibrated to a new potential at probe 2, and their phase is randomized there. The current
through any probe is defined by-I = % f dEY 3G fy + Ol hereln the second term is due to the intrinsic fluc-
tuation and given by Eq. (1) and the conductance matrix G,; = (N S — Tr [saﬁsaﬁ]) with N, = No. of edge
modes at contact .. We need to fix the fluctuating part of the current at probe 2, AL =0. This condition AI,=0
affects the fluctuation of current at other probes® as follows:

I, = (L) + AL, with (I.)

(¢}

the average current in contact o

1 1 —
— | dE) G + 6, = — | dE) G + AL,
;S DG, + o1, = 2 [T G, + A,

1 _
;dezﬁjGGﬁng ~F) + oI,

Al f; is average of the Fermi-

Dirac distribution function in contact(3,

1 _
ZGOLZ(ILLZ - “2) + 61& = AIOL’ (4)

Ho» [T, being chemical potential and average chemical potential at contact 2.
Putting ae=2, we get:

1
AL = ;Gn(ﬂz — I, + 8b,
1

0 = ;Gzz(ﬂz — 1) + oL,
oI, 1 _
G Sl — 1)

putting this in Eq. (4) we get:
AL =8I, — ﬁslz
Gy, (5)

wherein the first term is due to the intrinsic part of the fluctuation and the second term is due to the voltage fluc-
tuation at probe 2. Thus the nonlocal HBT correlation due to the inelastic scattering is written as:

G
"= (ALAL) = (O, — 29241 (81, — ~281,)
G22 G22

G G, GGy
= ((81 08I, — 228,81, — —=8I 6L, + SL,8L)
( a3 G22 3Y42 G a2 G222 2Y42. >
G Gy, G,,Gg,
- Saﬁ_;ﬂsﬁl__ﬁoa & —5
Gy, Gy, Gzz (6)

In our case a =4 and 3=3.

Quantum Hall set-up with two disordered probes and inelastic scattering. Two contacts are considered to be dis-
ordered for this case. The scattering matrix relating the incoming to the outgoing wave is given as in Eq. (2). Here,
we have considered source V| = V,and V; = V, = 0are detectors. As contact 2 is the voltage probe,

2 2
L= Gy(Vy = V) + Go(V, — V) = Z [T(V, — V) + Ry(V, — V)] = i(vz ~ V)

putting I, =0, we get-V, =T, V,.

The Fermi-Dirac distribution functions at zero temperature in the probes are as follows- f = 1,,=0, f;=0
(for0 < E < eV)), f, = 1(for0 < E < eV;) andf = 0 (foreV, < E < eV;) as probes 3 and4are used as detec-
tors and are at zero Voltage Following Eq. (1) the non-local charge correlation between probes 3 and 4 is:

SCIENTIFICREPORTS |7:6954| DOI:10.1038/s41598-017-06820-w 6



www.nature.com/scientificreports/

-0.05
e
[7)

-0.10

Ry=R;=0.9,R,=0.8
-0.15 R1=R:=R4=0.5
0.0 0.2 0.4 0.6 0.8 1.0
R,

Figure 3. Non-local correlation in quantum Hall case S}3 vs R; for all disordered probes with inelastic scattering
with parameters R, = R, = R, = 0.5 (solid line) and R, = R, = 0.9, R, = 0.8 (dashed line).

2
Sy = Zhide[A;gA;Jlu — ) FASANL (L = £) + ALANL( - f)

FABALE (L= £) + ABALE (1 — f)]
2¢°
= Sle(Vi— WIALAG + eV = V)AGAS + eV — VAGAL
+e(V, — V3)A243A332 +e(V, — V4)A244A32]
2¢° -
= T leVi] [5115425;2531 + 5115435;3531 + 5115445;4531 + T1(54254353T3532 + 5125445;4532)]
2¢°
= —T|3V\ [LTR;]

Similarly, one can calculate S;, = S,, = 0andS$,, = %|ev\ TR, and the conductance G,, = —R;,G;, = — T;and
G,, = 1. Following Eq. (6) we get the non-local correlation in presence of inelastic scattering as:

i G, G G;,G,
Si3 = Si3 — isn - i&u + 22

5, = -2 |eV|[T2T;R,]
G G G 22 1373
22 22 222 h

If there are multiple no. of edge modes then the correlation is just multiplied by the no. of edge modes and it
remains always negative irrespective of the disorder or inelastic scattering for QH case.

Quantum Hall set-up with all disordered probes and inelastic scattering. ~ All contacts are considered to be disor-
dered for this case. The scattering matrix relating the incoming to the outgoing wave is given as in Eq. (3). In the
set up as shown in Fig. 2(d), only one mode is shown. We have considered V; = V,and V; = V, = 0. As contact 2
is the voltage probe, from Landauer-Buttiker formalism putting I, =0 gives V, = %. The Fermi-Dirac dis-
tribution functions are in the zero temperature limit given as follows- fi=1, f3 = 0,1 ji = 0(for0 < E < eV)),
f2 = 1(for0 < E < eV,) and f2 = 0 (foreV;, < E < eV}). From Egs (1) and (6) one can calculate the non-local
correlation. in presence of inelastic scattering as-

T,T,T,R

— 139453 [RTI(1 — RyR,) (1 + Ry) (1 + RRyR,) — 4./RR,R;R,)

(1 — RiR,Rya

—2R,T7a*(R, + RsR, — RyR;R,T; — 2./RR,R:R,) — a*(1 — RR,(1 + Ty)
— RRIR;R,TY].

in __
543 -

We plot the shot noise in presence of inelastic scattering obtained from the above equation in Fig. 3. In Fig. 3
(dashed line) we see as the disorder at probes 1, 2 and 4 increases the non-local correlation almost vanishes for
low levels of disorder at probe 3. This is because the probe with larger disorder behaves as closed for the electron,
meaning electron almost cannot transmit into the probe. So it is more probable for the electron to follow a path
through the probe with less disorder. This makes the electron behavior deterministic (particle like behavior)
rather than probabilistic (wave like behavior), which reduces the noise correlation (almost to zero). As disorder
at probe 3 increases electron path becomes more probabilistic and negative correlations appear. One can clearly
conclude that probes with same or close to the same disorder will show maximum stochastic nature in the system
and will show maximum negative correlation, which is shown in Fig. 3 (solid line).
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Figure 4. The Texier, et al.,/Oberholzer, et al., set-up as in refs 32 and 33 to detect positive non-local HBT
correlations in a quantum Hall set up. Here, probe 2 is a voltage probe (I, = 0) while probes 3 and 4 are
detectors kept at zero voltage. Note that by using constrictions inside the sample and having edge modes
transmitting with different probabilities one can engineer positive non-local correlations. However, in the set-
ups we have in this work positive non-local correlation in quantum Hall regime are impossible.

Why is shot noise in our quantum Hall set-up always negative but inTexier, et al.,/Oberholzer, et al.,
set-ups it can be positive?  Our set-up is different to that of Texier, et al./Oberholzer, et al., set-ups. They
considered a constriction/QPC in their sample which can back scatter electrons thereby generating noise within
the system. In our case disorder is relegated to the probe/contact and thus we don’t have any back scattering within
the sample in contrast to Texier, et al.,/Oberholzer, et al., set-ups as shown in Fig. 4. Further, in their set-ups they
consider two edge modes with different transmission probabilities- one which is completely transmitted while the
other is partially transmitted. However, in our case we have identical transmission probabilities for different edge
modes arising from a particular contact. Also getting a positive cross correlation in their set-up depends on the no.
of edge modes in the sample but in our set-up the results are independent on the no. of edge modes®>*.

The shot noise result (with inelastic scattering) derived in ref. 32 is §,} = —(e? /h)\eV| Ry 2Ty(1 + T)—

(1 + T)R,T, which is positive for Ty =0, Sj3 = +(e*/h)|eV|R,T;/2 for two edge modes w1th different
transmissions.

But if two edge modes have same transmission (lets say the two edge modes are partially transmitted with identical
transmittances) then the shot noise resultis S5 = = —2(¢*/h) \eV| 25T — LRT], = —2(e*/h) leV] == TRy [1+ T
is completely negative as we see in our case too. The different transmittances for different edge modes ar1251ng froma
particular contact is the reason why there is a positive correlation. The experimental realization of this set-up in ref. 33
requires QPC’s in order to generate different transmittances for different edge modes which for chiral QH samples
maybe alright but is quite difficult for helical QSH samples, since in the latter due to Dirac nature of edge states(Klein
effect) its extremely difficult to tune their transmittances via a QPC. In this context the set-up we have which does not
rely on QPC’s but as we will see in next section generates positive correlations for helical edge modes becomes much
more relevant for experimental implementation. Generating positive non-local correlations is the first step to generat-
ing entangled currents, which will have important applications in quantum information processing tasks.

Shot noise in quantum spin Hall set-up
As the edge modes in QSH are spin polarized, so the non-local correlation can be calculated separately for charge
as well as spin. The charge shot noise formula is given as follows-

h
SSh =Sl + 8l + st + s )

The above expression can be easily derived by extending the formalism of section II to spin with the spin shot
noise formula given as-

$h =81l — sl — stk + 8% (8)

and,

/ !/ /
gg “Th f ZWZPW =T iTr[Ass’ (e, U)AQ,Q(B, Gl)]fw a- fw)
herein the {m, n}"" element of the Buttiker current matrix Assf (o, 0)is given by ref. 34:

b
mn“ oy o Nk any/ n

[A%1 @ )] = 8,8,06,,08787 = 3]s
k
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Figure 5. Four terminal Quantum Spin Hall bar showing QSH edge modes. These edge modes differ from their
QH counterparts since these are spin polarized and helical, probes 3 and 4 are detectors kept at zero potential.
(a) Two disordered probes and (b) All probes disordered. R, = 1 — T, represents the reflection probability of
edge modes from and into contact i with the strength of disorder in contact i ranging from 0 < R; < 1. (c) Two
disordered contacts with inelastic scattering. (d) All disordered probes with inelastic scattering, (probe 2 is a
voltage probe in both (c) and (d) with I, =0).In (a) the incoming and outgoing waves into the probes are
explicitly shown, these are not repeated in (b-d) to avoid clutter.

One can clearly see that the equations for charge and spin shot noise differ by a minus sign in front of the
opposite spin correlations. This has important consequences since in presence of finite spin-flip scattering the
charge and spin shot noise behave in a dis-similar manner unlike the case in absence of spin-flip wherein these
are identical.

Quantum spin Hall set-up with two disordered probes. The two probe disorder case for QSH
is depicted in Fig. 5(a). The scattering matrix relating the incoming wave to the outgoing one is given as

follows:
bl|  |af
| | n 0 0 000t 0
b a
: ' 0 n 0 £000 0
b, a, —t 0 0 000 O
bs a} 0 0 0 00 ¢t 0 r
2l = 2|, withs= 3 3,
bl al 0 0 —t,07 00 0
bl 2t 0 0 0 000 —t
3 3
X X 0 0 r, 0t 00 O
bil |4 0 —t, 0 000 0
b} ajy )
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with r; and t; being the reflection and transmission amplitudes at contact i. There are four probes in the case
described above and the samples have two edge modes on each side- one for spin up and the other for spin down
going in the opposite directions (spin-momentum locked), the scattering matrix s is thus a 8 x 8 matrix. This
matrix satisfies the unitarity relation s's = ss" = I. Here the potentials are similar to QH two probe disordered
case-V, = V,V, = V; = V, = 0. Further, as before at zero temperature we have the Fermi-Dirac functions as:
f1 = land f2 = f3 = f4 = 0for (0 < E < eV;). From Eq. (9) one can calculate the nonlocal HBT correlation as:

2
s = 25 [dE AR @DAR GDL - f)

pp’=1,1
FAR @DAN GNL A = £) + AR @DAN GBS A = £)]
2e2
= = > [y — WAL @NAL(B,)
pp'=1,1
+e(V; — V) AR (41 AL (3,1) + e(V, — V)AL (4,1) AL (3,1)]
Ze2
= v o Lsi s8I s I 4 si sl s s sk Tsid s 1 s I
pp’=1,1
=0

Similarly one can calculate S]} = S} = SH = 0. So the sum of them S,; = 0. This result is identical to QH case.

Quantum spin Hall set-up with all disordered probes. The case represented in Fig. 5(b), depicts all
disordered probe case. The scattering matrix relating the incoming to the outgoing wave is given as follows:

N — nrry 0 —tt,rsry 0 —ttsty 0 —tity 0
0 n — Kl 0 —tt, 0 — sy 0 — i
—tt, 0 r, — Nty 0 —ttsnty 0 —ttn 0
1 0 —Hi,rty, 0 T, — Nty 0 —tts 0 —tytrs
ST al —ttsh 0 —tyts 0 ry— Ny 0 — byt 0 ’
0 —titsty 0 —tytshry 0 13 — Nty 0 —tst,
— i 0 —btrs 0 —tsty 0 r, — Nl 0
0 —tt, 0 —ttn 0 —tstnt, 0 T, — Nt (10

whereina = 1 — 77,7y, The above matrix satisfies the unitarity condition- s's = ss' = I. Herein the potentials

are identical to the two disordered probes case-; = V,V, = V, = V, = 0. Hereagainfi=1land f, =f, =f, =0
(for0 < E < eV;). From Eqs (7) and (9) we can calculate the non-local shot noise cross correlation-

2¢°

St = _Z% |ev
13 hl \

TP TT(R;R, + R,)

o
Thus the nonlocal charge correlation depends on the disorder at probes 2, 3 and 4 which explains why the cor-
relation is zero for two disordered probes case (disorder at probe 1 and 3). This correlation is always negative
irrespective of the magnitude of disorder.

Quantum spin Hall set-up with disorder and inelastic scattering.  To calculate the shot noise in QSH
case in presence of both disorder as well as inelastic scattering we generalize the formula obtained for QH case
(Eq. 7) by including spin. The non-local charge correlations for QSH case in presence of inelastic scattering then is-

ch ch ch~ch
Sch—in _ Sch GOLZ ch B2 Sch GOLZG& Sch
o3 — Yo T T o082 T g P2 + PR
G22 G22 22

Gch
(S0} + 83+ 834 + S0 — 23S + s+ st + 5

22
Gch G cthh
32 32002
—— (S0 Sdp + Sab + 803 — == (81 + Sy + 84+ S3)
Gy G, (11)

Eq. 12 can be simplified by separating the individual spin components as follows:
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h ch chch
geh—in | oIl Ga sl Gpa s 4 Gazcgzsm
op oG T sk T2 2 o2
22 22 22
ch GCh Gcthh
I Gas 11 B2 o7l a2M82 1|
+|Sas — 0cLh Sgz — h Sez + e S
22 22 Gy,
h ch ch ~ch
st~ Gaaglr G2 gy , Guals gy
o8 TG TB T a2 2 22
2 2 22
ch GCh Gcthh
U Goen_ Ggy, GulGmgy
+ SO@ - Gch sﬁz T SOLZ + 7522
22 22 oY)
= SI" 4 slp 4 sl + sl -

In the above equation G}’ = GJ;' + G|} + G}/ + G}}" is the conductance summed over all the spin indices’, for
example G} represents the probability that a down spin electron is transmitted as a spin up electron. The
non-local spin correlations is particular to QSH case and can be similarly, as above, written as

S(i%_in _ S;;Ta’m _ S;é,in _ Si;},in + Sié,in (13)

with Sgﬁ, i,j = 1, | defined as in Eq. 9. We proceed now by calculating the non-local charge and spin correlations
in the next sub-section and beyond.

Quantum spin Hall set-up with two disordered probes and inelastic scattering. ~ For the case of two disordered
probes in QSH case, depicted in Fig. 5(c). The scattering matrix relating the incoming to the outgoing wave is
given as Eq. (21), following Eq. (13) we first calculate Sﬁ as follows-

2¢°
sif = & deZ, ;lTr[Agg;(zx,T)As;s(s,T)]Jg<1 )
oep'=T,
2¢2
- 5 Jeg vl - )
W oep'=Ts
2¢*
= - X [Tl sl'sly siNe(v = v + Trislf s sl sifl eV — 1)
pp'=T.1

)
+T7 (sl "sif/s33 {1 e — V) + Tr [sf7sl8's3f s eV, — Vi)
+Tr[sifsif's} 535 e(Vy — V)]

26’
= 7[0 + 0+ 0 + (=TRseV;) + 0]
2 2
= eV TTRy/2

Similarly from Eqs (10) and (13), one can calculate S} = i} = S/} = 0 then s = slI + S]} + si+
Sﬁ = — 2;;2 |eVi] TT;R,/2. Now to add the effect of inelastic scattering we have to calculate Sg' —in using Eq. (13),
further the shot noise cross-correlations Ss,, Sy, and S,, are determined following Eq. (9). Here again we consider
V= V,and V; = V, = 0. As contact 2 is the voltage probe which induces inelastic scattering, substituting I, =0
gives V, = T}Vj/2. Now the Fermi-Dirac distribution functions are as follows- f =1, f, =0, f, = 0 (for
0<E< eVI),f2 =1(for0 < E < eVy) andf2 = 0 (foreV, < E < eV)). So from Eqs (7), (9) and (13), we calcu-
late the non-local charge correlation in presence of inelastic scattering as:

TR,  TTR(R, + Ry
2 4 (14)

2
Sh = =2 jev

which can be positive for a range of values of T; and T; as shown in Fig. 6(a). Putting R; = 0 we get
Sch=in — 2 |eV]| [T;R;’/2], which is completely positive for all values of R;, for Ry = 0.2 we plot Sf;*"" as shown in
Fig. 6(b). From Fig. 6(a) one can conclude that small values of T (large R,) and larger values of T (small R;) help in
generating positive cross correlation. In QSH case, inelastic scattering in presence of disorder induces a positive cross
correlation in the system which is unexpected for electrons as they are fermions, they should show a negative cross
correlation, which is the basis of the famous HBT experiment®. We can understand this in this way that QSH edge
modes are spin polarized and there are spin up electrons, which after getting out of the probe 2 (voltage probe which
redistributes the current) follow one edge of the Hall bar and directly reach the contact 3 (a detector), at the same
time spin down electrons after getting out from same contact 2 follow the other edge of the Hall bar reaching contact
4 (another detector) via contact 1- and these two electrons can be correlated positively. Since these two electrons are
traveling via two completely different paths and as different probes are disordered with varying degrees of disorder

SCIENTIFICREPORTS |7:6954| DOI:10.1038/s41598-017-06820-w 11



www.nature.com/scientificreports/

(@) (b) (©

1 - [ e 2 iy [
Positive Non-local Correlations + l i i o ™ IIHQE
0.00¢ -
.l FE 0.000 -+
L -0.02;[ /// £ oo \\ _.'f |
- = £m /
0.5 2 W N /
-0.04 0,004
L s \ /
=5 0.2 0,00
_u_oe| J G Ayl \\\ 4
It ~0.608 W >3
-0.08; —
05" 00 02 04 06 08 10 a0 02 o4 6 08 w
Ts Ry Ry

Figure 6. S, vs. Disorder. (a) Non-local correlation (S,;) vs.T, and T, for two probe disorder with inelastic
scattering for QSH (Positive cross correlation), (b) Non-local correlation S,; vs R, for two probe disorder with
inelastic scattering for QSH with parameters Ry = 0.2, (c) Non-local correlation Sy; vs R, for all probe disorder
with inelastic scattering for QSH with parameters R, =0.9,R, = 0.4and R, = 0.2.
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Figure 7. (a) QSH sample with trivial quasi-helical edge modes. There are two disordered probes with inelastic
scattering included via voltage probe 2, small arrowheads indicate intra edge scattering. The effect of such intra-
edge scattering on positive non-local charge (b) and spin (c) correlations. Non-local charge (b) (Sjé‘_’” vsR,) and
spin (c) correlations (S5 vs R,) in a trivial quasi-helical QSH sample with two disordered probes (R, = 0.2)
and inelastic scattering. Note the exactly opposite behavior to the nonlocal charge correlations. The intra edge
scattering parameter: f = O(topological) (red) and f = 0.1 (blue), f = 0.2 (pink), f = 0.3 (black), f = 0.4
(brown), f = 0.5 (purple) in (b,c).

these two paths will have different transmission probabilities. But in QH case (as discussed in section II) if there are
two edge modes, they do not travel via different paths (one cannot separate the paths taken by the two edge modes
from voltage probe to detector) and therefore even if probes are affected with varying degrees of disorder the trans-
mission probabilities of two edge modes will be identical. That’s why positive non-local correlation is not observed in
the QH set-ups as in section II even in presence of disorder and inelastic scattering.

Quantum spin Hall set-up with all disordered probes and inelastic scattering. The set-up for this case is depicted in
Fig. 5(b). The scattering matrix relating the incoming wave to the outgoing one is given as Eq. (10). Here we have
considered V| = V,and V; = V, = 0. As contact 2 is the voltage probe, substituting I, = 0 gives V, = ﬁ.
Now the Fermi-Dirac distribution functions as usual at zero temperature and with probes 3 and 4 as detectors are as
follows- L=Lf=0f=0 (for0 < E < eV)), =1 (for0 < E < eV) gndfz = 0(foreV, < E < eV}). Thus,
from Eqgs (7), (9) and (14) one can calculate the non-local correlation Sf; ~' as the expressions are large we will
analyze them in Fig. 6(c). Positive non-local correlations are obtained in this case similar to the two probe case dis-
cussed above, while inelastic scattering and the fact that up and down spin edge modes have different transmittances
through the sample (due to the difference in their paths) is critical to getting positive correlations, the effect of disor-
der on these positive correlations is more ambiguous. Some disorder is of course necessary to have noise but other
than that there is no clear cut influence of increasing/decreasing disorder on the positive correlations so obtained.

Till now we have only considered topological Helical QSH edge modes. Now we ask the question what hap-
pens to the positive correlations so obtained if we are not sure of their topological origin. This question has
become relevant recently with some papers* showing that in a trivial insulator quasi-helical edge modes can also
occur, of course they are without any topological protection. In the next section we address this question.

Topological vs. Trivial quasi-helical QSH edge modes

We consider trivial quasi-helical QSH edge modes as shown in Fig. 7(a). In ref. 4 the difference between trivial
and topological QSH modes is determined from the non-local Resistance. Herein we show the non-local noise
(both spin as well as charge) can be very effective in determining the topological origins of QSH edge modes.
Since these trivial quasi-helical edge modes are not topologically protected there is a finite probability ‘” that with
disorder and inelastic scattering they will scatter from the other mode and change their direction and spin. We
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denote by parameter f’- the probability for an electron with a particular spin orientation in a trivial QSH edge
mode to change its direction and spin via intra edge scattering. This intra-edge scattering is shown in Fig. 7(a)
by small arrows connecting two oppositely moving edge modes. Thus, ‘linking’ up and down spin modes due to
the possibility of backscattering because of sample disorder/inelastic scattering. However, we note that in both
cases trivial quasi-helical as well as topological helical QSH edge modes[see Fig. 5(a)], spin-momentum locking is
preserved in absence of any non-magnetic disorder. An up-spin electron is backscattered as a down-spin electron
moving in exactly opposite direction.

Trivial QSH set-up with two disordered probes and inelastic scattering. The case represented in
Fig. 7(a), depicts two disordered probes with inelastic scattering in a trivial QSH set-up. The scattering matrix
relating the incoming to the outgoing wave is given as follows:

A+ —iftff 0 iy ff—f) 0 0 Wiy 0
ay ay ay a
—iff [f 1+ 0 nf1-f 0 0 i f (L —f) 0
ay ay ay a
aftof candfUop i+ R)JF 0 0 na-p 0
ay ay ap ay
0 0 i1+ Ry)\f 0 —ityr3Jf(1 —f) 31— f 0 ral—f
s = a3 a3 as az
0 0 ) 0 413 i f o sl |
as az as az
0 0 it3raf(1 - 1) 0 —it3\f A+frs 0 By1-f
as as as as
0 0 raf1—f 0 31— f  —ityraff(1—f) 0 i1+ Ry).Jf
as as as as
—igrf0—p  —hf1-f 0 na—f 0 0 i1+ R)Sf 0
a a a a (15)

witha, =1 + frlz, a; =1+ fr32, whenever there is intra-edge scattering we introduce a 7/2 phase in the scatter-
ing amplitude. Here too as before we have V] = V,and V; = V, = 0. As contact 2 is a voltage probe, putting I, = 0
gives-

(1 = RIF)T( + RV,
— Rf(1 + f) = R+ f) + 2R7R;f (16)

At zero temperature, the Fermi-Dirac distribution functions are as follows: f =1, f, =0, f, = 0 (for
0<E<eV), f2 = 1(for0 < E < eV}) andﬁf = 0 (foreV, < E < eV;). From Eqgs (7), (9), (14) and (15) one can
calculate the non-local charge correlation S5 ™ as well as spin correlation S ™, as the expressions are large we
will analyze them via plots Fig. 7(a,b). As intra-edge scattering probability f increases to 0.25, Fig. 7(a) the corre-
lation can be positive or negative depending on the disorder at probe 1, and as f increases to 0.5 one can see that
non-local charge correlation becomes completely negative irrespective of the disorder. Strong spin flip scattering
completely destroys the positive correlation effect induced in the non-local fluctuation by the inelastic scattering
in the trivial QSH sample. One can also calculate the non-local spin shot noise correlation from Eqs (8), (10), (14)
and (15). This is plotted in Fig. 7(c). In this case we see opposite behavior to the non-local charge correlation
shown in Fig. 7(a). The non-local spin correlation turns completely positive with increased intra-edge scattering.
Of course the non local charge and spin correlations are identical for QH case as well as for topological QSH
samples. The nonlocal HBT spin correlation can thus be a good detector of trivial QSH edge modes.

H =

Fano Factor. The Fano factor, like the coefficient of variation, is a measure of the dispersion of the probability
distribution of noise. It is basically the signal to noise ratio, named after Ugo Fano. Surprisingly, the noise is usu-
ally smaller than a Poisson distribution noise (in which the variance is equal to the mean value, and F =1 for
Poisson distributions) and it is called sub-poissonian noise (F < 1). If noise is greater than Poisson distribution

then it is called super-poissonian noise. The Fano factor is defined by- Fj = |1\ . The charge Fano factor is

AT . The charge current ICh n—2mV, — W, and
IS in —

), where V, is defined as in Eq. 16.

o st s

43 — 2e ‘ICh m‘

, while spin Fano factor is Ff =

V(1 - f) !

the spin current [P~ =

1+

We compare the charge Fano factors in the topological QH and QSH cases in Fig. 8(a) while the charge and
spin Fano factors in the trivial QSH case in Fig. 8(b). The charge Fano factor for topological QSH case changes sign
while for QH case doesn't as a function of disorder. Further, in case of QSH we have two different Fano factors cor-
responding to charge and spin. The spin Fano factor is super-Poissonian regardless of whether the edge modes are
topological or trivial while the charge Fano factor is sub-Poissonian. Thus the spin Fano factor can also be a good
arbiter of the presence or absence of topological helical edge modes. In Fig. 8(c) the charge Fano factors are plotted as
function of disorder for increasing intra edge scattering (f), for the topological case while Fano factor changes sign as
function of disorder as intra edge scattering increases, i.e., edge modes are in trivial regime, the charge Fano factors
turn more and more negative thus one can conclude that for trivial quasi-helical edge modes charge Fano factors will
be negative. In Fig. 8(d) we plot the spin Fano factor, although there is no sign change but entering the trivial regime
the spin Fano factor increases in magnitude for increasing intra-edge scattering f. The charge shot noise measured in
our case is sub-Poissionian, and the charge Fano factor is well below 1/3, which is in agreement with the experimen-
tal work of ref. 35 on QSH systems. We summarize the main results on distinction between chiral and helical edge

SCIENTIFICREPORTS |7:6954| DOI:10.1038/s41598-017-06820-w 13



www.nature.com/scientificreports/

(a)
0.015

0.010°

0.005;

g 0.000

peh-in

j.

—(L005
-0.010

-0.015'
0.0 0.2 0.4 0.6 0.8 L0

R | i X

(c)

0.10]

0.05]

=0.10

0.0 0.2 0.4 08 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
Rs Rs

Figure 8. The effect of disorder on charge Fano factors (a) Topological QH versus Topological QSH cases, and
the effect of intra-edge scattering on Fano factors in (b) for charge and spin Fano factors in trivial QSH phase.
The charge Fano factor (¢) and spin Fano factor (d) in the trivial phase (..) are completely distinct from
topological (f = O) QSH phase. (a) Non-local charge Fano factors in topological helical QSH and topological
chiral QH cases Fii vs R, for all disordered probes (R, = 0, R; = 0.2, R, = 0.8) with inelastic scattering. Intra-
edge scattering probability: f = 0. Note the sub-poissonian behavior in both cases for the charge Fano factor.
(b) Non-local charge Fano factor F<! and spin Fano factor in trivial quasi-helical QSH sample F3 vs f (intra-
edge scattering probability) for two disordered probes (R, = 0.2, R, = 0.8) with inelastic scatterlng Note the
super Poissonian behavior of the spin Fano factor as compared to the charge Fano factor. (c) Non-local charge
Fano factors for topological (f = 0) and trivial (f = 0) QSH edge modes. FS" vs R, for two disordered probes
(R, = 0.5) with inelastic scattering as function of R,. (d) Non-local spin Fano factors for topological (f = 0) and
trivial (f = 0) QSH edge modes. FJ§ vs R for two disordered probes (R, = 0.5) with inelastic scattering as
function of R;.

Two probe disorder 0 0 0

All probe disorder

22 eV TPT3T4RIRS
W &

28 TET3Ty(RERs + Ry)
=5 lev T R

identical to charge

Two probe disorder + inelastic scatt.

2 2
-2 pevrirey

22| (TR HTRIR+ Ry)
o levI -

identical to charge

All probe disorder + inelastic scatt.

negative (Fig. 3)

Positive/Negative (Fig. 6)

identical to charge

charge Fano factor

sub-Poissonian, no sign change

sub-Poissonian, changes sign

absent

spin Fano factor

absent

sub-Poissonian

super-Poissonian

Table 1. Topological Helical vs. Topological Chiral edge modes via non-local HBT correlations.

modes and second between topological and trivial origins of QSH edge modes in two Tables 1 and 2. However, our
story is not yet complete, the trivial phase we have assumed to have spin-momentum locked edge modes in absence
of non-magnetic disorder but although there is overwhelming evidence regarding this it is not cent percent guaran-
teed*. In the next sub-section we address this what-if regarding the trivial phase.

What if the trivial quasi-helical phase does not have any spin-momentum locking, even in
absence of non-magnetic disorder?  Although its quite probable that the trivial phase in case of QSH sys-
tems is dominated by transport via quasi-helical spin-momentum locked edge modes in absence of non-magnetic
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Non-local Charge Noise correlations | may be positive/negative | turn completely negative

Non-local Spin Noise correlations may be positive/negative | turn completely positive
. No sign change

Charge Fano factor changes sign (completely negative)

Spin Fano factor positive but small positive and large

Table 2. Topological helical vs. Trivial quasi-helical edge modes via non-local HBT correlations.

- e 7 S
Trivial Helical Trivial Ballistic
— =% v

Figure 9. (a) Spin-momentum locked trivial quasi-helical edge modes, (b) Trivial ballistic modes without spin-
momentum locking. For case (b), since spin-momentum locking is broken, it is more appropriate to address
these modes as ballistic although for representative comparison with the spin-momentum locking case they are
shown similar to the edge modes in (a), in actuality they are anything but, the two arrows one pointing left and
another pointing right on the same mode indicate backscattering while the dashed arrows linking up and down
spin modes indicate spin-flip scattering.

disorder as shown in Fig. 7(a), this is by no means absolute. There might be the possibility that these might just be
spin polarized ballistic modes. In fact ref. 4 is bit ambivalent about the exact nature of transport in the trivial phase
in-spite of quite overwhelming evidence that transport in the QSH trivial phase is via spin-momentum locked edge
modes in absence of any non-magnetic disorder. If this is the case then how to establish with certainty that the trivial
quasi-helical phase has spin-momentum locked edge modes as discussed above or it is just ballistic modes suscepti-
ble to both back scattering as well as spin-flip scattering. To do this one can take recourse to the conductance.

How good is a conductance test? Here, we will show that the electrical conductance in two terminal/probe sample
can be used to differentiate between spin-momentum locked quasi-helical trivial phase and a trivial phase without
any kind of spin-momentum locking even in absence of any non-magnetic disorder. In ref. 4, a detailed study of
all the possible Resistances (R;; ;;) in a H shaped Hall bar in the trivial phase is done and it is shown that these
resistances are quantized in absence of bulk contribution. This amounts to the existence of edge modes in trivial
phase, and needs to be distinguished from the topological helical edge modes. These quantized conductances for
trivial phase only can be explained if they are made up of spin-momentum locked states (Fig. 9(a)) (with zero spin
flip scattering as the sample length is below the spin-flip scattering length ! < I, = 4.4um). If the spin and
momentum of these states are not locked (Fig. 9(b)) then the quantized conduction will be doubled as compared
to the spin-momentum locked case, and of-course the quantized resistance is halved. We explain this for the two
terminal case in Table 3 below using the s-matrices for the quasi-helical and ballistic trivial two terminal cases as
shown in Fig. trivial-cond. The 4 X 4 s-matrices relating edge modes in Fig. 9(a) and ballistic modes in Fig. 9(b)
are as follows- For trivial quasi-helical edge modes on left and trivial ballistic modes on right-

0 _iﬁ J-f 0 no—n bt ot

A —i.ff 0 o Ji—f S B

helical _m 0 0 lﬁ > Oballistic _tl _t2 no—r

—t, t
0 —J1—fF iff o0 2 1 2oh 17)
with, t, = .[(1 — /)72, t, = /(1 — f)/2, 1, = ,[f/2 and r, = [f'/2, f’ denotes the backscattering probability
while f denotes the probability to flip. The outgoing mode basis for either s-matrix is (b, b}, b}, b)) and through
Spalistic/helical 1 Télated to the incoming mode basis (a/, a}, a], a3).

For spin-momentum locked trivial quasi-helical phase the quantized resistance for various cases in the H
shaped bar, shown in Fig. 7(a) of ref. 4, will be-

3h h h

R = = — =— R =0
s T e Paie T 0 Rasae T e Ko (18)

and for the spin-momentum not locked trivial ballistic phase the quantized resistance for various case in the same
H shaped bar shown in Fig. 7(a) of ref. 4 will give-
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From Landauer-Buttiker formalism we get- From Landauer-Buttiker formalism we get-
I = S,60G - V) I = 5,60 - V)
I'=G6'(v-0 =GV I'=G'ev-0) =26V
I'=G'(v-0=G'vV I'=G'@ev - 0)=2G'V
2 2
¢ = %Tle,WithTle =1+ 1} Gl = %Tle,With Th="T1 + T}
Th=0-H+0=0-/ Th =L N _eeh
2 2 2 2
e-f-f)
Gl =FTh =501 Gl =Fmh =5t
*=1"+1" =26V 1"=1"+ ' = 4GV
a2 a2
%=Vl -f) *=2v@ - f-f)
=1"-1'=0 =1"-1'=0
_ _ h
Rar =220 R =2

Table 3. Charge and spin conductance in Trivial quasi-helical and Trivial ballistic phases. fis the probability of
spin-flip scattering, and f is the backscattering probability which is non-zero only for trivial ballistic phase. Left
column has edge modes while write column has ballistic modes and therefore for f' =0, R, for ballistic case
does not reduce to that of edge state.

h

Forf=0 — - [
Ryr 22 Ror 262 Ror 222~ f1)

h

L —__k
T2 -f-f)

Forf=0 |R,; = 32 R,

Ry =

_h
22201 f)

Table 4. Topological Helical vs. Trivial quasi-helical vs. Trivial Ballistic phase via 2T resistance.

3h h h
R14,14 = g> R24,14 = F, R23,14 = @’ R23,14 =0 (19)

In the above equations we have considered no spin flip scattering (f=0) as well as absence of any backscattering
(f?=0). In Fig. 7(c) of ref. 4 they get the quantized resistance as mentioned in Eq. 18, which implies that the edge
modes are spin-momentum locked. Ref. 4 also mentions that “scanning probe techniques demonstrate the exist-
ence of edge channels also in the inverted regime, with similarities to those measured in the trivial regime’, and
“Furthermore, the edge channel resistance per unit length is very close to earlier reports of helical edge channels”
From Table 4, we see that the 2-terminal conductances for topological and trivial phase without spin-momentum
locking are different, but 2-terminal conductance for topological and trivial phases with spin-momentum locking
are same (for f=0, as the sample length is smaller than the spin-flip scattering length). This is understandable
since in our systems there are no magnetic impurities so no possibility of time-reversal symmetry being broken.
Thus the topological helical case wont be susceptible to spin-flip scattering due to sample disorder but trivial
quasi-helical edge modes would be. Further trivial ballistic modes would be susceptible to both spin-flip as well
as backscattering, since these are no longer edge modes. A simple calculation for the 2 Terminal conductance

reveals that for the trivial quasi-helical phase it is Zhiz(l — f) while for the trivial ballistic phase it is

2
LG - f— f"). The ballistic conductance is almost double in case of no backscattering (f' =0). But the situation
is complicated if f’ = 0. In the latter case, one again takes recourse to the noise to determine exactly how transport
is occurring in the trivial phase as shown below.

Noise correlations to the rescue again.  To identify unambiguously whether the trivial phase is quasi-helical or not
we consider the set-ups shown in Fig. 10(a,b).

The set-up for the trivial quasi-helical case is depicted in Fig. 10(a) while for the trivial ballistic case is
depicted in Fig. 10(b). The scattering matrix relating the incoming edge modes to the outgoing modes for trivial
quasi-helical case is given as in Eq. 20.
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Figure 10. The set-ups to distinguish the spin-momentum locked trivial quasi-helical phase (a) from the
trivial ballistic phase (b) are designed such that there are no disordered probes. Scattering happens only inside
samples. The effect of spin-flip (f) and back-scattering (f’) on the non-local charge (c) and spin correlations
(d). The trivial quasi-helical phase yields zero charge and spin correlations while trivial ballistic phase yields
negative charge correlations and positive spin correlations. (a) The trivial quasi-helical phase: spin-momentum
locked edge modes are only susceptible to spin-flip scattering. (b) The trivial ballistic phase: ballistic modes

are susceptible to both spin-flip as well as backscattering. (c) Non-local charge correlations. (d) Non-local spin
correlations.

b/ 0 —i.ff 0 0 0 o Ji—f o |(a
I S T e S R B S O |

bj| |[-1=F o0 0 i[f 0 0 0 0 |la

byl | 0 0 iff 0 o - J1—f o 0 ||a}

b] 0 o Ji—f o0 0 —iff 0 0o |lall

bi 0 0 0 0 —iff 0 0 J1—fl||ai

b 0 0 0 o —J1-f o0 0 iff ||a

bi 0 —Ji—f o 0 0 0 iff o |lai (20)

Since there is no disorder at the probes, we have only the spin-flip probability occurring in Eq. 20. Further, we
have considered V] = V,and V; = V, = 0and contact 2 is a voltage probe, substituting I, = 0 gives V, = V/2. The
Fermi-Dirac distribution functions as usual at zero temperature with probes 3 and 4 as detectors are as follows-
L=L4=0f = 0(for0 < E < el{),f2 =1(for0 < E< eVz)andf2 = 0 (foreV;, < E < eV)). Thus, from
2
Egs (10) and (14) one can calculate the non-local correlation Sj’; = Sj’z’ =0, s;ﬁ = —%eV/Zf(l — f), and
2

Szcg = %|eV\f(1 — f). The two terminal charge charge conductances are G,, =0, G5, = —(1 — f) and
G,, = 2(1 — f). Putting these values in Eqs (12) and (14) we get Sjé’f’" = § " = 0for the trivial quasi-helical
case with set-up as shown in Fig. 10(a).

The scattering matrix relating the incoming wave to the outgoing one for trivial ballistic case is given as in
Eq.21.
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Non-local Charge Noise correlations | Always zero turn completely negative

Non-local Spin Noise correlations Always zero turn completely positive

Table 5. Trivial quasi-helical (Spin momentum locked in absence of non-magnetic disorder) phase vs. Trivial
ballistic (without spin-momentum locking) phase.

b a,
bl no—n bt L —h b alb
1 1
1 non L ot 4 ot —f T
b, th L o—non —h 4Lt ||
bzL _ |~ h t o L o L h ‘12l
b3T h L - =t L, 3T
b3l L 4 4t o —n H —f a3l
T -t =t 4 4 —H & o —h 1
by t, =t —t, 4 ot - —n)|%
! 1
b; ay 21)

Here, t;, = /(1 — f)/6,t, = \{(1 — f)/6, 1, = ./f/2 and r, = .[f'/2, f’ denotes the backscattering probability
while f denotes the probability to flip.

S de ZH[A""’(M)AP"’(s (1 —£) + AR @NDALGNL - f)
PP

+AF£’<4,T)A§{"(3,T));(1 —f) + AR @NALPGNLAO - £)
+A£’£’<4,T)A§£"<3,T)j;(1 - )

= - 3 [V - WAR@DAL G
h pp'=1,1
+e(V; — AK 4NAL(3,1) + e(V; — VDA (4.1DAL(3.1)]
+e( — VAR (ANAL BT + e(Vy — V)AL (41)AL"(3,1)]
= 2o S S+ s
pp'=T,1
+s) TptTpr Torf Tp +s TetTpr Tprf Te +s TotTpr Tprt Tp]

1 S44 534 S31 T Sa2 543 533 S32 T Sa2 S44 534 532
2¢” 2¢V]] )
= (tl + tz)
h 3

Here we consider V; = V, and V; = V, = 0. As contact 2 is the voltage probe, substituting I, =0 gives V, = V/3.
Now the Fermi-Dirac distribution functions as usual at zero temperature and with probes 3 and 4 as detectors are
as follows- f, = 1, £,=0f, =0(for0 <E<eV), f, =1(for0 < E<eV;)and f, = 0(foreV;, < E < e)).
Thus, from Eqs (10) and (14) one can calculate the non-local charge and spin correlatlon as:

ch—in
S43

2
—2%(2/81)|ev|(10 + 22 — Of + 2f”* + f(—9 + 4f"),

sp—in
S43

2

—2%(4/81) eV + 2 — 6f + f7 = 3f=(=1+ A)f J=(=1 + f)f + f( — 6+ 5")). (22)
The non-local charge/spin correlations for both trivial quasi-helical and trivial ballistic cases are plotted in Fig. 10(c,d).
One can clearly conclude that while the trivial quasi-helical (spin-momentum locked in absence of non-magnetic
disorder) case yields no correlations the trivial ballistic case yields a finite non-local correlation for both charge as well
as spin enabling an effective distinction between the two cases. This is entirely expected since in a set-up without probe
disorder as we have seen earlier for chiral as well as topological(helical) cases the non-local correlation vanishes. For
the ballistic phase on the other hand because these are not edge modes they will be backscattered in addition to being
susceptible to spin flips yielding finite non-local correlations. The results are summarized in Table 5 below.

Conclusion

To conclude we establish here that we can probe helical edge modes as well as their topological or, otherwise,
trivial origin via non-local HBT correlations. These correlations can be positive with topological helical QSH
edge modes but will always be negative with chiral QH edge modes. Further, we show that the difference between
the non-local charge and spin correlations can also distinguish between the chiral and helical edge modes. The
non-local charge correlations turn completely negative for trivial quasi-helical edge modes while the non-local
spin correlations turn completely positive. In Table 1 we summarize the results for the distinction between chiral
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and Helical edge modes while in Table 2 we bring out the differences between trivial and topological QSH edge
modes. To end, we would like to point out that although in our work we have exclusively focused on chiral and
helical edge modes and their topological origins our detection technique (Non-local HBT correlations) can be a
very effective tool to probe helicity and its origin in Weyl semi metals® too.
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