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One of the main challenges in physics today is to merge quantum theory and the theory of general
relativity into a unified framework. Researches are developing various approaches towards such a
theory of quantum gravity, but a major hindrance is the lack of experimental evidence of quantum
gravitational effects. Yet, the quantization of space-time itself can have experimental implications:
the existence of a minimal length scale is widely expected to result in a modification of the Heisen-
berg uncertainty relation. Here we introduce a scheme to experimentally test this conjecture by
probing directly the canonical commutation relation of the center-of-mass mode of a mechanical
oscillator with a mass close to the Planck mass. Our protocol utilizes quantum optical control and
readout of the mechanical system to probe possible deviations from the quantum commutation
relation even at the Planck scale. We show that the scheme is within reach of current technology.
It thus opens a feasible route for table-top experiments to explore possible quantum gravitational
phenomena.

It is currently an open question whether our under-
lying concepts of space-time are fully compatible with
those of quantum mechanics. The ongoing search for a
quantum theory of gravity is therefore one of the main
challenges in modern physics. A major difficulty in
the development of such theories is the lack of experi-
mentally accessible phenomena that could shed light on
the possible route for quantum gravity. Such phenom-
ena are expected to become relevant near the Planck
scale, i.e. at energies on the order of the Planck en-
ergy EP = 1.2 × 1019 GeV or at length scales near
the Planck length LP = 1.6 × 10−35 m, where space-
time itself is assumed to be quantized. However, such a
minimal length scale is not a feature of quantum theory.
The Heisenberg uncertainty relation, one of the corner-
stones of quantum mechanics (1), states that the position
x and the momentum p of an object cannot be simulta-
neously known to arbitrary precision. Specifically, the
indeterminacies of a joint measurement of these canon-
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ical observables are always bound by ∆x∆p ≥ ~/2.
Yet, the uncertainty principle still allows for an arbitrar-
ily precise measurement of only one of the two observ-
ables, say position, on the cost of our knowledge about
the other (momentum). In stark contrast, in many pro-
posals for quantum gravity the Planck length constitutes
a fundamental bound below which position cannot be
defined. It has therefore been suggested that the un-
certainty relation should be modified in order to take
into account such quantum gravitational effects (2). In
fact, the concept of a generalized uncertainty principle
is found in many approaches to quantum gravity, for
example in string theory (3–5), in the theory of dou-
bly special relativity (6, 7), within the principle of rel-
ative locality (8) and in studies of black holes (9–11).
A generalized uncertainty relation also follows from a
deformation of the underlying canonical commutator
[x, p] ≡ xp − px (12–16), since they are related via
∆x∆p ≥ 1

2 |〈[x, p]〉|.
Preparing and probing quantum states at the Planck

scale is beyond today’s experimental possibilities. Cur-
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rent approaches to test quantum gravitational effects
mainly focus on high-energy scattering experiments,
which operate still 15 orders of magnitude away from
the Planck energy EP , or on astronomical observations
(17,18), which have not found any evidence of quantum
gravitational effects as of yet (19, 20). Another route
would be to perform high-sensitivity measurements of
the uncertainty relation, since any deviations from stan-
dard quantum mechanics are, at least in principle, ex-
perimentally testable (14–16). However, with the best
position measurements being of order ∆x/Lp ∼ 1017

(21, 22), current sensitivities are still insufficient and
quantum gravitational corrections remain unexplored.

Here we propose a scheme that circumvents these
limitations. Our scheme allows to test quantum grav-
itational modifications of the canonical commutator in
a novel parameter regime, thereby reaching a hitherto
unprecedented sensitivity in measuring Planck-scale de-
formations. The main idea is to use a quantum opti-
cal ancillary system that provides a direct measurement
of the canonical commutator of the center of mass of
a massive object. In this way Planck-scale accuracy
of position measurements is not required. Specifically,
the commutator of a very massive quantum oscillator
is probed by a sequence of interactions with a strong
optical field in an opto-mechanical setting, which uti-
lizes radiation pressure inside an optical cavity (23, 24).
The sequence of optomechanical interactions is used to
map the commutator of the mechanical resonator onto
the optical pulse. The optical field experiences a mea-
surable change that depends on the commutator of the
mechanical system and that is non-linearly enhanced
by the optical intensity. Observing possible commu-
tator deformations thus reduces to a measurement of
the mean of the optical field, which can be performed
with very high accuracy by optical interferometric tech-
niques. We show that already with state-of-the art tech-
nology tests of Planck-scale deformations of the com-
mutator are within experimental reach.

1 Modified commutation relations

A common modification of the Heisenberg uncer-
tainty relation that appears in a vast range of ap-
proaches to quantum gravity (2–4, 25, 26) is ∆x∆p ≥
~
(

1 + β0 (∆p/(MP c))
2
)
/2. Here, β0 is a numerical

parameter that quantifies the modification strength, c is
the speed of light and MP ' 22 µg is the Planck-mass.
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Figure 1: The minimum Heisenberg uncertainty (red curve) is
plotted together with a modified uncertainty relation (dashed
blue curve) with modification strength β0. MP and LP are
the Planck mass and Planck length, respectively. The shaded
region represents states that are allowed in regular quantum
mechanics but are forbidden in theories of quantum gravity
that modify the uncertainty relation. The inset shows the two
curves far from the Planck scale at typical experimental posi-
tion uncertainties ∆x � ∆xmin. An experimental precision
of δx δp is required to distinguish the two curves, which is
beyond current experimental possibilities. However, this can
be overcome by our scheme that allows to probe the under-
lying commutation relation in massive mechanical oscillators
and its quantum gravitational modifications.

The minimal measurable length scale appears as a natu-
ral consequence with ∆xmin = LP

√
β0 (see Figure 1).

Such a modification alters the allowed state-space and
can be seen as a manifestation of a deformed canonical
commutator, for example of the form (13)

[x, p]β0
= i~

(
1 + β0

(
p

MP c

)2
)
. (1)

Up to date, no effect of a modified canonical commuta-
tor has been observed in experiments. The best currently
available measurement precision (see Table 1) allows to
put an upper bound on the magnitude of the deformation
of β0 < 1033 (14). For theories that modify the com-
mutator this rules out the existence of an intermediate
fundamental length scale on the order of x ∼ 10−19 m.
Note that the Planck scale modifications correspond to
β0 ∼ 1 and are therefore untested. Additionally, the
above modification of the commutator is not unique and
experiments can, in principle, distinguish between the
various theories. In particular, a generalized version of
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the commutator deformation is (12)

[x, p]µ0
= i~

√
1 + 2µ0

(p/c)2 +m2

M2
P

. (2)

Here m is the mass of the particle and µ0 is again a free
numerical parameter. For small masses m � p/c .
MPl, and for µ0 = β0, the above modified commu-
tator reduces to Eq. 1. However, an important dif-
ference is that the commutation relation in Eq. 2 de-
pends directly on the rest-mass of the particle. In the
limit p/c � m . MP the commutator reduces to
[x, p]µ0

≈ i~
(
1 + µ0m

2/M2
P

)
, which can be seen as

a mass-dependent rescaling of ~. It is worth noting that
a modified, mass-dependent Planck constant ~ = ~(m)
also appears in other theories, some of which predict
that the value of Planck’s constant can decrease with in-
creasing mass (~ → 0 for m � MP ), in contrast to the
prediction above. Such a reduction would also account
for a transition to classicality in massive systems or at
energies close to the Planck energy (7, 11).

Among the various proposals for different commuta-
tor deformations, we choose as a last example the re-
cently proposed commutator (15) which also accounts
for a maximum momentum that is present in several ap-
proaches to quantum gravity (6, 7)

[x, p]γ0 = i~

(
1− γ0

p

MP c
+ γ2

0

(
p

MP c

)2
)
. (3)

Here γ0 is again a free numerical parameter that char-
acterizes the strength of the modification. Experimental
bounds on γ0 are more stringent than in the case of Eq.
1 and were considered in Ref. (16). The best current
bound can be obtained from Lamb shift measurements
in Hydrogen, which yield γ0 . 1010 (see Table 1).

The strength of the modifications in all the discussed
examples depends on the mass of the system. For a har-
monic oscillator in its ground state the minimum mo-
mentum uncertainty is given by p0 =

√
~mωm, where

m is the mass of the oscillator and ωm is its angular
frequency. The deformations are therefore enhanced in
massive quantum systems. We note that theories of de-
formed commutators have an intrinsic ambiguity as to
which degrees of freedom it should apply to for compos-
ite systems (see Supplementary Information). For the
center of mass mode, the mass dependence of the defor-
mations suggests that using massive quantum systems
allows easier experimental access to the possible defor-
mations of the commutator, provided that precise quan-
tum control can be attained. Opto-mechanical systems,

Table 1: Current experimental bounds on quantum-
gravitational commutator deformations. The parame-
ters β0 and γ0 quantify the deformation strengths of the
modification given in Eq. 1 and in Eq. 3, respectively.
For electron tunneling an electric current measurement
precision of δI ∼ 1 fA was taken.

system/ experiment β0,max γ0,max Refs.

Position measurement 1034 1017 (21, 22)
Hydrogen Lamb shift 1036 1010 (14, 16)

Electron tunneling 1033 1011 (14, 16)

where the oscillator mass can be around the Planck-
mass and even larger, therefore offer a natural test-bed
for probing commutator deformations of its center of
mass mode.

2 Scheme to measure the deforma-
tions

In the following we will outline a quantum optical
scheme that allows to measure deformations of the
canonical commutator of a mechanical oscillator with
unprecedented precision. For simplicity we use dimen-
sionless quadrature operators Xm and Pm. They are
related to the position and momentum operators via
x = x0Xm and p = p0Pm, where x0 =

√
~/(mωm)

and p0 =
√
~mωm.

The scheme relies on displacements of the mas-
sive mechanical oscillator in phase space, where the
displacement operator is given by (27) D(z/

√
2) =

ei(Re[z]Xm−Im[z]Pm). The action of this operator dis-
places the mean position and momentum of any state
by Im[z] and Re[z], respectively. In quantum mechan-
ics, two subsequent displacements provide an additional
phase to the state, which can be used to engineer quan-
tum gates (28–30). Here we consider displacements of
the mechanical resonator that are induced by an ancil-
lary quantum system, the optical field, with an interac-
tion strength λ. A sequence of four opto-mechanical
interactions is chosen such that the mechanical state is
displaced around a loop in phase space, described by the
four-displacement operator

ξ = eiλnLPm e−iλnLXm e−iλnLPm eiλnLXm . (4)

In classical physics, after the whole sequence neither
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Figure 2: The effect of the four-displacement operation ξ
onto an optical state for the experimentally relevant case λ�
1. In this case, an initial optical coherent state |α〉 is rotated in
phase-space by an angle Φ. A part Θ of the rotation is due to
a possible quantum gravitational deformation of the canonical
commutator of the mechanical resonator (see Eq. 6). Mea-
suring the mean of the optical field 〈aL〉 and extracting the
Θ-contribution allows to probe deformations of the canonical
commutator. Optical interferometric schemes can provide a
measurement of the overall mean rotation with a fundamental
imprecision δ 〈Φ〉 = σout/

√
NpNr , (Nr: number of mea-

surement runs, Np: number of photons, σout: quadrature
width of the optical state, which remains very close to the co-
herent state value 1/2). In order to resolve the Θ-contribution,
the measurement imprecision must fulfill δ 〈Φ〉 < Θ, which
we show can be achieved in quantum opto-mechanical systems
even for deformations on the Planck-scale.

of the two systems would be affected because the
four operations cancel each other. However, for non-
commuting Xm and Pm there is a change in the op-
tical field depending on the commutator [Xm, Pm] =
iC1. We can rewrite Eq. 4 using the well-known re-
lation (31) eaXmPme−aXm =

∑∞
k=0

ikak

k! Ck, where
iCk = [Xm, Ck−1] and C0 = Pm. This yields
ξ = exp

(
−iλnL

∑
k (λnL)

k
Ck/k!

)
, which depends

explicitly on the commutation relation for the oscilla-
tor, but not on the commutator of the optical field. For
the quantum mechanical commutator, i.e. C1 = 1, we
obtain ξ = e−iλ

2n2
L . In this case, the optical field ex-

periences a self-Kerr-nonlinearity, i.e. an n2
L operation,

and the mechanical state remains unaffected. However,
any deformations of the commutator would show in ξ,
resulting in an observable effect in the optical field.

As an example we consider the modification given by
Eq. 1. To first order in β ≡ β0~ωmm/(MP c)

2 � 1
one obtains C1 = 1 + βP 2

m, C2 ≈ β2Pm, C3 ≈

2β and Ck ≈ 0 for k ≥ 4. Eq. 4 thus becomes
ξβ = e−iλ

2n2
L e−iβ(λ2n2

LP
2
m+λ3n3

LPm+ 1
3λ

4n4
L) (this ap-

proximation has the physical meaning that one can ne-
glect contributions which are higher order in β for the
observables considered below). As one can see immedi-
ately, a deformed commutator affects the optical field
differently due to non-vanishing nested commutators
Ck, k > 1. In addition to a Kerr-type nonlinearity the
optical field experiences highly non-Gaussian n3

L and
n4
L operations. The additional effect scales with β and

therefore allows a direct measure of the deformations
of the canonical commutator of the mechanical system
via the optical field. To see that explicitly, let us de-
note the optical field by aL, with the real and imaginary
parts representing its measurable amplitude- and phase
quadratures, respectively. Also, for simplicity, we re-
strict the discussion to coherent states |α〉 with real am-
plitudes of the optical input field and we neglect possible
deformations in the commutator of the optical field dur-
ing read-out (32,33) since those are expected to be negli-
gible compared to the deformations of the massive me-
chanical oscillator (see Refs. (34, 35) for schemes that
can probe the non-commutativity of the optical field).
For a large average photon number Np � 1, and for a
mechanical thermal state with mean phonon occupation
n̄ � λNp, the mean of the optical field becomes (for
|Θ| � 1):

〈aL〉 ' 〈aL〉qm e−iΘ , (5)

where 〈aL〉qm = α e
−iλ2−Np

(
1−e−i2λ

2
)

is the quantum
mechanical value for the unmodified dynamics. The β-
induced contribution causes an additional displacement
in phase space by

Θ(β) ' 4

3
βN3

pλ
4 e−i6λ

2

. (6)

The resulting optical state is represented in Figure 2. We
note that the magnitude of the effect is enhanced by the
optical intensity and the interaction strength. For the µ-
and the γ-deformation of the commutator, referring to
Eqs. 2 and 3, respectively, the effect on the optical field
is similar but shows a different scaling with the system
parameters (see Table 2 and Supplementary Information
for the derivation). Probing deviations from the quan-
tum mechanical commutator of the massive oscillator
thus boils down to a precision measurement of the mean
of the optical field, which can be achieved with very
high accuracy via interferometric means, such as homo-
dyne detection.
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3 Experimental implementation
We now discuss a realistic experimental scenario
that can attain sufficient sensitivity to resolve the
deformation-induced change in the optical field even for
small values of β0, µ0 and γ0, i.e. in a regime that can
be relevant for quantum gravity. The opto-mechanical
scheme proposed here can achieve such a regime: it
combines the ability to coherently control large masses
with strong optical fields. From a more general per-
spective, opto-mechanical systems provide a promising
avenue for preparing and investigating quantum states
of massive objects ranging from a few picogram up
to several kilogram (23, 24). Significant experimental
progress has been recently made towards this goal, in-
cluding laser cooling of nano- and micromechanical de-
vices into their quantum ground state (36,37), operation
in the strong coupling regime (38–40) and coherent in-
teractions (40, 41). Owing to their high mass they have
also been proposed for tests of so-called collapse mod-
els (42–44), which predict a breakdown of the quantum
mechanical superposition principle for macroscopic ob-
jects. For our purpose here, which is the high-precision
measurement of the canonical commutator of a massive
oscillator, we focus on the pulsed regime of quantum
opto-mechanics (45).

We consider the setup depicted in Figure 3, where
a mechanical oscillator is coupled to the optical input
pulse via radiation pressure inside a high-finesse optical
cavity. This is described by the intra-cavity Hamilto-
nian (46) H = ~ωmnm − ~g0nLXm, where nm is the
mechanical number operator and g0 = ωc(x0/L) is the
opto-mechanical coupling rate with the mean cavity fre-
quency ωc and mean cavity length L. For sufficiently
short optical pulses the mechanical harmonic evolution
can be neglected and the intracavity dynamics can be ap-
proximated by the unitary operationU = eiλnLXm (45).
Here the effective interaction strength is (see Supple-
mentary Information) λ ' g0/κ = 4Fx0/λL , where
κ is the optical amplitude decay rate, F is the cavity fi-
nesse and λL is the optical wavelength. In order to real-
ize the desired displacement operation in phase-space it
is also required to achieve a direct opto-mechanical cou-
pling, of the same optical pulse, to the mechanical mo-
mentum (see Eq. 4). Such a momentum coupling could
be achieved for example via the Doppler effect by us-
ing mirrors with a strong optical wavelength dependent
reflectivity (47). A more straight-forward route is to uti-
lize the harmonic evolution of the mechanical resonator
between pulse round-trips (see for example (45)), which

Figure 3: Proposed experimental setup to probe deformations
of the canonical commutator of a macroscopic mechanical res-
onator. An incident pulse “in” is transmitted through a polariz-
ing beam splitter (PBS) and an electro-optic modulator (EOM)
and then interacts with a mechanical resonator with position
Xm via a cavity field aL. The optical field is retro-reflected
from the opto-mechanical system and then enters a delay line
during which time the mechanical resonator evolves for one
quarter of a mechanical period. The optical pulse, now verti-
cally polarized, is rotated by the EOM to be horizontally po-
larized and interacts again with the mechanical resonator. This
is repeated for a total of four interactions, such that the canon-
ical commutator of the resonator is mapped onto the optical
field. Finally the EOM does not rotate the polarization and
the pulse exits in the mode labeled “out” where it is then mea-
sured interferometrically with respect to a reference field and
commutator deformations can be determined with very high
accuracy.

effectively allows to interchange Xm and Pm after a
quarter of the oscillator period. In this case the contri-
bution from the commutator deformation has a different
pre-factor, but remains of the same form (see Supple-
mentary Information), and part of the phase-space rota-
tion in the optical field is of classical nature. This has no
effect on the ability to distinguish and to observe the ro-
tation due to the deformed commutator. After the four-
pulse interaction has taken place the optical field can
be analyzed in an interferometric measurement, which
yields the phase information of the light with very high
precision.

As in previous approaches to measure possible modi-
fications of the canonical commutator (14, 16), the rele-
vant question is which ultimate resolution δβ0, δµ0, δγ0

the experiments can provide. In case of a null result,
these numbers would set an experimental bound for β0,
µ0, γ0 and hence provide an important empirical feed-
back for theories of quantum gravity. We restrict our
analysis to the experimentally relevant case λ < 1, for
which the effect of a deformed commutator resembles
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a pure phase-space rotation of the optical output state
by angle Φ (see Figure 2). The inaccuracy δΦ of the
measurement outcome depends on the quantum-noise
σout of the outgoing pulse along the relevant generalized
quadrature and can be further reduced by quantum esti-
mation protocols (48). For our purposes we only require
to measure the mean optical field, Eq. 5. The precision
of this measurement is not fundamentally limited and is
additionally enhanced by the strength of the field and the
number of experimental runs Nr via δ〈Φ〉 = σout√

NpNr
,

from which one directly obtains the fundamental reso-
lutions δβ0, δµ0, δγ0. For each of the discussed defor-
mations it is possible to find a realistic parameter regime
(see Table 2) with dramatically improved performance
compared to existing bounds. In particular, we assume
a mechanical oscillator of frequency ωm/2π = 105 Hz
and massm = 10−11 kg, and an optical cavity of finesse
F = 105 at a wavelength of λL = 1064 nm, which is
in the range of current experiments (38, 49–52). To test
a µ-modified commutator (Eq. 2) a pulse sequence of
mean photon-number Np = 108 is sufficient to obtain
a resolution δµ0 ∼ 1 already in a single measurement
run (Nr = 1). For the case of a γ-modified commutator
(Eq. 3) the same sequence would result in δγ0 ∼ 109.
By increasing the photon-number to Np = 5×1010, the
Finesse to F = 2 × 105 and the number of measure-
ment runs to Nr = 105 (this would require to stabilize
the experiment on a timescale of the order of seconds)
one obtains δγ0 ∼ 1. Note that this would improve the
existing bounds for γ0 (16) by 10 orders of magnitude.
To obtain similar bounds for a β-modification is more
challenging. The pulse sequence with the previous pa-
rameters yields δβ0 ∼ 1012, which already constitutes
an improvement by about 20 orders of magnitude com-
pared to the current bound for β0 (14). This can provide
experimental access to a possible intermediate length-
scale or a meaningful feedback to theories of quantum
gravity in the case of a null result. By further pushing
the parameters to Np = 1014, Nr = 106, F = 4× 105,
m = 10−7 kg and λL = 532 nm it is even possible to
reach δβ0 ∼ 1, i.e. a regime where Planck-scale defor-
mations are relevant and 33 orders of magnitude beyond
current experiments. To achieve such experimental pa-
rameters is challenging, but is well within the reach of
current technology.

The above considerations refer to the ideal case in
which experimental noise sources can be neglected. Ef-
fects such as mechanical damping and distortions of the
effective interaction strength impose additional require-

Table 2: Experimental parameters to measure quantum
gravitational deformations of the canonical commuta-
tor. The parameters are chosen such that a precision of
δµ0 ∼ 1, δγ0 ∼ 1 and δβ0 ∼ 1 can be achieved, which
amounts to measuring Planck-scale deformations.

[x, p] Eq. 2 Eq. 3 Eq. 1

|Θ| µ032~F2mNp
M2
Pλ

2
Lωm

γ096~2F3N2
p

MP cλ3
Lmωm

β01024~3F4N3
p

3M2
P c

2λ4
Lmωm

F 105 2× 105 4× 105

m 10−11 kg 10−9 kg 10−7 kg
ωm
2π 105 Hz 105 Hz 105 Hz
λL 1064 nm 1064 nm 532 nm
Np 108 5× 1010 1014

Nr 1 105 106

δ〈Φ〉 10−4 10−8 10−10

ments on the experimental parameters, which are dis-
cussed in detail in the Supplementary Information. In
summary, being able to neglect the effects of pulse shape
distortion and optical loss requires that the mechanical
mode is optically cooled close to about a thermal occu-
pation of n̄ < 30. Similarly, decoherence effects are
negligible when the whole mechanical system is in a
bath of temperature T < 100 mK for resonators with
a quality factor ofQ > 106, which can be achieved with
dilution refrigeration. In general, the scheme is very ro-
bust against many noise sources, since it relies on the
measurement of the mean of the optical field and the
noise sources can be isolated by independent measure-
ments. We also note that contributions from a modi-
fied commutator scale in a different way with the sys-
tem parameters as compared to deleterious effects. It
is therefore possible to distinguish these by varying the
relevant parameters, such as optical intensity and the os-
cillator’s mass. The proposed scheme thus offers a fea-
sible route to probe possible effects of quantum grav-
ity in a tabletop quantum optics experiment and hence
to provide important empirical feedback for theories of
quantum gravity.
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Supplementary Information

A Alternative Commutator defor-
mations

In this section we compute the change in the optical field
for the two alternative commutator deformation theo-
ries considered in the main text, i.e. for the µ- and
the γ-deformation given by Eqs. 2 and 3, respectively.
For the case [x, p]µ0

≈ i~
(
1 + µ0m

2/M2
P

)
the four-

displacement operator becomes ξµ = e−iλ
2n2
L(1+µ),

where we defined µ ≡ µ0m
2/M2

P . The re-
sulting mean of the optical field is thus 〈aL〉 =

αe−iλ
2(1+µ) e

−NP
(

1−e−i2λ
2(1+µ)

)
. In the limit µ . 1

and NP � 1, it reduces to 〈aL〉 ' 〈aL〉qm e−iΘ with
the deformation-induced contribution Θ(µ) given by

Θ(µ) ' 2µNpλ
2e−i2λ

2

. (A.1)

For a γ-deformation of the commutator we define
γ ≡ γ0

√
~mωm/MP c � 1 and the four-displacement

operator becomes ξγ = e−iλ
2n2
L eiγ(λ

2n2
LPm+ 1

2λ
3n3
L) to

first order in γ. In the limit NP � 1, this results in
the additional contribution to the quantum mechanical
mean of the optical field given by

Θ(γ) ' 3

2
γN2

pλ
3 e−i4λ

2

. (A.2)

Finally, we note that theories with a modified com-
mutator have an intrinsic ambiguity as to which parti-
cles or degrees of freedom of a composite system the
deformations should apply to. For example, a system
consisting of N particles with identical mass and each
with position xi and momentum pi has the center of
mass degrees of freedom given by xcm =

∑N
i xi/N

and pcm =
∑N
i pi. If the β-modified commutation

relation as given by Eq. 1 is applied to each sin-
gle particle individually (rather than to the center of
mass itself), the commutator of the center of mass be-
comes [xcm, pcm] = i~

(
1 + β0

∑N
i p

2
i /(M

2
P c

2N)
)

=

i~
(

1 + β0

M2
P c

2N

(
p2
cm −

∑N
i 6=j pipj

))
. This result dif-

fers from a direct deformation of the center of mass
mode. Depending on the state of the system, in particu-
lar on the pairwise correlations between the constituent
particles, the difference in the commutator deformation
can be approximated by the substitution β0 → χβ0

where χ lies between 1/N (for vanishing pairwise cor-
relations) and 1/N2 (for all pairs being equally corre-
lated).

B Modified harmonic evolution

For the implementation utilizing free harmonic evo-
lution between the pulsed interactions, it is neces-
sary to take a deformed evolution due to a deforma-
tion of the commutator into account. Here we con-
sider the β-deformation as given by Eq. 1. Keeping
the quantum mechanical canonical commutation rela-
tion and modifying the momentum operator to Pm →
Pm
(
1 + 1

3βP
2
m

)
incorporates the deformation to first

order in β (14). It is therefore necessary to solve
for Xm(t) for a modified evolution governed by the
effective Hamiltonian H = 1

2~ωm
(
X2
m + P 2

m

)
+

1
3~ωmβP

4
m ≡ H0 + H ′. These correspond to the uni-

tary evolutions U0 and U ′, respectively. In a frame ro-
tating at frequency ωm, the time evolution of the op-
erators X ′m = U0XmU

†
0 and P ′m = U0PmU

†
0 is gen-

erated by H ′(P ′m). This yields P ′m(t) = P ′m(0) and
X ′m(t) = X ′m(0) + 4

3βωmtP
′3
m . In the original frame,

the result is thus

Xm(t) = Xm(0) cos(ωmt)− Pm(0) sin(ωmt) +

+
4

3
βωmt (Pm(0) cos(ωmt) +Xm(0) sin(ωmt))

3
.

(B.1)

Using four interactions separated by a quarter me-
chanical period, the four-displacement operator be-
comes ξ = eiλnL(Pm−2βπX3

m)eiλnL(−Xm−4βπP 3
m/3) ×

eiλnL(−Pm+2βπX3
m/3)eiλnLXm . This expression can be

simplified using the Zassenhaus formula (31) exp(X +
Y ) = exp(X) exp(Y )

∏∞
i=1 exp(Zi), where Z1 =

− [A,B] /2, Z2 = [A, [A,B]] /6 + [B, [A,B]] /3,
Z3 = − ([B, [A, [A,B]]] + [B, [B, [A,B]]]) /8 −
[A, [A, [A,B]]] /24 and Zk, k > 3 are functions of
higher nested commutators. To leading order in nL, the
four-displacement operator becomes

ξ ' e−iλ
2n2
L eiβπ

5
3λ

4n4
L . (B.3)

The optical field due to this operation is of the same
form as in Eq. 5 with a modified numerical strength.
The modified dynamics therefore does not alter the main
conclusions.
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C Additional requirements due to
deleterious effects

In the following we analyze the experimental parame-
ters necessary to overcome some additional deleterious
effects in the opto-mechanical system. We analyze the
cavity dynamics and its influence on the effective in-
teraction, the effect of varying interaction strengths for
each pulse round trip and the influence of mechanical
decoherence. We neglect additional contributions from
a modified commutator since these will be less promi-
nent than that considered in the ideal case.

The Hamiltonian H = ~ωmnm − ~g0nLXm refers
to the interaction between the optical field and the me-
chanics within the cavity (46). To quantify the effects
of cavity filling and decay for a short pulse we solve the
optical Langevin equation

daL
dt

= (ig0Xm−κ)aL+
√

2κ
(
a

(in)
L +

√
Npαin

)
(7)

with the boundary condition a(in)
L +a

(out)
L =

√
2κaL for

the input and output optical fields and the incident cavity
drive αin that is normalized to the mean photon number
per pulse, i.e.

∫
dt α2

in = 1. Since the mechanical mo-
tion can be neglected in the short pulse regime the over-
all effect on both the optical field and the mechanical
oscillator can be described by the effective unitary oper-
ator U = eiλnLXm . The coupling strength λ depends on
the intra-cavity field envelope and can be determined via
the total momentum transfer onto the mechanics by the
optical pulse 〈Pm〉 = g0

∫
dt 〈nL(t)〉, where nL(t)

is obtained from Eq. 7. This yields λ = ζ g0/κ with

ζ =
∫

dte−2κtκ2
[∫ t
−∞dt

′ eκt
′
αin(t′)

]2
for the effective

unitary operator.
In general, the pulse shape of the output optical field

is altered by the cavity. When such a distorted pulse is
directed back for the i-th time into the cavity, the effec-
tive interaction time within the cavity will be different
and will give rise to a modified opto-mechanical inter-
action strength λi. To minimize the distortion, one re-
quires that the pulse duration τ is much longer than the
intra-cavity lifetime, i.e. ωm � τ−1 � κ, where κ
is the cavity bandwidth. This ensures that the optical
pulses are short compared to the mechanical period and
that the cavity is empty in between the pulsed interac-
tions. In this regime we have ζ ' 1 such that λ ' g0/κ.

An additional effect that distorts the interaction
strength λ from pulse to pulse is the loss of light. To

include both loss and pulse shape change in the effec-
tive interaction, we define an overall distortion parame-
ter η. With this parameter, the opto-mechanical interac-
tion strength λi for the i-th interaction is approximately
given by λi+1 = ηλi. We note that in the regime con-
sidered here the loss of light will be dominant and we
assume a value of η ∼ 0.9.

The effect of varying interaction strengths modifies
the four-displacement operator to ξη = eiλ4nLPm ×
e−iλ3nLXme−iλ2nLPmeiλ1nLXm . Using λ = λ1, it can
be written as

ξη = ξ′0 e
iηλ(1−η2)nLPm eiλ(1−η2)nLXm , (8)

where ξ′0 is the four-displacement operator as consid-
ered previously, but with modified interaction strengths:
For the β-, γ- and µ-deformations, the interaction
strength is reduced to λ4 → η7λ, λ3 → η5λ and λ2 →
η3λ, respectively. For η ∼ 0.9 the Θ−contribution to
the optical mean by the β-modified commutator would
therefore be reduced by a factor ∼ 0.5, the contribu-
tion by the γ-modified commutator would be reduced
by ∼ 0.6 and the contribution by a µ-modified com-
mutator would be reduced by ∼ 0.7. Additionally, Eq.
8 contains a strong dependence of the outgoing optical
field on the mechanical state. Given a thermal distribu-
tion of the mechanical center-of-mass mode with mean
phonon occupation n̄, the optical mean is reduced by
e−n̄λ

2(1−η2)(1−η4)/2. For η ∼ 0.9 and λ ∼ 1, the me-
chanics therefore needs to be damped to n̄ . 30. This
can be achieved by optical cooling of the mechanical
mode, which has recently been demonstrated in Refs.
(36, 37).

Finally, we discuss mechanical decoherence in be-
tween pulse interactions due to coupling of the mechan-
ical mode to other degrees of freedom in the oscillator.
We consider a linear coupling to an infinite bath of har-
monic oscillators, which can be described by the inter-
action Hamiltonian

Hint =
∑
i

νi

(
bi e
−iωit + b†i e

iωit
)
Xm , (9)

where bi are operators for the i-th bath mode with fre-
quency ωi that interact with the mode of interest with
interaction strength νi. Using the notation B(t) =∑
i νi

(
bi e
−iωit + b†i e

iωit
)

, the solutions for the posi-
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tion and momentum operators become

Xm(t) = X(0)
m (t, t0)−

∫ t

t0

dt′B(t′) sin(ωm(t− t′))

Pm(t) = P (0)
m (t, t0) +

∫ t

t0

dt′B(t′) cos(ωm(t− t′)) ,

(10)

where X
(0)
m (t, t0) = Re[A(t0)eiωm(t−t0)] and

P
(0)
m (t, t0) = Im[A(t0)eiωm(t−t0)] are the position

and momentum operators without decoherence, respec-
tively, with the initial valueA(t0) = Xm(t0)+iPm(t0).
For a bath that is initially uncorrelated with the me-
chanical mode of interest, the ξ-operator changes
to

ξB = ξ0 e
iλnLB3 eiλnLB2 eiλnLB1 (11)

where ξ0 is the operator without decoherence as given
in Eq. 4 and the bath degrees of freedom enter through
the operators B1 =

∫ π/2ωm
0

dtB(t′) cos(ωmt),

B2 =
∫ π/ωm

0
dtB(t′) sin(ωmt) and B3 =

−
∫ 3π/2ωm

0
dtB(t′) cos(ωmt). We consider a Marko-

vian bath with negligible bath correlation times
such that 〈B(t)〉 = 0 and 〈B(t)B(t′)〉 =
γm coth(~ωm/2kBT )δ(t − t′), where the mechanical
damping can be written in terms of the mechanical qual-
ity factor as γm = ωm/Q. To first order in T/Q the
mean of the optical field becomes

〈aL〉B ' 〈aL〉0 (1− λ2 kBT

~ωmQ
) , (12)

where 〈aL〉0 is the mean of the optical field without
decoherence. For Q = 106 one therefore requires
T . 100 mK to keep the decoherence sufficiently weak.
Such parameters can be achieved for kHz-resonators
with dilution refrigeration.
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