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1, INT&ODUCITON

Recently [7r8r10] an attempt {g made 6uec€saful1y to coobtnt thr tttu

baalc technlqueg nanely, Lyapunov-Sehtuldt nethod ard the ncthod of uppet

end loser golutlonel to Lnvaatlgete the exlatence of perlodlc aolutlonr of

dlfferentlal equatLone. when t{e wlgh to extend such regulta fot 8y3t€ml

of dtfferentlal equettone there are ttro poeaLbLlltles to follor. One ls

to generellze the ft€thod of upper and lower solutlons ueing a sultebl€ Gotl€1

and the other le to utlll.ae the concept of Lyepunov-llke functlons 6nd ths

theory of dlffetentlal Lnequalltlec. In the pepef,r ve rhal1 dlscusl the ex-

Lstelee of ptoblems et r€aonence fot f{rst and recond order dlffetentiel

By6ten6 by the aecond approach develop{ng neccseary theory of dlffetcntlrl

{nequalltles fot problemr et fesonance.

2, AlT ASSMACT EXISTEHCE RESI'LT

Let E be a real Htlbert Space. Consldet the ncnllnotr oPcretot equetlon

(2.1) Lu-Nu

rhere L: D(t)CE-tE lsallneaf opef,atotsnd Nl D(lt)CE'--+B t

nonllneer. operator wlth O(t) n D(H) f t. Let EO . N(t) be ruch thet

dln Eo < - and E - E0 (E 91. Furthermorer ile aesune thet Et lr elro the

range of L. $uppose thet P; E 
-t 

E0 le the ldeupotent ptoJectlon opare-

tor and Ht El 
-t 

E1 the conpact tnvefse of L on 61. then 1t le re1l

knorn [31 that the problen (2.1] {a equlvalent to the coupled eyatetn of opeta-

tof, equstlonE

(2,2) ut . H(I-P)l[(uOtut)



(2,tj 0 - FN(uO+ur)

ConcernLng the problern (2.1), t*e have the following reeult

Ile_orem 2.1: Suppoae that

(r) i$ul < Jo for all u € D(N)

({t; There exl.sts t'r R0 > 0 auch that

(N(uo+ut)ru') I 0 (or < 0) $henever luol -

.snd flurfl - r'r where t0 * E0 and ul * 81.

?hen the problern (2.1) edrnlts et Leaet one solution'

3. COWARTSOfi PRIfiEIPLES

Gtven s E cfto,rnt ,. *,*] and v € cfto,tnt, xr]

the functlon S(tru) ls s modlfled functlon relatlve to

(3.1) E(trtr) - g{trp(tru)1 .r [Gr-d-u
l+u2 '

r-rr s€cllo,znl*n xIRr we deflne

, p(r,u) ,u') * g[(+ll.
t*u-

[41.

Ro

r lf€

vr lf

eay that

.]

s(t

Thle funct{on rltll be called the modlftcetlon of g(trurut} telatlve

to 'rrr Here, ln (3'1) and (3.2), p(t,u) o maxtv(t)ru]"

. Let us conetder the petlodlc boundaty value problem (PBVP fot short) '

(3.2i

(3.3)

E(trurur ) -

ut - g(tru)

t'le have the following comparlgon

u(0) - u(2t).

resultg:



3l,eorg$_3ri.

il) r-m(ti
r

o {: C [ [Or:i''r l,
L--

Let g€

- l-Lnr sup
h+0"

-Tni and
I

-i

r I and assume thatrljo,?nl x fr, Rl
MIi*Itt J e(t,m(t)) ror at1 I € (0,2nJ, where

{ 1r} there exlate B €

D-8(r) > g(r19(

L{!:ggr*e'!il:.1. l'et g €

holde. Aleo *esumel

euch that

€ (0r2nl and

m(U) ! n(Zn)

r-1
cIIo,2nLIR iL-J

t)) fot s1l- t g(0) > B(2n)

{fff} g 16 atrlctly decreaelng ln u

The* ft(t) < g{t} on [or?nJ.

foreach ge[0r2nJ.

L,:ggl" $uppoe* tlrat ffi{t) < s{ti otl [0'2fi1 ie not true. Then thete exiete

* ?S n [t:r]Tri end an e > 0 euch ilrst

i3.4) m(to) -F(to)+e and m(t) 1 B(t)+€, t€ [0'2n1'

If N+ € iSn?nJ. we have D-mit') t U-$(tO)' Hence'

gitfi,*itoli ? D-rrr(ts) > D-F(to) : g(t0'F(to))

an*j becdtrre cf {rr.r} we eee that B(to) > tn(to) whtch le a contradlctlon to

i3.4)"

Ii: t0 = 9, 
,;e heve fcr sftell h > t), rn(2n-h) - rn(?n) < m(24-h)

il{2n*h} *. c - BiQ} - c < S{Zn-h} - B(?r}, trhtch lnpltes D-nr(2rr)

, i. ti;+:;r fol.iaws t:lrrri 3i1,r) > rn{?n), and $e obtal"n B(0) > 3(2tt)

,,-,'rJ:,rh agr:1.n l.a s cr:ntra<!J'ctian. Thue, tde have estebllehed that

**a [{iu2n].

- n(o) .

> D-g(ztr).

: m(2*) > n(o)

m(t) <. B(t)

.[u, Znl x *, *] and eupPose that ({) of Theorem 3'1



-l
(a) rn(O) ' m(Zr)

(b) The PBVP (3.3) hae a tnaxl"mal aolutton r(t)

(c) For evefy lowet eolutlon of (3.3) v1 the modlfled PBI|P

(3.5) ut r S(tpu) rr(0) - u(2t)

shere E ls defined by (3.1.), hae a golutlcn $(t). Then rtl(t) < r(t) on

[0,2n1 .

Proof. Let E the modtfled functlon relctLve to m(t) snd leb u(t) be

a eolutton of the rnodlfied pgw (3'5) Budranteed by (c)' t{e ahell ftrgt ehow

that m(t) < u(t) on [0,2n] . \f thls fa faloen then there exLetg a ennller

e>0 euchthat

m(t) 5 u(t) * e, x e [O'Zrtl

Ead et leaet one t0 € [0rZnJ aatlsfylng

t(aO)'u(t')*e'

If to c (0r2nl, we have m(to) t u(to) and n-rn(to) t ut (t0). on the other

hand, tre herre ln vlew of the deftnltlon of f and p(tlu)

t (lq'11trt ) -u.(-:C

0<D-rn(t0)-u'(to}:e(to,m(t0)i.g(tCI'p(t0,u(eo)))-ffi

u(to) -m( tn)
" d1%)"- 

< 0 whtch Le a eontradlct{on'

lf' t0 - o, we obtal'n D.m(2rr} > u'(zn}, and from (a), re get p(2rr,u(2n)) *

max(n(Zn),u(2n)) - nax(m(0), u(0)) - m(O)1 and then
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0<D-n(2n)-ut(2rr}.1g(2n,tn(1t}}-e(2T,P(2n,u(1r),'-ffi.

- 9(9k$!9,L" g whteh agafn lg a conttedfctlon.
1+r"(o)

Thue re heve estebllshed thet a(t) :< tr(t) d* [0t2nJ and so u(t) ls

ectually e eolutlon of the PBVP (3.3). tt, therefore, followg fron the deft-

nltlon of maxtmal eolutf.ona thet m(t) < r(t) on [0tZr]r afid thle prcvee the

theoren.

In the aequel of thle petagraph $e eheltr coneLder the boundary value

problenr (BVP for ahort).

(3.6) uttog(trilrrt] ut(0)-ur(?n1 -g

r-1
where g € cllorznJ * ut x ]R' n l.Ll
l,le then heve the followlng eo*perfson reeult for the BVP (3'6) shtch {s

analogoue to the Theoren 3.2.

theor_ern 3.3. Aeeume thnt

(3.7) utr - *(tr$ruf ) ut (0) - ur (2r1 '. g

shere E(trurur) ls deflned by (3'?)r hee e eolutlon u(t)'

Then rn(t) < t(t) on l0rZn]'l '

Proof. Let us conalder the uodifled BfF (3'?) teletlve to nr(t) snd let u(t)

(a) m € c?[o,rn1r*l and n"(c] I e(t,rn(t],mt (t)) for all g € [0'2n!
L.J

(b) rnr(o) l o lm'(2rt)

(c) lhe .BVP (3.6) hse a maxi'ursl eol.ut{cn r(t}

(d) Fot every lotrer eolut{on v1 the modlfted BW



be s polutj.on whlch exlets by (d) " IL n(t) I u(t) 1e not ttuet thete exLetr

a tO€[0r2rl and e>0 suchthat n(to)-u(t0)*e and m(t)<u(t)*e

for all g € [0r2n].

rf to € (Ortn), $e get mt(to) ' ut(tu) and F(to'u(to)) - m(t') and

se have

m(t^) -u(- \

mr'(to) - u,,(to) -:ffi t o whlch le a eonttadietl"on.

If t0,0, ne have m,(tl) . ut(g) and from (b) tt follo1js that mt(Q) r ur(S) ' ff'

Hence we obtatn ee before fttt(0) - tlt(0) > 0 tthich ageln ls a cantrerllctlon' A

elm{lar conttadLctlon halds at tn ' 2n' ?hua' r*e have establlshed thct

$(t,) < u(t) on [0r2n] and we then have m(t] 1 r(t) oR [0'2n], end thla

provea the theorem.

Uelng slrnllar reasonLnPla tre

r
theo.rem 3..4. Let g € cl[CI'zrl x

L

Theorem 3.3 hold end there exLete

ahall prove the followlng conrperlson reeult'

n x R, nl end euppoee that (a) and (b) of

B € cf[;,znl,nl euch that
LJ

g"(r) I g(t,s(t),s'(t)) for all s € [0rZn]* and B'(0) < 0 < B'(2tt)'

lf, ln sddltloni lre have that B(trurut) ts lncrees{ng ln u for eech

(t,ut ) € [0r2trJ x 11, m(t) < B(t] on [0'tni '

proof. Suppose bhat the assertlon mit) '- 8(t) ofl [0n2nl I'a falae' ?hen thete

exlete a to€ [0r2n1 and en e > 0 aetlsfylng (3,4). If to€ (0t2n)' $e

have *t (to) - Br (to) and

0 > nfi(to) - B"(t0) t g(t',"(.0),mt (to)) - E(to,g(to) ' 
gr (to))

end fron the fact that g J.s lncreanlng ln ur kte get g(tO) > m(t') cfhlch



la e conttad{ctf"on

If. t^ . 0' m'(0)
U

ne sbtel-n g(0) >

holds at tO o 2n.

4, ExtsTENcE roR

Conal"der the

(4.1)

rchere f

Ltt

0 < 6(s)

eel{*

t4. 2)

ut * f {tru}, u(0) -

--!I6nt
€ clf 0,2n1 * IR", fi"' l.l- -l
ufo and 6 beeuchthst 6€

< L and 6(a) - 0 eecordJ-nglY ae

L. ?hen deflne

to (3.4).

< Bi(O) and we &ust hase ut(0) 'o Bt{0}

m(0) whlch ega{rt {e e contrsdlctLan' A

Thue, we have Pruved thet m(t) < F(t)

TltE I'IODIFIED PROBLEI'iS

perladl"c boundary vetue ptoblent

u(2n)

J.J
CIlR']lR'1, and

0:"jM'l{<

a $ and, ar befotet

sltnllar etgunent

on Ior2n].

6(r) r 1,

e<!l*1' and

F(rru) * 6i$uf; ) ' f (tru) fcr sll (tru) € [0r2rr] x ftft

l,le shall say thxt F(tru) {e a modlfled funetl.on of f {ttu)

6rl*1. Clearly the funct{on F(tru} {s eentlfluoue and bounded on

Let ue nor* conelder the mod{fted PBVF

relatlve to

[0r2nJ * fin,

(4.3) ur = F(tru) r-r(0) - u(?t)

t{e let E - (Lz[0r2nJ]f,, Lu o urr D{L} - {u € Ec u le abeolutely eonttnuoue'

ur € E snd u(0) * u(2n)1 and Ft be the *onllnear cperdtct genetated by F'

Then the pBVF (4.3) Le equivalent to the operator equatlon (2'1)' tle note thet

EO - N(L) conelsts of conetant fuaetLonc cnd hence 81, trhete E - E0 {E E1r

le the cleae of all functlona whoee 6vetr6ge L$ zerc* The proJection sperator

r rZnp cen be deflned by nu * ?f,' Jl ut*1n"" tt le eeellv eeen that the pattte!

lnveree operator H alao exlets and lt te cotlpsct'



FecEuee the functlan F ls tounded, the hypotherle (f) of Theorem 2.1 la

eEtlsf led.

On ths other handn there exl-sts e y > 0 euch that f([x'l+fi*ll) : fx' * trl

nhenever *0 € 80, *1 * El. If we chsose RO a (lflL) . ,-1, re get fot all

*o € El rith [xo[ ' Ro end *l * El

t H(xctur),*0, - -i, "; I:"
n "tLn* 
rlr 

.i .lo 6(dx'+xt(tlt) ' f'(trxo*x'(t))dt'

But, lx' * xr(tll : v($xofi+$xr(t)fi) t m + I, and hetrce ne have

d(f,xnl+lxr(t)fl ) - 0, ulrlch lnrplles { N(x,+xr)rx'} - 0 rehenever nO € Egt

ix'$ - R0 and *1 4 81. ?hurs the hypotheala (tl) of the Theoten 2'L is elso

eetlsfLed.

lle heve Ju6t pliCIved the fol"lowtng reault.

Theoren 4.1. The rnoddfle.d boundery velue problem (4.3) haa st Leest one aolutton.

How, let ua cone{der the bsuadary vaLue problem

(4.4)

rhere

where

lde de

Fr(trx'*x1( t))dt -

urr - f (trurur ) ut {o} ' ur (Ztt} - 6

-t

f € c[to,znl * ft,n * Rno en l.L"J
Let o Jc[n* " .R*,R*J su*;thst 6(t,s) : 1 for e1l (trs) € xt+ * H,* and

Itt f^f tj,Hl *nd *iU2
6(trB) - {

Jo tf b"". l'!J,+t or e?l{r*1

Mt atrd frZ ere paeft*.*re fitrilbe?:s.

flne the msdlfled funetion It bY



(4.5)

and eonBldet the rncdlfled problem

(4.6)

(tt(u'+urlru') * s r*henevet

end tl * 81.

Thue, the *enrmPtLone

estebllehed the follortng

F(trurur) - 6($u$rfiut$) ' f(trurur)

ult . F(tutl ,ul) ut (0) = ur(2t) * O

Clearly F le eont{nuoua and baunded on

E - (Lz[orzn]]n, Lu - uttr D(t] - {u € E:

ut' € E snd ut(6) o ut{2tr} * S} and N

by F. Uelng elmlLar erguneflEs ee befare one gets

[cr:n] n $nx En. $e let

u,ut arc gbsolutelY contlfiuoue,

be the l{er:ryesktl operator generated

Eol $uoll * R0 - (l'{1+1) ' T-1

requited l"n Thecre$ 2'1 are eatlefled and tle have

ex{stence result.

rte

u ,[0,2n] x o*,*t and s * ,fro,zrrJ x *o'o]

theory:q L:-2. The nrodlfled baunclary v*lue problem {4'6} hae at leest one eol'utlon'

5. EX1STENCE :

$ow, r*e shall prove the exletence af aclstloti af the PBVP (4'1) and of the

BVp (4"4).

Relatlve to the PBttF (4.1), les us llet tlte followlng aeaumptJ'ons for

convenlence.

sueh that
(5.1) There exlste V

F-vr(t,u) * 
*1il- 

r"r lftth*iry?sltiy-*"st j g(t'v(t'u))

and V la l-ocally Ltpechits{an {n u'

(5.2) the boundary eondltloas of (4.1) tnpi-y V(0,u{0)) -<. 
VqZrr'u(zrt)}
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(5.3) 
- 

DJlg(tru) -< g(t,v(t,u)) fnr all r

(5.4) V(tru) 'r * as fru$ + - untforrntr'y tn

(5,5) the PBVP (5.3) hae a nraxLmal solutlon

vr the rnodlf Led PBVF (3.5), where E

u(t).

euch that 0 <l<1

s € [0r2r]

r(t) ' and

Ls deflned

for every lower

by (f.1)' has a

aolutl,on

nolutlon

u for each g € [0r2tJr end

O-B(t) I s(t'B(b)) fot sl1

boundary condltlons of, (4'1)

Lmply V('0,u(tl)) ' V(2nsut2rt)) '
41 an epplteatlon of thecrem 4.1 snd the conpatlson Theotene 3'1 and 3'?'

$e ahall .prov€ the follCIpl'ng teeult'

i

Theotem 5-.1. ConsLder the PBVF

of the condltlone (5.5)' (5,6)

(5.6) The functlcn g 18 atrletly decteaelng I"n

r-1
there exlsts S € CflO,Ztl,R I auch that

l*J
x € (0r2nJI end " B(0) >- B(tn). Alsc' the

Ptoof.

tlon

nhete e(h)/h + 0 as h'r 0. Slnce v(t'u) le

get, urlng (5.1') and {5.3}, the luequaLlty

n_m(t) 5 g(t sffi(t) ) .

Theorem 3.1, we have

n(f) < r(t) on [0'2tJ

(4.1) and tret (5.X)-(5.4) hold' Then any one

lmpller that there exLets a solutlon u of (4'1)'

I

Let us consLder the rnotllfted PSVP (4.3). By Theoren 4'11 lt hes a eol'u*

u(t).settlngrn{t}-v{t,u(t)),foraufffc{entl.yene1lh(0'weheve

ft(t+h) - rn(t) * v(t*h,u(t)+hf (t'u(t)) + dth)) - v(t'u(t))

l"ocelly LtPschltzLen ln u' we

fronr (5.5)r aPplYtng



t1

S{mllarly, ueing ?heorenr 3.?, frorlr (5'6} r+e get

m(t) < S(t) Ioo?x1.

In any cdse, we have e r > 0 euch that 0 t m(t) I r for all g € [0t?n]'

?hen, by (5.4), there exlats s !{ > 0 whlch s€tl€f ie6 u(t} I t't Dn [0'2ntr -

thte llt ls rhe const,ant that ls used ln the deflnlttcn of d fot the tnodlflad

functlon (4.2). 5o u(t) le actually a eolutlon of the PBYP (4.11' The proof

le thus eonpl.ete.

tn ordet to pr€ve an exletence reeul{ for the BVF (4.4} r+e need the fsl*

lowlng reault [11].

fheorc.a 5t2. Let h(e) be pcelttve nandeereealng conttnucue functlan such thal

,2 t ri i,-.. -..-:ltn -+- ! 6 and 1et Ht ba a poslt1"ve number" Then there exlats a pcsLtlve

s-r* h(g) 
- . tf "Jcoietent sz dependtag cnly cn st and h such that lf u € c'llora*l'fr"'J

l-ssuchthat $u[<N, atrd [u"i1h{{utfi), chen frur(t}htMf on l0'2rrl'

Let us now llst 6ome acsumPt{cne:

, rll

v € collo,anl

:

Fot t]{l:

* *",oI end E € cfto,tn

r, vlr i g{t,vtt,u)rvr(t'u})

+1*R'x

Av (t,ulf(t'urur) and U{trurur} *
u

' ,rt. llere tre have ueed ttrB fect*

Vt (rru) * Vr(tru) * Vo(trt) " u'
;

' ufir uhere V,ru(tru] le the n x

-+ rE unlfornrly

o*ro](5.7)

(5. B)

tru) * U(trurur) +

uf+v(t,u).utuu

" $J'tlxIR",IRl then
J

(trurr"rr) + ltu(trr.r)

I

I rrJ o lrzs.r.sn
J

V(trulo* {ts ftu$

shere vie(

ZVnu(tru).

v € c2[o,t

Vtt(tru; . g

va.(aru) +

that lf

and

n mstrl"x

IJzv(t,u)
I turtuj

(5.9) tn g € [CIr?nJ



(5.13) The funetton g ls {nere*ptng ln u for each (trut) € [0r2n] x lRft'

r-1
and there exLste s € cltc,znl,n I such that Pt'(e) I e(t'B(t)' sf(t)) on

lo,Znl and g'(CI] j o ; rti (2t].

(5.10) The boundaty cgndltloux €yf (t+.4) tnply

&' ftl

# tu,u(o)) ;', o and * (tn,u(Zn)) 1 o

(5.11) There exLete a posttl"ve nendc,-ereeelng ccntlnuoua functlon h euch

that ltm ,?lr ** and
B-)s n( g,}

flf(truru')ff < tr($ut$i fot all (tru) € [0'2111 x fi'n'

(5.12)TheBVP(3.6)hssam*xfnalcolutLonr(t)randfcreverylorersolu-

tton vr the tnodi.fled SW (3.7) hae a eolutlon u(t)'

WearenowlneFoeltlorrtoprove'thefallowlngreBult:

Ttleorem 5.3" ltsrufle that {5'7)-(5.1tr-} hotr^d. Then 6fly sne of the condlttone

(3,L2), (5.13) {rnpltee tltet there exiets s golutlon fpr the flVP (4'4)'

IIg€. Conelder the modtfied problern (4.6) of (4.4) and let s(t) be e sol!"-

t{on Suersnteed by Theoretn 4,2. Def ln'lng m(e) - v(tru(t}} and uslng the

a*nurnptlone (5.7) and (5"8) s'e get

ar*'(t) 1 g{tnm(t) omr (t})

and by (5.10) we heve

m'{0} 
^1- 

0 >- rn'(2n}

Hence, by comp*rleon Thearetns 3.3 snd 3.4, tt follove that
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thsl thr PBVF (5.15) hee a eolutlon.

Propf. Conaldet ths aodlfted PBVP

ur - F(trurut) u(0). u(2n) aud ut(0). uf (2tt)

cherc F le deflned bY (4.5).

We let g . (Lrtorzn])n, Lu . ufir D(L) - {u e Er urrt 6re abtolutely

contlnuoue, urt € Er u(0) . u(2n) and ut(o) . ut(Zn)lr efld !{ be the nonllnelf

operetof, geneteted by F. Then, ee Ln Theorem 4.21 ueLng the compef,lsotl Theotm
..
3.3 wLth (tt) ineteed of (b), we heve the er(idt€nce of one rolutlon u(t)' uhlch

ls actually a eolutton of (5.15) beceuse (5.9)' (5.1U' (5.11) end (11) hold' 
,

Thua, the proof fu cornPlete.

It le poerlble to prtyrre the extetence of eolutlon of the PDVP (5.15) rlth

6ro61l aodtflcatlone ln the emparlson theoren 3.4 end uetng a sirnllat aaaunptlon

to (tt) of Theorem (5.4).
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