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ABSTRACT. Conditions for boundedness and compactness of product-convolution
operators g — P, Cpg = h- (f « g) on spaces L,(G) are studied. It is necessary for
boundedness to define a class of “mixed-norm” spaces L, ,(G) interpolating the
L,(G) spaces in a natural way (L(,, = L,). It is then natural to study the
operators acting between L, (G) spaces, where G has a compact invariant
neighborhood. The theory of L, ,(G) is developed and boundedness and com-
pactness conditions of a nonclassical type are obtained. It is demonstrated that the
results extend easily to a somewhat broader class of integral operators. Several
known results are strengthened or extended as incidental consequences of the
investigation.

1. Introduction. Convolution by f in L,(R) defines a bounded operator, C;, on
L,(R) for 1 < p < o; likewise, pointwise multiplication by A in L(R) defines a
bounded operator P, on L,(R). Excepting trivial cases, these operators are never
compact. The composition P,C; of two such operators, which we term a product-
convolution (PC) operator, is frequently compact. Asking exactly when this occurs
motivates this paper. PC operators on L, of a locally compact group arise in many
areas of analysis. In [2] and [3] the compactness of certain PC operators was used
to study induced representations of locally compact groups. PC operators (and
their adjoint CP operators) arise naturally in many applied problems.

Even with 2 in L_(R) and f in L,(R), we find that the “mixed-norm” spaces of
[1] must be introduced to solve the compactness problem for P,C,. These spaces
also arise unavoidably when one attempts to weaken conditions on 4 and f and
keep P, C; bounded. Various mixed-norm conditons on & and f guarantee bounded-
ness of P, Cf from Lp to Lq and, in fact, between mixed-norm spaces. Conversely,
P, C; may be bounded from L, to L, (or from one mixed-norm space to another)
with neither 4 nor f in any L,, but both 4 and f must belong to mixed-norm spaces.
Thus mixed-norm spaces are the natural setting for studying bounded PC opera-
tors. We treat a wide class of PC operators and, in all but one case, find necessary
and sufficient conditions for compactness. The conditions involve only member-
ship in a mixed-norm space or, in one instance, translational continuity in mixed-
norm spaces; they are usually easily checked for explicit examples. By applying
various manipulations to PC operators, we develop easily applied necessary and
sufficient conditions for compactness of a wider variety of integral operators which
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310 R. C. BUSBY AND H. A. SMITH

do not fall within the scope of classical compactness theorems. We attempt
reasonable generality but do not pursue the extensions to vector-valued functions.

§2 establishes notation and reviews needed facts. In §3 we define “uniform
partitions” on locally compact groups and show they exist. We then use these
partitions to define and study certain mixed-norm spaces. Many of these spaces on
the real line have been studied by Holland [8], [9]. Kellogg [10] and Williams [17]
studied analogous spaces on certain discrete groups. The paper [18] of Bertrandias,
Datry, and Depuis appeared while this paper was in a referee’s hands. It indepen-
dently develops, for abelian groups G, spaces /?(L?) equivalent to our mixed-norm
spaces L, ,(G). We hoped in revision to use their definition, which cleverly avoids
uniform partitions, but we found this obscured the mixed-norm structure and
complicated our computations. Our techniques for nonabelian G require the
uniform partition and mixed-norm structure as do some spaces we use which are
not equivalent to those of [18] even for abelian G. We have therefore not adopted
the elegant approach of [18], which was developed for different ends.

The general construction of mixed-norm spaces as function spaces on products
was given by Benedek and Panzone [1]. As a Borel space, R is the product of an
interval and the integers. The space L»9(I X Z) of [1] consists of functions which
are in L,([n, n + 1]) for each n and such that the resulting sequence of L,(/) norms
is in /,. Emerson and Greenleaf [S] show every locally compact group to be the
union of disjoint translates of some relatively compact Borel neighborhood. If the
group is second countable it is borel isomorphic to the product of a discrete set
with this neighborhood, so the construction on R generalizes. Unfortunately this
partition may not be conveniently related to group properties; moreover, we need
arbitrarily fine partitions and it is not known that arbitrarily fine “Emerson-
Greenleaf neighborhoods™ exist. These problems, rather than hesitancy to assume
second countability, lead us to take an alternative approach in §3.

Our L, ., seems a natural place to study almost periodic functions and sta-
tionary stochastic processes on G. (The Stepanovich a.p. functions are the closures
in L, (R) of the trigonometric polynomials.) Particular mixed-norm spaces on
R" studied by N. Wiener, R. Goldberg, and P. Szeptycki are cited in [18].

§4 investigates convolution of functions from mixed-norm spaces and generalizes
Young’s inequality. In arbitrary locally compact groups, mixed-norm properties
may be obscured by convolution. To prevent this, we assume the group is (IN), i.e.,
has a compact invariant neighborhood of the identity. This classical condition [6] is
equivalent to existence of a nontrivial center in the group algebra [13]. (It seems
unlikely (IN) is the weakest useful condition, but attempting to use unimodularity
alone proved intractable.)

Our general Young’s inequality shows the L , ,(G) to be closed under convolu-
tion and hence a group algebra. It enables us to strengthen a result of Stewart [16]
to show that there is always a bounded L, function on an abelian group having its
Fourier transform of compact support and identically equal to one on a prescribed
compact set. We also improve a result of Rickert [14], who showed that on a locally
compact, noncompact group if 1/p + 1/g < 1 there are f in L, and g in L, such
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PRODUCT-CONVOLUTION OPERATORS 311

that f = g fails to exist on a set of positive measure. We give precise conditions on f
for this and show the set of such f to be of second category in L,.

In §5 we consider the PC operators which are bounded by amalgams of classical
estimates and we show that if P,C; is bounded A and f must belong to mixed-norm
spaces.

In §6 we give necessary and sufficient conditions for compactness of all the
operators studied in §5 with the exception of the case where the range space has
infinite indices. (The difficulty there is lack of useable compactness criteria in L .)
The conditions for compactness of P,C; are mostly simply membership of 4 and f
in ordinary mixed-norm spaces L, (G), but in one exceptional case a different
space involving a “local-multiplier” condition must be used. The section concludes
with a number of examples. §7 summarizes our results with particular application
to L,(R) and demonstrates the application to a wider class of operators.

2. Notation and preliminary remarks. We will always discuss a locally compact
group, G. Functions are complex-valued and measurable unless otherwise specified.
Measurability and integration is relative to a given left Haar measure m. If
1 < p < oo then p’ will denote the conjugate index: 1/p + 1/p’ = 1. We denote
the continuous complex-valued functions on G by C(G), while C_(G) and K(G)
denote functions vanishing at infinity and functions of compact support, respec-
tively. For functions f on G we adopt the notations: f~(x) = f(x ™), GNx) =
Sf(yx), and f(x) = f(xy). By fr we always mean the product of fx; of f by the
characteristic function of a set E. If E is Borel and of positive measure, there is
automatic identification of f with its restriction to E which imbeds L,(E) (for the
restricted Haar measure) in L,(G) and we make the identification routinely.

We will need pairs of extended real indices which we denote v = (v, vy).
Inequalities such as v < u are interpreted termwise and, if g is a function of one
variable, g(v) means ( g(v,), g(vy)). If r is a specific extended real number, we will
denote the pair (r, r) by 7. For any pair v, we denote by v’ the conjugate pair
defined by 1/v + 1/v’ = 1. We will use a partial ordering > defined by (a,, b,) >
(a,, b,) iff a; < a, and b, > b,. For any set S of functions, we denote the
nonnegative members by S *.

We use the following repeatedly.

PROPOSITION 2.1. Let {a,, a,, . . ., a,} be nonnegative.
@Ifl<p<owandl/p+ 1/q =1, then

nVia, +ay+ - +a)< (@ +al+- - +a?)?<(a,+a,+ - +a,).
®IfO<p<landl/p+ 1/q=1,then

(@ +ay+ - +a)< (@ +a+ - - +a?)’” <nVia +ay+ - +a,).

ProoF. (a) Apply Holder’s inequality and the monotonicity of norms to the
measure space formed by assigning unit measure to the n integers.
(b) Apply (a) to 1/p and the numbers af.
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312 R. C. BUSBY AND H. A. SMITH

3. Mixed norm spaces. To separate local and global properties of functions, we
partition G into subsets not too dissimilar in “size and shape”.

DEeFINITION 3.1. Let U, V be relatively compact open neighborhoods of the
identity with U C V. A partition = of G into disjoint Borel subsets is U- ¥ uniform
if for each E in 7 there is x such that xU C E C xV. A Borel partition is uniform
if it is U-V uniform for some (U, V).

LEMMA 3.2. Let F be a subset of G such that for some fixed relatively compact open
neighborhood U of the identity xU and yU are disjoint whenever x and y are distinct
members of F. For each pair (K, L) of relatively compact Borel sets there is an integer
ng(K, L) > 1 such that each left translate of L intersects at most n(K, L) of the sets
xK for x in F.

PrROOF. Let ng(K, L) be the greatest integer in the real number
m(LK~'U)/m(U). If xK N x'L # then x € x¥’LK~' so xU c x’LK~'U.
Thus, if x,K intersect x'L, for x;, in F (i = 1,2, .. ., n), the disjoint sets x, U are in
x'LK ™', s0 nm(U) < m(x’'LK ~'U) = m(LK ~'U). Hence n < ni(K, L).

We now show that uniform partitions exist in abundance.

PropPosITION 3.3. Let U be a symmetric, open, relatively compact neighborhood of
the identity. There exists a U-U? uniform partition of G.

PrROOF. Let 9 be a maximal family of pairwise disjoint left translates of U,
§ = {x;U: i € I} where I is well-ordered with first element i, For any x,
xU N x,U +# @ for some i, 50 G = U ;¢; ;U2 Let W, = (x,U?) ~ (U, x,U)
(where ~ denotes set difference). Since x; U 2 meets only finitely many x,U by
Lemma 3.2, W, is Borel. Suppose a Borel set W, has been defined for each i </
such that

() U xi Wie = (U g ka2)~(Uk>i x, U).

(B) {Wy|k < i)} are pairwise disjoint.

(V) W, C x U fork <.

We then define W, = (x;,U%) ~ [(U ;; W) U (U >, X%, U)). By Lemma 3.2, x,U?
meets only finitely many of the W, and the x, U, so W, is Borel. Thus W, is defined
by transfinite induction for all i so that (a;), (8;) and (y,) hold, but U ., W, =
U e, xU?= Gand x,U c W, C x,U? so {W,} is a U-U? uniform partition.

Note that any U-V uniform partition # provides a situation in which Lemma 3.2
applies, since for each E in  we have x;U C E C xgV and F can be taken as one
set of such xgz. The following results are immediate.

PROPOSITION 3.4. Let 7 and F be as above, K relatively compact and Borel. Every
translate of K intersects (and so is covered by) at most ng(V, K) members of .

PROPOSITION 3.5. Under the above conditions each left translate of a member of n
intersects at most ng(K, V') of the translates xgK.

DErFINITION 3.6. For any p = (p,, py), 1 < p < &, and uniform partition 7, we
say f belongs to L(G) if fy € L, (E) for all E in = and the family of norms
(I fell,: E € 7} belongs to [, (7). (We say fis locally L, and globally /, relative to
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PRODUCT-CONVOLUTION OPERATORS 313

7. The G is usually supressed and we write only L) We define the norm || f||5 p o
be the [, norm of {|| fgll,: E € =}. (It is easily seen that l1D is a Banach space.)

We denote by L, o, the closed subspace of L(, ., consisting of functions locally
in L, such that {|| fgl|,: £ € =} vanishes at o on 7.

PropPoOsITION 3.7 (CF. [18, §7)). (a) For any m,and 1 < p € oo, L],
(and isometric) with L,(G).

(b) If 1< p <, f € L, g € L, then fg € Ly(G) and | fell, < 152}
The mapping F f— IGlfel dm is a bounded linear functional, and if p<® the
correspondence g — F, is an isometric isomorphism of Lp onto the dual of L"
Similarly, the dual of L( »0) can be canonically identified with L(, ,,.

© pr <gq, then L] C L].

d If 1<p<gq < o0, then Lio D L(G)U L(G) and L(,, C L(G)N
L(G).

(e If p < ', K(G) is dense in L" Moreover, if py < o, L, o is the closure of
K(G) in L(p )

(o) S identical

PrROOF. (a) is immediate from the definition, while (c¢) and (d) follow from the
definition and elementary norm inequalities. Because the norms depend on =, there
is some interest to the proof of (b). Applying Minkowski’s inequality first on each
E in 7 and then on the discrete set 7, we have

JVeldm = 2 [ Vfegel dm < 2 Welplgell <IEl8l
Een “E Een

which proves the first part of (b) and shows F, is in the dual of L.

If Y is in the dual of L it restricts to a bounded linear functional Y on L, (E)
for each E in 7. By the classical result, for some g in L, (E), || ggll,, = ll¥gll and
Ye(f) = [ fgg dm for all f in L, (E). Let g be the measurable function defined by
setting g(x) = gg(x) for x in E and note that for f in L7, y(f) = [ fg dm. We
need only show | g|l7 = |[¥||. Clearly |[y|| < |[gl|i} < o by the first part of the
proof. Given ¢ > 0, choose, for each E, kg in LP(E) such that ”kE“p, =1 and
Ye(kg) = [Ye(kp)l > (1 — )|l ggll,,. For any function {Bg} in [, of =, define
(x) = | Belke(x) for x in E, a member of L;. Then

191 1Bl =14l A5 > 19| = EEE |Be| [¥e(kg)|
= 2 | Be| l‘l’E(kE)‘ >(1-¢) 2 | Bl |8l pi-
Een Eern
Since B is arbitrary in /, () it follows that (1 — ¢)|| ggll; is in [, (7) and has norm
not greater than ||y||. Since ¢ is arbitrarily small, however, || g||;. < [|§||- The proof

for L(, ) is similar.
(e) For any fin L there is a finite @ C « such that

[ EZeu(lvEnp.)”’]”” <e/2

so, writing F = U peq E, IS = fell; < e/2.
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314 R. C. BUSBY AND H. A. SMITH

On the finite set « the /, and /, norms are equivalent since they are norms on
the same finite-dimensional vector space, so on F, | - ||(, ,, 1S equivalent to
I - I¢ppp =1l - Il,,,- Since K(G) is dense in L, (G) it is also dense in L, (F) and we
can find g in K(G) such that || fr — ggll, and hence

Ve = gF"?Pl’PZ) =|fr - gF”Z'p.,pz)
is arbitrarily small.

Without loss of generality g vanishes outside an open H O F with m(H ~ F)
arbitrarily small. Recall we can find a closed K ¢ F and an open H D F such that
m(H ~ K) is arbitrarily small and a continuous , h = 1on K, h =00on G ~ H,
0 < h < 1. With g above so that || fr — ggll,, < 3§, hg is in K(G) and

Ve = 8)ello, <Ifr = 2rls, +ligr — (8)ell5, < 8 + max|g|(m(F — K))"/*.

By choice of K this is arbitrarily close to § and g can be replaced by Ag. For
i=12 |lg— gll, < max|g|(m(H — F))!/Pi can be made arbitrarily small by
choice of H. If p, > p,, by the norm inequality for discrete spaces,

”g - gF”(— |,?1) < "g - gFIIZrP|,P|) ="g - gF"Pl'
If p; < p,, the reverse norm inequality, which holds for the finite measure spaces
E € 7, yields (for some C)
"g - gF”(Pth) < C"g - gF"(Pz,Pz) = C"g - g"'"l’z'
Thus we can choose g in K(G) so that || fr — 8rll(p,0n < e/d4and || g — 8rll{p,on <

e/4 50 || fy = 8llTp.pp < /2. Then ||f = &lpps < If = Selltp oy + Ifr = Elipn
<. Thus K(G) is dense in L, ,(G). The proof that it is dense in L, 4(G) is
similar.

We now show the norms || - ||; are equivalent as 7 varies, so the topological
vector spaces L, (G) are intrinsic to G.

ProrositioN 3.8. For «', m uniform partitions, 1 < p < o0, there is M such that
WfIl; < M| fil; for all measurable f.

PrOOF. For E’ € 7', let S(E”) C 7 be the set of E € 7 such that E N E’ # .
For E € 7, let T(E) C #' be the set of E’ such that E € S(E’). By 3.2 and
corollaries, the cardinals of S(E’) and T(E) have a common bound, M. Since
I ferllp, € Zeeseyllfell,, for all E” in 7/, it is immediate that ||f||;' < M|iflip if
P, = . Forp, < o0, 2.1 yields

Well )" < (| 3 Well) <M 3 (W)
EES(E") EES(E)

SO

Ld -1 P2 /2
g < w80 S L))

E'en’ EES(E’

-mer( S S @)

E'€T(E) E€n

<m( = @ey)” = s
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PRODUCT-CONVOLUTION OPERATORS 315

Next we give an intrinsic characterization of the spaces L" and incidentally
introduce new equivalent norms: ||(| f|”* * g)'/*1|| py

PROPOSITION 3.9. The following are pairwise equivalent for 1 € p, < oo:

@ fisinL;.

(b) For some g Z 0 in K*(G), (|f|”* * g)(x) exists for all x in G and (| f|P* » g)'/?:
isin L, (G).

() For all g in K*(G), (|fIP* » g)(x) exists for all x in G and (|f|"* * g)'/7" is in

L,(G).

ProoF. Clearly (c) implies (b). We show (a) implies (c). Let # and F be as in 3.4.
Suppose f € L, g € K*(G), K the support of g and 8 = max,|g(x)|. Let T(E) =
{E’' € m: E’' N xz VK ™' # &) have cardinality C,(E) and S(E) = (E’ € m: E €
T(E’)} have cardinality C,(E). If x € E € a, then

(U = g)(x) = fclf(y)l”‘g(y“x) am(y) < B fx O dm(y)
<B 2 (Wel)" <
E’€T(E)

By 3.2, C,(E) < n(V, VK "Y so, for 1 < p, < o0, 2.1 yields

[ s )] < B 3 Vel

ET(E)
1
< (ne(V, VK-'))"’""/“B'/P'[ S (Weln)”
E'€T(E)
Then

j;;[(mpl * g)(x)]!’z/l’l dm(x) 2 f (mPl . g)(x)]Pz/Pl dm(x)

Een

<m(V)(n(V, VK= 0pmim TS (el

EE€n E'€T(E)

= m(V)(n(V, VK-)® e S S ()
EES(E'Y E'en

<m(V)(ng(V, VK—]))(P:“)‘BPz/mnF(VK—I, V)(Mlér)pz < o0

since C,(E’) < ng(VK ™!, V) by 3.5. Thus (a) implies (c). (The proof for p, = oo is
similar.)

Next we show (b) implies (a). (We show the more difficult case p, < o0.) Let =
and F be as above, and let g = 0 in K*(G) be such that (|f|P'+g)!/? exists
everywhere and lies in L, (G).

For some 8§ > 0, the open, relatively compact set W = {x: g(x) > &} # &, so,
for all x, f -1 is in Lpl(xW"). By 3.5, each E’ in 7 intersects only finitely many
sets xEW“, so f is locally in L,. Choose y,,y,, ..., such that V™'V C
U J_,yIW . Then g = (1/8)2,-1 g, € K *(G). Since the hypothesis applies as
well to right translates of g, we must have (flP* * "7 in L, (G). Choose zg in E
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316 R. C. BUSBY AND H. A. SMITH
such that

m(E)™" fE [N * g)(x) ] dm(x)

k

Pz/l’l
> *8)(E) 7 = 8”””"[ > (- gy,)<”)}

Jj=1

| fyear dm(x)}”/" > (el

where S = U, 2oy, W ™' D 2,V "W D E. Thus m(U)~"7| |f|]P* + g|,. >
A5

The proof of the following is analogous.

PROPOSITION 3.10. The following are pairwise equivalent for 1 < p, < oo.
@) fisin L, o).

) | fI? * g is in C(G) for some g = 0 in K*(G).

©) [fI?* * g is in C (G) for all g in K*(G).

The term “mixed-norm space” is used by Benedek and Panzone [1] for normed
spaces of (equivalence classes of) functions on products of measure spaces. Our
mixed norm spaces are equivalent to a special case of those defined by Benedek
and Panzone. The next few propositions establish this, justifying our use of their
term. We present them without proofs, which are straightforward.

Let (X, &,v) and (Y, 9, p) be totally o-finite measure spaces. A measurable
function fon (X X Y, & X 9, vX p)issaid in[1]to be in LE(X X Y)if (-, y)isin
L, (X) for (p) almost all y in Y and || f(-, »)l,, is in L, (Y). Then L? is a Banach
space in the obvious way.

Emerson and Greenleaf [5] prove the existence of a relatively compact Borel
neighborhood S of the identity and a discrete set F C G such that = = {xS:
x € F} is a partition of G. (The countability hypothesis in the following is to avoid
complications in defining product measures.)

PrOPOSITION 3.11. With the above notation, if G is second countable it is Borel
isomorphic with S X F in such a way that an isomorphic isomorphism is induced
between LZ(S X F) and L](G).

For 1 < p < oo this shows LJ(G) is the norm completion of L,(S)® L (F)
which it contains in an obvious way.

We will now characterize compact subsets of L, for 1< P < 0. We first show
the set of translation operators is uniformly bounded on L.

LEMMA 3.12. Let w and F be as in 3.4. Then for 1 < p < %, if f is in L7(G) then
sup,ecll Sl < ne(Vs VIS

PrROOF. Define S(xE)=({E'€w: xENE #9}, T(xE)=(E' ' €n: E €
S(xE’)}. By 3.4, neither S(xE) nor T(xE) has more than n(V, V) elements, so by
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2.1 we have

P2/ Py

2 [ VO dm(y)

[ J1r dm(y)r/"' .2,
U ) dm(y)} lr

<

E’ ES(xE)

< (mv, VYY" J o an»|” ”,

E’ ES(xE)[

WY <l 2 3 [ [ g an)|™

E€n E'€S(xE)

0t 3 S o an)|™

E'€n EET(xE)

P2/P ”
<[n(V, )" 3 Ug,lf(y)r" dm(y)} = [V, V™A™
E'Exw
PROPOSITION 3.13. For 1 < p < 0, a subset H of L] is relative compact iff
(a) H is bounded. )
(b) The family of maps of G into L] defined for each f in H by x — f is
equicontinuous at the identity. -

(c) For all € > 0, there is a set J of compact complement such that || f;||; < & for all
fin H. )

ProoF (NOTATION OF 3.12). Necessity of (a) is clear by continuity of the norm.
Let k € K(G) have support S. By 1.4, at most n(V, S) of = intersect S, so
Ikll; < ne(V, S)'/72m(V)'/P| k|| . If H is relatively compact, for any & > O there
is a finite subset {ky, k,, . .., k,} of K(G) such that, for any fin H, || f — k|5 <
e/2(n(V, V) + 1) for some i. For x in some neighborhood W of the identity, we
have ||, k; — k||, <&/2 for all i, so using 3.12 we have

f = Ale <llsf = killy +lki — Kdlly +11f — kil
<[n(V, V) + 1]jIf - k,.||_;' +lk — ki, <e

and (b) is proved. The necessity of (c) follows from choosing {k;} as above and
noting that all the &; vanish outside a fixed compact set.

The proposition is known for L,(G). We use this to prove sufficiency. From (c),
for any ¢ > 0 we can find Q = G ~ J such that, for fin H,

llp <e/2(ne(V, V) +1).

From (b) we can find a neighborhood W of the identity such that || .f — f||7 P <& /2
for all x in W and f in H. From (a) we have ||fQ||p =|f- f,||p < ||f||p + ||f,||p
M + ¢/2 for all fin H. Consider the set H, of all functions fQ, fin H, as a subset
of L7(Q). By our last remark, (a) applies to H,,. But for x in W we have
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318 R. C. BUSBY AND H. A. SMITH

Ifo = foll, =N =ofs = (F = DNy <If = A+l — Sl

<e/2 +||xf,||;’ +fill <e/2+ (ng(V, V) + 1)||f,||;' <e.

Thus (b) also applies to Hy. By definition, (c) applies to the H,. On the compact
set O, however, the norm || - ||7 and the usual L, (Q) norm are equivalent (by 2.1).
Thus (a), (b), (c) hold for H, regarded as a subset of L, (Q) and H,, is relatively
compact in L, (Q). Thus we can find {h;, hp, . .., h,} in Hy such that for all f in
H, || fo — hll; < &/2 for some h; (again, by norm equivalence). Thus || f — A7 =
I+ fo — Ay < NGIZ + Ilfo — Bl <e and H is totally bounded, hence rela-
tively compact, in L(G).

Our results on compactness of PC operators require a mixed-norm space
different from those discussed above. The remainder of the section develops these
spaces.

Let A, denote the projection operator taking the measurable function f to f,
supported on the measurable set U and let T, carry f to f,; note that T, \A T, =
Ay,

DEerFINITION 3.14. For 1 € p, g < o0, we say f is a local p-¢ multiplier if, for every
pair (E, H) of relatively compact sets of positive measure, AyCAg: L(G)—
L(G) (where Ay C;A(g) = (f * gg)y) is defined and bounded. We denote the
bound by [|A,CALl, 4

LemMMA 3.15. With the above notation, if f is a local p-q multiplier where 1 < p,
q < oo then |[AyCAgll, s = 1Ay CA gl g
PROOF. C; commutes with right translation, so
Ap G, = T AT, C T, AgT, = T~ AgGAgT,.

But writing A(x) for the modular function on G, we have
(IT-AuCATAN)" = [ |(AnCATHx Y] dm()

= A(x) fG|(AHCfAETxh)(u)|q dm(u) < A)([AnCAgl, ) (I TeA),)*

= M)A (1A CA L, o) I Al)"-

Thus ([T AgCAgT, |, , < IAyC/Agll,, and symmetry, replacing x by x7/,
yields equality. For the infinite index case, the same argument yields:

LEMMA 3.16. (2) || A px G gl o0 = 1A GrAEl 0,000
®) 1Ay CpA gl oo = 8O P Ay G gl o0 for 1 < p < 0.
(©) 1A s CA pillo,g = [ACOT/ YN A g CA Ll g for 1 < g < co.

An analog of Lemma 3.2 need not hold for right translates. There is no bound on
the (finite) number of members of a uniform partition which can intersect a right
translate of a member. This problem can be avoided if G has a relatively compact
invariant neighborhood of the identity, i.e., G is an (IN) group.
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DErFINITION 3.17. Let G be an (IN) group, # a uniform partition, and 1 < p,
g < 0,1 <s < oo. We say f is a local p-g multiplier of class s relative to = if, for
some H in 7, 2, (|1AyCALll, ) < o, ie., [[AyCAgll,, (regarded as a function
of E in =) is in /*(w). We denote the space of such f by LM, .. and denote the norm
in I°(7) by || f ||;:;’;s. Similarly LM, ., and LM, , are defined in terms of member-
ship in /®(7) and cy(7), respectively.

PROPOSITION 3.18. With the above notation, LM, . is independent of the choice of

H; the norms obtained for different choices of H are equivalent.

PRrROOF. We give the case 1 € s < oo. Proofs for s = 0, oo are similar. As usual, 7
and F are as in Proposition 3.4.

Let N be a relatively compact invariant neighborhood of the identity, H,, H,
members of 7. There is a finite set 4 of cardinality |4| such that H, ¢ U ., Hx.
For E € 7, x in A we write

S(E,x)={E'€m E'n Ex™ '+ @),
T(E,x)={E'€m E € S(E', x)}.
There are {x,, x;,...,x,} such that E C U, x;N and if E' € S(E, x) then
E'nU,;xNx'=U/(E' N xx 'N)#@.By34, E'n x;x 'N # & can hold
for no more than n (¥, N) sets E’ in «; the cardinality of S(E, x) is at most
kn(V, N). Since every left translate of V' can be covered by the same number of
left translates of N, k can be independent of E. Thus kny(V, N) is a bound on the

cardinality of all the S(E, x). A similar argument shows it is such a bound for the
T(E, x). Now

”AHszAE"p,q < 2 "AHv‘CfAE"p,q= 2 ”AﬂlcfAEx-I”p,q
x€EA xEA

by 3.15 and 3.16. (Recall that (IN) implies unimodular.) But
2 AnCGhrl,, < 2 2 AuCAL],,
xEA x€EA E'€S(E,x)

since Ag,+ = Z pr e g(g.x) A Ape-+ Thus, using 2.1,

S (anGtd,) < 23 5 (AnGhel,,)
Ee€x E€x )

xEA E'€S(E,x

< S Uil 3 [ S (aacad, )|

EE€n x€EA eS(

=3 3 T [[knV, NI (AnCAR, )

E'€n x€EA E€ET(E'x)

< ((Alkns(V, N))” 2 (124,.Ge ], 0)
‘eEm

and by interchange of H, and H,, the norms are equivalent and the spaces LM, .
are independent of the choice of the set H, in their definition. Moreover, the

equivalence class of norms is independent of 7.
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4. Convolution and mixed-norm spaces. If G is unimodular, 1 € p, g < oo,
I/p+1/q>1 and 1/r=1/p+1/q— 1, then L(G)* L (G)C L(G) and
I/ = gll, < IIfl,llgll, (Young’s inequality). Attempting to extend Young’s inequal-
ity we encounter products of sets from 7 and can find no bound on the number of
members of 7 intersecting such a product. As in the discussion of local multipliers,
the appropriate assumption appears to be that G is (IN). For the rest of this paper,
G will be an (IN) group and N will denote a fixed symmetric compact invariant
neighborhood of the identity.

LeEMMA 4.1. Let = and F be as in 3.4. For E,, E, in 7, define
S(E,, E)) = {E € m: E N E,E{ ' #+ &},
T(E, E,) = {E € m: E, € S(E, E,)},
W(E\, E,) = {E € m E, € S(E,, E)}.
There is an integer I'(w) which uniformly bounds S, T and W.

PRrROOF. Let 4 be a finite set of cardinality |4} such that V ¢ U ,c, yN. Then if
E € S(E,E), B#xgVNxgVV 'xg' C U, cq U.ealxeV N xgyz7 "%z 'N7
by the invariance and symmetry of N and N2 By 3.2, there are at
most ng(V, N?)x; for which each set of the union is nonempty. Thus S(E,, E,) has
at most |A|’n(V, N?) members. Since E € T(E,, E,) (or W(E,, E,)) iff E N
E'E, * @ (or E N E,E, # D), similar computations show we can choose I'(7)
= |A}*n(V, N?) in all cases.

THEOREM 4.2 (CF. [18)). Let f € L7, g € L7, 1< p, ¢ <&, 1/p, + 1/g, > |;
then ) )
(a) f = g exists (and is finite) locally a.e. and lies in L where

1/ry=max{0, 1/p, + 1/q, — 1}, 1/r,=1/p, +1/q, — 1.
(b) I1f * gll7 < T(IIfII7 1 &llg-

PROOF. Suppose p,, q,, r, # o0; then by Young’s inequality
) 1 fe, * 85,11, < S )l |1 88,ll4, < oo for any E,, E, in 7, and
(i) (fg, * 8e)g, = 0if E| & S(E,, E;). Now

2 2 > )(llfs,||pl)h(llga,llq,)q’

Es€n E;€n E\€S(EpE;

=3 (ugs,uq,)"’EE 2 (e,

EyEn (€7 Ey€ U(E),E;)

< T(m(A) *(lgllg)™ < .

Thus for each E; € 7,

22X )(IUE.II,,,)"’(Ilgszllql)q’ < co.

EyEn E ES(EpE;
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By the generalized (multiproduct) Holder inequality

S 03 )(lvs.||,,.)(ugsznq,)

EyEnm E,ES(EpEy

|z .= )(Ile.n,.)"’(ugEznq,)]V"

E,En E,ES(E E;

[ S L2, )

](12— /¢
E,€n E,ES(EyE,

[ S0 (eal)”

EyEm E,€S(EpE;)

=[ > 3 )(lLfE,II,,.)”’(ngE,u,,,)"’]V"

EyEn E\€S(EyE;

122 sl

E\€7 E,ET(E.E;

](Pz— 1/p,

](4:- /4

[ S 03 (eal,)”

](Pz— /P2
E,€n E,\ES(EE;)

< [I‘(ﬂ) ](2— 1/ps— l/qz)("j“;')Pz(‘lz‘ l)/ﬂz(”g";')qz(h_ 1)/p2

12, .2 (ILfE.II,,l)"’(ugE,u,,,)"’]'/”.

E,En E,ES(EyEs3)

Thus for any E;, by (ii)

(||(f*g)g,||,,)’2<[ s 03 )nfs,'gszn,,]"

Ey€n E,ES(EpE;

< [I‘(.”) ] @-1/p— 1/q2)r2(|m|;r)r2pz(q,- l)/Qz("g";r)rzqz(pz— 1)/ps

[ 2 L = )(llfa,II,,.)"’(||gE,||q,)"’],

E;Em E,E€S(EyE;

(If = &ll,)” = EZE"(M(f *2)g,)"

< [I‘(,”)](Z— 1/p2— l/qz)rz(lml;’)rzpz(‘h— l)/‘h("g";')’z‘h(h“ 1)/p,

12 2 3 )G,

Es;en E,enm E €S(EpE5)

< [I‘(w) ](2— 1/py—1/q)r2+ l("f";')l’z+ r2pa(42~ l)/qz("g";r)q;—r,q,(p,— 1)/p;

=[T(m)]*(N)"(lellg)"
If + gl; < T(@)IALlglly

which proves both (a) and (b) for this case.
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Suppose p,, ¢, # oo butr, = co (so 1/p, + 1/g, = 1). By 4.1 and 2.1

S (2 Vb)) <@ s S ()

E;En \ E\€ S(EpE3) EyEn E \ES(E3E;

=[[@)™>* 3 = )(llfs,ll,,,)“

E\€n EyET(E.E,

< [1“(,”)](?2/42)+l EEE (”fEl”pl)Pz

= [T ] (p)™

Computing as before

(S Bel;, < EE Py )||fE,||p.||gEz||q,

2En E\ES(EpE;3

= Zleale, 2 Vel

€ S(EEx)

(20 (2,3 llfs.llp.)pz)lm

yE7 \ E\ € S(E,,E3)
< T(@)|\Als 1 lle-

Thus for this case we also have || f = g||7 = supg ., [I(f * 8)g,ll,, < I‘(1r)||f||Z|| g||’,_;.
Now suppose p, = 00 (s0 ¢, =1, r, = 00). Then supg ,|lfgll,, < o,
EEZEW”gEZIIqI < oo,

1o el < 2 3 Wellesl, <MET® 3 les,,

E,En E,ES(E,,

f + glly < T(@)|Als ll&ll-

A similar calculation yields the case g, = o0.

REMARKS. (i) By 3.13(b) translation is continuous, so from 4.2 f * g is uniformly
continuous if f € L), g € Ly, 1< P < 0, just as for usual L)s.

(i) It follows from 4.2 that the L(,,(G) are group algebras (i.e., closed under
convolution) for allp > 1.

(iii) J. Stewart has proved [16, §4, Lemma 1] for G abelian with dual G, that for
every compact set K in G, there is f in L3 ;(G) N Ly(G) such that its Fourier
transform /"= 1 on K and has compact support. (By 3.7(c) we know L3 ;) C L), so
Stewart’s condition is redundant.) By 4.2, f« fis in L7, 1y (G) C L(G) N L(G)
and its Fourier transform (f)? has the desired properties. Thus there is actually a
bounded L, function with such a Fourier transform.

LeMMA 4.3. Suppose 1 < p < co. For every nonnegative sequence a not in L(Z AD)
there is a nonnegative sequence f in [(Z *) such that T7_, a,B, = + 0.

n=1

ProOOF. If p = 1, set B8, = 1. If p = oo, choose a subsequence such that a, > k.
Let the corresponding B, be 1/k* and let 8 vanish elsewhere. Then clearly 8 is in
1,(Z7*) and the condition holds. Finally, suppose 1 <p < o0. By assumption,
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2o (e, = 400, so if D, =(a)) +(a))f + -+ +(a,), Dini’s theorem on
sequences (see [11]) says 22 ,(,)?/(D,)" is infinite for y < 1 and finite for y > 1.
Let 8, = a”’~ '/ D,. Then by Dini’s theorem
] . 0 an(p—l)p' _ -] a,’,’
n§1 Bn ngl D,f nm=] D,I,,, <%
0 ) 4
S b, = 3 = +oo.
n=1 n=1

THEOREM 4.4. For f locally measurable and 1 < p < & the following are equiva-
lent. -

(@) (f * g) exists (and is finite) locally a.e. for all g in L.

(b) (g * f) exists (and is finite) locally a.e. for all g in"L].

(©) fis in L{ . B

PROOF. By 3.8, we can assume 7 in N-N?2 uniform. By symmetry and invariance
of N, #w~'={E~": E € 7) is also an N-N? uniform partition. By 3.8, the map
f=f~, f7(x) = f(x""), leaves all the spaces L invariant. Since f*g =
(g™ * f7)~ it follows that (a) and (b) are equivalent.

By 4.2, (c) implies (a) and, in fact, f* g is in L(, ., We need only prove (a)
implies (c). Let E be in =, W a relatively compact neighborhood of the identity,
and g the characteristic function of E~'W ~'. Since g € L, (a) implies that f + g
exists for some x in W ~1; )

o > fG F(»)|g(y ~'x) dm(y) = fx ) dm(y) > fE (»)| dm(»);

f1s locally integrable.

Choose a maximal family of pairwise disjoint left translates { y;N % jeJ)of N?
and let H be a finite family of elements of G such that N* ¢ U ., zN. By
maximality G = U e, U,ep ;2N = U ,epylU e, N1z, If fis not in L{,,,
there must be z, in H such that the restriction of fto U ;¢; y;Nzgis not in L ), so
there must be some subsequence of the y;’s indexed by Z *, such that the restriction
of fto Uy, y,Nzy is not in L. Taking « in 4.3 to be {||f, ,; ~ll,}, there is
nonnegative f in /, (Z*) such that I7°_; a,B, = oc. Let g be a function defined to
be identically 8, on the set zy !y, 'N? are zero elsewhere. (Disjointness of
zg 'y, 'N? follows from that of y,N2,) Clearly g € L and if x € N we have

00

[Yey= ) dm(y) > T [ |f)|g(y~'x) dm(y).
G n=1"y,Nzo
Ify € y,Nzo,y " 'x € 25 'y, N2, s0 g(y “'x) = B,. Thus, for all x in N,

= o]

fGIf(y)g(y"x)| am(y) > D a,B, = .

n=1
Thus f * g(x) is not defined on N, a compact set of positive measure; assuming f is
not in L{ ., contradicts (a).
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N. Rickert proved [4] that for 1 < p, g < o0, 1/p+ 1/g <1 on a locally
compact group G which is not compact there must be f in L,(G) and g in L(G)
with f * g undefined on a set of positive measure. Theorem 4.4 gives a precise
characterization for (IN) groups and show it to be the rule, rather than the
exception. For p, g as above, we say f € L,(G) has a divergent g-convolution if
there is some g € L (G) such that f » g is undefined on a set of positive measure.
Immediately from 4.4 we have:

ProposITION 4.5. If 1 < p, g< o0, 1/p+1/q<1 and f € L(G), f has a
divergent q-convolution iff f is not in L(} .(G).

COROLLARY 4.6. The set of f in L,(G) having a divergent g-convolution (1 < p,
q < o0, 1/p+1/q < 1)is of second category in L,(G).

PrOOF. By 4.5 we need only show that X = L, 0 L{ ., is one of the first
category. With norm N(f) = || f|l, + || fllt;,;, X 1s a Banach space and the natural
injection of X into L, is continuous. By 2.11 of [15], since X is not all of L, it must
be first category.

5. Product-convolution operators. Let 91(G) be the locally measurable functions,
with locally a.e. equal functions identified. For 4 in 9W(G), p, denotes pointwise
multiplication by 4 ((P,g)(x) = h(x)g(x)). For f in IM(G), C, denotes the operator
having as domain the g in 9 (G) such that f » g exists (and is finite) locally a.e.
and which maps g to f * g. A product-convolution (PC) operator is a composition
P,C;. We will be concerned with cases where the domain of the PC operator
contains, and is restricted to, one of the mixed-norm spaces and the range of this
restriction lies in another. In this section we study conditions for the operator to be
bounded; in the next, conditions for it to be compact.

THEOREM 5.1. The operator P,C,, with h € L] and f € L], bounded from L] to
L wherel < p,q,r,s < o0, if

@l/p+1/r>1+1/s—1/qand

(b) (Sjp r) < (pys 92)-
In this case, the bound satisfies

1P.CAl7., < T Al
(I'(7) is as in 4.2).

ProoF. (b) implies 1 < 1/r, + 1/4g, so, defining ¢ by
—1—=max{0,l+i—1], l=—1—+—l——l,
L nn 4
(by 4.2) forany g € L7|1f * gll7 < (@I flI71l gllg-
(a) and (b) imply 5, < p,and s, < ¢,. If 5, = 0, forany E in 7,
07 * @]l <Nhello IS * &gl

For s, < o0, since (a) implies 1/p, + 1/, < 1/s,and |h|3 € L, , (E), |f*gl|} €
L, ,,(E), Holder’s inequality yields
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”[lhl:l I(f*g)"Y‘]E”l <“ |h|2||”|/-‘1" I(.f"l g)l:‘”t,/s,
= (gl | (f = &)l )™

so the results hold in this case also. Thus if 5, = oo, by the above result,

o= (f* &)l = sup |[h-(f*8)e]l, < sup |lhgll,, sup [|(f * &)ells,
Eern Een Een
<I4lp1S * gl < T el -

If 5, < o0, let k = max{l, p,/s,}, n = max{l, t,/s,}. Since 1/p, + 1/1, > 1/s,,
by (a) and the definition of ¢,, 1/k + 1/n > 1. Again by Hoélder’s inequality and
the preceding result,

3 B0l <[ ||hgu“] [2 n(f*gnu""] ,
SO

- (D <] 2 Al U0+ D]
<[ 2 ][ 2 4 o]

<( = o) (= 00+ 0a7)”
= [REWS * &I < T sl

COROLLARY 5.2. The operator P,C; with h € L" and f € L] is bounded on L],
where 1 < pPgr < o0, provided

(@)1/p + 1/r>1and

(® (41’ r) < (Py 99

In the next section we require a strengthened version of 5.1 which is also of
interest in its own right:

THEOREM 5.3. Suppose for1 < p, g,
(a) l/p +1/r> 1+ 1/s — l/q,
(b) (s, ) < (P> 91
©1l/r,+1/q,2 1+ 1/s,,
(d) (51 r) < (P, o).

Then, for any fin L”, ¢ > 0, 8 > O, there is § > 0 such that for any h in L) for

r,s < o0

which ]|h||” < 8 and |||}y < 6, then ||P,,Cf||

PROOF. Since r, < oo choose f; a bounded function of compact support such that
lf — foll; <¢&/20T(wm). For g in L] we know by 4.2 that

o * 8lito.an < T W foll(eo I8 llg (1
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and

o » &l < T(moll/ligle: @

We take 7 to be U-¥ uniform. The usual inequality for L, norms on sets of finite
measure yields

Wo * 8lnsrstoi-son < T(@Wol;lgligm(V) /=70 3

since 1/s, — 1/p, > 1/¢,. Let a = ¢ /(4T (m)ym( V)'/"“‘/"||f0||’[') and choose § > 0
so that

(8/ )7 VET(m) 0\ foll ooty < €/4- 4

For any A € L such that ||A||; < @ and ||A||f; ., < & and each E € 7, define
S, ={x:|h(x)|>a),E,=ENS,E,=E~E, Thenfori=1,2

SO 1o # O™ dm(x) < I Dell sl o * D2l s,-50
so k- (fo * )i lls, < Mgl 1o * 85 llps,/pr—sy = Y- Fori =1,

Y1 < |lAgllp |(fo * g)s”oo[m(El)](l/:'_l/p')

1 - (1/s,=1/p)
<ol Cfo * )l  I1600)

since am(E,) < |lhgll; < ||A||{1,00) Thus, if s, < oo,

5 1 - (s2/51—52/P1) 52 55
= (It * 91al.)" < (5 110w) S (el *(1Cfo * el
Een EE€w
But by (1), {li(fo * 8)ellw} € 4, () and by (2)

Ay 1 S
2+—2>1+s2(1——)=1+—,2->1,
Py D@ r p)

so, using Holder’s inequality,

$2/P2 /0

S (ko) "Uo» 91 < ( 2 (elp)”) " (  (1Ga+ 2ell)?)

= (| #ll5)*(ICfo * &)ll(eoran)”
< ("h”;)sz(r('”)|Lf0":oo,l)”g”;’)sz (by (1)).
Thus

/n—1

1 L g ! /P L] L L] € n
15 Go e s, < (S1HlGw) IO Wollonliel < 5 lel;

(by (4)). (If s, = oo the same inequality follows by similar computations.)
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Fori = 2,7, < a(m(V)"/?[|(fo * 8)ellps,/cp—sn a0d if 5, < 00 we have

- 5 1/5;
”(h “(for g))G~s, s < a(m( V))l/p' Eze (”(fo * g)E"pl-"l/(Pl_Sl))

< a(m( V))l/pl”fo * g”zﬁ’l/(Pl—’l)v’z) (Since by (C) t2 < Sz)
T T S1— - , € L4
< a(m(V) P T()fol); | gllgm() =2 < 2 gllg-
(Again, the result follows similarly for s, = co0.) Thus in all cases

|7~ (fo g)”: <|\(h- (fo*8))s, : +"(h(fo * g))G~S,,||: < %"g“;

and we have | P,C ||, <e/2.

By 5.1, IP,Coypyllys < DAl f = folly < OT(mIIf = follZ <e/2. Finally,
1PhCillgs < IPhCrllgs + 1PhCis—pyligs <e

Theorem 5.1 tells us that, given the hypotheses on the indices, the bilinear
mapping of L X P to the bounded operators from L] to L] defined by
(h, f) - P,C; is jointly continuous. Theorem 5.3, however, with slightly stronger
hypotheses on the indices, yields only that if the ball B, of radius § in L is given
the coarser (1, c0) topology the map from B, X L[ to these bounded operators is
separately continuous. This is precisely what we need for our results on compact-
ness.

We now show that if P,C; is a bounded operator between mixed-norm spaces
then 4 and f must lie in mixed-norm spaces—a result similar to what was proved for
C;in 44.

PROPOSITION 5.4. Suppose P,C; is a nontrivial bounded operator from L] to L],
with 1 < q,5 < 3. Then fis in L, and h is in L, )

(s1,00)°

PrOOF. By hypothesis f * g exists locally a.e. for all g in L], so, by 44, f is in
L(Wl,q’z)'

Suppose s, < 0. Choose g in K(G) such that f =+ g = 0. Since f * g is continuous
there is a § > 0 and a relatively compact open set W such that |(f( g)(x))| > 6 for x
in W.Since h- (f* g)isin L], itis locally in L, . Thus if 5, < o0

[ A dm(x) < (%) S B + gY)|" dm(x) < .

If 5, = oo a similar inequality holds for essential bounds. By translating g we see

that & is locally L, . If there is a sequence {E,} in 7 such that [jAg ||, > n we

can find {x,} such that lim,  |lhy, -1, = 0 and calculating as above

I(h - (f * 8)wsx-1ll;, = oo which violate the assumption that P,C; is bounded.
Using 5.1 and 5.4 completely settles one case.

COROLLARY 5.5. P, C; is bounded from L, to L iff his in L, and fis in L,.

Proposition 5.4 leads us to examine the necessity of the hypotheses of 5.1.
We restate the hypotheses:
Let1 < p, g, r, s € & be such that

(l)l/Pl'_*'I/’l <1+1/si—1/q,
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@ 1/py+ 1/, 2 1+ 1/s5, = 1/g,,

@)s, < P,

@ r, < g
Theorem 5.1 says that if 4 is in L] and f is in L,”, P,C; is bounded from L] to L.
Proposition 5.4 tells us conversely that if P, Cf is bounded from L] to L[ then (3)
and (4) hold for some choice of 4 and r with h in l,, and fin L.

We have found examples of “boundary” cases, of functions 4 and f which come
arbitrarily close to satisfying the conditions of (1) and (2) in which P,C; may or
may not be bounded.

EXAMPLE 5.6. Let {a,}, { B,} be sequences such that —3 >a, > -1, lim,_, a,

, B, >0 and T, 8,/(1 + a,) < 0. For 0 <x <1, define flx)=

i ,B x%, h(x) = — log x and let f(x) = h(x) = 0 elsewhere. Then h € L,(R)
for 1 < p<oco but h& L_(R); f € Li(R) but f& L(R) for 1 <gq < 0. We
examine P,C; on L,(R), i.e. ¢ = s = 2. Then clearly 4 and f cannot be members of
any pair of spaces L, L, (respectively) for which the conditions (1) and (2) hold,
but for any € > 0 there are index pairs p and r, such that (1) and (2) are violated by
less than e. By choosing particular g in L,(R) it is easy to show the sequence {B,)}
can be chosen so that P,C; is unbounded. The problem is to show that it can be
bounded. For this we need:

LEMMA 5.7. Let g be a nonnegative function in L*(R) vanishing on (0, c0) and let
g  denote the increasing rearrangement of g on (—0,0) (i.e. g(x) is the usual
decreasing rearrangement evaluated at — x). Let f be nonnegative, summable, decreas-
ing on (0, 00) and vanish on (— 00, 0). Then (f * g}y < (f * 80,00y @nd both these
Junctions are decreasing on (0, o).

ProOOF. For x > 0, we have
(fre)x) = [ fglx — )= [ fx + Dgl-1) ar
0 0
Since f is decreasing, for x > 0
fo°°f(x + Dg(—1) dt < fo°°f(x + g (— 1) dr.

fO<x <y thenf(y+0)2f(x+1)>0fort >0 sa [FAy + t)g(—t)dt >
& fix + Hg(—1) dt and the functions decrease on (0, ).
Suppose || g||, = 1, where g is as in the lemma. Then for x > 0

1 =f0w82(—‘) d =fow(g'(~t))2 at > fom(g‘(—t))2 dt > x- (g(—x))?

$0 g°(— x) < x~'/2 Thus, by the lemma, for x > 0

(o)) = [ TS B(x + 0)%g(—1) dr
<[ ZBL+oTE(-na
*® x a,—1/2
<> ,B,,fo (x + )™t dt
= xet1/2 ® =172 gy
> B, j(; (1+ )%t dt
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Write I, = [&P(1 + £)*t~'/? dt. Then, again by the lemma,

a- (fo)a <||h- (f+&)3 < fol(z B,L,x>*"?log x)2 dx

<SS B [ o wenenttde < S S bl
0

(a, + a,, + 2
Since -3 > a, > -1, a,a,, < 1 and &, + a,, + 2 > (a, + 1)(a,, + 1). Thus

2
he e <2 Pl
(o, + 1)

Since { B,} was only constrained by X 8,/(1 + a,) < oo, this last sum can be
made bounded by appropriate choice of { 8,} and P, C; is bounded on all positive g
in L%(R) with support in (— 0, 0).

Suppose the support of g is in (0, o) and let g be the decreasing rearrangement
on (0, x) of the restriction of g to that interval and again assume || g||, = 1. By
previous remarks we know g(¢) < t~'/? and

(f+ () < [ 0z de < [y de

x +1/2
< «=1/2 gt < xm
<Eﬁnf0t 1 2.3..(“"+%)

Much as before

[h- (frp<S i

(e, + 2 )a, +

<SS 28,8 < 2(2 B ) .

(an + %)(am + %)(an + a, + 2)3 (a,, + %)(01,l + l)3

Again, { 8,} can be chosen so this sum is bounded, as well as the previous ones.
Since any g in L*(R) can be constructed as linear combinations of positive
functions having supports in the two half-lines, for { 8,} appropriately chosen we
have P,C; bounded from L? to L%

Iy j(;lx"‘"*“m“ log? x dx

6. Compactness of PC operators. In this section we give necessary and sufficient
conditions for compactness of PC operators which satisfy the sufficient conditions
for boundedness given in 5.1. We thus consider P,C;: L7 — L7 with hin L] and f
in LT where the indices satisfy )

M 1/p+1/r<1+1/sy—-1/q,

@1/p,+1/r,>1+1/55-1/q,

) s, < pys

@r, < g
Because we do not know enough about compact sets in L we sometimes further
restrict attention to cases which also satisfy

(5) s, < oo and

(6) s, < co.
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If the “global” indices p, and r, are finite, the operators are always compact.
Except for the possibility that one or both of “local” indices p, and r, may be
infinite, the proof is similar to classical results for kernel operators. We include the
proof because of this complication.

DEFINITION 6.1. We say a measurable function Fon G X Gisin L7 (G X G) if
F(x, -)is in L] for almost all x and the function x — || F(x, -)|[}, is in L. The L7
norm of this latter function will be denoted || F|i(, -

LEMMA 6.2. For 1 < 5,9 <® and F in L} (G X G), the integral operator T:
L] — L defined by Tg(x) = [ F(x,)g(») dy is bounded and ||T|| < | F ity

ProoF. By 3.7(b) and the hypotheses on F, | Tg(x)| < || F(x, —)||7 gl a.c. on G,
so || 7gl5 < 118Gl Flitg.o -

REMARK 6.3. If F is continuous with compact support, then the transformation
defined in the lemma is compact.

ProOF. F can be approximated uniformly by “degenerate” kernels composed
from functions in K(G). The norm bound of the lemma then shows that T is
approximated in norm by the corresponding operators of finite rank.

THEOREM 6.4. Under conditions (1) through (5) above, if p, < o0, r, < oo then
P,C; is compact.

PROOEF. Suppose first that r, < co. By 3.7(¢) choose, for any £ > 0, f, in K(G)
such that ||f — £|I7 < ¢/2||a||;T(x)). Choose a finite p; < p, such that s, < py;
1/p;< 1+ 1/s, — 1/q,. Again by 3.7(¢) we can choose 4, in K(G) such that
Nk = k)T pn < €/2D(N fllio,ry Since f, is in L., (B — h,) isin L{:,,, and p}
was chosen so that (p}, p,), ¢, (00, r,), s satisfy the conditions of 5.1, we have

1PC;, = PGl < T(D)h = k(i) Alorn <e/2.

But again, using 5.1,
1PCr = PG| < T()| Al llf — £y <e/2

so P, C; can be approximated in norm by the compact P, C, and is itself compact.

Now suppose r; = oo. If also p, = oo, (1) becomes a strict inequality, we can
find p] < oo such that (p3, py), 7, g, s satisfy the conditions of the theorem and 4 is
also in L(};, \. Thus we may suppose without loss of generality that p, < . Given
¢ > 0, we can find 4, in K(G) such that ||h — A7 < e/21‘(77)||f||t,’. Since p, < «©
we can find r; < oo such that 1/r;< 1 + 1/s; — 1/4g,. Choose f, in K(G) such that
I f = £llG,y <e/QRI(MA){s,y)- Since (f — £) is in LG, h, is in L, , and
(0, p3), 4, (r1, rp), s satisfy the hypotheses of 5.1 we have ||P, G — P, G| <
Dm0 ppll S — £l < €/2. Moreover [[P,C; — P, G/l < T(m)|lh — izl £II7
< ¢/2 and, as before, P, C; is compact.

More interesting results are obtained when either p, or r, is infinite. We now
consider these cases when conditions (1) through (6) are met.
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LEMMA 6.5. If 51, 5, < o0 and a, B are members of L having disjoint (essential)
support, then

ladly +18IE >l = Bllg > 2072+ V"D a7 +| Bl ]-

Proor. The first inequality is clear. For the second, we know by 2.1

Een

o = Bl - = ( J Jatx) = BCN dm(x))SZ/ST/SZ

r 1/5,
=| 2 ((lells)” + (IIBEIIs.)s')sZ/x']

EE€n

r 1/s,
> [2"/"-'>ua5nx.+nﬂsns.]"]

| EE€En

1/5,

> 2070 3 (Jall)” + (18el.)”]

1/s,

. 1/5, s
20l ( 3 o) + (2 08007) ]
Eecx Een
= 20D ol 48]

Since G is an (IN) group, the operator S defined on locally measurable functions
by (Sf)(x) = f~(x)=f(x"") leaves all the spaces L;(G) invariant and is bounded
on each. Then (SC;Sg)(x) = [ f(¥)g(xy) dm(y) and SP,S = P,- so SP,CS =
P,-SC;S. These will be used in the next proposition. We will also need Q(1, a, f)
defined for all f and @ in G and fin L, by a fixed 4 in L and a fixed g of compact
essential support in L7 by

Q(t’ a’f) = "PhSCfS(ag _’g)":

—2<'/s:+'/52-2>[ I P,,SC,S(,,g)”;' +| P,,SC,S(,g)":]

where (1) through (6) all hold, and r, < .
LEMMA 6.6. lim, | Q(¢, a, f) 2 0.

PROOF. Since r, < oo, there is a compact set L for any § > 0 such that
Ilf = foll7 <$8. Then

10(+, a,f) - Q(1, a, £,)|
< (| PuSCs-1y ST + | PuSCis— 1y S(R)|T)(1 + 21721+ /52
<P IS IS 1l +8l)(1 + 2/ /=7 = g7
< IAIEISIPMgl(1 + 2B = f7
< 8)lhp || S| lglig(1 + 2/ + /o),
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By 3.14, A > 0 can be chosen independent of a and ¢, so by choice of § this last
quantity is less than e. The essential support of SC; S(,g) is contained ina~ IKL-!
and that of SC; S(,g) in 1 'KL~". Take K, to be KL~ 'LK ~'a; then if ¢ is not in K,,
P,SC, S(,8) and P,SC, S(,g) are in L and have disjoint essential supports. Thus
by 6.5, Q(¢, a, f;) > 0. Hence if t & K,, Q(t,a,f) > — e.

PROPOSITION 6.7. If (1) through (6) hold and p, = oo, f € L, f # 0, h € L], then
P,C, from L] to L is not compact if h & L o )

ProOF. By discussion preceding 6.6 and the invariance of Lg under S, it
suffices to show P, SC.S is not compact.

Choose g # 0 in K(G) with support L. Then SC,Sg is continuous, so there is an
open W and ¢ > 0 such that |SC,Sg| > ¢ on W. There is a symmetric relatively
compact neighborhood U of the identity and x, in W such that x,U* C W. Let #
and F be as in 3.4 with V = U2

If xo € E' € m, xz € xqU? 50 E' C xqU* c W. Thus

- 5 s 1/s
1P, SC;Sgll; > [ fE 1R()["|(SCS)(8)] 'dm(x)] > | hg s,
If we write z(E) = xz.x; ', we have similarly

5, /s,
|12, SCSCamr®)l; >[j;5|h(x)|s'|('5'CfS(z(£)g))(")| dm(x)] > el g,

for if x € E, (SCS(,(gy8))x) = (SGSg)(xpxg 'x) and xpx;'x € x. U? C W.
Note that:

(i) If D is a compact set, there is a finite subset, J(D), of & such that if z(E) € D
then E € J(D).

(i) Since h & L ,,, there is § > O such that for any finite subset of =, there is a
member E of 7 not in that subset such that ||Ag||, > &.

Let ¢ = €62'/*'*!/%272 and choose E, in 7 such that ||h, ||, > 6. Let z, = z(E,)
and (by 6.6) choose a compact I' such that Q(s, z, f) > — ¢ for ¢ outside T. By (i)
and (ii) we can pick E, & J(I') with ||hg||, > 8. Letting z, = z(E,) and using
computations made above we see that ||P,SC.S(, g5 > € for i =1,2, and
Q(z,, z,, f) 2 — c since z, is not in I'. But by definition of Q we have

| P.SCS(.,8) — P,SCS(,8)|. > 2'/1*+"/7%(2e8) — ¢ = c.

Suppose we have chosen E|, E,, . .., E,_, in = such that, writing z; for z(E)) we
have, for i # j, (a) || P,SC,S(,8)Il; > €6 and (b) ||P,SCA,8) — P,SCS(. QI > ¢
where i and j run over 1,2,...,n — 1. By 6.6, choose I' compact such that
Q@, z,f) > —c fortoutsideI" and fori = 1,2, ..., n — 1. By (i) and (ii), choose
E, & J(T) such that ||Ag ||, > 6. As above (a) and (b) then hold for E,, ..., E,.
We have, by induction, a bounded sequence {, g} in L] such that { P,SC.S(, g)}
has no convergent subsequence, so P, SC.S is not compact.

We now prove the main result of this section. We give two equivalent versions.
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THEOREM A. Let p, q, r, s, satisfy conditions (1) through (6) and p, = + 0. For f
inL hinL’. =

(@) If s, <py, P,C; is compact from L] to L iff his in L q).

(b) If s, = p\, P,C; is compact from L] to L] iff h is in L, .

THEOREM A’. Under the above conditions, P,C; is compact from L] to L] iffhisin
LZ;I,O)‘

PROOF OF A. (a) Suppose 4 is in L(j . Then there is a sequence K, of compact
sets such that ||h — h,||(} ), < 1/n where h, is the restriction of k to K,. The
hypotheses of 5.3 hold, so ||P,C; — P, Cf|| = [|P_,,Csll = 0. On the other hand,
P, C; is compact by 6.4 so P, C; is also compact.

Conversely, if h is not in L q), it is not in L§ o, so P,C; is not compact by 4.7.

() If his in L{, o, we can find h, as in (a) such that ||A — A,|[; —> 0. By 5.1,
1P, C; — P, Gl < T(m)|| fII7IlA — h,ll; — 0. Since P, C; is compact by 6.4, P,C is
also. The converse is 6.7.

PrROOF OF A’. The direct part is 6.7. For the converse, let s, = p,. By (b) of
Theorem A, P, C; is compact. For s; <p,, hin L, o implies A in L 4 so, by (a) of
Theorem A, P, Cf is compact.

The case remaining are those in which r, = + oo which implies ¢, = 1. We solve
the compactness problem for all such cases when G is first countable.

DEFINITION 6.8. Let X be a translation invariant topological vector space of
measurable functions. A member of X will be called translation-continuous in X
provided its orbits under both left and right translations define continuous maps of
Gto X.

By 3.13 every member of L] is translation-continuous if 1< p < . Some
members of L (G) are not. We characterize the situation for the case p, = . (We
only sketch the proof.)

LEMMA 6.9. Let w and F be as in 3.4. For fin L[, ., 1 < p < o, the following are
equivalent:

(a) f is translation-continuous in L{, ...

(b) f is the limit in L{, o) of uniformly continuous functions on G.

(© {«;/e: E € m} is a compact set in L,(V).

PRroOOF. Clearly uniformly continuous functions are translation-continuous and it
follows easily that norm limits in L{, ) also have the property. Let {G,: a € 4} be
a net of neighborhoods of the identity with N ., G, = {e} and let g, be the
characteristic function of G,, normalized in L,. A modification of the classical
argument for L, shows g, = f converges to f in L, ., and clearly g, + f are
uniformly continuous. Thus (a) and (b) are equivalent.

Note that f in L{, ., means precisely that the set {,-f¢} is bounded in L, (V)
and thus satisfies, as a subset of L,(G), conditions (a) and (c) of 3.13. It can be
shown (we omit the details) that the set satisfies condition (b) of 3.13 iff f is
translation-continuous. Thus the set is compact iff f is translation-continuous and

(a) is equivalent to (c).
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THEOREM B. Let p, q, r, s satisfy conditions (1) through (6), r, = + oco. With f in
L', h#0in L), for the operator P,C; to be compact from L] to L it is sufficient
and, if G is first countable, it is necessary that f be translation-continuous in the space
of bounded local multipliers LM ., (cf. Definition 3.19).

ProOF. By the hypotheses, we have ¢, = 1, p, <5, < o0. Also 1/r, + 1/4q, —
1/s, < 1 —1/p, < 1. Since f is locally r, it follows from Young’s inequality that if
E and F are relatively compact sets of positive measure, ApCr maps L, (E) into
L, (F) and its norm is bounded by || fgg-1l|,,. For any H in =,

A7 = sup |ACeAEll,s, < sup fue-ll-,
Eex EE€n

<swp X el T < oo
)

E€n E'€S(EH

(where S(E, H) and I'(7) are as in 4.1). Thus fis in LM] ; ...
Suppose f is translation-continuous. Assume first p, < oo and let g be in the unit

ball of L. For any x in G, we have
1(P.Cg) ~ P.Cg|] =l(h) - (S x8) = k- (f*B)];
<[Gh = k) - Gf* )y +]|h-[(S =) 8]}
< (k= Al IAE +AIIGS = ) = glly

(as in the proof of 5.1) where 1/¢, = max(0, 1/r, + 1/q, — Dand 1/, =1/r, +
1/4, — 1. By the hypotheses of the theorem, however, we have in this case ¢, > s,
and ¢, = o0, s0

|(PuCi8) = PuCrall; < T(@)llck = A IAL + Al F = 1) * 8llceoor

and we know

1GF = 1) * &llGuoy = sup Eze G = £) * g8e)ells,

€en

<sup X IIAECu—nAs'IIq.,:.llgs'llq.-
E'en

Een

Let N be the compact invariant neighborhood for the (IN) group G. We know
that N C Uy, U Uy, U ... uUy and V C 2z, N U z,N U ... Uz N for some
finite sets of y’s and z’s. Then given any E, in = any other member E is contained
in the set UJ_; U, Eoy;xz,'xz2; consisting of rk right translates of E, (where, as
usual, we have 7 and the set F of xg as in 34). Let S(E',z) = {E” € m:
E’z n E” # J}. By 3.4, the cardinality of S(E’, z) is bounded by rn (N, V), since
E” € S(E',2) = U [o1(xgz;N N E”) # &, and the bound is independent of z
and E’. Thus for some choice of kr elements { gj} in G, depending on E, we have
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kr
[A£Cis-nAellgs, < 21 [Ag,g Cos-nAed,.,
P=

kr kr
= E} [Ae,Cor-nBegll,, < 2 2 |AeCornl,

j=1 Eres(E.g")
< kr'ng(N, V|iof — Nla%., (by 3.15and 3.16).

Using ¢, = 1, we have
I = 1) * s < krneN, VIS = e 3 D)

= krPng(N, V)|lf = Nlzresolllle-

This proves that
1(PC8) = PiCygll; < T(m)llch = Al |LA; + | Elpkrnp (N, V)|f = 750

The first term on the right approaches 0 as x approaches the identity since we are
assuming p < oo, the second term does likewise by hypothesis, and the conver-
gence is uniform for g in the unit ball. Thus the image of the unit ball under PG
satisfies (b) of 3.13 and it clearly satisfies (a) as well.

By (c) of Proposition 3.13, given € > 0 we can choose a compact set K such that
gl < e/T(@IISI7. Then (P,Cg)o_k = Py,_,(C8)Gx» Which has norm
bounded by ||A. K)||;I‘(7r)|| SlI7 <e, for all g in the unit ball, as required. Thus the
image of the unit ball under P, Cf is compact if p; < 0.

Consider next p; = o0, so his in Lg,,, with p, < oo. For each positive n we can
choose Borel B, such that if A, is the restriction of 4 to the complement of B, then
12,1l py < 1/n. For fixed n we can find 4" in K(G) identically 1 on B, with range
in [0, 1]. By the previous case, P, C; is compact from L7 to L], so (P, — P, )C, =
(P, — P, )P, C; is compact and by 5.1, || P, Gyl < I‘(77)||h,,|!(wh)||f||”—>0 Thus
P, C; is compact which completes the proof of sufficiency.

Before turning to the converse, we note a special case in which the assumption
on the indices guarantee the translation-continuity condition, so we can exclude
this case in the proof of necessity. Suppose 1/r, + 1/q, = 1 + 1/s,. By hypothesis
this implies p;, = oo and, since 5; < o0, r; < 00. We will show for any net {¢,} > e
we have translation-continuity: ||, f — f H’;'fs:?;w — 0. If not, there are nets {¢,} — ¢,
(E,} in m g, in L,(E,) with [[g,ll, =1 and [|[(,f — /) * glg/l, > > 0. By
4.2(b) we have I[(,f — ) * &g l,, < CI(f = ) * &l < CT@| . f = S, | g,
= CT(m)||, f — fll, and by 13.5() ||, f — fll, =0 since r < . This contradicts
the supposition that f does not satisfy translation-continuity. Thus we can assume
1/r, + 1/q, — 1/5, < 1 in proving necessity.

Suppose f is not translation-continuous in LM ... Since G is first countable
there is & > 0 and a sequence {1,} — e such that ||, f - fll’;’lﬁ':;w > 4. Thus for
each n there is E, in « such that [|[Ag C,_nAg I, 5, > & for ¢ = ¢,. This means for
each n there is g, in the unit ball of L, (E,) such that ||[(, f — f) * g,]gl,, > 6. Let
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kn =t,,(AEOCfgn)’ Pp = AEong,,. Then
k,—p, = tn[(XEo - x-f..Eo)Cfgn] + [(,ﬂf - f) * gn]Eo'

The above calculations show the norm in L, (Eo) of the second term exceeds §,
hence so does its norm in L. By continuity of translation (3.13(b)) and the bound
of 5.1 for PC operators, the first term is bounded in L” norm by a multiple of
lixe, = X, g,ll, =0, where 1/» <1+ 1/s,—1/r,—1/q,. Thus |k, = palls >
8/2 infinitely often, the image of the unit ball under the operator Ag C; violates
3.13(b) and hence the operator is not compact. Let A be relatively compact, Borel
and of positive measure. If A,C; is compact, so is A, -G =T, AT, -.C, =
T.A,C;T.- (right translation commutes with left convolution). Since A,,-: and
Ag, commute, all A, 1Az C; are compact and by 3.13

0= nli_)ngo ”t,,(AAx"AEongn) - AAx"AEOCfgn”:

= ,}an}o ”AAx-'(kn — P+ (At,,"AX" - AAX")[I,,(AEOCfgn)]
As before, by continuity of translation and the bound for PC operators,

”(At,,“AX" — Ay [l,,(AEongn)]": -0

so we must have ||A - «(k, — p,)||5 — O for all x. But

1A asiChs = 2, = [ X ODKAD) = O] dm(3)

L

3

= [ ) = o dm()

=[x4-1 % [k, = 2" ](x7)

so this last convolution converges pointwise to zero. By Lebesgue’s dominated
convergence theorem,

fc [xa-1 * K, = o] ](x)dm(x)

= [ [ xa-O)kay7%) = Py~ %)[" dim(x) dim(5)
G YG

[ x4 [ ooy ™'%) = po(y = )] dm(y) dm(x)
G G

m(A~ )|k, = Pl

converges to zero. Since k, — p, has compact support, we have also ||k, — p,|I7 —
0, which contradicts our result that ||k, — p,||5 » 0. Thus A, C; is not compact for
any relatively compact Borel 4 of positive measure. By assumption on A there is
such an 4 on which |A| > & > 0. There is also a bounded measurable g of compact
essential support such that gh =1 on 4, so A,C; = (A,P)P,C,. If A,C; is not
compact, P, Cf cannot be.

A portion of the above yields
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COROLLARY 6.10. For fin L ., hin L{,,, with r; < oo, p, < oo, the operator
P,C; from L{, \yto L(; ., is compactif 1/r  +1/q, =1+ 1/s,> l,andp, <5, <
0.

COROLLARY 6.11. Under the hypotheses of Theorem B, P,C; is compact whenever f
is a translation-continuous vector in L.

ProOOF. The local multiplier norms of Theorem B are dominated by r, norms.
The conditions of 6.11 is often easier to verify than that of Theorem B. Unfor-
tunately it is not necessary. We give a counterexample using the uniform partition
of R into the intervals E, = [2n7, 2(n + 1)7). Let D, be the nth Dirichlet kernel:

sin(n + %)x
Dll(x) = . 1
2sin 5x
and let 4, be the normalized restriction of D), to L,(E,). Let f=37___d,, so f

belongs to L ., (R).

ExaMPLE 6.12. The function f is translation-continuous in LMJ,. . (so, e.g., for
any hin L, ,,, P,C, is compact from L3, to Lg ;, but f is not translation-continu-
ousin L .

Proor. For g in Ly(E,), x in E,

o) = [ 1 -N = [~ sMfx - &
2(k+ )nm ®
= f flx = y)a(y) &

2k
2(k+ )7

= fx+2k"dk(x - g & + [ A5 = )80 &-
ke x+2kn

JForn >0, D, (x) = D,(x)+ cos(n + 1)x and the L,(E,) norms are strictly
increasing so, writing the reciprocal of this L; norm of D, as G,

(F+ @I < G| L7 Du(x = )20 b))

[ 2570 co(e + 11(x ~ )z0) |

+2km

As is well known, the first of these integrals is = times the projection of g to a
subspace of L?2km, 2(k + 1)@), so

2n| 2k+ D7 2 2(k+ 1)
ST ulx = g | ax < [ 57 g .
0 2 2km

ka
By direct computation, we also have

T x+ D7m 2
fz fz( D7 cos([k + 1)(x = y))g(») dyl dx < 4"2f 8N &
o 2km

x+2kn
Thus [27|(f * g)(x)|* dx < C277?||g||3. Since the C,’s converge to zero, f is in
LMJ, o, C LM, . Thus given ¢ > 0 we can choose a compact set K such that
sup, |l .(1 — AfII353, < &/3. Since K is compact, as x = 0, || (Axf) — ArflI532,
< (A = AflI§t .00y = 0. Thus if x is small enough || f — fl|332, <e, so f is
translation-continuous in LMy, .

2(k+ )
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For 0 <8 <m/2, let E(8) = U 2_,[2nm — 8, 2nm + §) and let F(8) be its
complement. We know

2r—8 27-8  dx 2m — 28
D (x)] dx < < ,
fo | | fs 2 sin(%x) 2sin(8/2)

soasx =0, | (Apsy /) — Apsyfll{1,0) = 0- On the other hand,

aa(A ey = Ap sl = l2s(Apy M eey + A2\ (1002
which can be made arbitrarily close to one. Thus f is not translation-continuous in
L oy
(1,00)

7. Summary and applications. In this section we review our results, illustrate
important special cases, and show how the results can be extended.

Proposition 3.7 establishes that the mixed-norm spaces L, ,(G) (for 1 < p, ¢ <
oo0) provide a class of Banach spaces which interpolate (and include isometrically)
the usual L,(G) spaces as topological vector spaces, have duality relationships
similar to those of the L, spaces, and have the continuous functions of compact
support as a dense subset if p, ¢ < oo. Theorem 4.2 provides the analogue of
Young’s inequality for convolutions on these mixed-norm spaces. (See also [18].) It
incidentally establishes that L, ,,(G) is always a group algebra and allows us to
strengthen a lemma of Stewart [16] to show (for G abelian) there is a bounded L,
function on G with Fourier transform of compact support and identically equal to
one on a prescribed compact set.

Proposition 5.4 shows the introduction of mixed-norm spaces cannot be avoided,
even in studying bounded PC operators on L, since the product and convolution
functions must lie in certain mixed-norm spaces but need not lie in any of the usual
L, spaces. Theorem 5.1 establishes sufficient conditions for boundedness of PC
operators between mixed-norm spaces. Necessary and sufficient conditions for
P, C; to be bounded are obtained only for operators from L, to itself (4 must be in
L and fin L,). Example 5.6 shows that if the conditions of 5.1 are approximated
arbitrarily closely whether the operator is bounded or not can depend on “rate of
growth” conditions.

As an application, consider PC operators on L,(R) (which were the original
motivation for this study). Let = be the partition of R into unit intervals [n, n + 1).
Proposition 5.4 states that for such an operator P,C; to be bounded it is necessary
that f be in L{] 5 and h be in L ., i.e. f must be integrable over each interval and
the resulting sequence of L,([n, n + 1)) norms must be square summable while A
must be locally square integrable and the sequence of L,([n, n + 1)) norms must be
bounded. Theorem 5.1 says such an operator will be bounded if fis in L , ,-lo-
cally in L, ([n, n + 1)), with norm sequence in /, -and & is in L, ,,, where
1/po+1/rn <1, 1/p,+1/r, 21,2 < p,, r, < 2. (The last two conditions are
also necessary, of course.)

Our discussion of compactness is limited to operators P,C; which satisfy the
sufficient conditions for boundedness given in Theorem 5.1 acting between spaces
where neither index is infinite. In that case Theorem 6.4 shows that all the
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operators for which the “global” second indices of both 4 and f are finite are
compact. For a PC operator in L?(R), for instance, the operator will always be
compact unless in the above conditions p, = oo. Theorem A gives necessary and
sufficient conditions for compactness of P,C; when the global index of 4 is infinite.
(This, incidentally, answers the question posed in the first paragraph of this paper:
if his in L_(R) and f in L,(R) then a necessary and sufficient condition for
compactness of P,C; as an operator in L,(R) is that A be in L), i.e., h must be
locally in L,([n, n + 1)) and the sequence of L, norms must converge to zero. This
is equivalent, of course, to the condition given in [2].) The remaining case, when the
global index of f is infinite, is dealt with in Theorem B. This can only occur when
the global index of the range space is 1, so does not apply to operators on L,(R). It
can be applied to L,(R), however. For instance, Corollary 6.10 shows that P,C; is
compact from L,(R) to L,(R) provided A is in L, ;,(R) (i.., h is bounded and the
local bounds on [n, n + 1) are summable) and f is in L .(R) (i-e., f is locally
integrable and the L, norms on [n, n + 1) are bounded).

To produce a particularly nasty example, let 8, ¢ be in L, with essential support
in [0, 1] and let

h(x) = fjl\/; 8(nx — n?),

f(x) = S (nx — n?)/Vn log(2n).

n=1
Then P,C; is bounded on L,(R) but not compact. On the other hand, with the
same f, if A(x) = 3%_, log nf(nx — n®) then P, C; is compact. (To be more specific,
take 8(x) = ¢(x) = 1/Vx log(x/2) on (0, 1}.)

The class of kernels to which our results apply can be broadened by applying
some simple manipulations. By taking adjoints, we obtained results for convolu-
tion-product operators C;P, and consideration of (P,C)*(P,C)) yields results for
kernels of the form

K(x, 1) = [F(x = ROy = 1) &

often encountered in applications. A rather different set of kernels can be obtained,
however, by using a change of variables. Let k be a monotone increasing absolutely
continuous function on R and define T on L,(R) by

(Te)) = [ Jlk(x) = »)g()dy = = (/ » £)(K(x)).
Then
(T8l = [ 1(f » ) (k)P dx

= f:ol(f* g)(")lz(%) dk = (||P,Cell,)’

where h = (dx/dk)'/%. Thus boundedness of T reduces to that of a PC operator.
Moreover there are clearly partial isometries U and V such that P,C; = UT,
T = VP,C, so T is compact iff P,C; is. Similarly, if we let
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(Se)x) = [ fx = KOOI

we need only observe that S is the adjoint of an operator of the type T defined
previously (with f replaced by f~). Its boundedness and compactness, therefore, are
also determined by those of a PC operator, namely P,C;-. Thus our results
embrace kernels of the type f(k(x) — y) and f(x — k(y)) as well as those of the
form A(x)f(x — y) and their adjoints f(x — y)h(y). Obviously, the restrictions to
monotone k in the above discussion is overly stringent and can be weakened to
demand only that the induced measure be absolutely continuous. The dx /dk in the
above calculation then becomes the Radon-Nikodym derivative.

For specific examples, let f be in L (R) and define the operators T, T, S, and
S, on Ly(R) by

(T, g)(x) = f_wwf(e"" + sin|x| - y)g(y) &,
($18)(0) = [ flx = ¥ = sinly)g(y) b,
(To8)(x) = [ f(x| + loglx| - 28 b,
($28)x) = [~ fx = |y] ~ logy)s(») .

Application of our results as outlined above then shows that 7', and S, are compact
while T, and S, are bounded but not compact.

8. Acknowledgements. The authors are indebted to Professor Jesus Gil de
Lamadrid for bringing reference [18] to their attention and to Professor Loren
Argabright for numerous discussions including the observation that the functions
considered in 3.9 provide new equivalent norms.

ADDED IN PROOF. The authors have recently been made aware of several
publications by H. G. Feichtinger which relate to mixed norm spaces as discussed
in this paper. See, for example, [19] and [20].
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