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1 Introduction

Gravitational particle production is a universal phenomenon which happens in the ex-
panding universe [1, 2]. If a field is not conformal, it feels the time-dependent background
evolution of the metric and results in finite number density even if we start with the
adiabatic vacuum with no particle excitation initially. Gravitational particle production
in inflationary universe was discussed in refs. [3-5], where it was shown that the parti-
cle production happens during the transition from inflationary (or de Sitter) era to the
radiation-dominated or matter-dominated universe. Depending on the mass of the parti-
cle, these gravitationally produced particles can be dominant component of dark matter
(DM). A typical number density of produced particles during the transition is given by
n ~ Hi?;lf where Hj,s denotes the Hubble parameter during inflation for a scalar field with



a minimal coupling to gravity if m < Hi,s where m denotes the scalar field mass.! Note
also that a light scalar field with m < Hj,¢ gravitationally develops condensation during
inflation, whose subsequent oscillation can account for the DM in the present universe (see
e.g. refs. [6, 7] for recent works on general spectator fields).

Recently it was argued that the gravitational particle production also happens during
the reheating era in which the inflaton oscillates coherently, due to the fact that the cosmic
scale factor a(t) contains a small but rapidly oscillating part [8, 9]. Since the time scale of
—1

the coherent oscillation is given by ~ m_,

potential minimum, particles with mass smaller than m;,¢ are likely to be produced, along

where m;,¢r denotes the inflaton mass around its

the line of preheating in models where the inflaton directly couples to other fields [10-13].
The number density produced in this way is also given by n ~ H glf for a minimally coupled
scalar. It is comparable to the contribution discussed above, but now the particle mass
can be as large as the inflaton mass mj,¢. Since many inflation models have mi,s > Hiuy,
it opens up a possibility that the super-Hubble mass particles are efficiently produced
and become a dominant component of DM. This scenario was further studied in detail
in refs. [14, 15]. See also refs. [16, 17] for some related works.? This class of scenario is
interesting since we do not need any particular interaction of DM with SM particles to
account for the present DM abundance. In this sense, it may be the simplest model of DM.

In this paper we consider production of a massive fermion and vector boson which
only have gravitational interaction. A fermion or vector boson may be more suitable as a
candidate of purely gravitational DM since their interactions with the SM particles can be
naturally forbidden at the renormalizable level. For a singlet fermion 1, the only possible
renormalizable interaction in the Lagrangian is £ ~ y;1(L;®) + h.c. where L; (1 = 1,2,3)
denotes the lepton doublet and ® is the SM Higgs boson with g; being coupling constants.
This coupling is forbidden by, e.g., assuming that the SM fermions are charged under B— L
gauge symmetry but ¢ is a singlet. Especially, 1 is absolutely stable if the Z5 subgroup
of U(1) B — L symmetry remains unbroken. For an Abelian hidden vector boson A,, the
only possible renormalizable interaction is the kinetic mixing with hypercharge photon,
which may also be forbidden by imposing discrete symmetry. For a scalar field ¢, on the
other hand, one can always introduce a Higgs-portal coupling £ ~ —\¢?|®|? which drives
¢ into thermal bath unless the coupling constant A is very small. Once thermalized, the
DM abundance is determined by the standard freezeout scenario [22, 23]. Thus fermion or
vector boson can be more likely to be purely gravitational DM.

The gravitational production of fermion or vector boson is qualitatively different from
the case of scalar field with minimal coupling to gravity. This is because the fermion and
(transverse) vector boson are conformal in the massless limit. One can choose a canonical
basis such that the dependence on the cosmic scale factor completely disappears. Thus
there is no particle production in the massless limit, which is similar to the case of a
scalar field with conformal coupling. The case of massive vector boson is a bit complicated

!Precisely, Hins should be regarded as the Hubble scale at the end of inflation. In this paper we take
the Hubble parameter H to be constant during inflation, which is a good approximation for our purpose.

2Gravitationally interacting particles are also produced by scatterings of the Standard Model (SM)
particles in thermal bath through the graviton exchange [18-21].



since the longitudinal component behaves rather like a minimally coupled scalar field and
requires a careful investigation.

In section 2 we study the gravitational fermion production. In section 3 we investigate
the gravitational production of massive vector boson in detail. In particular, we carefully
distinguish the transverse and longitudinal mode and discuss how they behave under the
time-dependent background. We conclude in section 4.

2 Fermion production

2.1 Fermion action in the FRW universe

Let us consider an action of free Majorana fermion v/, which satisfies the Majorana condition
T . . . . .
1 = —C~ %" with C denoting the charge conjugation matrix,

1_

§= /d4xe [_2¢ (#4°D, —m) | | (2.1)
where e}, denotes the vierbein with a, b, ... and yu,v,... represent local Lorentz and general
coordinate indices respectively, and e = det(el) = y/—g. The covariant derivative is
given by

1 ab
Dy =0, + ZW;L Y[aVb]s (2.2)

where the spin connection is defined as
wzb = 26”[‘%9[“6”]1’] — e”[“eb]”e#c&,eg. (2.3)
In the Friedmann-Robertson-Walker (FRW) background,
ds* = —dt* + a*(t)0;;dz" da’ = a®(7) (—dr? + 8;jda’da?) (2.4)
the only non-zero components are
w? = 6, (2.5)

where H = a’/a is the conformal Hubble parameter, which is related to the Hubble pa-
rameter H = a/a through ‘H = aH. Here and in what follows, the prime (dot) denotes the
derivative with respect to conformal time 7 (physical time t). It is convenient to perform
the rescaling as QZ = a%/2y) so that the action becomes

1= ~
S = / drd’z [2¢ (6H~29y, — am) P | . (2.6)

It is seen that the rescaled field has a canonical kinetic term and the action is independent
of the scale factor a in the massless limit m — 0. In other words, a fermion is conformal
in the massless limit. Therefore, the rate of gravitational particle production is suppressed
by the fermion mass .



It is convenient to work with the Fourier mode since we are interested in the
free fermion:

= &>k ik-&
9@7) = [ e, (27)
The equation of motion for the mode function is given by

(8770 — ik -5 — am) V(1) =0. (2.8)

Now let us expand the mode function as

_ T
NGRS [u,;’h(f)b,ah o, (0b (2.9)
h=+
where v, = —C’*lfTEh and h denotes the helicity degree of freedom. The normalization

condition is taken asifoyllows:

u%h(ﬂu,&h, (1) = v;h(r)vah, (1) = O, u%h(T)u,ah,(T) = 0. (2.10)

The creation and annihilation operators satisfy the following anti-commutation relation:

{bppobly o b= @m) 8F = K)o, {bpob } = {bgh,bg’h,} —0,  (2.11)

—

so that the original field satisfies the anti-commutation relation {¢(T, ), 9t (r, g]’)} =§(Z—

). Let us write the mode function as

ugh T

upp(m) = 2 ® & s (2.12)
k

where &, denotes the eigenvector of the helicity, which satisfies (& - E)&E p = h&g, with

k = k/|k| and h = +1. Taking k¥ to be the z-direction, we have = (1,0)T and

§p_ = (0,1)”. Adopting the Dirac representation for the gamma matrices, the equation of

motion becomes

i@Tuih(T) + hkukf’h(T) ¥ amu%h(T) =0, (2.13)

which may be cast into the second order form,

8Zu$h(7) + [w,%(T) + i(am)'] u%h(T) =0, wi(r) = k* + a*m?. (2.14)

Note that u;gfh and ugh are not independent of each other and the normalization condi-

tion implies

ut (7) +‘u:h(7) ~ 1. (2.15)



During the de Sitter phase in which the Hubble parameter is given by H = H;,s =
const, noting (am) = a’Hiym and 7 = —1/(aHyy), we find an exact solution to
eq. (2.14) as

| —7mkT 4 mm_ 1 m
u%:,h(T) = 7€ Te 2H;nf Hl(lli)(—kT), V4 = 5 :F Hinf, (216)

where € = 1 for u%h and € = —h for Uz and HV (x) is the Hankel function of the first

kind with order v. In the far past (k7 —>7—oo), or the short wavelength limit, it approaches
to the same mode function as the Minkowski vacuum:

uir N Me—ifwkd77 us — —h Me_ifwde, (217)
K.k 2wy kb 2w,

Here a(r) — 0 limit should be understood. It is also evident that there is no significant

growth in the superhorizon limit (k7 — 0) during inflation.?

2.2 Fermion production

Now let us estimate the gravitational fermion production. The fermion production in the
rapidly oscillating background or the fermionic preheating was studied in refs. [24-27]. The
gravitational fermion production in the expanding universe was studied in refs. [28-30] and
also the gravitino preheating was extensively studied in refs. [31-37]. Here we combine these
knowledges to estimate the rate of gravitational fermion production, especially pointing out
the contribution from the inflaton coherent oscillation.

The energy density of the fermion is given by

1 A3k

a}(r)pu(r) = 5 (Bliord) = 2 / amperfuth) (2.20)

where the prefactor 2 counts the two helicity modes and

- 1 2 2 1

o) = 50 [“m < ug, ()] = [, ()] > + 2hk Re (ugh(f)%;(r))] +5 (22
1 1

-5 [am +2Im (u;rh (T)aTu-ih(T))} +5 (2.22)

denotes the occupation number or the phase space density. The last factor +1/2 cancels the
negatively divergent energy density due to the fermionic zero-point fluctuations. One sees
that fy, = 0 for the Minkowski mode function (2.17). In the time-dependent background

3 Asymptotic form of the Hankel function in the short wavelength limit is

HO (2) - \/Ze«zf@umm for - +oo. (2.18)
T

In the long wavelength limit, the Hankel function becomes

H}E”(m) - — 'F(l/) <%>V for x -0 and Re(v) > 0. (2.19)

(2
™



(a’ > 0) the mode function may be modified from this asymptotic form and hence we
will obtain f; > 0 that signals particle production. The number density is also a useful
quantity, which is then given by

d3k
a3(7')n¢(7') =2 / wa(kﬁ). (2.23)
In order to estimate the particle production, we conveniently rewrite the mode func-
tion as
ub (7)) = Agp(r)gpe I L By (r)g et T en T (2.24)

where coefficients are assumed to satisfy

g/— i [T wi(7))dr! g/ 9 [T wr(+dr'
en(T) = T 2" wr(rd By w (1), By (1) = —*nge A7 wn(r)d Apn(),  (2.25)
+ J—

where g3 = +/(wr £ am)/(2wg). One can check that uz’h(T) satisfies the equation of
motion (2.14). The other mode function is given by

ug’h(T) =—h {Ak,h(r)g_e% JTwr(rar _ By p(T)gre" I w’“(T/)dTl} , (2.26)
and hence the normalization condition (2.15) implies |4y (7)[* + |Bra(7)[> = 1, which
ensures that the phase space density cannot exceed unity as expected from the Pauli
exclusion principle. The initial condition (2.17) is equivalent to Ay (7 — —o0) = 1 and
By p(t — —o0) = 0. Since the initial condition and the time evolution (2.25) do not
explicitly depend on h, Ay and By, are the same for both h = £. In what follows we
omit the helicity subscript h for this reason. Deviation from these initial values Ay = 1
and By = 0 indicate particle production. With these definitions, we have

T 2 /
foBor) = [Bi(r)P.  Bi(r) = / dr’%ﬂ}?ke”” Taa 997
k

Thus what we have to do is to calculate By(7) under the background evolution of the
cosmic scale factor a(7). The calculation is almost parallel to the case of scalar field with
conformal coupling. Thus we do not write the detail of the calculation below. Readers
are referred to ref. [14] for more detailed discussion to evaluate this integral. There it
was shown that there are two contributions to the particle production: one comes from
the “slow” change of the background whose time scale is just parametrized by the Hubble
expansion rate H and the other comes from the “fast” change of the background related
to the inflaton coherent oscillation whose time scale is characterized by the inflaton mass
Mint [8, 9]. Throughout this paper, we assume that the inflaton oscillation is approximated
by the harmonic one, i.e. the inflaton mass is constant during the reheating stage and it is
larger than the Hubble scale during inflation: mj,¢ = Hine. This assumption also ensures
that the inflaton coherent oscillation behaves as non-relativistic matter.
—em/Hint yith ¢
being order one numerical constant for m 2 Hi,s. Thus we focus on the case m < Hiye. In

For the “slow” contribution, the production rate is suppressed as e



this case, the dominant production comes from the epoch around k ~ am, i.e., the fermion
becomes non-relativistic. The number density produced in this way is estimated as

2
slow — c Hin 3(1+w)
n$' (1) ~ Aa3(r) K, b —m ( f) o (2.28)

Gend m

where A ~ O(1073) is a numerical coefficient and k. is defined as a momentum such that
k/a(T) =m at H = m, aepnq denotes the scale factor at the end of inflation and w denotes
the equation of state parameter after inflation until the epoch H = m. Hereafter we
take w = 0 for simplicity, having in mind a scenario that the inflaton coherent oscillation
behaves as non-relativistic matter and it finally decays into radiation at H = Hg with the
reheating temperature Tg = (90/72g,)"/4y/HrMp.* This result is consistent with ref. [30].
The “fast” contribution is given by

n0 (7) ch’;f< - )2 <ZE‘:;>3 (2.29)

where mj,s denotes the inflaton mass and C ~ 1073 — 1072 is a numerical constant.’

As emphasized in refs. [8, 9, 14, 15], this fast contribution is not suppressed even for
m > Hiys but gets a suppression for m 2 mj,s and the majority of inflation models
predicts mips > Hine. The final fermion abundance is roughly given by the sum of these
two contributions. In any case, the fermion abundance goes to zero in the massless limit
m — 0 as expected, since a fermion is conformal in this limit. Combining them, the

present fermion abundance in terms of its energy density divided by the entropy density s

is given by
2

py  mHinTr ( m > m

Y~ C + , 2.30

S 4M]23 Minf 77I—Iinf ( )
where

D= Ax 1 for m < Hing (2.31)
(m/Hinf)Qe—cm/Hmf for m 2 Hint . .

For Hine < m < myyg, the fast contribution likely dominates and we have

2
Py ~10 m Hing TR m
s =10 GeV6(109 GeV> <1o9 GeV> (1010 GeV> (mmf> ' (2.32)

4We implicitly assumed that reheating is completed after H = m, i.e., Hr < m. Otherwise, k. should
be replaced by kc/dena = m(Hinf/m)Z/S(m/HR)l/(S'
5Tt is possible that the inflaton potential around its minimum is away from the quadratic. Even in

such a case, one may roughly estimate the number density of produced particles by interpreting minr as an
effective inflaton mass (or inflaton oscillation frequency) as far as mint is a decreasing function of time. One
should be careful about the equation of state of the inflaton to derive the final number-to-entropy ratio in
such a case.
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Figure 1. Illustration of the gravitationally produced fermion abundance with two sets of inflaton
mass and reheating temperature, mi,r = 10° GeV and T = 10! GeV (Left), mis = 1013 GeV
and Tg = 10 GeV (Right). Three different curves (gray solid, blue dashed, and purple dotted)
correspond to Qy = (1,0.1,0.01) x Qpu.

For m < Hiyug, on the other hand, the slow contribution likely dominates and we have

2
P —10 m TR
— ~4x1 . 2.
, =40 GGVA(109GeV> <1010GeV> (2:33)

In this case, the abundance is independent of the inflationary scale Hj,;.® Comparing it

with the present DM abundance ppyi/s ~ 4 x 10710 GeV, it is possible that a pure singlet
fermion having only the gravitational interaction becomes a dominant component of DM
if its mass is relatively large.

In figure 1 we illustrate with several contours of the fermion abundance on the plane
of (m, Hiye) with two choices of inflaton mass and reheating temperature, the left panel
with mins = 109 GeV and Tk = 10" GeV, and right panel with miy = 10" GeV and
Tr = 101 GeV. Three different contours (gray solid, blue dashed, and purple dotted)
correspond to Qy = (1,0.1,0.01) x Qpyr, where €; (7 = ¢, DM) is the density parameter
defined by p;/pcrit With perit being the critical energy density of the present universe.
Evidently, wide parameter space exists for the correct DM relic density. Note that we
should also include the contribution from thermal production by gravitational annihilation
of SM particles in the thermal bath [18-21]. See appendix C for details. In the parameter
space we have shown, however, contributions from thermal production are negligible.

3 Vector boson production

3.1 Vector boson action in the FRW universe

Let us consider an action of massive vector boson,

1 1
S = /d4x\/—g {—Zg“pg””FWFM — §m29’“’AMAl, , (3.1)

If m < Hg, the expression (2.33) should be multiplied by the factor (m/Hg)'/? (hence becomes
independent of the reheating temperature) due to the change of expression of k., as noticed in the previous
footnote.



where F),, = 0,A, — 0,A,. In the FRW background, this action is rewritten as
3 1 WP Vo 1 2. 2 uv
S= [ drd’x —""n FuF,e — 20 M ALA . (3.2)

One can impose a Z; symmetry under which only A, changes its sign to forbid the kinetic
mixing with the standard model hypercharge photon. Then A, is stable and a candidate
of DM. See refs. [38, 39] for concrete model buildings.

The vector boson mass can be regarded as a result of the Higgs mechanism. In this
case, the radial component of the Higgs boson is a physical field but it can be decoupled
from the dynamics if the radial component is heavy enough. This is achieved by assuming
that the gauge coupling constant is much smaller than the Higgs self coupling constant, for
example. Or we can rely on the Stuckelberg mechanism: let the gauge boson mass term
be m2gh” (A, + cd,0) (A, + cd,¢) by introducing additional real scalar field ¢. This mass
term respects the gauge symmetry A, — A, + 0,x if ¢ transforms as ¢ — ¢ — x/c with
arbitrary function x. By setting ¢ = 0 using this gauge degree of freedom, we end up with
the massive vector boson action (3.1). In this case, there is no physical degree of freedom
other than the vector boson.

It is again convenient to work with the Fourier mode since we are interested in the free
vector boson:

= &’k 7y ik
Au(x,t) = WA#(k,t)e

Since A, (Z,t) is a real field, A#(E, t) = A;(—E,t) must be satisfied. The three physical
components are divided into the transverse and longitudinal mode: A=Ar+kA L, Where

z, (3.3)

the transverse mode satisfies k - Ay = 0 with the momentum vector k and k = k/|k|. Note
that Ag is not dynamical but it is determined by the constraint equation as
ik- A ikAp

= = : 3.4
K2+ a2m? K2+ a?m? (3-4)

AO(]%: t)

Substituting this into the action, we find that the transverse mode and longitudinal mode
are decoupled from each other: [40]

=5+ 5, (3.5)
[ dBkdr1 ey
St _/(27T)32 <|8TAT| - (k' +a'm )|AT| ), (3.6)
Brdr1 [ a*m? s e o
SL‘/ <2w>32<k2+a2m2'@fAL‘ —am”|Ay] ) (3.7)

The longitudinal mode is further redefined using the canonical field AL = f(r)AL with
f(1) = am/Vk? + a?m?,

Bhdr 1, ~ ~ a*m? _ f”
Sp = / WE <|8TAL’2 - W%|AL’2> ) W% = 12 - 7 =k + m%, (3.8)



where the effective mass is given by’
£2 " a2 3a2m2
k*+a’m? \ a  a® k*+a’*m
3.2 Transverse mode production

From the action of the transverse mode (3.6) it is evident that it is conformal in the limit
m — 0, i.e., the scale factor dependence disappears in the limit m — 0. Hence there is
no particle production in this limit. It is similar to the situation of a scalar field with
conformal coupling.

To see this in detail, let us expand ffT as

Ak =% {AT(E,T)ghaah + A (F,7)éal E,h} , (3.10)
h=+

where €}, denotes the polarization vector for two polarization modes h = 4+ and — which
satisfies €; - €, = Jdpp. A concrete expression is €4 = (1,44,0)/v/2 if k points to the
z-direction. The ladder operators satisfy

-

|:al;:7h’a;%/7h/] = (zﬁ)géhhlé(k - kl)? [aE,h’aE’,h’} = [a%h,a;%,’h/] =0. (311)

The mode function obeys the same equation of motion as a scalar field with conformal
coupling:

A+ (K% + a®*m?) Ar = 0. (3.12)

The solution during inflation (in the de Sitter phase) is given by

@i 1 —mkT
Ar(k,7)=¢ 1 —\/7H£1) —kT), V2 =

where we have chosen the boundary condition at k7 — —oo (deep inside the horizon) so

m2

- —, (3.13)

| =

that it approaches to the mode function in the Minkowski space:

Ar(k, ™) = \/127{6_“”. (3.14)
Since v? < 1/4 for m? > 0, there is no growth of the superhorizon modes during inflation.
Therefore, the dominant contribution to the gravitational production of the transverse
vector boson happens around/after the end of inflation. We can solve the equation of
motion (3.12) with the initial condition (3.14) under the background evolution of the cosmic
scale factor a(7) due to the (spatially homogeneous) inflaton dynamics to determine the
energy density of the transverse vector boson through (B.4). Instead of solving (3.12)
directly, we can make useful parametrization as follows:

Oék(T) —i [T wp(r!)dr! ﬁk(T) i 7w (r)dr!

"The same expression was also derived in ref. [41] assuming that the vector boson mass is generated by
the Higgs mechanism.

~10 -



where wi, = Vk? + a?m? and ax(7) and Si(7) are assumed to satisfy

/ /
aj(r) = 2%@% JTenmar g gl(7) = z%e—%f T g (3.16)
It is checked that these set of equations satisfy the equation of motion (3.12). The initial
condition is taken to be ap — 1 and By — 0 at k7 — —o0o. Using this parametrization, the
energy density (B.4) is expressed as
4 &’k 2
a!@or(r) =2 [ Ggunfelhn). frlkr) = 80P (3.17)
Here fr(k,7) denotes the occupation number of the transverse vector boson. Note that
the normalization condition implies |ag(7)|?> — |Bk(7)|*> = 1. In contrast to the case of
fermion, this normalization condition does not limit the possible produced number density
of vector boson.

Then what we have to do is to estimate fr(k,7) = |Bk(7)|?>. The calculation is the
same as the gravitational production of a scalar field with conformal coupling as performed
in detail in ref. [14]. Here we present only the results. The number density of the transverse
vector boson is given by

4 3
na,(t) ~ Hiy [CT:L;M +1 }Z f] (a(;(;)d)> , (3.18)
where 7 is given by the same expression as (2.31) after reinterpreting m in (2.31) as the vec-
tor boson mass. It is assumed that m < my,¢ since otherwise the vector boson production
is suppressed. Taking account of the two polarization degrees of freedom, the numerical
coefficient Cr is found to be 3/(2567) if the inflaton potential is well approximated by the
quadratic one [15]. Assuming that the universe is matter-dominated before the completion
of reheating, we obtain the energy to entropy density ratio as

T t Tr H, 4
pT _ Rm"ZAT(,jnd) ~, “RZinfT CT< - ) + . (3.19)
S 4HinfMP 4MP mMinf Hinf

3.3 Longitudinal mode production

The longitudinal mode is more similar to a scalar field, as seen from the action (3.8). It is
quantized as

—

Ap(k,7) = Ap(k, 7)ag + Aj (B, m)a’ (3.20)
where the ladder operators satisfy
[QE, aH = (2m)36(k — k), laz,ap] = [a%, aH =0. (3.21)
The equation of motion of the mode function is
./Z’]i + w2 (k, T)./ZE, =0, w? =k 4+ m?. (3.22)

- 11 -



For convenience, we also present the equation of motion in the original basis:

2f' 2H k2
" / 2 2,2 o
L+7AL+(I<: tam)AL=AL+ 5 s

During the de Sitter phase, the effective mass of the longitudinal mode is given by

5 k?(2k% — a’m?)

L+ (K4 a*m?)AL =0, (3.23)

2 _ 2 2 2
m7 =a“m* —a”Hi 2+ a@Zm?E (3.24)
In the high momentum limit k£ > am, it is approximated as
m3 ~ a®(m?* — 2H2;), (3.25)

which is the same form as a massive scalar coupled to gravity minimally. Thus we can
take the mode function as in the Minkowski form in the high momentum limit (k/a >
max[m, Hiyt|) as
Ap(k,7) — Lefﬂw. (3.26)
’ V2k

In the low momentum limit & < am, we obtain

k.2
2 2 (2 2
mi ~a (m + Hi¢ a2m2> , (3.27)

This is always positive definite even in the massless limit m — 0, which is a unique
feature of massive vector boson, different from a massive scalar. Now we consider two
cases separately: heavy vector boson m 2 Hiys and light vector boson m < Hiys.

3.3.1 Heavy vector boson case

For the heavy vector boson case m 2 Hjys, it is evident that the effective mass squared m%
is always positive independently of the wavenumber k, and hence there is no significant
growth of the vacuum fluctuation. In particular, no superhorizon modes are enhanced
during the de Sitter phase. Therefore, in this case, we should only take account of the
production of high momentum modes after inflation. For k& > am, we obtain

"

wi ~ k* 4+ a*m? — %. (3.28)

This is the same form as the minimally coupled scalar field. This may be regarded as a
consequence of the Goldstone boson equivalence theorem, which says that the longitudinal
vector boson may be identified with the Goldstone boson in the high energy limit. Similar
to the case of scalar field, we can again make the following parameterization:

u- o (7) —i [Twp (7')dr’ Br(7) ifTwp(r)dr!
Ap(k, 1) = L —_ L , 3.29
T = a Ve (3:29)
where oy (7) and f(7) are assumed to satisfy
Wi

W i [ Ndr! —2i [T wy(7))dr’
a;€<7_) _ ﬁemf wr (7" dr By, Bl/c(T) — me 2i [Twr(7')d . (3.30)
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It is again checked that these set of equations satisfy the equation of motion (3.22). The
initial condition is taken to be ap — 1 and B — 0 at k7 — —oo. The energy density (B.5)
is expressed as

3k

a*(1)pr(r) = 2/(27r)3WLfL(k77')7 fr(k,7) = |Br(), (3.31)

where fr(k,7) denotes the occupation number of the longitudinal vector boson. The nor-
malization condition implies |ax(7)|? — |Bx(7)|?> = 1. In this case, therefore, the number

density of produced longitudinal vector boson is estimated in the same as a minimal scalar
field [14],

na, (t) ~ CLH? altena) )’ (3.32)

Ar — LLLLipf a(t) ) .
where C, ~ 3/(5127) [15] and we assumed m < my,¢s. Compared with the transverse mode,
there is no suppression factor of (m/min¢)*. Thus the energy to entropy density ratio is
evaluated as

oL TRm na; (tend) CLTRHjnfm
== e - (3.33)
§ AHG M 4Mp

3.3.2 Light vector boson case

For the light vector boson case m < Hiy, the situation is different. Superhorizon modes
with m < k/a < His experience tachyonic growth during inflation, similar to the case
of light scalar and these inflation-generated long wavelength modes may give dominant
contributions to the final vector boson abundance. Note that the growth is eventually
terminated when the physical wavenumber k/a becomes equal to the vector boson mass m.
Thus the power spectrum of such a massive vector boson at large scale is much suppressed
compared with the case of light scalar field with the same mass [40]. For modes with

m < k/a < Hiyy, it is easily found from (3.22) that the mode function grows as®

Ap(k,7) < 77 x a. (3.34)

Therefore, at the end of inflation, the mode function becomes

1
% for k > aendHint
a 2 1 en Hin 2
’AL(k)’ = ﬂ <adkf> for AendM < k< a’endHinf . (335)
1 Hinf 2
— f
Qk( = ) or k < QengMm

In terms of the energy density per log frequency at the end of inflation, after the renor-
malization of the UV divergence as usual, we have

1/ k \2/Hy)>
o tong) & = for k < GengHins- 3.36
pr(ktena) 2<aend> <27r> or k < aendHing (3.36)

8Note that the original field Az, (k, ) before the canonical rescaling remains constant.
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At this stage, therefore, the shortest wavelength mode (k ~ Hipfaeng) gives the dominant
contribution to the total energy density of the longitudinal vector boson. However, these
modes are (highly) relativistic and receive larger suppression factor due to the redshift. As
shown in appendix, the energy density scales as

a2 for k<aH and m< H

pr(k) x a3 for k<am and m > H . (3.37)

a~* for k>am and k> aH

Assuming again that the universe is matter-dominated before the completion of the reheat-
ing, the final energy to entropy density ratio is expressed in terms of the number density
at H = m, defined by np(k; H =m) = pp(k; H =m)/\/m2 + k2/a?(H = m):

T H =
Trno(H =m) for Hp <m
s  )Trnp(H=m) [ m 1/2 90 \ '/ nr(H = m) ’ ’
——— | = == 37 for Hgr >m
dmMp Hy TGy 4m1/2MP

where Hg = 1/72g./90 TFQ{ /Mp is the Hubble parameter at the completion of reheating.
For Hr < m, we find

Tw H2? E\2
R inf < )fork<k:*

k 32m2m2/3 M3 \ deng
pLi ) o A P : (Hg < m), (3.39)
RIT in (aend) for k> k
320202 \ &

where k., = a(H = m)m denotes the comoving wavenumber for which the corresponding
mode becomes non-relativistic at H = m. Thus it is seen that the total energy density is
dominated by modes around k = k.. In this case we have k, = aenqm(Hins /m)2/ 3. The
total vector boson abundance is then given by

pr _ TrHZ; ~10 Tr Hi )’
PL o “RZint 5 10710 GeV . 3.40
s~ samMmE T \105Gev ) \ 102 GeV (3.40)

It is independent of the vector boson mass m.
For Hgr > m, after straightforward but tedious calculations, we find

( 2/3 2
TR H; k

R inf 16( > for k < k.,

32m2MZm1/2Hy/® \ dend

pL(k) TamHY3
y ~ RM 1nf2/3 (aend> for k, <k < a(H = Hg)Hg (Hr > m).

32m2MEHS Nk

TRmH-‘lf Qend 3
in for k> a(H = Hr)H

32203 (%) or k> af r)Hr

(3.41)

— 14 —



Again we find that it is peaked around k = k. where k. = a(H = m)m, which is now
evaluated as k, = aendm(Hjnf/HR)2/3(HR/m)l/z. Thus the total vector boson abundance
is given by

/4 1/2 12 1/2 H 2
PL ( 20 > M Tl 510710 GeV< — ) < o ) . (3.42)
S TGy 327T2MP/ 1075 GeV 1012 GeV

It is consistent with ref. [40].

3.4 Combined results

Let us summarize the results so far. The abundance of longitudinal vector boson which is
purely gravitationally produced is given by

( CLTRH' £fm
Tg fOI' Hinf <m
TrH?
PL inf .
? ~ 7327T2M123 for Hr < m < Hius ) (3.43)
4 1/2p2
( 0 ) Tl for m < Hy
™9:)  32m2M,

Note that the origin of the vector boson is different between the case of m > Hj,¢ and
m < Hiy¢. In the former case, the vector boson is dominantly produced at the end of
inflation or during the early stage of reheating and the main produced mode is about the
inflaton mass: k ~ dengmint. In the latter case, the dominant contribution comes from the
superhorizon mode generated during inflation, which eventually re-enters the horizon at
H ~ m. The transverse modes are also produced at the end of inflation and during the
reheating stage, but they are always subdominant compared with the longitudinal mode.

In figure 2, we show several contours of the vector boson abundance on the parameter
space of (m, Hi,t) for two sets of inflaton mass and reheating temperature, m,s = 1013 GeV
and Tg = 10" GeV (Left panel), mi,; = 102 GeV and Tk = 10'°GeV (Right panel).
Similar to the fermion case, thermal production is included, see appendix C. Three contours
(gray solid, blue dashed, and purple dotted) correspond to 24 = (1,0.1,0.01) x Qpym
where Q4 = pa/perit is the density parameter of the vector boson. We can see there
are wide and viable parameter regions that can satisfy the current DM relic abundance.
Contours without including thermal productions are shown in thin curves that however
almost coincide with thick ones, which means thermal contributions are negligible in the
showed parameter space.

4 Conclusions and discussion

We have studied the DM production mechanism in the case where the DM particle is a
massive fermion or vector boson and has only the gravitational interaction. The production
takes place through the so-called gravitational particle production under the standard
inflationary cosmology.
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Figure 2. Ilustration of the gravitationally produced vector boson abundance with two sets of
inflaton mass and reheating temperature, mi,y = 102 GeV and Tg = 10! GeV (Left), mins =
10*2 GeV and Tk = 10'° GeV (Right). Three different curves (gray solid, blue dashed, and purple
dotted) correspond to Q4 = (1,0.1,0.01) X Qpm.

For the case of a massive fermion, the presence of mass term violates the conformal
invariance and it somehow feels the background time evolution, resulting in particle produc-
tion. The dominant production process depends on the fermion’s mass m. For m < Hiyg,
the non-adiabaticity of the fermion wave function is prominent when the fermion becomes
non-relativistic £k ~ am for each wavenumber k. Those with momentum k such that
k ~ am and H ~ m gives the dominant contribution to the final fermion abundance as
already pointed out in ref. [30]. For m > Hi,, such an effect of the universe expansion
is negligible while the inflaton coherent oscillation produces excites the high momentum
fermion modes, since the cosmic scale factor a(7) includes a small but nonzero oscillating
part. In both cases, we have the viable parameter regions that can reproduce the present
DM abundance. All these features are similar to the case of a scalar field conformally
coupled to gravity [14].

For the case of a massive vector boson, the story is a bit complicated. The transverse
mode is conformal in the massless limit, and hence the gravitational production proceeds
only through the presence of mass term. Again it is similar to the case of conformally
coupled scalar field. On the other hand, the longitudinal mode shows more non-trivial
behavior. For m < Hi,s, during the de Sitter phase the vector obtains superhorizon
quantum fluctuations and eventually behaves as non-relativistic matter. In contrast to
the scalar field with minimal coupling, there is a limit for the growth of the superhorizon
modes at k ~ am, and hence such a model is not constrained by the presence of DM
isocurvature perturbation on cosmological scales [40]. For m > Hjy, it is rather close
to the minimally coupled scalar field, and the inflaton coherent oscillation excites the
high-momentum longitudinal mode. In both cases we have correct parameter regions that
reproduce the present DM abundance.

Several comments are in order. For analyses of both the fermion and vector boson, we
have assumed that the fermion/vector boson mass parameter m is just a constant. It is
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possible that the mass is given by the expectation of value of some other Higgs-like scalar
field. In such a case the mass parameter m can be dynamical. For example, it can have a
different value in the inflationary era and the present universe. Our results crucially depend
on this assumption. If there is a Higgs field, we should take account of the dynamics of
the Higgs field if the mass of the Higgs field is smaller than the Hubble parameter H,
which may significantly affect our estimate of the fermion and vector boson abundance.
Although the time dependence of the fermion or vector boson mass taking account of the
Higgs dynamics can be very complicated, if the time dependence of the mass is slow enough
(i.e. it is practically regarded as a constant in each Hubble time), one can use our results
with a small modification. One can just replace m in the expression of its number density
as its value at the time of the production. To determine the present energy density, one
should multiply the number density by another mass m, which is just as interpreted as the
present mass.

Finally we comment on the detectability of our model. Since DM is only gravitationally
interacting, it is hopeless to find it through a kind of direct detection experiments. If DM
is long-lived but has finite lifetime, its decay would produce high-energy cosmic rays for
indirect detections [42]. As seen from figures 1 and 2, the wide DM mass range is consistent
with the DM abundance and correspondingly the energy of cosmic-rays induced by the DM
decay also can take wide range of values. Another interesting possibility may be to search
for the effect of heavy field (say, m ~ Hi,¢) through the non-Gaussianity of the primordial
curvature fluctuations [17, 43-47].
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A Conventions
Our convention follows ref. [48]. The flat space metric is taken to be 7, = diag(—1,1,1,1).
The gamma matrices in the flat space is denoted by 7, while those in the curved background

are expressed by 7,. They are related by ¥, = €7, by using the vierbein €j;. In the FRW
background, the vierbein is

(A1)

so that the metric is given by g, = 626?,%1) = a*n,,. The Clifford algebra is then defined as

(35"} = 20 (4.2)
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Thus we have (%) = —4° and (5%)" = 4%. We also define v5 = iv9y17273. The explicit
Weyl representation of the gamma matrices is

0 o* 10
T = (O’”‘ 0) ) V5 = (O _1> s (A?’)

where 0, = (—1,0;) and 7, = (1,0;) with o; being the usual Pauli matrices that satisfy
{0i,05} = 26;;. In the Dirac representation the explicit form of the gamma matrices is

1 0 0 ic 01
= ~ = = . A4
Yo (0 _l.) .9 (_Z.& 0) . (1 0) (A.4)

B Energy density of vector boson

B.1 Energy-momentum tensor and energy density

The energy momentum tensor is defined as

_ =2 §(y=gL)
T = === (B.1)

For a massive vector boson, it is given by
po 1 pa, of 2 1 po
T;w =g F,upFua - Zg/wg g FpoFaﬁ +m A,uAV - 59#1/9 ApAO' . (B'2)

After some calculations, we find that the energy density p = (0|Tn0|0) is given by

p=pr+pL; (B.3)
d3k 1 / 2 2 2,2 2
pr=2 [ i [rF + (2 + @) Ar (). (B.4)
k1 a’*m?
L= / (2m)3 244 [k‘z + a?m? AL (k) + a2m2|AL(k)|2] ’ (B:5)

where the prefactor 2 in the expression of pr accounts for the two polarization states.
Again we can rewrite the longitudinal mode by using the canonical field Ar (k) = fAL(k)

with f(7) = am/Vk? + a?m?2,

3 —~ a?m?4 2 — (T A% (k) A,
pL:/ Bk 1 [|A’L(k)|2+ +f |AL(I<:)|2—L (AfL(k)A;(k)JrAg(k)AL(k))],

(27) 24t f? f
3 _ 2 2\ -
— [ o | (1 a2 () )L
2 — — — —_~—
i (A0A W + G0 AW)]. B0

Note that these expressions show UV divergence when the vacuum configuration for the
mode function is substituted, which must be subtracted to obtain nearly vanishing cosmo-
logical constant observed now.
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B.2 Energy scaling of the vector boson

In this appendix we present approximate solutions to the equation of motion of the vector
boson mode function after inflation and show how the corresponding energy density scales

with respect to the cosmic scale factor a(7). Hereafter we assume the reheating phase of

the universe with equation of state w such that H o« a—3(1+w)/2,

B.2.1 Transverse mode

As described in section 3.2, there is no enhancement of the superhorizon modes during
inflation. Thus we focus on the evolution of the subhorizon modes k& 2 aH. The equation
of motion for the transverse mode is

AL+ (k* + a®>m?) Ar = 0. (B.7)
In the light vector boson regime (m < H), the solution looks like
A ~ die” T 1 dye™™  for k> am, (B.8)

with d; and ds denoting numerical constants determined by initial conditions. Thus from
eq. (B.4) we obtain pr oc a=* for k > am.
In the heavy vector boson regime (m > H), the solution looks like

(B.9)

A dse™ T 4+ dyettT for k> am
T d5a71/267imfad7' + d6a71/26imfad7 for k < am ’

with d3—dg denoting numerical constants determined by initial conditions. Thus from
eq. (B.4) we have pr oc a=* for k > am and pr < a3 for k < am, as just expected from
the scaling of relativistic and non-relativistic matter, respectively.

B.2.2 Longitudinal mode

The equation of motion for the longitudinal mode is
AL+l AL =0, WP =k md, (B-10)

where the effective mass is given by*

k2 1-3 3a*m?
m2 = a*m? ( v anm > H2. (B.11)

k2 + a2m? 2 k24 a2m?

In the case of light vector boson regime (m < H), it is a bit complicated:

2 k2
543w k2
2 a?m?

1— 2,2
k2( 3“’3‘””)%2 for k> am

w? (B.12)

a’m? + H? for k< am

9Some relations in the universe with equation of state w are: a”’/a = H*(1 — 3w)/2, H1 = 2/(1 + 3w),
H = —H>(1 + 3w)/2, a oc 72/AF3w)
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Thus the solution looks like

—ikT ikT

c1€e + 026
3w—1)/2

for aH < k
;l/L o { cza + cqa for am < k < aH , (B.13)

cs + cealtV/2 for k< am
with ¢1—cg denoting numerical constants determined by the initial conditions at the end

of inflation.'® Recalling that AL ~ (am/k)Ar for k > am and .AL ~ Ay, for k < am,
one finds

cra e T 4 coa e for aH < k
A < 3 + cpad@D/2 for am < k < aH . (B.14)
5 + cgaBwt1)/2 for k< am

Note that the growing solution for k& < am (a term proportional to ¢g) actually is not of
physical importance if one properly connects the solution during inflation to that during
the reheating phase [40]. From eq. (B.5) one finds that py oc a™ for aH < k, py oc a™?2
for am < k < aH and pr, < a=2 for k < am, respectively. To summarize, p;, oc a~* for
subhorizon modes and py, o a2 for superhorizon modes.

In the case of heavy vector boson regime (m > H ), on the other hand, we simply obtain
wi ~ k* + a*m?. (B.15)

It is the same as the transverse one and hence we obtain p; o« a~* for k > am and
pr, o< a3 for k < am, just as expected.

C Thermal production

Here we briefly summarize the thermal production (TP) of gravitationally interacting DM.
The production cross section of purely gravitational DM X, either X is fermion or vector
boson, through the scattering of SM particles in the thermal bath with the temperature T’
s [18-21]
T2
(ov) = YL for T >my, (C.1)
P
with some numerical constant y,y ~ 0.2 for fermions and y ~ 0.8 for vectors. See ref. [20]
for details. The DM number density created per Hubble time is given by

, 1 M2 xa- for T >1Tgr
nx ~ ngy (ov) H ~ T6 , (C.2)
yﬁ x a8 for T <1y
P

10T hese solutions can be found by substituting the ansatz AL oc a’ and requiring that leading terms
vanish to determine the exponent £. One can approximate w} ~ k? for aH < k, wi ~ —(1 — 3w)H?/2 for
am < k < aH and w? ~ 0 for k < am consistently.
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assuming T > mx. Otherwise, the production rate is suppressed by e™"X /T Therefore, if
Tr > mx, the production is dominated at T" ~ Tr. On the other hand, if TR < mx, the
production is dominated at T' ~ mx. Thus the DM abundance through the gravitational
annihilation of SM particles is given by

(TP) Throd) 373
(LX) ~ XX (Tproa) 3Tk (C.3)

s BH2 (M3 4

Here the subscript “prod” refers to the dominant production epoch. It is estimated as

TR s ( Tan \[/1010GevV\®
_ R 107 Gev f > T
( pX)(TP) m3, M3 Y 1010 Gev mx or Xz IR
s ~ 3 3 ’
_mxTR 15 _ Tr mx
MXR _10-15 Gev f T
Y VI 1010 Gev ) \1010Gev ormx < IR

(C.4)

where ¢ includes various O(1) numerical factor neglected in the rough estimation. This
should be compared with the gravitational production studied in the main text. For the
case of vector boson or minimal scalar, it can dominate over the gravitational production if
the reheating is close to instantaneous, i.e., if Hg is not very far from H;,s. For the fermion
case, it depends on the model parameters mx, Hins, TR and mi, in a more complicated way.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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