
1656 

Progress of Theoretical Physics, \Tol. 49, No. 5, May 1973· 

Productions and Decays of Short-Lived PartiCles hi 
e+- e- Colliding Beam ;Experiments; 

',· 

Shoichiro KAWASAKI, Tadahiko SHIRAFUJI and s~ 'Y: TSAr* 

Department Of Physics, C:hiba Vni'versity, Chiba 
*Department of Ph-ysics, College of' Science mid Engineering, 

Nihon U?Jiversity, Tokyo :; ··· .. , ·· · 

(Received· December 7, 197.2). 

We investigate productions. and decays. of short•ljved particJt;s (e,~.;·h:l!avy.leptons, ~harmed 
hadrons and so on)· in e•-e- {\pllidi!lg beam .experiments. ,form!llae which, !ll"e useful for 
computing the cross section for the production and subsequent decay of a single or a pair of 
narrow-width particles with spin ! are derived. Approximate but analytical expressions for 
the combined angular distribution of the decay products from such particles are derived. The 
production and decay of a single excited muon is alli!'o treated. 

§ 1. Introduction 

Searches for new types of particles always constitute an interesting part of 
experimental proposals to be performed with high energy machines. Although 
there is no evidence, up to date, in favor of the existence of arty type of such 
particles in accelerator experiments, there are actually so many theoretical schemes 
which postulate or predict their existence, and, furthermore, there have been so 
many experimental reports which mentioned about various anomalies observed in 
cosmic ray experiments.1l 

The term "new types of particles" is here used in contrast to the ordinary 
leptons (e, v., fJ., vi' and their antiparticles), ordinary photon and ordinary hadrons 
(including resonances), and, as examples, one may list the following: W-bosons, 
heavy leptons, ghost photons, various. types of fundamental particles (quarks or 
urbaryons), various types of charmed hadrons and so on. 

Some of these particles (e.g., heavy leptons and charmed hadrons) are 
probably characterized, not only by their large masses, but also by their narrow­
widths; the corresponding mean lifetimes are however too short for them arti­
ficially produced to leave any trace in detectors. In order to find them,, one 
should be able to reach their production threshold in energy, and then investigate 
their decay products carefully.*l 

An obvious way to search for new types of particles (hereafter referred to 
as X-particles) is to use electron-positron colliding beams, and the purpose of 
the present paper is just to discuss the productions and subsequent decays of 

*l We do not discuss indirect tests for detection of such particles. 
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Productions and Decays of Short-Lived Particles in e+ -e- Colliding Beam 1657 

short-lived X-particles in the colliding beam experiments: e+ + e- ~X+ · · · and 

e++e-~X+X. 

The paper is arranged as follows. In § 2, as possible candidates for X, we 

look in some detail at various types of heavy leptons and charmed hadrons. In 

§ 3, we derive the formulae which are useful for computing the cross section for 

the production and subsequent decay of a single X. The formulae are then ap­

plied in,§ 4 to e+ + e- ~X+ X and subsequent decays of the produced X and X. 

In particular, we are interested in the angular correlation between one particular 

decay product froril X and another one from X in the overall center-of-mass 

system. The individual examples are dealt with in § 5, where the variables with 

respect to X and X are explicitly integrated out. In § 6, we discuss the produc­

tion and decay of a s~ngle ~xcited muon: e+ + e- ~ p.± + p.*" ~ p.± + (p." + r). The 

final section is devoted to summary and concluding remarks. 

Although §§ 3 and 4, and the associated Appendix, may contain things which 

are familiarly known, we think it appropriate, in order to be reasonably self­

contained~ to include them in the present work. 

§ 2. Heavy leptons and charmed hadrons 

--Examples of short-lived new particles--

A. Heavy Leptons 

Theoretical explanation of the mass spectrum of leptons is still lacking, and, 

in particular, there is no convincing answer to the question, "Why are there 

muons?"2> Thus, recently many people inquire, "Are there leptons other than 

those already known?" and point out that there is actually no experimental 

evidence for or against the existence of leptons heavier than the kaon. 3> 

Concerning the properties of char_ged heavy leptons, it is important to 

distinguish the following two cases:*> 

i) Charged heavy leptons (h±) appear together with their own neutral counter­

parts (v,. and P,.), and the pairs (e, v,), (p., vi') and (h, v,.) participate symmetrical­

ly in the -electromagnetic and weak interactions : 

lrm. =i(er).e + lJ.r>./1._+ lir>.h)' 

l"!'eak = P,iT>. (1 + T5) e + P "iT>. (1 + T6) /1. + P,.ir>- (1 +To) h , 

(2·1) 

(2·2) 

lrm. and r:eak being the usual electromagnetic and weak leptonic currents, 

respectively. 

An e+- e- colliding beam experiment to search for this type of heavy leptons 

was carried out at Frascati, with negative results.6> The lifetime and partial 

decay rates to various modes were calculated by several authors.6).7> According 

*> There could be, of course, many varieties of schemes which lie_ between or beyond these 

two cases. See with this respect Ref. 4). 
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1658 S. Kawasaki, T. Shirafuji and S. Y. Tsai 

to Ref. 7), r,. = 2.2 x 10-12 sec for M,. = 1.2 GeV and r,. = 1.2 x 10,.-15 sec for M,. 
= 6 Ge V. *> The main decay modes are 

e+ + v. + v, , 

(2·3a) 

(2· 3b) 

(2·3c) 

So, in e+- e- experiments, one looks at e++ e- ~ 2 charged+ neutrals. If one 
denotes the detected (charged) decay product by x, its four-momentum by q,. 

= (q, w), the angular distribution of x from an arbitrary polarized X= h± may 
be written in the rest frame of X as 

dr<•> 1 
--(X~x+ ··) =-(1+aq*·s*)d!J.,*, r 4rr 

(2·4) 

where a is the asymmetry parameter, s*. is the polarization vector of X, d.Q., * is 
the solid angle element of x and q* = q* /I q* J. Here and in the following, we 
use an asterisk to denote a quantity viewed in the rest frame of the parent 
particle (X). The values of a for each process ~re readily calculated from Eq. 
(2 · 2) and the standard current X current weak interaction Lagrangian, and turn 
out to be7h 17> 

a= ± 1 for h + ~rr+v,. . 

The decay correlations in the reaction e+ + e- ~h+ + h- have already been 
discussed by Y. S. Tsai,7) and actually the contents of our §§ 4 and 5A overlap 
partly with his work. 

ii) Charged heavy leptons appear as excited electrons (e*±) and/or excited 
muons (ttu), and electromagnetic transitions of e*(tt*) into e+r(tt+r) are al~ 

lowed :8> 

Hint= fe e*O"~pea~Ap+ (e~tt) +H.c. 
M+m. 

(2·5) 

the coupling constant f being expected to be of order unity. 
The early searches for this type of heavy leptons (excited leptons) all give 

negative results,**> and are summarized in Ref. 9). 

*> For h• of a higher mass, the total width may be inferred from 

r= r(eV eYh) + r(f.IV p.Yh) + r(Yh + hadrons) 

= (2+a) X r(eV6Yn) 

= (2+a) X G2M,.5/1921!"a 

with a==r(Y,. +hadrons)jr(eV6 YhJ expected to be of order unity. Thus, for example, .. ,. ... 1.3X lQ-17 sec 
for M,.=15GeV. The dominant decay modes are (2·3b) and (2.3c) . 

. **> Recall however the anomalies observed by Ramm in the early CERN high energy neutrino 
experiments.10> 
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Porductions and Decays of Short-Lived Particles in e+ -e- Colliding Beam 1659 

From Eq. (2 · 5), the decay rate for l* ~z + r, l = e or !J., turns out to be 

(2· 6) 

The angular distribution of l or r is again given by Eq. (2 · 4) with a= 0. 

Absence of the term ij* · s'~' is a consequence of parity conservation of the interac­

tion (2 · 5). Since, as Jong as f is of order unity, the decay mode l* ~z + r will 

overwhelm the other (weak), if any, decay modes, one finds r 1.=0.6 X I0- 22 sec 

for M = 3 Ge V and r 1.= 1.2 x 10-28 sec for M = 15 Ge V from Eq. (2 · 6). 

B. Charmed hadrons 

The term "charm" IS used in variety in different models. We imagine that, 

besides charge, baryon number and strangeness, there may be a fourth quantum 

number which is conserved through strong interactions, and call those hadrons 

which possess this quantum number "charmed hadrons". Such quantum number 

finds its place in the quartet model, two-triplet model and three-triplet model, 

etc. If "charm" is not an absolute~y conserved quantity, but is violated, say, in 

the weak interaction, at least the lightest charmed hadron will be metastable, and 

decay only weakly into ordinary hadrons. 

Recently, Niu and his coworkers11l discovered in cosmic ray showers an in­

teresting event which contains a charged heavy particle X decaying with lifetime 

10- 13 '"'-' l0- 14 sec into x + n°, where x is a charged secondary not identified with 

an electron. From the fact that the transverse momentum of the 7!0 is larger 

than 500 MeV /c, Hayashi et al.12> argued that the event observed cannot be put 

into strangeness scheme and that the X may be a particle that possesses a hitherto 

undiscovered quantum number. They then interpreted the event as a charm­

violating weak decay process in the framework of a quartet model (the New 

Nagoya model). Later, one of the present authors (S.Y. T.ys> investigated charm­

violating weak interactions in the framework of the SU(3)' X SU(3)" scheme of 

the three-triplet model,l4> and showed that this scheme does provide a reasonable 

framework for describing such a new type of process as just mentioned. 

1£ the mean lifetime of a charmed particle is indeed '"'-' 10-18 sec or shorter,*> 

its direct verification in detectors in accelerator energy regions is difficult, and 
) 

what one has to do is, again, to inv~stigate its decay products carefully. 

The angular distribution of a decay product from an arbitrary polari~ed 

charmed baryon can be written in the form of Eq. (2 · 4), and its production and 

subsequent decay can be treated jn a way similar to the case of heavy le·ptons. 

One cannot however ~ake an unambiguous prediction, because the asymmetry 

*> As has been shown,l2> if the mass is sufficiently large, it is not unreasonable that the lifetime 

of a weakly decaying particle can be as short as 10-13--10-14 sec. According to the data of Niu et 

al.,11l 

Mx=l.78GeV, 'l'x=2.2xl0-14 sec, if x=n•; 

Mx=2.95 GeV, 'l'x=3.6X 10-14 sec, if x=p. 
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1660 S. Kawasaki, T. Shirafuji and S Y. Tsai 

parameter is uncalculable in the present case and, moreover, the form factor ef­
fects will complicate the problem. We shall therefore confine ourselves to the 
simplest case, i.e. the production and decay of spinless mesons. Since dominant 
decay modes of charmed mesons are expected to be nonleptonic, their pair-produc­
tions in e+-e- experiments would look like multi-hadron productions. This fact 
may be of some interest in view of the large cross section for e+ + e--hadrons 
reported from Frascati. *).15> 

§ 3. Production and subsequent decay of a short-lived particle 

Let us consider a sequence of processes in which a short-lived particle X is 
produced, together with a system of particles m, in a collision between two 
particles 1 and 2, and then decays into a specific decay mode n (see Fig. 1): 

(3-Ia) 

(3·1b) 

The differential cross section for the production process (3 ·la) and the dif­
ferential decay rate for the decay process (3 ·lb) in the rest Jrame of X are 
given respectively by17> 

drJx<•> =_!_I<X(s), ml Til, 2)l 3 (2n)'o'(Pt +Pa-p-pm) 
4F 

1 d 8p 
X ( 2n)a 2EdLips(m), 

dTn<•> = 2 ~1<nl TIX(s))l 2(2tc)4o4 (P-Pn)dLips(n), 

~y! 
~ 

(3· 2a) 

(3· 2b) 

Fig. 1. Production of a short-lived particle X and its subsequent decay into a specific mode in a 
collision between particles 1 and 2. 

*> The form factor effects could reduce or enhance the. cross section in question. Consider, 
for example, the rr'•rr'- .production in the framework of the SU(3)'XSU(3)" scheme of the three­
triplet model.18>, w In the context of the vector meson dominance model, the form factor at the 
m'•rr'- vertex is given by m~,; (k2+ m~,), k being the four-momentum of the photon. Thus, if mp'>2m"'' 
the form factor would enhance the cross section for e•+e-~rr'•+rr'- when -k 2 =4E; 2 o"""m~, (Eo= 
the beam energy). Here rr' and p1 are members of the JP=O- and 1- mesons belonging to the 
representation (1, 8) of SU(3)' X SU(3)". 

In passing, we also note that the interpretation of the Niu event as a charm-violating weak 
decay of a charmed vector meson is indeed an attractive possibility. For details, see Ref. 16). 
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Productions and :Decays o]Short~Lived Particles'in e+'.:J!J'- Colliding Beam 1661 

while the differential crosS, section for the combined process, (3·da)· follo~ed by 

(3 ·1b), IS given by 

., n d6x_,n=: 4~ L<m, niTJJ, 2).1 2 (2rr)-~ir_(pl+:p2,-;p~--7p~) 
'~-J ,. ·.:! •••. ,'J ... ,_ -·. 

.. x'dLips(m)dLips(n). (3·3) 

In the:· above equations, M,p."'7(~-. e) ;3}~~d s sp~cifytli~-rii~ss, four-momentum and 

polarization of X,*> PI and p2 are the four-momenta of the initial particles, F is 

M~Her's- invariant 'B:ux- factor, F 2 ~ C'Jh·P~Y~p1 2 P2 2 ,· "i.nd; for lm) 1 "";1f~ •. Pii>···h); 

Pa= (pa, Ea) 

the latter being ·the<. Lorentz .. ·invariant phase space· elemerit for k 'particles. It is 

understood that, if the initial partiG;les are unpolarized and no polarization 
• • 'I ~\ " , - • ~ 0 -• I '• • \ • \ o 

measurements are undertaken for some or all of particles Iil m and n, an ap-

propriate -"average and sum" rule shbuld he applied to Eqs. (3·2a), (3··2b)' 'and 

(3·3). 

We want to establish an explicit ~elation's):lip betwe.~n Eqs. (3 · 2a) a~d (3 · 2b) 

on the on,e hand and .,Eq. (3 · 3) on the other {land., under the following circum­

stances: X . is a'· spin D or. t particle with its total width T much smaller than 

its mass M, T<t.M. 

First consider the case: X is a spin t particle. The matrix e~em~n,t$ (X(s)o 
.... "· .. ,' .:• ' 

miTI1, 2) and (niTIX(s)) may be written as 

<XCs), ~·ITit, 2>=i2iiu~(p, s)A~ ,-· 

(niTIX(s)) = v2lv(f3au .... (p, s), 

(3 · 4a) 

(3·4b) 

where Ua (p, s) IS the Dirac spinor describing X, norrrl!ilized as uu = 1 (u=utr,). 

We have then . ,. ·;; -~: : . 

I(X(s), n_ziTI1, 2)1 2 =2M.Aa(A+(P) l+ir6r,.s,.) A,s 
: • ' 2 · a,B 

: 2M ((A:~.: (p) ~ + ik5r ,.s,.A))' 

I (nl Tl X (s)) 12 =2M ( ( BA+ (p }~ + i~~r,.si!BJ)· . 
-:\ .. ..... . 

Here A+ (p) is the projection operator' fur the positive energy state 

A (p) = -ir~p,.·;+M 
+ ,, 21vf ' 

*> For a spinless X, s is, of course, irrelevant. ·-

(3 · 5a) 

(~·5b) 
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1662 S. Kawasaki, T. Shiraf'!ji and S. Y. Tsai 
I 

s,. is the covariant polarization vector for X satisfying*h 17> 

p · s '= 0, s2 = 1 , 

and ( ( ) ) symbolizes a complete contraction over spinor indexes. In terms 
of the spinors A and B just defined, the matrix element (m, niTI1, 2) is given by 

<m niTI1 2)= ((B -ir~p,.+M A)). 
' ' p1+M1 -iMF · 

(3·6) 

In squaring this equation, one may make a narrow width approximation (recall 
that F~M): 

IP 1 +M~-iMFI 1 --+ _;;FU(p'+Ms), 

and, furthermore, make use of the identity**> 

2((AA+(p)B)) (('BA+(p)A)) = ((AA+(p)A)) (('BA+(p)B)) 

+7J,..((AA+ (p)irar ,.A)) ClBA+(p)irar.B)), 

which is valid whenever X is on its mass-shell (p1 + M 1 = 0), to obtain 

l(m, niTI1, 2)1 1 = ~ (2M)1(_;;F)6(p1 +M1) 

(3·7) 

(3·8) 

x [((AA+(p)A)) ((llA+(p)B)) +n,..((AA+(P)irar,.A)) 

X (('BA+(p)ir6r.B))] (3·9) 

or equivalently 

l(m, niTI1, 2)1 2 = (2M)'(~F)6(p 1 +M 1 ) ((lfA+(p)B)) 

x ((AA+(P)1+i~r,.n,.A)). 

Here we have introduced a polarization-like vector n,.: 

which satisfies 

*> s" reduces to s* in the rest frame of X: 

where 

s=s*+ r~l (fJ·s*)fJ, 

sp=rfJ· s*, 

r=E/M, fJ=p/E. 
**> We shall give a proof in the Appendix. 

(3·10) 
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Productions and Decays of Short-Lived Particles in. e+ -e- Colliding Beam 1663 

Comparing Eq. (3 ·10) with Eqs. (3 ~ 5a) and (3 · 5b), and then substituting it 

into Eq. (3 · 3), one finally obtains 

X (2n)'tJ4(pl + p,-Pm -p,.)dLips(m)dLips(n) (3·12) 

=2 x _!_I<X(n), ml Til, 2)12(2n)'a'(pl + p,-p-pm) 
4F · 

1 d 8p . 1 1 1 2 

X (2n)3 2E dLzps(m) r X 2M X 2 ~ I <nl TIX(s) >I 

x (2n)'a'(p-p,.)dLips(n) (3·13) 

or symbolically 

d ,. - 2d" <">X dT,. 
ux ... n- ux r , (3·14) 

where dT,.=l ~. dF,. <•> is the differential decay rate for X -n from an unpolariz­

ed X. The formulae derived above provide convenient tools for computing the 

cross section for the production and subsequent decay of a narrow-width spin 

l particle. 

Remarks 

1) When summing over all spin states and integrating over all phase space 

with respect to In), one would have 

which follows from a simple invariance argument, whence 

~ sd!Jx_,,.=d!JxXR,., 

as it should, Here d!J x= ~. d!J x<•> and 

is the branching ratio for x-n. 
2) In some cases, it may happen that, when summing over certain spin 

states in lm) and In), 

or 

~((BA+(p)ir5r,.B)) =0. 

In such cases, the spin dependence of the intermediary stage becomes irrelevant, 
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and we have 

So Kawasaki, To Shirafuji and S: Yo :Tsai 

d(J X--+n = drJx X dTn o 

r 

_;.·· 

(3 °15) 

3) In the usual spin-density matrix formalism·,,18l the ~'qu~r:e of Eqo (3 ° 6) is 
written as 

l<m, niTI1, 2)l2 =1 · 1 ·1 2 
(2M)2((AA+(p)A))((BpB)), 

p2+M2 -iMT . · 

where Pafl IS the spin"density matrix for the production. process (3 o1a): 

The identity (3 o 8) implies that, when p 2 + M 2 = 0, 

and hence one has 

( (BpB)) =( (BA+ (p)l + ir~r p.rn,. B))' 

m ="/) ((AA+(P)ir5r~A)) 
,. .,,.. ((AA+(p)A)) ' 

dr<m) 
d6x-n=d6xX _n_ o 

r 
4) One may write Eqs. (3 o 2a) and (3 • .2b) a§ 

_, 

dT <•l 
__ n_ = B1 + B2 s = B1 + B2 * o s* o r .P p .. . " '· 

n 

One has then 

Substitution of Eqso (3 o17a) and (3. 0 18) into Eqo (3 o14) yields 

d(J X--+n = 2 ( A1B1 + 'lJ ,..A2,.B2.)_x Rn 

=2 (AtBt+A.2*:,B2*)_XRn o ~~ J 

(3o.I6) 

·-., .... , .. 

(3o17a) 

(3_ol7b) 

.. ,,, (3: 18) .; 

.: :: ,_-~ ·!)I • -:. ,, 

·_(3 ol9) 

It is to be remarked that this form of the expression for dd x-~ '·may'be' derlved 
from a more intuitive argument,7l .and . that this as well as the other two ex­
pressions for drJ x-n (Eqso (3 o14) and (3 o16)) are valid only when the narrow, 
width approximation (3 o 7) is valid, W' e .also note .. that four-vector V,. * (defined 
in the rest frame of X) is related to the same four-vector V,. (defined m a 
moving frame of X) by 
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Productions and Decays of Short-Li'l;Jf!{i Particles in e+ -e- Colliding Beam 1665 

V* = V + (_r_fJ· V- Vo)rfJ, 
\r+ 1 

Vo*=r(Vo-fJ· V), (3. 20) 

where r=E/ M and fJ = p/ E are, respectively, the Lorentz factor and the velocity 

of X. 

·" When X is a spinless particle, it is trivial to derive 

d6x~n=_l__!!_(J(p 2 +M 2 ) l<X, m[T[1, 2)[ 2l<niTIX)I 2 

4F MT 

X (2n)'(J'(pl + p2-Pm -pn)dLips(m)dLips(n), (3· 21) 

1 . ·· 1 d 8 

=-l<X, m[TJ1, 2)[ 2(2n)'(J'(pl+p2-P-Pm)-- ~dLips(m) 
4F · (2nY 2E 

X_!_ _l_l<nl T[X)[ 2 (2n)'(J'(p- Pn) dLips(n), (3 · 22) 
T2M · 

Remarks 

=d6xX dTn. 
r 

(3· 23) 

In Eq. (3 · 13) as well as in Eq. (3 · 22), one may evaluate a part of integra­

tions over dLips(m) and dLips(n) respectively with the help of (J'(p1 +p2-P-Pm) 

and (]' (p- Pn), and then integrate over d 8p. The last integration can numerical­

ly be done in general. If, however, one is interested in the production of X 

near its threshold, it may be more appropriate to do it approximately but analy­

tically, as will be indicated in § 5. 

§ 4. Production and subsequent decays of a pair of 

short-lived particles in e--e+ experiments 

A. General formulae 

Now consider the following processes (Fig. 2): 

e- + e+---) }(.+X' , 

X---)n, 

X'---)m', 

Fig. 2. Production and subsequent decay of a X-X pair in an e--e+ collision. 

(4·1a) 

(4·1b) 

(4·1c} 
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1666 S. Kawasaki, T. Shirafuji and S. Y. Tsai 

X'=X being the anti-particle of X. Again, first consider the case: X is a spin 
1/2 particle. We denote the four-momenta of e-, e+, X and X' by ph P2, p and 
p', the covariant polarization vectors of X and X' by s and s', and write the 
matrix elements for (4·1b) and (4·1c) as 

<nJTIX(s)) = ./2MBaua(P, s), (4·2a) 

<mJTJX' (s'))= ./2Mva(P', s')Ca. (4·2b) ,.. 

Furthermore, let d(J~·P (dTn <•J and dr~•:l) be the differential cross section (decay 
rates) for ( 4 ·1a) ( ( 4 ·1b) and ( 4 ·1c) ). A repeated application of the formulae 
derived in § 3 then yields, for the cross section for the combined processes, 

d 4d (n m') dTn dT m' (J xx• .... nm' = (J XX' X-X-- ' 
r r 

where 

r - 1 ""r <•) r - 1 ""r<•') n - 2 k...J n ' m' - 2 k...J m' . •' 
and d(Jr;_x'"}'l IS obtained from d(J~·P by the following substitutions · 

s ~n =r; ((BA+ (p)ir5r.B)) 
"' "'- "'" ((BA+(p)B)) ' 

, ,_ , C (CA-(p')ir5r.C)) 
s"' ~m"' =r;". ((CA-(p')C)) . 

Here 

and A- (p') is the projection operator ·for the negative energy state 

A- (p') = C- ir "'P/- M)/2M. 

Remark 

(4·3) 

(4·4a) 

(4·4b) 

Our Eq. (4·3) corresponds to Eq. (4·26) of Ref. 7), the latter being deriv­
ed from a more intuitive argument. In fact, in Ref. 7), the author calculated 
the spin correlation function for tlie reaction e- + e+ ~X+ X' (X being a charged 
heavy lepton in his case) in the total center-of-mass system, and the energy­
angular distributions of the decay products of X and X' in their respective rest 
frames, and then folded th~ two results to obtain the correlation of the decay 
product of X and X' (see with this resped our Remark 4) in§ 3).*> However, 

*> Incidentally, we found some errors inRef. 7). Equation (4·11) of Ref. 7) is actually the 
expression for 4(drrjd!J1)(s,s'), and likewise Eq. (4·25) should read 4(da/d!J1)=C+Diisis1• The 
factor 4 here, which is lacking in the original equations, just corresponds to the same factor in our 
Eq. (4·3). The two errors cancel, however, and Eq. (4·34) to Eq. (4·42) of Ref. 7) are all properly 
normalized. 
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Productions and Decays of Short-Lived Particles in e+-e- Colliding Beam 1667 

in the case of interest to us, the angular distributions of the decay products of X 

and X' have to be given in the overall center-of-mass system and the variables 

associated with X and X' have to be integrated out. The necessary transforma­

tions are implicit in Eq. (3·20) and in Eq. (4·14) below, whiJe the necessary 

integrations will be carried out in the individual examples to be discussed later. 

When X is a spinless particle, we have simply 

d ~ d dTn dTm' 
VXX'->nm'= · 6xx' X- X--, 

r r 
(4·5) 

where d6xx,(dTn and dTm,) is the differential cross section (decay rates) for the 

process (4·1a) ((4·1b) and (4·1c)). 

B. Cross section for e-+e+~X+X' 

The explicit expression for d6~{> through one-photon intermediate state can 

be obtained in the standard way: 

1 d 8p 1 d 8p' 
x(2rr)'IJ'(p1 +p2 -p-p')c2rr)8 2E (2rr)B 2E1 ' _ 

I;J(X(s)X'(s') JTJe-e+)J 2 

( . , M)1+ir6r·s'(· F* 1 F*. k )] 
X - zr · P - 2 zr v 1 + 2M 2 t6 vv' v' , (4·6) 

where we have written the matrix element of the electromagnetic current between 

the vacuum and the X-X' state ii:J. the form 

(X(s)X' (s') IJI'IO) =e(2M)u(p, s)[ F1 (P)ir I' 

- 2 ~F2(P)i6PP'kP']v(p', s'), (4·7) 

with k = p + p' = p1 + p 2, and F 1 (P) and F 2 (k2) are the electric and magnetic form 

factors of X, normalized in such a way that F 1 (0) = 1 and F 2 (0) =fl.= static 

XYr~ 

~ 
Fig. 3. Production of a X-X pair through one-photon intermediate state in an e--e• collision. 
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1668 S. Kawasaki, T. Shirafuji and S. Y. Tsai 

anomalous magnetic moment of X, if X is charged; F 1 (0) =0 and F 2 (0) =!J., if 
it is neutral. 

In the center-of-mass system, which is also the laboratory frame in a collid­
ing beam experiment, one finds (the electron mass m, is neglected) 

d(Jr;•p =_!t_{3 {1F1 + Fal 2 (1 + cos2 Oo) + I _!_F1 + rFal 2 
sin2 Oo 

64E3 r 
+ IF1 + F2l 2 [- (s· s'){32 sin2 Oo- 2soso' 

+ 2 (PI· s) (pi· s') - 2{3 cos 8o (soP I· s'- So1P1 · s)] 

+ 2 Re [ (F1 + F2) Fa*] [ (s · s') {32 sin2 80 + 2s0so' 

+ {3 cos 8o (soP I· s'-:=-- so'P1 · s)] + I F21 2f3 272 sin2 8o[f32 (s · s') + 2soso'] 

+ Im [FIFa*]r{32sin 28o (s + s') · ( 1 X P
1
}d!Jx, 

p!Xp 

where E ( = E' = E 1 = E 2) is identical to the beam energy, E 0, aiJ.d 

r=E/M, f3=lpi/E, 

P1 = p1/lp1l =- Pa, 

cos Oo=p~·p/[plllpl. 

(4·8) 

In Eq. ( 4 · 8), the form factors are taken at k2 = - 4E2• If X is a point-like 
charged particle, F 1 (k2) =1 and F 2 (P) = 0, then Eq. ( 4· 8) reduces to7> 

d(Jr;;;i = __c:{_{3 {1 + cos2 (}0 + (_!_) 2 sin2 (} 0 
64E2 r 

- (s· s') {32 sin2 Oo- 2sos0' + 2 CP1 · s) CP1 · s') 

- 2{3 cos 8o (soP!· s'- so'P1 · s)} d!Jx. (4·9) 

Summing over s and s' and integrating over d!Jx, one obtains the total cross 
section as19> 

(4·10) 

Similarly, for the production of a pair of spinless charged particles, one 
~ets 19 > 

and 

(4·12) 
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Productions and Decays of Shor.t~J4ved".Particles.in. e+ -e- Colliding Beam 1669 

In Eqs. (4 ·11) and ( 4·12), t;he form factor F(k2) is taken at P = - 4E 2 and 

normalized as F(O) = 1. ·' 

C. Correlation between the decay products of X and X' 

_Later we shall be intere!)ted in the angular correlation between one particular 

decay product x from X and> another one x' from X' in the overall center-of­

mass system. 

For X ;with .spin t. the ang~lar distribution of X from an arbitrary polarize 

ed. X in the rest fra~e of X is generally written in the form of Eq. (2 · 4). The 

corresponding expre11sion in a moving frame of X is in general rather complicated. 
_'If_._ ., ., ' -. ' ' ' ' 

If, however, the mass of' X should be neglected compared with the mass of X, 

the desired expression reads*l 

dTn<•l _ 1(.1 · .. M )\d!Jz*ldn ---- --an-~.q·s -- ~fiz, 

Tn 4n p·q d!Jz 
(4·13a) 

with ld!Jz * /d!Jzi given by20l 

l
d!J *I 1 
d~:J! · = r 2(1 - {3 cos 8)2 · 

(4·14a) 

Here p = (p, E) and q = (q, w) are the four-momenta of X and x, r = E/ M, {3 

= lpi/E, 8 is the angle between the directions of X and x, and d!Jz is the solid 

~ngle. dement o~. x .. ;viewed in the .moving frame of X . . Similarly, for the angular 

d-istribption b£ :~' £rom·. an ,arbitrary polarized X' in a moving frame of X', one has 

dT/P~ 1 (1 .. ' ·M 1 '_)·~-_d!J_ :_ 'ldn ' ---- -am,--q ·s -- ~fix' 

Tm' 4n p' · q' ·. d!Jz' · 

)[:Ji ~~~· ,_, :: 

(4·13b) 

with id!Jz":/d!Jx•i givel) by· 

l
d!J:J!>i;l 1 
d!Jz, = r 2 ci' + {3 cos 8')2 . 

(4·14b) 

In writing the last equation, we have made_ ttse· of the fact that, in a colliding 

beam experiment, the four-momentum of X', p' is given by p' = (- p, E), and 

the 1angle between the directions of x' ~;Lnd X (not X') is denoted by 8'. 

The procedure developed in the 'precedi~g sections now implies that, in the 

case of interest to us, d~t;j[:'l in Eq. ( 4 · 3) 1s obtained from Eq. ( 4 · 8) or ( 4 · 9) 

by the following substitutions: 
'• \ 

- M (;, +p,.p.) 
s,.~n,.= -an-~ u,.. M 2 q., 

. P·q . 
(4·15a) 

*-> If one is interested in the energy-angular correlation between x and x', he may use, instead 

of E<}s. (4·13a) and Eqs. (4·13b),,the f~llowing rn~nifestly invariant expression: 

ar <•> aaq 
__ n_=<ft+fgq•s)-

rn• 2ro 

(/1 a,nd f 2 b~ing some· functions of p·q) and the corresponding one·for X'~m'. 
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1670 S. Kawasaki, T. Shirafuji and S. Y. Tsai 

(4·15b) 

and dT.,./T and dTm'/T in Eq. (4·3) are simply 

dT .. =l_[dSJ"*[dSJ xR dTm'=[dSJ:c*-[aSJ,xR, r 41! d!J:c :c n, r d!J:c, :tl m 
(4·16) 

with ld!J:c*/d!J:cl and ldSJ:,jd!J:c,l given by Eqs. (4·14a) .and (4·14b). 
For spinless X, dfJxx, in Eq. (4·5) is given by Eq. (4·11), and dTn/T and 

dT m) T in Eq. (4 · 5) take the same forms as Eq. ( 4 · 16). 
Integration with respect to d!Jx remains to be evaluated. This will be car­

ried out explicitly in the individual applications. 

§ 5. Applications 

1 ~x' +neutrino(s) 

A. e-+e+~X+X' 

l~x +neutrino (s) 

X' =h+, 

x, x' = e or 1J. or 1! . 

Assuming that the heavy leptons h± are point-like particles, their production 
cross section is given by Eq. ( 4 · 9). We. then, obtain, following the procedure 
described in the previous section, the angular correlation between x and x' in 
the overall center-of-mass system: 

4 X Rn X Rm' X (l_) 2 
X __t:£___(3 S {1 + cos2 00 + l_ sin2 00 

41! 64E2 r 2 

- (n · m') {32 sin2 ()0 - 2nomo' + 2 CP1 · n) CP1· m') 

- 2(3 cos 00 (n0 CP1 · m') - mo',(PI · n))} 

X 1 1 d!Jx (5 ·1) r2 (1 - (3 cos oy r2 (1 + f3 cos 0')2 

with n,. and m,.' given by 

n= a,. [q-y 2{3(1-(3 cos O)p], 
r (1- f3 cos o) 

no = an [1-Y2 (1 - (3 cos ())]' 
r (1 - f3 cos o) 

m' = am' [ q' + y2(3 (1 + (3 cos O') p], 
r (1 + (3 cos O') 

(5·2) 

mo' = am' [1- Y2 (1 + (3 cos ()')]. 
r (1 + f3 cos O') 
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Productions and Decays ofShort-Lived Particles in e+ -e- Colliding Beam 1671 

Here and in the following, the angles are defined as follows : 

P1·JJ=coseo, P·ii=cose, P·ii'=cose', 

P1. ii =-=cos eb P1· ii' =coset', ii. ii' =cos e2. 

After substitution of Eq. (5 · 2) into Eq. (5 ·1) and rearrangement, one gets 

+ anam' [2cos e1 cos et'- {32 cos e2- r2f34 

r2 (1- f3 cos e) (1 + f3 cos e') 

+ r 2{33 c cos e- cos e') + r2{32 (2- {32) cos e cos e' 

+ 2{3 cos eo (cos 81- cos e1') + {32 cos2 eo[ cos e2-2- r 2{32 

+ f 2{3 c cos e- cos e') + r2{32 ~os e cos e'J J} 
. 1 1 ' 

X d!Jx. 
r2(1 - {3 cos ey r 2 (1 + f3 cos e7 . 

(5·3) 

For the collinear processes, i.e., for e2 =0 (e' = e, e1' =e1) or e2 =n(e' =n -e, 
e1' = n- e1), integration with respect to d!Jx can be carried out exactly and yields 

d 2fJ ) a 2 1 { [ 3 - {32 5 - {32 11 + {31J 
dt2:rdt2:r' 8,~o = 32nE2RnRm,f3 4r4 2(1--: {32) +~log 1- {3 

+ cos2 e [ 3 - [32 - 3 + [32 log 11 + ~ IJ 
1 2(1-{32) 4{3 1-{3 

+ a,. am' [1 - 1 + {3
2 

log 11 + {11 + COS·2 e1 (1 + 3 - {3
2 

log 11 + ~I)]} ' 
2{3 1 - {3 ' 2{3 1 - (1 
' (5·4) 

d 2
fJ _ \ = ___.!t._RnRm,f3r2 {1- _!_{34 + ~{3' COS2 e1 

dQ:rdQ:r,h~n 32nE2 3 3 

+an am-[- ! {32 + 1
1
5 {3'- ( 1-{32 + ~{3') cos2 e1J}. (5 · 5) 

For the general·· process in which x and x' occur in arbitrary directions, .we 

carry out the integration after expanding (1- {3 cos e)-1 and (1 + {3 cos e')-1 with 

respect to {3. One finds 
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1672 S. Kawasaki, T. Shirafuji and S. Y. Tsai · 

- 3 (cos ()1- cos ()/)2] J + 0 ({34)} . (5·6) 

It is easily verified that Eqs. (5 · 4), (5 · 5) and (5 · 6) are mutually compatible; 
this serves as a check of our results. The value of the asymmetry parameter 
for each process is already given m § 2A. If one looks for ee or ttf.l or pe 

coincidence, anam' = -1/9; for err or /-l7r coincidence, anam' = 1/3; and for rrrr 
coincidence, anam' = -1. 

l~p++r 

B. e- + e+~p*- + p*+ 

1~1-l-+r 

The angular correlation between p- and p+ is given by Eqs. (5 · 4), (5 · 5) 

and (5·6) with Rn"""""Rm,=1 and an=am'=O. Note that, as for the production 
of an e*--e*+ pair, another graph shown in Fig .. 4 contributes, and we shall treat 
this process in a separate paper. 

e•- e•+ 

H 
Fig. 4. Another graph contributing to e-+e+~e*-+e*+. 

~~x'+··· 

C. e-+e+~X+X' 

l~x+··· 

X, X'= spinless particle, 

x, x' = f.l or rr or··· . 

The procedure described in the preceding sections leads to 

S"2() 1 1 X sm o . · . d!Jx. 
r2(1 - s cos e)2 r2 (1 + s cos e'Y 

Integrating over d!Jx, one finds 

d2(J ) = a2 R R ,IF( -4E2) 12,os x 3 
d!J,d!J,, o,~o 192rrE2 n m fJ 8r4{32 

(5·7) 

X {_1_-t_e'~ - 1 - ~ log 1 + {3- cos2 ()1 (
3 - {32

- 3 + {32 log 1 + !3)} (5 · 8) 
1 - {32 2{3 1 - {3 1 - {32 2{3 1 - {3 ' 

d2(J ) = a2 RnRm,IF(-4E2)12{3s(1+2r2{32sin2()i) (5·9) 
d!J,d!J,, o,~n 192rrE2 
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Productions and Decays of Short-Lived Particles in e+ -e- Colliding Beam 1673 

and 

2 

a R R ,IF(- 4E2) 12,os 
192nE2 n m fJ 

X { 1 + .~ [j2 [2- 8 cos 82 - cos2 81 - cos2 8/- 2 (cos 81 - cos 8/)2] + 0 ([j')}. 

(5 ·10) 

§ 6. Reaction e-+e+~l*"+l± 

l~z++ry 

Before going into details, we recall that the condition for this type of reac­

tions to take place is ( E 0 =beam energy) 

to be compared with E 0> M for those reactions considered in § 5. 

If the coupling at the l* Zr vertex takes the form as in Eq. (2 · 5), which is 

parity-conserving, and if one is not interested in the spin-orientations of the final 

particles (l+, z- and r), the spin-orientation of zu is completely irrelevant to the 

angular distributions of the final t± (see Remark 2 of § 3). From Eqs. (3 · 15), 

( 4 ·14) and ( 4 ·16), one obtains the angular distributions of [+ and z- in the 

overall center-of-mass system as (m 1 = 0) 

(6·1) 

where d(J 1.j d!21 is the differential ,cross section for the production process r + e+ 

~zu + Z+, R( = 1) is the branching ratio for zu ~z± + r, 82 is the angle between 

the directions of Z+ and z-, and r and [j are the Lorentz factor and the velocity 

of l* given by 

4E 2-M2 

{j= 4E:'+M2 

We now calculate d(J " .. / d!J"_' the differential cross section for e- + e+ ~ ;r 

+,a*+, for which the Feynman gtaph in Fig. 5 contributes. Denoting the four­

momenta of e-, e+, ,a*+ and ,a- by p1, p2, p = (p, E) and q = (q, w), respectively, 

.one has 

"Yr~ 
I> 

Fig. 5. Production of a single excited muon through one-photon intermediate state in an e--e+ col­

. lision. 
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1674 S. Kawasaki, T. Shirafuji and S. Y. Tsai 

d 1 1 " I< *+ -ITI - +)12(2 )'.\:''( ) 1 dsp 1 dsq (J~<*·=-- "--' fJ. fJ. e e n u P1+P2-p-q ------, 
4F 4 spins (2nY 2E (2n)8 2w 

~l<p.*+p.-1Tie-e+)i2= ( fe
2 r 1 Tr[( ~ir·P2-m.)ir>. ( -ir·Pt+m.)r.] 

M+ml' (Pt+P2)4 

x Tr [ ( -ir · q + ml')r5>.>.' (p + q)>.' ( -ir · p -M) rJ ••• (p + q).,]. (6 · 2) 

In the center -of-mass system, in which p10 = p 20 = E 0 (beam energy), one finds ( m. 

=m~<=O)*> 

drJ ~<*' = f2a2 (1- M"A_) 2 (1 + cos2 ()t + 4Eo2 sin2 ()t)\ 

d!JI'_ 16E0
2 4E0

2 M 2 ' 

(6·3) 

where ()1 is the angle between the directions of the incident e- and the outgoing 

p.-. Integrating over d!Jr, we obtain the total cross section as 

rJ * = nf2 a2 (1 - M2 ) 2 (1 + 2. Eo 2) . 
I' 3E0

2 4E0
2 M 2 · 

(6·4) 

For compar~son, we show in Fig. 6 the total cross sections for e-+e+~h­
+h+(p.*-+p.*+), Eq. (4·10), and for r+e+~p.±+p.*"', Eq. (6·4), as functions 

5 

4 

b 2 

M=3GeV 

e- e .. 

K 
Fig. 7. Another graph contributing to 

e-+e•-7e*"+e•. 

Fig. 6. Total cross sections for e-+e•-7h-+h•(p.*­

+p.*+) (Curves Ia and Ib) and for e-+e+-7p.*" 

+p.• (Curves IIa and lib) as functions of the 

beam energy E0 with/=1 and M=3 or 5GeV. 

*> If one retains the muon mass, then one finds 

dD'p•* =~( fa )2!1![1+ Mmp 
dfJ"- 4 M+mp Eo Eo2 

lql 2 J Eo2 cos2 fit 

with lql given by 

1 . 
lql= 4Eo [(2Eo+M+mp) (2Eo+M-mp) (2E0-M+mp) (2E0-M-mp)]112. 
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of the beam energy with f = 1 and M = 3 and 5 Ge V. 

We have also computed the cross section for e- + e+ ~e* ± + e"', for which 

another graph shown in Fig. 7 contributes. The results will be reported in a 

separate paper. 

§ 7. Summary and concluding remarks 

In §§ 3 and 4A, we have derived the general formulae which may be conveniently 

used for computing the cro~s section for the production and subsequent decay of 

a single X or a X-X .Pair, X being a narrow-width particle with spin 0 or t. 
In §§ 4B and 4C, we have described the general procedure for derivation of the 

combined angular distribution of the. decay products of X and X in the overall 

center-ofcmass system, the X-X pair being produced in the reaction e- + e+ ~X 

+X. The procedure has been applied to some processes of interest in § 5, where 

the variables associated with X and X have been explicitly integrated out. Our 

treatments also include the production and decay of an excited muon through 

the sequence e-+e+~.au+.a"'~(ti±+r) +.a"'(§ 6). 

Past and future searches for heavy leptons (including excited leptons) have 

recently been described in detail by Perl.21 l As noted by him and also by others, 

the important search method for heavy leptons, h±, in colliding beam experiments 

includes looking for e+ ,a- or e- ,a+ pairs, since the fractional decay rates are 

relatively large (especially for high-mass heavy leptons) and background problems 

are less serious for these modes. The expected combined angular distribution 

of e+ and ,a- (or e- and ,a+) is given by Eqs. (5·4), (5·5) and (5·6) with anam' 

= -1/9. As numerical examples, ·we show in Fig. 8 the differential cross sec­

tion for e- + e+~h- + h+~ (e- +Pe + li,) + (,a++ li" + P,) or (,a-+ P" + li,) + (e+ +lie 

+P,) for various special cases, with M,=3 GeV and R(h~elieli,) =R(h~,ali"li") 

=0.24.*> 

The search for excited leptons, eu and ,a'u, must involve looking for 

anomalous e+e- or ,a+ ,a- pairs and hence background problems are very serious. 

The expected angular distribution of a ,a+ ,a- pair is given by Eqs. (5 · 4), (5 · 5) 

and. (5·6) with an=am,=O for e-+e+~.a*-+,a*+~(.a-+r) + (,a++r), and by 

Eq. (6·1) supplemented by Eq. (6·3) for e-+e+~.au+.a"'~(.a±+r) +.a"'. 

Numerical examples for the latter process are illustrated in Fig. 9. 

Equations (5·8), (5·9) and (5·10) give the differential cross section for the 

production and decay of narrow-width spinless mesons (e.g., charmed mesons). 

The corresponding equations for baryons <,:ould have been obtained, if one had 

started from Eq. ( 4 · 8) instead of Eq. ( 4 · 9) in § 5A. 

We note here that, since we consider the production of heavy leptons near 

its threshold, the production of a heavy lepton pair by a onecphoton exchange 

mechanism completely dominates the one by a two-photon .exchange mechanism.22 l 

*> This value of the branching ratio for h~lY 1 Y,., l=e or If., is taken from Ref. 7). 
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8 20 
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01 I 0 -I 0 -l 

cos 82 cos e. 

Fig. 8. Fig. 9. 

Fig. 8. The combined angular distribution of the final e and 11 in the reaction e-+e+~h-+h+ 
~(e•v.v,.) + (p'"vttv,.) with M=3 GeV, Eo=3.5 GeV and R(h~lv.v,.) =0.24, as a function of fh 
with Oz=O or 7! (Fig. 8(a)) and as a function of Oz at 01=01'=n/2 (Fig. 8(b)). 

Fig. 9. The combined angular distribution of the final p+ and p- in the reaction e-+e·~~~~+ll*" 
~~~~+(~t•r) withf=l, M=3GeV, Eo=3.5GeV and R(p*~~tr)=l, as a function of 01 with 02 
=0 or 1r (Fig. 9(a)) and as a function of 02 at 01=;r/2 (Fig. 9(b)). 

To conclude, we remark that various considerations made in this paper can 
be applied to many other similar problems which involve creation of narrow­
width particles. For example, application to the reaction, e-+e+~.2' 0 +l' 0 ~(A 

+r) + (A+r) or e-+e+~.2' 0 +X~(A+r) +X. may yield information on the life­
time of .2' 0 or the form factor relevant to the .2'0-A transition. 
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Appendix 

We shall give a proof of the identity (3 · 8), 
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2((AA+(p)B)) ((BA+(p)A)) = ((AA+(p)A)) ((BA+(p)B)) 

+ 111'• ( (AA+ (p)ir6r I'A)) ( (BA+ (p)ir6r.B)). 

We use the following representations for r matrices: 

In the rest frame of X (p = 0) 

0 

-1 
). r.=( 

A (p)= -ir·p+M-"1+r4 
+ . 2M -T 2 ' 

0 

-1 

1/ ~'" = (J ~'" + PI'P·~ ((Ju, (tt, v = i, j) 
M 0, (tt, v=4) 

. ir~rt~'( ~t _:t )· 
Thus,· in this frame, the right-hand side of Eq, (3 · 8) reduces to 

(3·8) 

= (A1tA1+A/A2) (BttBt+B2tB2) + (A1tA2+A2tA1) (B1tB2+B2tB1) 

- CA1tA2-A2tA1) (BttB2-B2tBt) + (A1fA1-A2tA2) (BttBt-B2tB2) 

=2(AttAtBttBt +A2tA2B2tB2+ A1tA2B2tB1 + A2tA1B1tB2) 

which is precisely the left-hand side of Eq. (3 · 8) viewed m the same frame. 

This confirms the proof of the identity (3 · 8). 
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