This article was downloaded by: [Tufts University]

On: 28 October 2014, At: 13:48

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Journal of Discrete Mathematical
i Sciences and Cryptography

Discrets Mathematical

Sciences & Cryptography Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/tdmc20

Products of distance degree regular and

distance degree injective graphs

Medha Itagi Huilgol @ , M. Rajeshwari ® & S. Syed Asif Ulla ®

# Department of Mathematics , Bangalore University , Central
[ T—— G College Campus, Bangalore , 560 001 , India
b Department of Mathematics , Acharya Institute of Technology ,

Bangalore , 560 090 , India
Published online: 03 Jun 2013.

To cite this article: Medha Itagi Huilgol , M. Rajeshwari & S. Syed Asif Ulla (2012) Products of distance
degree regular and distance degree injective graphs, Journal of Discrete Mathematical Sciences and
Cryptography, 15:4-5, 303-314, DOI: 10.1080/09720529.2012.10698382

To link to this article: http://dx.doi.org/10.1080/09720529.2012.10698382

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the
“Content™) contained in the publications on our platform. However, Taylor & Francis,
our agents, and our licensors make no representations or warranties whatsoever as to
the accuracy, completeness, or suitability for any purpose of the Content. Any opinions
and views expressed in this publication are the opinions and views of the authors,

and are not the views of or endorsed by Taylor & Francis. The accuracy of the Content
should not be relied upon and should be independently verified with primary sources
of information. Taylor and Francis shall not be liable for any losses, actions, claims,
proceedings, demands, costs, expenses, damages, and other liabilities whatsoever or
howsoever caused arising directly or indirectly in connection with, in relation to or arising
out of the use of the Content.

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden. Terms &



http://www.tandfonline.com/loi/tdmc20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/09720529.2012.10698382
http://dx.doi.org/10.1080/09720529.2012.10698382

Downloaded by [Tufts University] at 13:48 28 October 2014

Conditions of access and use can be found at http://www.tandfonline.com/page/terms-
and-conditions



http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [Tufts University] at 13:48 28 October 2014

Products of distance degree regular and distance degree injective graphs

Medha Itagi Huilgol "
M. Rajeshwari > *
S. Syed Asif Ulla'-§

! Department of Mathematics
Bangalore University
Central College Campus
Bangalore 560 001

India

2Department of Mathematics
Acharya Institute of Technology
Bangalore 560 090

India

Abstract

The eccentricity e(u) of a vertex u is the maximum distance of u to any other vertex in
G. The distance degree sequence (dds) of a vertex vin a graph G = (V, E) is a list of the num-
ber of vertices at distance 1,2,....,e(x) in that order, where e (1) denotes the eccentricity of
u in G. Thus the sequence (di, di, dis .., dij, - .) is the dds of the vertex v; in G where di;
denotes number of vertices at distance j from v;. A graph is distance degree regular (DDR)
graph if all vertices have the same dds. A graph is distance degree injective (DDI) graph if no
two vertices have same dds.

In this paper we consider Cartesian and normal products of DDR and DDI graphs.
Some structural results have been obtained along with some characterizations.
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1. Introduction

Unless mentioned otherwise for terminology and notation the reader
may refer Buckley and Harary [4], new ones will be introduced as and
when found necessary.

Products in graphs have always given more generalized results
compared to the graphs involved in the product itself. It is also a power-
ful tool to construct bigger graphs given smaller ordered (sized) graphs.
Many parameters are tested in the products in literature [6], [7], [8],
etc. Among many products defined between graphs the cartesian product
is the most used one. Recently a whole monograph by Imrich et. al., [10]
is dedicated to graphs and their cartesian product. The cartesian product
is defined as,

The cartesian product of two graphs G and H, denoted GOH , is a graph
with vertex set V(GOH) = V(G) X V(H), thatis, theset g € V(G) & h € V(H).

The edge set of GOH consists of all pairs [(g1,/1),(g2,h2)] of vertices
with [g1,g2,] € E(G) and h1 = h2 or g1 = g2 and [h1,h2] € E(H).

Also the normal product is defined as,

The normal product of two graphs G and H, denoted G @ H, is a graph
with vertex set V(G ® H) = V(G) X V(H), that is, the set g € V(G), h € V(H)
and an edge [(g1,h1), (g2,h2)] exists whenever any of the following condi-
tions hold good:

(i) [g1,g21€ E(G)and hi = ha,
(ii) g, = &, and [h1,h2] € E(H),
(iii) [g,.8,]1€ E(G) & [h1,h2] € E(H).

The distance d(u,v) from a vertex u of G to a vertex v is the length
of a shortest u to v path. The eccentricity e(v) of v is the distance to a
farthest vertex from v. If, dist(u,v) = e(u),(v # u), we say that v is an
eccentric vertex of u. The radius r(G) is the minimum eccentricity of the
vertices, whereas the diameter d(G) is the maximum eccentricity. A vertex
v is a central vertex if e(v) = r(G), and a vertex is an antipodal vertex if
e(v) = d(G). A graph is self-centered if every vertex has the same eccen-
tricity, i.e., r(G) = d(G).

The distance degree sequence (dds) of a vertex v in a graph G = (V,E)
is a list of the number of vertices at distance 1,2,....,e(v) in that or-
der, where e(v) denotes the eccentricity of v in G. Thus, the sequence
(diy, diy, di.....,dij, ....) is the dds of the vertex v; in G where, di; denotes
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number of vertices at distance j from v;. The concept of distance degree
regular (DDR) graphs was introduced by G. S. Bloom et. al., [1], as the
graphs for which all vertices have the same dds. For example, the three
dimensional cube O3 = K2 X K2 X K3 is a DDR graph with each vertex hav-
ing its dds as (1,3,3,1). Clearly, di; denotes the degree of the vertex v; in
G and hence, in general, a DDR graph must be a regular graph; but, it
is easy to verify that a regular graph may not be DDR. In Bloom [1],
detailed study of DDR graphs can be found and one of the fundamental
results therein states that “Every regular graph with diameter at most two
is DDR”. Bloom, Quintas and Kennedy [2] have dealt many problems
concerning distance and path degree sequences in graphs. Halberstam
et. al., [9] have dealt in particular the distance and path degree sequences
for cubic graphs. It is worth to mention that computer investigation and
generation of cubic graphs is done by Brinkmann [3] and Bussemaker
et.al., [5]. In [12], Itagi Huilgol et. al., have listed all DDR graphs of diam-
eter three with extremal degree regularity. In the same paper they have
shown the existence of a diameter three DDR graph of any arbitrary de-
gree regularity. In [13], Itagi Huilgol et. al., have constructed DDR graphs
of arbitrary diameter. Also, they have studied the DDR graphs with re-
spect to other parameters.

A graph is distance degree injective (DDI) graph if no two vertices
have same dds. These graphs were defined by G.S. Bloom et. al., in [2].
DDI graphs being highly irregular, in comparison with the DDR graphs,
at least the degree regularity is looked into by Jiri volf in [11]. A particu-
lar case of cubic DDI graphs is considered by Martenez and Quintas in
[14]. There are very few examples of DDI graphs, so it is important to
get DDI graphs from smaller (sized/ordered) DDI or other graphs as
products.

In this paper we consider cartesian and normal products of DDR and
DDI graphs. For some products both necessary and sufficient conditions
have been obtained.

2. Cartesian product of DDR and DDI graph
In this section we consider cartesian products of DDR and DDI

graphs.

Theorem 2.1: Cartesian product of two graphs Gi and G2 is a DDR graph if
and only if both G\ and G, are DDR graphs.
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Proof. Let G1 and G be two DDR graphs having the dds of each vertex
(do,d1,d>, ...... dr) and (dy,dy, ds,...... d;,) respectively, where r; and r,
are radii of G| and G respectively. In the cartesian product of any two
graphs, the distance between any two vertices (u;, v;) and (u»,v2) is given
by dcioc, ((uy,v1), (Uz, v2)) = do (u1,u2) + dg,(vi,v2) as in [15]. Now let u
be any vertex in G and v be any vertex in G>. Then, it is very clear that the
number of vertices at distance i from (u,v) in G; OG,

i—1
dig,nG, W,v) = di(u) + d; (v) + Zl dj(uyd;_;(v).
i=

Since the graphs Gi and G; are DDR graphs di(u) = di(x),
0 <i<diam(G,) for all x € G; and d;(v) = d;(y),0 < i <diam(G,) for all
y e Gy, diclucz(“’ V)= d,‘GlDGz(s, 1,0 <i=<diam(G,) + diam(G,) for all (s,1) €
G10G,. Hence the graph G;0G; is a DDR graph.

Now let G10G,, the cartesian product of G; and G, be a DDR
graph. Suppose G is not a DDR graph, then there exist at least two verti-
ces u and v having different dds i.e., (do(u), d1(u), d2(u), ...... dew) (1)) and
(do(v),d1(v),d2(v), ...... dev)(v)) are dds of 1 and v, respectively in G and
k, the minimum value of i,1 < i < d(G1), such that di(u) # di(v). Let w be
any vertex in Gz, having the dds (dy (w), di1(w), dy(w), ...... Jdoomy(w)) and
dr(w) be the number of vertices at distance k from w in G,. The number
of vertices at distance k from («,w) in G1 OG> is given by di; IEIGz(u,w) =
di(w) + di(w) +di(w) dig— 1y W) + d2(u) dig—0y(w) +d3(w) dig—3(w)+ ...+
dy—1) (w)di(w) and the number of vertices at distance k from (v,w) in
G10G, is given by de]DGZ v,w) =diW) + diw) +di(v)di— 1) W) +
d2(V) dig—yw) +d3(v) di—3y W)+ ... +dg-1) (V) di(w). Hence di; ng,
(u,w) # dig, 06, (v,w), since di(u) # di(v) and dj(u) = d;(v), for all j,0<

Jj < k.Hence G1 OG> isnon-DDR graph, a contradiction. Hence G1 should
be a DDR graph. Similarly we can prove G is also a DDR graph. Hence,
the result. O

Theorem 2.2: If the cartesian product of two graphs G and G, is DDI then
both G1 and G, are DDI graphs.

Proof. Let G1OG2 be a DDI graph. Suppose G1 is not a DDI graph,
then there exist at least two vertices u;, u, in G having the same dds, i.e.,
dds(u1) = dds(u3). Let vi be any vertex in G2. Then the number of vertices
at distance 1,0 <1 < e(u1) + e(v1) from (u1,v1) is given by
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i—1
leIDGz(ubVl) = di(ul) + d[’(Vl) + z dj(lfll)d:_l (Vl).

j=1

and the number of vertices at distance [,0 <[ < e(u2) + e(v1) from (u2,v1)
is given by
i—1
dig, o6, W2, v1) = diun) + di(vy) + 2 dj(uy) di—; (vy).
j=1
Since, dds(uy) = dds(uz), we get dig,ng, (U1, v1) = dig,06, (U2, v1), for
all ,0<I1=<e(uy) +e(vy),ie.dds(ui,vy) = dds(uy,vi), hence G| OG, is not
DD], a contradiction. Hence G| should be DDI. Similarly, we can prove G2
is also DDI. Hence, the proof. O

Remark 1. Cartesian product of two DDI graphs need not be DDI. The following
are the two DDI graphs whose cartesian product is not DDI.

U Vi Vs
ll2 1 '-_16 Vz
G, G,

Figure 1
Two DDI graphs whose cartesian product is not DDI

Lemma2.1: Let Gy and G be two DDI graphs. Let A = {dds(u;) | ui € V(G1)}
and B = {dds(v))/ vie V(G2)}. If IANBI|= 2 then G, O G, is not DDI.

Proof. Let|ANB|= 2 Then there exist u;, u; in G1 and vm, v, in G such that
dds(ur) = dds(vm) and dds(ui) = dds(vs). Hence in G OG,, dds(uk,vn) =
dds (u;,v,,),making G| OG> non DDI. Hence, the proof O

Theorem 2.3. Let G1 and G2 be any two graphs. Let u be any vertex in G1 and
S be a subset of V(G») such that no two vertices of S have same dds, then no two
vertices of {u} X S have same dds in G1 O G.

Proof. Letubeany vertexin G| and S be a subset of V(G,) such thatno two
vertices of S have same dds. Suppose there exist at least two vertices (u,v)
and (u,w) in {u} X S having same dds. Hence dig, ¢, v) = dig,nc,(u,w),
forall ,0<[=<e(u)+e(), here e(v) = e(w).
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=1 =1
Hence d;(u) + d;(v) + Z dij(u) d;_;(v) = di(u) + dj(w) + Z dj(u) d;_;(w),
= j=1

-1 -1
implies d;(v) + 2. dj(u) d;_;(v) = dj(w) + D d;(u) dj_;(w) — (1)
j=1 j=1

For [ = 1, eq.(1) implies d;(v) = d;(w).
For [ = 2, eq.(1) implies d5(v) + d1(u) d1(v) = dy(w) + d1(w)d}(w)

= d5(v) = d>(w) and so on

For, [=e(v)=e(w),eq.(1) implies d,q)(v) =d,q,(w). Hence,
dds(v) = dds(w), a contradiction. Hence no two vertices of {u} XS have
same dds in G1OG,. Hence, the proof. O

Remark 2. Let S1 and Sz be two subsets of V(G1) such that every pair
(x,y), x € S1,y € S2 satisfies dds(x) # dds(y) and let z € V(G2) be any vertex
in Ga, then in G1OG,, the subsets {(x,z) [ x € S\} and {(y,z)/y € S2} are such
that every pair ((x,2),(y,z)), x € S1 and y € Sz satisfies dds(x,z) # dds(y,z).

3. Normal product of DDR and DDI graphs

In this section we consider normal product of DDR and DDI graphs.
Stevanovic¢ in [16] has considered the distance between any pair of vertices
in normal product. Given two vertices (u;,v;) and (u,v,) the distance be-
tween these two vertices in the normal product is given by;

dcie6, (Ui, v)), (ug, viy) = max{dc, (u;, vy), dg, (uj, vim)}

Immediate conclusion we can draw as follows:

Lemma 3.1: Let S = {Gi/i = 2}. If there exist k such that Gy is self centred and
diam(Gy) = diam(G;) for all i = 2 then normal product of all the graphs in S is a
self centred graph with diameter equal to diam(Gy).

Theorem 3.1: Normal product G1 ® G, of two graphs G and G, is DDR if and
only if both Giand G, are DDR graphs.
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Proof. Let G1 and G2 be two DDR graphs having the dds
(do, d1, do, ...... dayp) and (dgy,d,d5,...... .d4,) respectively, then the
number of vertices at distance i, 0 < i < max{diam(G,), diam(G2)} from any
vertex u;,v,, in G1 @ G2 is given by

i-1 i1
dicye G, (U, vm) = di(u) « di(vi) +di(up) Y dj(vi) +di(vi) D d; ().
=0 =0

Hence, the Normal product G1 @ G2 is DDR.

Conversely, let G1 ® G2 be DDR. Suppose G is not DDR, then there
exist at least two vertices u# and u, in G such that dds(u;) # dds(u,). Let
k be the minimum value such that di(u1) # dk(u2) and v, be any arbitrary
vertex in G2, then the number of vertices at distance k from (u1,v1) is
given by

i—1 k=1
dikGio 6,1, vi) = di(uy) - di(v) +di(uy) . dj(vy) +di(vy) D dj(uy)
/=0 /=0

and the number of vertices at distance k from (u,, v|) is given by

i—1 k=1
dikGio G, (2, v1) = di(uy) di(v) + di(ua) Y. di(vy) +di(vy) D dj(uy),
/=0 /=0

implies dkg, 06,1, V1) # dkG 06, (U2, V1), since dk(u1) # dk(u2). So G1 @ G2
is not DDR, a contradiction. Hence G is DDR. Similarly we can prove G,
is also DDR. Hence, the proof. O

Proposition 3.1: If the normal product G| ® G2 of two graphs is DDI then both
G1 and G, are DDI.

Proof. Let the normal product G; ® G2 of two graphs be DDI. Sup-
pose G is not DDI, then there exist two vertices u1 and u, such that
dds(u1) = dds(u3). Let vi be any vertex in G2. The number of vertices at
distance k,0 < k < max {e(u1), e(v1)} from (u1,vy) is given by

k=1 k=1
digy+ 6, (U, vi) = di(uy) di(vy) + di(uy) D> di(v) +di(vy) D di(u).
ji=0 ji=0
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and the number of vertices at distance k,0 < k < max{e(u,),e(vi)} from
(1, v1) is given by

=1 k=1
dikGye6, (U2, v1) = di(u) di(v) +di(w2) D di(vy) +di(v) D d;(uy).
=0 /=0

Hence,  dig 06,1, v1) = digiec, (2,v1),0 = k < max{e(u;) = e(uy),
e(v))}, implies dds(uy, vi) = dds(u2, v1), a contradiction. Hence G is DDI.
Similarly we can prove G: is also DDI. Hence, the proof. O

Remark 3 : Normal product of two DDI graphs need not be DDI. The graphs in
Figure 1 are the two DDI graphs whose normal product is not DDI.

Lemma 3.2: Let Gy and G be two DDI graphs. Let A = {dds(u;)/u; € G}
and B = {dds(vi)/vie V(Gy)}. If IANB1=2 then G| ® G is not DDI.

Proof. Let IANB1=2. Then there exist uiu; in Gi and vm,va in G2
such that dds(uy) = dds(vim) and dds(u;) = dds(vn). Hence in G| ® G,
dds (u, vn) = dds(u1, vm), making G @ G2 non DDI. Hence the proof. O

Proposition 3.2: Let G1 and G2 be any two graphs. Let u be any vertex in G
and S be a subset of V(G2) such that no two vertices of S have same dds, then no
two vertices of {u} X S have same dds in G1 @ G.

Proof. Suppose there exist two vertices (u,v) and (u,w) in {u}XxS
having same dds, i.e., dds(u,v) = dds(u,w), this condition is satisfied only
if e(v) = e(w). Here three subcases arise, viz. Case(a): e(u) < e(v) = e(w),
Case(b): e(u) = e(v) = e(w) and Case(c): e(u) > e(v) = e(w).

Case(a): dds(u,v) = dds(u,w),e(u) < e(v) = e(w),e(u,v) = e(v) = e(w).
m—1 m—1
Ao, (U, V) = dn(W) dyy(v) +dn(w) Y. dj(v) +dn(v) > d;(u) and (1)
=0 j=0

m—1 m—1
Aoy (Us W) = dm () dyy(W) +dm(w) D djw) +du(w) 2. di(w),  (2)
j=0 j=0

Amcie6,(U,V) = dmgec,(U,w), for all m,0 <m < e(v) = e(w).
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First taking, dmg,ec,(4, V) = dmg,@c,(U,w), for all m,0 < m < e(u), we

m—1 m—1
get dm () [dy(v) — dp(w)] +dm(u)[ ddm— dj(W)]
j=0 j=0

m—1
+| 2 diw [dp() = dpW)]|= 0
Jj=0

ie., f: d; () |[dm(v) — dp(W) ]+ dm (1)
j=0

m=1 m=1
P AOEIS d;(w)]z 0
j=0 j=0

Put m = 1in Eqn (3). = [do(u) + d1(w)][d}(v) — d1(W)]

+di(w[dy(v) —do(w)] = 0

ie., di(v) =di(w)
2
Put m = 2 in Eqn. (3). :>[ >, d; () |[dy(v) — dy(W)] + da(u)
j=0
1 1
[Z FAOEDS d;(w)] =0
=0 =0
i.e., d>)(v) = d5(w), And so on,

e(u)
Put m = e(u) in Eqn. (1). =>[ Z dj () |[dey(v) = dey w)]
j=0

e(u)—1 e(u)—1

+dou (u) Z di(v) — Z di(w)|=0
=0 i=0

ie., dewy (V) = dey(w).

Hence d;, (v) = dm(w) forall m,0 <m <e(u).

Now for all m,e(u) < m <e(v) = e(u,w), we have

m=1 m—1 m—1
ie.,|dm(u) + dj(u)][d;n(v)—d,'n(w)]-i-dm(u)[ P AOESY d;(w)]z 0
j=0 j=0 j=0

®)

4)
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e(u) e(u)

dmciec, U, V) = dp(v) z dj(u) and dmg,c,(U, w) = dp(w) Z di(u).
j=0 j=0

Hence dmg,¢c,(U, V) = dmg,@c,(u, w), for all m,e(u) <m < e(v)

e(u) e(u)

= e(u,w) gives d,(v) Z dj(u) — dp(w) Z di(u)=0,ie.,
Jj=0 j=0

e(u)

[dn ") —dp W)] D d;(w) = 01ie., d(v) — dp(w) = 0.
j=0

Hence d,, v) = d,,(w), for all m,e(u) < m<e() = e(u,w). (5)

Combining (4) and (5), we get d;, (v) = dy(w), for all m,0<m=<e(v) =
e(w) = e(u,w),ie., dds(v) =dds(w), a contradiction. Hence dds(u,v) #
dds (u,w).

Case (b): dds(u,v) = dds(u,w),e(u) = e(v) = e(w) = e(u,v).
Substituting these conditions in (1) and (2), we get

m m—1 m—1
[Z d,-(u)}[din V) = dp W]+ dn@ | D, di(v)— > di(w)|=0 (6)
j=0 j=0 Jj=0

Substituting values of m in Eq.(6) we get d;, (v) = dp,(w) for all m,0 <m <
e(w) =e(v)y =ew) =e(u,v).

i.e., dds(v) = dds(w), a contradiction. Hence dds(u,v) # dds (u,w).

Case (¢): e(u) > e(v) =e(w),e(u,v) = e(u).

Substituting the values in (1) and (2) we get

1 m—1 m—1
[ ) dj<u>] [ )= 0]+ )| ' 40 ="%, 0| =0 @)
J= j= j=
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Substituting the values of m in (7) we get
dn,(v) =dp (w) forall m,0 <m<e(v) = e(w).

i.e., dds(v) = dds(w), a contradiction. Hence, dds (u,v) # dds (u,w). O

Remark 4: Let S1 and Sa be two subsets of V(G1) such that every pair
(x,), x € S1,y € S2 satisfies dds(x) # dds(y) and let z € V(G,) be any vertex
in G, then in G ® G, the subsets {(x,z) | x € S1} and {(y,z) | y € S2} are such
that every pair ((x,2), (,2)), x € S1 and y € S2 satisfies dds(x,z) # dds(y,z).
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