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1 Introduction

Computations play a crucial role in economics, from models of aggregate fluctuations to game
theory, passing through econometrics, labor economics, industrial organization, international
trade, and finance, among others. Thus, it is not surprising that economists have developed
increasingly sophisticated algorithms to solve or estimate their models. The over 3,000 pages of
the four volumes of the renowned Handbook of Computational Economics (Amman et al., 2018)
demonstrate this point sufficiently. Interestingly, economists have paid much less attention
to hardware. Except for a few papers (among others, Nagurney, 1996, Aldrich et al., 2011,
Fernandez-Villaverde and Valencia, 2018, Duarte et al., 2019, and Peri, 2020), researchers have
generally taken hardware as a given and not as an essential margin to improve computations.

In a quickly evolving computational landscape, this lack of interest is unfortunate. As
single-core central processing unit (CPU) speeds stall, specialized accelerators (i.e., hardware
designed to perform specific operations) continue to deliver greater performance at inexpensive
price points. Since advanced computation is playing a growing role in all industries and research,
the development and programming of customized accelerator chips have become cheaper and
more accessible, clearing the way for a computational revolution.

Fields like biology, genetics, medicine, and physics have been at the vanguard of this process.
Over the years, research in these fields has seen widespread adoption of a particular type
of chip whose hardware can be programmed to solve application-specific algorithms: field-
programmable gate arrays (FPGA). FPGAs have been successfully deployed to accelerate a
variety of applications: DNA matching (Hoang, 1993), molecular dynamics (Azizi et al., 2004),
Basic Local Alignment Search Tool (Herbordt et al., 2006), astrophysics particle simulator
(Berczik et al., 2009), and cancer treatment (Young-Schultz et al., 2020), among others.

Unfortunately, the skills required to implement algorithms at the hardware level have repre-
sented an entry barrier for fields usually organized around small research teams, like economics,
where there might be a comparative lack of domain-specific knowledge related to hardware.
Our paper describes a first attempt to reduce these barriers for researchers in economics.

How do we get higher performance from a chip while retaining a reasonable easiness of
programmability? To answer this question, we illustrate how to use the compilers designed
to work with FPGAs, both easily available at Amazon Web Services (AWS), to accelerate the
solution of a major workhorse in economics: the incomplete markets, heterogeneous agent model
with aggregate uncertainty.

After the pioneering contribution of Krusell and Smith (1998), heterogeneous agent models
have been used extensively to study business cycle fluctuations, monetary and fiscal policy,
life-cycle decisions, industry dynamics, and international trade, and to answer many other

questions. Also, there has been tremendous interest in the development of solution methods



well-suited for these models, like Rust (1997), Algan et al. (2008), Reiter (2009), Den Haan and
Rendahl (2010), Maliar et al. (2010), Reiter (2010), Young (2010), Algan et al. (2014), Sager
(2014) Prohl (2015), Nuno and Thomas (2016), Achdou et al. (2021), Bhandari et al. (2017),
Brumm and Scheidegger (2017), Judd et al. (2017), Bayer and Luetticke (2018), Childers (2018),
Mertens and Judd (2018), Winberry (2018), Fernandez-Villaverde et al. (2019), Auclert et al.
(2020), Bilal (2021), and Kahou et al. (2021), among score of other papers.

More concretely, we work with the canonical incomplete markets economy in Den Haan et al.
(2010). The authors proposed this economy as a computational suite to test the accuracy of
solution methods for heterogeneous agent models precisely because of its canonicity. We solve
the model employing the algorithm developed in Maliar et al. (2010). We pick this solution
algorithm because of its simplicity and accuracy. A further advantage of this code is that it
was not written to extract performance from custom accelerators, limiting the possible biases in
our analysis. We code our solution in C, the fastest programming language for computation in
economics (Aruoba and Fernandez-Villaverde, 2015).! For the FPGA, we employ the industry
gold standard Xilinx high-level synthesis (HLS) compilers using Vitis HLS and the OpenCL
interface (Xilinx, Inc., 2020b). For the CPU, we use the GCC 9.4 compiler since it implements
state-of-the-art run-time optimizations (whose importance will be clear momentarily).

Our first exercise runs the C code in one FPGA and one CPU core. The code is ezactly the
same in both cases except when we apply the #PRAGMA directives available to the FPGA designer.
The #PRAGMAs instruct the HLS compiler on how to design the FPGA hardware, i.e., on how to
connect physical logical resources in the FPGA to exploit the maximum parallelism, pipelining,
data distribution, and data streaming required to efficiently solve our algorithm.? The CPU
cannot offer this feature because its hardware is not programmable. The CPU code is compiled
using the -03 flag, the most aggressive standard-compliant optimization and one that delivers
an executable file that is hard to beat via hand-made optimizations, even for highly experienced
programmers. Thus, our code compares the best performance offered by one FPGA with the
best performance offered by one CPU core, making the comparison meaningful. We measure
that the FPGA delivers a speedup of nearly 74 times against an Intel Xeon Scalable Processor
(Cascade Lake, second generation) core. In other words, we solve the same heterogeneous agent
model 74 times faster in one FPGA than in one CPU core.

Our second exercise scales up from one FPGA to eight and from one CPU core to 48 to
compare their performance when a researcher has access to multi-core acceleration. In this
case, we use Open-MPI (the de facto standard for parallelization in large clusters of CPUs) to

parallelize our C code as deployed in the CPUs. In particular, we ask each CPU core to solve the

'We code in C to avoid the abstraction speed penalties in C++: we want to give the CPU core the best possible
fighting chance against the FPGA acceleration.

20ur online tutorial at https://www.sas.upenn.edu/” jesusfv/KS_FPGA_tutorial .pdf supplies a detailed
guide on how to utilize #PRAGMAS to accelerate the solution of our model.
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same model many times (we call each solution an “economy”). For example, if we have 48 cores,
we ask each CPU core to solve 25 economies, for a total of 1,200 economies and we compare
the time required against the time that the FPGAs require to solve 1,200 economies. This
research design is the best case scenario for parallelization in CPU cores, as it minimizes the
communication across CPU cores and its associated overheads. Other parallelization schemes,
such as solving one economy simultaneously in several cores (perhaps more relevant in practice
because the model to solve is complex), will deliver worse performance for multi-core CPU
clusters because of time lost in data transfers. We find that one FPGA solves 1,200 economies
1.53 times faster than 48 CPU cores do and that eight FPGAs solve 1,200 economies 572 times
faster than one CPU core and 11.90 times faster than 48 CPU cores.

The FPGAs speedups in these two exercises are accompanied by large cost savings (less
than 19.44% of the CPU cost) and even more impressive energy savings (less than 4.49% of
the CPU energy consumption), a growing concern due to environmental goals set up by many
universities and research institutions. An additional attractive feature of FPGAs is that they
are easily available either for purchase at economical prices or at commercial cloud services,
such as AWS (the service we use in this paper), at low costs per hour.

Next, we inspect the mechanisms that account for the FPGA speedups. First, we use
pipelining of complex equations to start a new calculation composed of hundreds of primitive
operations each cycle. Second, we exploit loop-level data parallelism to simultaneously perform
computations on multiple independent pipelines. Third, we employ coarse-grained, data-level
parallelism to compute multiple economies in parallel. Fourth, we tune the precision and data
representation to promote efficient pipelining and support additional parallelism.

While our application is focused around the canonical model in Den Haan et al. (2010),
the acceleration techniques we describe for its solution can be easily generalized for solving
more complicated heterogeneous agent models. We have in mind, for example, the classes of
HANK (Kaplan et al., 2018; Bayer et al., 2019) and climate change models (Cai and Lontzek,
2019; Cruz Alvarez and Rossi-Hansberg, 2021) that have become so influential in recent years.
Both classes of models face a whole new range of computational challenges with respect to
the basic framework in Krusell and Smith (1998) that have prevented their full deployment
for policy advising despite their crucial importance. FPGAs are well-suited to deal with these
larger models. Nonetheless, we prefer to illustrate our approach with the model in Den Haan
et al. (2010) instead of jumping directly to more complex environments for transparency. Over
the last 25 years, we have accumulated so much knowledge about what works (and what does
not!) while solving models a la Krusell and Smith (1998) that the reader can appreciate, more
quickly, the novelty of our work, the speed gains, and its accuracy.

Similarly, the extra speed that FPGAs deliver can also be put to good use when structurally

estimating the model using micro and macro data or, relatedly, while checking for the robustness



of the results with respect to different parameter values. In both cases, we need to solve the
model for many parameter values. Thus, speed is a first-order consideration.

In terms of the literature, the only other paper in economics using FPGAs we are aware of is
Peri (2020). We replace the lower-level programming in the register-transfer level (RTL) language
(Verilog) used in that paper with the more easily accessible FPGA HLS C-to-gates compil-
ers. This switch follows a long history of increasingly sophisticated automation in computer
science to map higher-level abstractions down to low-level implementations.®> From the earliest
demonstrations (Babb et al., 1999) to the launch of the first commercial compilers (Streams-C,
Frigo et al. 2001, Snider 2002), FPGA compilers have slowly but steadily improved, making the
programming of FPGAs cost-effective in terms of coding time.

In summary: we document that is much promise in a new field, electrical engineering eco-
nomics, where specialized computational accelerators are designed for specific, yet vital, compu-
tational tasks in economics at attractive price points and reasonable programming complexity.
Programming FPGAs to solve heterogeneous agent models is but a first step into a rich area of
research.

The rest of the paper is organized as follows. Section 2 presents the model and its calibration.
Section 3 details the solution algorithm. Section 4 describes the acceleration schemes. Section
5 reports quantitative results and performs robustness tests. Section 6 isolates the acceleration

channels responsible for the speed gains. Section 7 concludes.

2 The Model

This section presents the incomplete markets model with aggregate uncertainty and borrowing
constraints described in Den Haan et al. (2010) and its calibration. The model is an infinite-
horizon production economy with aggregate uncertainty and a unit mass of infinitely lived ex-
ante identical households that experience uninsurable idiosyncratic shocks to their employment
status and are subject to an occasionally binding borrowing constraint. When unemployment
benefits are set to zero, the model coincides with the model in Krusell and Smith (1998).

The household’s problem. Households choose sequences of consumption, ¢; € R, , and

physical capital, k11 € K C R, to solve:

max [ i B ﬁ (1)
{evke1}iZo 15 I—v

st e+ kg = [(1 —7)le + p(1 — et)] wy+ (1+7,—0)ky (2)

ki1 >0 (3)

3The interested reader can refer to Appendix A for an overview of this evolution.



subject to the budget constraint (2), the occasionally binding constraint (3), and the idiosyn-
cratic shocks to their employment status ¢, € {0,1}., which equal 1 if employed and 0 if
unemployed.? We will specify the stochastic process for ¢, below. The prices w; and 7, denote
the equilibrium wage and interest rate, 7; is the labor income tax rate, [ is the time-endowment,
pw; is the (tax-free) unemployment benefit, and § is the depreciation rate.

The firm’s problem. A representative, perfectly competitive firm uses per capita capital
K, € M C R, and the employment rate L, € R, to produce a per capita final good with
a Cobb-Douglas production function Y; = A, K*(IL;)'~®, where 0 < o < 1. The aggregate
productivity A, follows a two-state first-order Markov process over the support A = {ay, a,},
where a, = (14 Ay) is the good realization and a, = (1 — A4) is the bad realization.

Competition in the input and output markets implies that the equilibrium interest rate and

wages are:
ZL 11—«
ry = A, (ﬁ) , (4)
and R

Government. In each period, the government uses labor income taxes 7; to finance unem-

ployment benefits (in terms of wages) p,
TtZLt = /,6(1 — Lt) (6)

where u; = 1 — L; is the period ¢ unemployment rate.
Aggregate law of motion. The cross-sectional distribution of households over capital

holdings and employment status, I', follows the law of motion:
Ft+1 - H<Ft7 At7 At—‘rl)' (7)

Equilibrium. Given an exogenous transition law for {A, €}, a recursive competitive equi-
librium is the set of prices {w,r}, policy function £'(+), tax rate 7, and law of motion H(-) for
the cross-sectional distribution I' such that: i) given the individual household state {k,¢; T, A},
prices {w, 7} and the laws of motion of { A, €} and I, the policy function £’(-) solves the Bellman
equation representation of the household’s sequential problem in (1); ii) given {I", A}, input fac-
tor prices {w, r} receive their marginal products (4)-(5); iii) given A, the labor income tax rate
7 balances the government budget, (6); iv) the markets for labor and capital clear; v) given
{w,r, T, k'} and the transition laws for {A, e}, the law of motion #(-) satisfies (7).

4For the sake of comparability, the notation closely follows Den Haan et al. (2010), except that we drop the
subindex for individual households. We are also more explicit about the choice sets than what is standard to
facilitate readability for those less familiar with heterogeneous agent models in macroeconomics.



Calibration. To ensure the maximum comparability of results, we replicate the calibration
of Den Haan et al. (2010). The time unit is a quarter. We discretize the joint transition
of aggregate productivity and idiosyncratic employment status using the transition matrix in
Table 2 in Den Haan et al. (2010). The transition probabilities are designed such that the
unemployment rate depends only on aggregate productivity and they take values u, = u(1—A,)
in bad times and u, = u(1 + A4) in good times, u, > u,. Table 1 summarizes the rest of the

parameters as described in Den Haan et al. (2010).

Table 1: Calibrated Parameters

Q 0.36  Output capital share

I6] 0.99  Quarterly discount factor

v 1 Arrow-Pratt relative risk aversion coefficient
) 0.025 Quarterly depreciation rate

1 0.15  Unemployment benefits in terms of wages

! 1/0.9 Time endowment

Ay 0.01  Aggregate productivity shock size

We will refer to the set of parameters § = {a, 3,7,9, iu,l, A4} calibrated as in Table 1 as

the baseline economy. Without loss of generality, we will refer to a generic 8 as an economy.

3 The Solution Algorithm

We solve the model using the stochastic simulation algorithm described in Maliar et al. (2010).
Following Krusell and Smith (1998), we assume that households are boundedly rational and
perceive that only a finite set of moments of I affect future prices. In the numerical exercise,

we restrict our attention to the law of motion
m' = H(m, A, A" (8)

that describes the evolution of the first moment of the cross-sectional distribution of the per
capita stock of capital, m € M among households (notice the change in notation from H(-) to
H()).

A. Grids. We define the intervals on the household’s capital grid K = [kunin, kmax] =
[0,1000] and first moment of the cross-sectional distribution M = [Muyin, Mmax] = [30, 50]. We
discretize them with N, = 100 and N,; = 4 grid points, respectively. Section 5.4 explores
alternative grid sizes.

B. Individual households’ problem (IHP). A stationary solution to the optimization



problem (1) is the saving policy function &’ : K x {0,1}. x M x A — R,

KF=[pl-—e+Q—1)lefw+(1-0+rk

1—6+17 - (9)
((,u(l — )+ (1 —7)le)w + (1 =5+ 1)k — k’(k’))7 7

- {)\+BE

where k' = k' (k,e,m, A), A\ = AMk,e,m, A), k' (k') = K'(K'(k,e,m, A),e,m’', A’) and that satisfies
the occasionally binding constraint:

K >0 (10)
and complementary slackness condition:
AKE =0 A>0. (11)

We find a solution to the IHP using the following iterative Euler equation algorithm:

(i) Initial guess. Guess an initial policy function kj. In our case, we set k{, = k{(k,e,m, A) =
09-k.

(11) Iteration step. For each iteration step ¢ > 0 and given the guess ki:

EH = Ok; (a) Solve (9)
ki = nggﬂ + (1 — i)k, (b) Update Guess

(a) For any state (k,e,m, A) € K x {0,1}. x M x A:
- Set the Lagrange multiplier A\(k, e, m, A) = 0.
- Substitute the guess k] and compute the right-hand side of equation (9).

- Update the left-hand side. If Eg 4 falls outside the capital grid set, replace it
with the closest boundary of the individual capital grid, {kmin, Fmax |-

(b) After completing step (a), let g = 0.7 and set the (i 4 1)-iteration policy function
guess to:
k1,;+1 = Ukkgﬂ + (1 — i)k (12)

(i11) Convergence criterion. Repeat the iteration step (i) until convergence of the policy

function in the sup norm:

p (k:Z'-H, k;,’L) = " A)é}r{rlxz?{%l} e ki 1 — ki <er=1le(—8). (13)

C. Aggregate law of motion (ALM). Following Maliar et al. (2010), we parameterize

8



the law of motion of the per capita stock of capital, m € M as:
Inm' = f(a,m;b) = bi(a) + ba(a)lnm  a € {ay, a,}, (14)

where the second equality assumes the conditional expectation of Inm’ to be linear in Inm and
aggregate-state dependent.
D. The fixed-point algorithm. We estimate the vector of aggregate state-dependent

coefficients b (henceforth, ALM coefficients) using a nested fixed-point iterative algorithm:

(1) Initializations. Set initial values for (by(ay),ba(ay)) = (b1(ap), b2(ap)) = {0,1}. Set the
size of the cross-sectional distribution to J = 10,000 households and the time periods of
the stochastic simulation to 7" = 1,100. Use a quasi-random number generator to draw

the aggregate shocks {a;},21" and the idiosyncratic shocks to the employment status

{et,j}f:lfj’-l:olo =100 - Qet, the initial cross-sectional distribution of the households’ capital
holdings.® Use Equations (4), (5), and (6) to compute wages, the interest rate, and labor

income taxes.
(1) Iteration step. For each iteration step i > 0:
(a) THP. Estimate the household capital holdings policy functions k'(k, e, m, A), by solv-
ing the THP.

(b) Simulation. At each period ¢ € {1,...,1100}, given the initial capital holdings
distribution, the idiosyncratic and aggregate stochastic processes, and the policy

functions:

(i) Accumulation step. Compute my,, the cross-sectional average of household capital

holdings
1
my = j;/@,t. (15)

(11) Interpolation step. For each household j € {1,...,10,000}, use linear interpo-
lation to determine the next period household capital holdings, given the period

t idiosyncratic {k; j, €, ;} and aggregate {m;, A;} states.®

SFollowing Maliar et al. (2010): (i) we set the initial capital distribution to the steady-state value of capital
in a deterministic model with employment rate L = 1/ I =0.9; (i1) we iteratively update the initial capital
distribution (with the capital distribution associated with T'= 1,100) if the metric measuring the convergence
of the ALM coefficients in (16) is higher than le(—6).

6The Matlab code in Maliar et al. (2010) uses a spline interpolation scheme. Because moving the splines to an
FPGA involves some extra work that would distract from the clarity of exposition, we leave the implementation
of this feature for future research. In addition, we precompute aggregate and idiosyncratic shocks to ensure
comparability across different software. These are the only two differences with their original code, available at
https://lmaliar.ws.gc.cuny.edu/codes/.
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(¢) ALM. Estimate b'(a) = (b (a), b(a)) with a € {a, a,} by running the OLS regres-
sion in (14) after discarding the first 100 observations, t =1, ..., 100.

(d) Let n, = 0.3. Set the (i 4 1)-iteration ALM coefficients to:
bt (a) = mebi(a) + (1 — my)bi(a), le{l,2}, ae{a, a,}.

(111) Convergence criterion. Repeat the iteration step (i4)(a)-(ii)(d) until convergence of the

ALM coefficients in the Fuclidean norm:

Yo @) —bi(a)? < g = le(-8). (16)

le{1,2},ac{ap,aq}

4 Acceleration Schemes and Hardware Architecture

This section describes the hardware architecture of FPGA acceleration and explains the hard-
ware architecture of our CPU computations. Appendix B reports the hardware specifications

of the different instances.

4.1 Hardware Architecture of FPGA Acceleration

The FPGA acceleration approach solves the algorithm in Section 3 by using Amazon F1 in-
stances to deploy three configurations of FPGAs connected to a host: one FPGA (fl.2xlarge),
two FPGAs (fl.4xlarge), and eight FPGAs (f1.16xlarge).

The computational flow is as follows. The host initializes variables (grids, shocks, guesses),
allocates jobs across available FPGAs, and transfers the data to the FPGA(s). The FPGA(s)
solve(s) the nested, fixed-point algorithm discussed in Section 3. The host reads back and saves
the results. Unless differently specified, computations are performed using IEEE754 double

precision floating-point.

4.1.1 FPGA hardware description

F1 instances mount (up to eight) Xilinx VU9P FPGAs, each with 1.2 million 6-input gates
(LUTS), 6,840 multiply-accumulate units (DSPs), and 346Mb of on-chip memory, given by 76Mb
of Block RAM (BRAM) and 270Mb of Ultra RAM (URAM). These resources are organized in
three dies, referred to as a Super Logic Region (SLR), connected by a silicon interposer (Figure
2). The AWS FPGA is further divided into two partitions: Shell and Custom Logic (CL).
The shell is the FPGA platform implementing external peripherals like PCle, DRAM with the

FPGA. CL is the custom acceleration logic that users design. Users’ CL designs can employ

10



up to 895 thousand LUTs, 5,640 DSPs, and 284 of on-chip memory, given by 59Mb of BRAM
and 225Mb of URAM per FPGA.

4.1.2 Custom logic hardware design

Our CL design is tailored to compute three economies in parallel, one per SLR, in the same
FPGA."” OpenCL commands organize the computation flow in kernels. Each kernel is assigned a
different economy 6 and is instantiated in a separate SLR. Kernels are then deployed in parallel.

A feature of our hardware design is that it is easily scalable with minimal modifications of
the C code. OpenCL commands collect the available SLRs and instantiate the kernels. In the
case of one FPGA (fl.2xlarge), three kernels are instantiated across the available SLRs. In the
case of eight FPGAs (f1.16xlarge), 24 kernels are launched in parallel —similar to having 24-core
CPU with separate memories running in parallel.

To load and deploy our custom logic hardware design on the EC2 F1 instances, we create
Amazon FPGA Images (AFI) that combine the Shell and the CL design for multiple grid sizes.
This step is accomplished with the creation of .AWSXCLBIN files, which can then be used to

run inference on the Amazon cloud platform.

4.1.3 The single-kernel design

Our kernel implements in hardware the nested-fixed point algorithm presented in Section 3.
The design organizes the three inter-dependent building blocks ~THP, simulation, and ALM- in
a sequence, and performs the computations until convergence of the ALM coefficients (Equation
(16)). Our final kernel design starts computations at every clock cycle at 250 MHz and provides
flexibility to study multiple grid sizes.

Hardware Design: Common Challenges and Remedies. Our C code defines cus-
tomized hardware pipelines that can compute hundreds of operations in the model equations
every cycle. A well-designed application keeps these hardware pipelines constantly busy, start-
ing new computations at every clock cycle. A pipeline that initiates computations every clock
cycle is said to have an initiation interval of 1, or I = 1. Applications face common challenges

in the management of memory to reach this goal. Some of the common remedies include:

1. Large memory access latency. The FPGA device and host processor share a common

memory referred to as global memory (Dynamic Random Access Memory, DRAM). Global

"We could alternatively design the custom logic to span across the multiple SLRs. This design is feasible
but would require handling inter-SLR connections, complicating the coding and the management of tighter
clock constraints. Since many of the benefits of accelerators are associated with the estimation of structural
parameters that involve the computation of several thousand economies (each associated with a different set
of parameter values), our hardware design is appropriate. Although we do not optimize the single economy
acceleration, the single SLR solution is still 36.99 times faster than the sequential execution in the CPU (Section
5.4).

11



memory is large (tens of gigabytes) and, thus, useful for storing input, intermediate, and
output data. However, access to this memory is slow (tens of clock cycles), and it cannot
provide enough data per cycle to perform the pipelined computations at II = 1. This
problem is addressed by copying chunks of data from the large global memories to on-chip
local memories, which are small but numerous and can be accessed in a single clock cycle.®
Our FPGA has enough local memories to store all of the input data for our application

(Table A.2). Hence, we need to transfer the input data only once per kernel computation.

2. Limited memory ports to access data in parallel. Data in global and local memories
can be accessed (for reading or writing) via a limited number of ports, two ports per local
memory in our FPGA device. This creates a memory access bottleneck when we instan-
tiate multiple instances of our pipeline to access the common memory in parallel. When
more than two pipelines are instantiated in parallel, the memory reads are performed
sequentially in multiple clock cycles, violating the targeted I of 1. The FPGA has many
independent local memories. Hence, this problem is easy to fix by storing multiple copies
of the same data in as many independent local memories as required by the number of
pipelines performed in parallel. Even a single pipeline may require access to more than
two data elements from the same data array, also forcing multiple clock cycle sequential
reads. This issue is handled by distributing the single data array across different memory

blocks, thereby scaling the number of ports.

A good memory design goes a long way toward helping the compiler automatically create
efficient pipelines. Yet, it does not go all the way. Next, we discuss the application-specific
interventions required to reach an IT of 1.

Application-Specific Challenges and Remedies. After implementing the two steps
above, there are still two pieces of computation that prevent the compiler from reaching an
IT = 1. Although specific to our application, these bottlenecks are common among many models
in economics and are represented by the linear interpolation —in the IHP and Simulation
steps— and the computation of the cross-sectional average of individual capital holdings in the
Simulation step (Equation 15).

We accelerate the linear interpolation by implementing a fixed-size, parallel linear-search
algorithm to find the interpolation range. The algorithm sets fixed-size loop bounds and yields

a new result at every clock cycle with a maximum depth of log, Ny.?

8The main on-chip local memories are represented by 2,160 BRAMs (of 36k bits each) and 960 URAM (of
288k bits each). Local memories also include Distributed Random Access Memory (registers), whose availability
changes by application.

9The maximum depth is reached under double-precision floating-point. When we implement the routine using
fixed-precision, the compiler saves resources by replacing the double-precision comparison operators (dcmp) with
integer-precision comparison operators (icmp), and reaches the solution with a smaller depth.
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The challenge in pipelining the cross-sectional average of individual capital holdings is the
finite precision approximation used by the accumulation operation in Equation (15). Floating-
point accumulations are complex arithmetic operations that take multiple clock cycles and
prevent the pipeline from performing a new operation every cycle. To address this issue, we use
knowledge of the range of our grids to find the best fixed-point approximation, which allows us
to perform accumulation operations every clock cycle.

The Individual Household Problem (IHP) Design. The IHP design implements the
previous steps to reach an IT of 1 in Equation (9) by fully unrolling the operations involved in
the computation of the expectation. Given the current guess of individual capital holdings, the
IHP design sequentially solves Equation (9) for every state, and updates the guess according to
Equation (12), as discussed in Section 3.B.(i1).(a). These steps are iterated until convergence,
as per Equation (13).

Remark. Our current IHP design can be modified to have multiple pipelines working in
parallel on different states {k,e,m, A} at the cost of increased hardware resources. Since the
current design consumes most of the FPGA Custom Logic resources (Table A.2), this optimiza-
tion is left for future iterations when FPGAs with more CL resources will be available.

The Simulation Design. The simulation design in Section 3.D.(b) is divided into two
steps, which we accelerate with two different custom pipelines. The first step is represented
by the accumulation operation required to compute the cross-sectional average of individual
household capital holdings, m;, in Equation (15). To achieve an IT = 1 at this step, we
use a custom fixed-precision accumulation operator. After moving from floating-point to fixed
precision, we accelerate the computation of the cross-sectional average by instantiating multiple
pipelines to perform the accumulation in a reduce tree. The second step is represented by
the interpolation step involved in the computation of next-period household capital holdings.
We reach an II = 1 by implementing the fixed-size, parallel linear-search algorithm discussed
above. !’

The ALM Design. The ALM step involves several resource-expensive operations but has
very small latency (0.191ms in our baseline economy).!! Accordingly, we provide instructions
to the compiler to not perform any pipeline or unrolling and further instruct it to limit the

number of hardware resources used.

10 Memory. In order to achieve an II = 1 in both steps, we create multiple copies of the input data to avoid
memory access bottlenecks. The simulation requires a large number of individual shocks (10,000 x 1,100). To
minimize the memory usage, we encode the {0, 1} shocks (from integers) into bits and pack them in groups of
eight into a single byte of memory (8 bits) in both the FPGA and CPU. Further, we tell the compiler to store
these shocks in the URAMs, which have wide arrays of 72 bits and allow us to store 64 shocks (of size 1 bit) in
each of these arrays. By doing so, we need to access the memory only once every 64 iterations.

"UThe ALM step requires 26 BRAM, 273 DSP, 42,681 LUTs, and 43,718 Registers.
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4.1.4 The Three-Kernel Design

Our CL design is tailored to compute three economies in parallel by exploiting the three hard-
ware regions available for hardware design: the SLRs. To reach this goal, we need to slightly
modify our single-kernel design to handle the resource limitations. Our single-kernel design
barely fits in one of the SLRs, slightly leaking into one of the adjacent SLRs with non-time-
critical operations (Figure 1) —that is, an operation that does not affect the overall perfor-
mance. The Amazon Shell —which provides useful hardware resources to facilitate the HLS
kernel design— exacerbates this problem by consuming part of the resources in two of the three
adjacent SLRs. To fit the three kernels, we provide directives that limit the unrolling in the IHP
and Simulation design. The resulting three-kernel design (Figure 2) trades off the single-kernel

performance for the parallel execution speedup.

4.2 Hardware Architecture of CPU Multi-core Acceleration

The CPU multi-core acceleration approach solves our model using Amazon M5N instances by
parallelizing data-independent tasks (economies) across multiple cores: one core (mbn.large),
eight cores (m5n.4xlarge), and 48 cores (mbn.24xlarge).?

Our benchmark CPU kernel is an optimized C-version of the original Maliar et al. (2010)
Matlab code, whose sequential single-core solution of the baseline economy is twice as fast as
the original Matlab code, an expected speedup given the results in Aruoba and Fernandez-
Villaverde (2015).

We operationalize the multi-core parallelization by using the open source Message Passing
Interface (Open-MPI).!? Open-MPI provides easily implementable, off-the-shelf routines for
parallelizing data-independent tasks across multiple cores. In contrast with alternative multi-
core parallelization (like OpenMP), Open-MPI does not require different cores to share the same
memory. This feature makes Open-MPI particularly appealing for massive data parallelization,
from small clusters up to medium/large-scale supercomputers (e.g., XSEDE, RMACC Summit
Supercomputer, etc.).

Our computational flow is as follows. Open-MPI routines determine the number of cores
available and uniformly spread the number of (data-independent) economies to be computed
across the different cores. For example, the solution of 1,200 economies on a 48-core machine,
would have Open MPI allocating 25 economies per core. Each core will then independently

complete the assigned tasks.

12In Appendix B, we justify the choice of these instances.
13See https://www.open-mpi.org. We use Open MPI: Version 4.1.1.
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5 Quantitative Results

We assess the efficiency gains of FPGA acceleration against CPU cores by measuring efficiency
gains in solution speedup, AWS costs, and energy savings.!* To make our acceleration compar-
ison as meaningful as possible, we proceed as follows.

First, our FPGA and CPU kernel share the same C code to solve the same algorithm in
both platforms. Hence, the observed speedup is the result of a margin available to the electrical
engineer economist (designing hardware) and not to the software engineer economist (writing
better code for CPUs and GPUs). Using the #PRAGMAs, we have control of the flow of instruction
over time and across space. For instance, we can program the logic of our FPGA to have
additions, multiplications, and comparison operations to be performed in parallel, if consistent
with our algorithm. Concretely, the FPGA HLS C-to-gates compiler would physically place
these operators in the FPGA by specializing its custom logic.

In comparison, the CPU (and GPU) logic cannot be programmed. The CPU silicon is pre-
manufactured to perform as fast as possible the sequential instructions needed in daily computer
activities, which not only include simulating our models, but also browsing the internet, checking
emails, and so forth. As such, it lacks the gains from hardware specialization that are accessible
to FPGAs. That said, the C-compiler on a CPU (and GPU) goes a long way to execute as fast
as possible the code written by the software engineer economist, by automatically performing
the aforementioned low-level instruction parallelism. We can help the process by instructing the
compiler to exploit as much as possible the instruction-level parallelism discussed above. We
do this by compiling the code using the aggressive -03 optimization flag in our GCC compiler.

Second, our baseline comparison is that of a single FPGA chip against a single CPU core
while computing Nz economies (which we will define momentarily). This benchmark provides
an apple-to-apple comparison of the differential performance of the two accelerators.

Third, to get insights into the potential of FPGAs to structurally estimate our model pa-
rameters, we introduce a multi-economy parallelism. But we do so in a controlled way. A
well-known drawback of Open-MPI parallelization is that the total execution time is deter-
mined by the execution time of the slowest core. To temper this effect, we proceed as follows.
First, we pick a number of economies (Ng = 1,200) that is uniformly divisible across the dif-
ferent CPU cores in our AWS instances (1, 8, 48 cores). Second, we determine the benchmark
speedup (Table 2) by solving the same economy (i.e., the same set of parameter values) multi-

ple times. In this way, we eliminate heterogeneity in the solution time attributed to differences

1We do not compare FPGA acceleration with graphic processing units (GPUs) for two reasons. First, GPUs
are still less commonly used in economics than CPUs. Second, Peri (2020) compares FPGA acceleration with
GPUs to solve a canonical real business cycle model via value function iteration. Using his results, we can
extrapolate a reasonable first-order approximation of the results of FPGAs against GPUs in our heterogeneous
agent model and conjecture that GPUs are unlikely to beat the acceleration delivered by FPGAs.
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in convergence of the iterative algorithm of different economies. Under this setup, we ensure
that we use all CPU cores, and the speedup scales linearly with the number of cores. Thus, we
eliminate any possible additional further gains from multi-core parallelization. Incidentally, this
exercise illustrates how easy it is to implement increasingly aggressive acceleration by deploying
multiple FPGAs in parallel.

In summary: our benchmarking strategy eliminates all differences in performance between
FPGAs and CPUs that are not inherently linked to the differences in their architecture. If,
for instance, we could rewrite the solution algorithm more efficiently, that better code would

improve the performance of both FPGAs and CPUs and leave the relative performance (roughly)

unchanged.
Table 2: Efficiency Gains of FPGA Acceleration

Speedup Relative Costs (%)  Energy (%)

FPGAs FPGAs FPGAs
CPU-cores 2 8 12 8 1 2 8
1 73.51 146.47 572.06 18.86 18.93 19.39 4.35 4.37 4.48
8 9.17 18.26 71.33 18.91 18.98 19.44 4.36 4.38 4.49
48 1.53 3.05 11.90 18.89 18.96 19.42 4.36 4.38 4.48

Note: Speedups provided by the FPGA and cost and energy usage of the FPGA relative to the CPU.
These results are obtained by solving 1,200 baseline economies using AWS instances connected to 1, 2,
and 8 FPGAs (columns) and using open-MPI parallelization on AWS instances with 1, 8, and 48 cores
(rows). Speedup is obtained by dividing the total execution time in the CPU by that in the FPGA.
Relative costs and energy are calculated using on-demand AWS prices and total energy consumption,
and reported as FPGA usage as a percent of CPU usage. Table A.3 in Appendix C reports the details.

Table 2 reports how the relative performance of FPGAs vs. CPU cores varies as we vary the
number of CPU cores and FPGA devices. We solve for 1,200 times the baseline economy on
AWS instances connected to one (fl.2xlarge), two (fl.4xlarge), and eight (f1.16xlarge) FPGAs.
We compare these results with the ones obtained by solving the model on AWS instances
with one (mbn.large), eight (mbn.4xlarge), and forty-eight (mbn.24xlarge) cores. Then, we
measure the relative performance across speedups, cost savings, and energy savings. Table C.2
in the Appendix complements this information by reporting execution time, costs, and energy

consumption by instance.

5.1 Speedups of FPGA Acceleration

As mentioned before, our baseline comparison is a single FPGA vs. a single CPU core sequential
solution. The FPGA acceleration delivers a 74 times speedup. The computation time drops
from 15 and half hours in the CPU, to 13 minutes in the FPGA (Table C.2).
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Next, we document the FPGA performance against multi-core CPUs. As many researchers
have access to high-end laptops with at least eight cores, we first compare one FPGA with the
8-core acceleration. The computation time is reduced from approximately two hours in the
CPUs to 13 minutes in the FPGA (Table C.2). FPGA acceleration also compares favorably
with respect to the CPU multi-core parallelization on the AWS instance with the largest number
of cores (48): a single FPGA device is 53% faster than an Intel Xeon (Cascade Lake, second
generation) platform running 48 cores in parallel.

Scaling these acceleration gains is easy, as it requires minimal modifications of the C code
to deploy multiple FPGAs in parallel. Table 2 shows that eight FPGAs in parallel reduce
the execution time by 572x, 71x, and 12x when compared with the 1-core, 8-core, and 48-core
acceleration, respectively.

Remark: The first three columns of Table 2 show how the differential performance of FPGAs
vs. CPU cores scales linearly in the number of FPGA devices and CPU cores. This result
corroborates the effectiveness of our benchmarking strategy in eliminating all contamination

due to parallelization.

5.2 Cost Savings of FPGA Acceleration

We now turn to cost savings. The AWS cloud pricing schedules provide market-based measures
of the cost of solving an application across different hardware architectures. We compute these
costs by multiplying the total execution time for the AWS instance on-demand prices (Table
A.1). Table 2 shows that our application solves in the FPGA instances at less than a quarter
of the cost of the CPU instances. This result is relevant because the structural estimation of
parameters may require computing up to one million different economies. Hence, moving from
CPU to FPGA computing would reduce the estimation costs by hundreds of dollars (from $1542
to $291). Albeit the rental cost of FPGA instances is larger, the acceleration documented in
our application more than justifies the expense.®

Remark: The linear speedup performance, combined with Amazon AWS linear price sched-
ules, yields approximately constant costs and energy efficiency across different combinations of

FPGA devices and CPU cores.

15 Another possible cost comparison could be with an in-house cluster. Even without entering into its purchase
cost, clusters are expensive to maintain. Our analysis suggests that a single FPGA chip can perform the same
task, in our application, as a cluster with 74 cores. This is a medium-to-high scale cluster, whose maintenance
requires an HPC specialist, with a salary averaging around $85,000 per year in the US circa 2022. See Zip
Recruiter.
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5.3 Enmergy Savings of FPGA Acceleration

We determine the energy consumption (joules) by multiplying the total execution time for
the power consumption (watts) of FPGA and the CPU chips. We use the AFI management
tool to measure the FPGA peak power consumption, 28 watts per FPGA device. We use the
procedure discussed in Appendix C.2.1 to measure the CPU power consumption, 8.75 watts per
CPU core. The energy consumed by FPGA chips is less than 4.49% of the energy consumed by
CPUs.' This statistic is relevant for organizations with in-house computational clusters (like
research departments at central banks), whose computational needs are often constrained by
the power limits on the cluster installation. Moving from CPU to FPGA computing enables
more computations with the same energy.

Furthermore, the back-of-the-envelope calculations in Appendix D suggest that the associ-
ated energy savings may also be relevant to reducing the carbon footprint impact of research
computing. As we describe in Appendix D, it has been estimated that the RMACC Summit
and Blanca Supercomputers at the CU Boulder Research Computing Center emit 839 metric
tons of CO; in the atmosphere every year to provide 150 million core hours to their research
community. This is equivalent to the CO, emissions of 168 cars per year. If (a big if) we
assume a type of acceleration similar to the one measured in our experiment and the FPGA
power consumption recorded on Amazon Xilinx VU9P, transitioning all of these CPU-intensive
computations to FPGA chips would reduce the COs impact of these major supercomputing

facilities to 18.75 metric tons of COs, or five cars per year.

5.4 Robustness

We perform a battery of robustness tests to study the performance of our hardware design.
Different from the RTL approach proposed in Peri (2020), the compiler approach allows us
to implement these experiments with minimal modifications of the C and hardware design
configuration file.

In our first exercise, we solve the baseline economy using the single-kernel design (Section
4.1.3) in one FPGA and compare the performance with that of the one-core sequential solu-
tion. This result suggests that our single-kernel design can accelerate model experimentation, a
valuable feature in the early stages of a research project when the ingredients of the final model
are not yet determined.

The sequential computation of the 1,200 economies using the single-kernel design is relatively

faster than that of the three-kernel design (Section 4.1.4). Theoretically, instantiating three

16As CPU power consumption is proportional to the number of CPU cores, Power(cores) = P - cores, and
execution time is inversely proportional to the number of CPU cores, Execution Time (cores) = T'/cores, first-
order the energy is constant across CPU cores Energy(cores) = P - cores - T'//cores = PT.
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Table 3: Speedup Comparison One-Kernel Single FPGA vs. Single CPU Core

FPGA-Time(sec) CPU-Time(sec) Speedup(x) Relative Costs(%) Energy(%)
1.26 46.66 36.99 37.48 8.65

Note: Columns 1-2: average execution time (in seconds) to compute the baseline economy in a single-
kernel single-device FPGA (fl.2xlarge) and a one-core instance (mbn.large), respectively. Columns 3-5:
efficiency gains of FPGA acceleration in terms of speedup, costs (in percent), and energy savings (in
percent), computed as described in Table 2. Averages are computed over 1,200 economies.

single-kernel designs in the available SLRs should bestow a speedup of 36.99x -3 SLR = 111x,
yet the three-kernel design only reaches a speedup of 74x (Table 2). This loss in performance
is due to the lower unrolling of the IHP and Simulation designs performed to save resources to
fit the three kernels.

Table 4: Speedup Comparison across Grid Sizes

Individual Capital, Ny 100 200 300
1 FPGA vs. 8 Cores 9.17 10.92 13.50
2 FPGA vs. 8 Cores 18.26 21.79 26.97
8 FPGA vs. 8 Cores 71.33 85.99 106.86
1 FPGA vs. 48 Cores 1.53 1.82 238
2 FPGA vs. 48 Cores 3.06 3.63 4.76
8 FPGA vs. 48 Cores 11.90 14.34 18.85

Note: Speedups recorded by comparing the solution of 1,200 economies using AWS instances connected
to 1, 2, and 8 FPGAs and using Open-MPI parallelization on AWS instances with 8 and 48 cores (rows)
for different individual household capital Ny,.

In our second robustness exercise, we study how the speed gains depend on the size of the
grids. Table 4 illustrates the speedup for increasingly finer grids on individual capital holdings
N, = {100, 200, 300}, obtained by comparing the performance of 1, 2, and 8 FPGA instances
against that of 8- and 48-core CPU. The performance improves with the size of the grids, that

is, with the number of computations performed on the FPGAs.

6 Inspecting the Mechanism

What explains the observed speedup of FPGA vs. CPU multi-core acceleration? We address

this question by discussing the performance benefits of gradual modifications of our C code
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controlling the three critical acceleration channels: pipelining, data parallelism, and precision.'”

We start by illustrating the performance of a baseline model, whose hardware image is
created by automatic optimization of the HLS compiler (Baseline Model). Next, we build up
the acceleration by resolving problems that prevent us from achieving an efficiently pipelined
loop (Pipelining Channel). Once we achieve a pipelined kernel, we exploit available resources to
instantiate multiple copies of the pipelined loops ( Within-Economy Data Parallelism Channel).
We conclude by instantiating the three-kernel design across available SLRs and FPGA devices

to run multiple economies (Across-Economies Data Parallelism Channel).

Table 5: Speedup Gains: Acceleration Channels Accounting

Data Parallelism

Baseline Pipelining
Within Across
Economy Economies

Single-core Execution

FPCA Solution 0.46 0.59 36.97 73.50
CL Resources Utilization (%)
BRAM 6.61 9.29 17.20 33.57
DSP 9.18 17.41 37.84 45.00
Registers 4.16 5.52 12.29 21.40
LUT 6.93 10.09 28.76 49.52
URAM 5.50 5.50 5.50 16.50

Note: Column 2 reports the speedup for a kernel design where all acceleration channels are switched off
(baseline). Columns 3-5 report the speedup associated with implementing efficient pipelines (Column
3), introducing data parallelism in the kernel design (Column 4), and instantiating three kernels in
the same FPGA (Column 5). The speedup (row 1) is computed by dividing the total execution time
in the one-core CPU by the solution time (which does not include FPGA-host communications) in
the FPGA. The acceleration in Columns 2-4 is performed using a single-kernel single-device FPGA
(f1.2xlarge), where Column 4 coincides with the single-kernel design. The acceleration in Column 5
is performed by deploying the three-kernel design in parallel across the three SLRs in a single FPGA
(fl.2xlarge). Averages are computed over 120 economies. Resources are expressed as a percentage
of the Xilinx VU9P FPGA'’s resources utilized by AWS images associated with the different designs
(columns). Total Resources: BRAM (1,680), DSP (5,640), Registers (1,790,400), LUTs (895 thousand),
URAM (800). Total resources are computed using Xilinx Vivado.

Table 5 reports the speedup obtained by comparing the average time required to solve the
baseline economy under each of these versions of our hardware design against the time to solve
it in a single-core CPU. To isolate the acceleration channels, we replace the FPGA execution

time with the solution time, which is the time required to solve the algorithm on the FPGA and

17The bottlenecks faced in our design are common to most dynamic programming problems. So, our acceler-
ation strategy provides easily transferable tools to accelerate a vast class of economic models.
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abstracts from the time absorbed by host-FPGA communications. The following paragraphs

elaborate on the details.

6.1 Baseline

Column 1 in Table 5 reports the speedup of solving the model using the single-kernel FPGA
baseline design and the one-core CPU sequential solution. The baseline design differs from the
single-kernel design discussed in Section 4.1.3 because it does not explicitly call for any user-
defined hardware optimizations (pipelining, unrolling, data precision). The only optimizations
present in this design are the ones that are automatically performed by the HLS compiler.
The compiler indeed tries to optimize the memory layout (to reduce the memory bottlenecks
discussed in Section 4.1.3) and the loop pipelining (by trying to unroll inner loops). To reduce
the latter effect, we use directives to limit the amount of automatic unrolling.

The FPGA solution is reached in 102 seconds, that is half as slow as the CPU solution,
which is reached in 47 seconds. This result is not surprising. FPGAs operate at a slower
frequency than CPUs (in our case, 250MHz vs. 3.5GHz). Absent user-defined interventions —in
pipelining, data parallelism, and data precision— the CPU is expected to be faster. That said,
the compiler goes a long way in optimizing the design, as we would have expected the FPGA
to be 14x (3.5GHz/250MHz) slower than the CPU, if only due to differences in clock frequency.

This acceleration illustrates how FPGAs’ acceleration gains are a by-product of hardware
specialization (discussed below), and not the result of the chip being intrinsically faster. Slower
but better organized tasks in the FPGA deliver higher performance than faster but poorly
organized execution of the same tasks in the CPU. This is the application of the Adam Smith
principle of ‘gains from specialization’ to computational economics (Peri, 2020). The next
subsections discuss how we specialize the custom logic of our FPGA to efficiently organize
these tasks in assembly lines (Subsection 6.2) and how we improve performance by placing

multiple assembly lines in parallel (Subsection 6.3).

6.2 Pipelining

Next, we discuss the main changes we made in order to efficiently pipeline the IHP and Sim-
ulation steps in the single-kernel design (Section 4.1.3).

Interpolation. We implement a fixed-size, parallel linear search algorithm to find the
interpolation range over the individual and aggregate capital grid. The algorithm declares
the loop bounds (namely, {0, N,} and {0, Nj}) as fixed constants, allowing the compiler to
autonomously physically place CL resources (space dimension) to perform the linear search
algorithm in a parallel reduce tree. For the sake of exposition, we illustrate the algorithm

over the individual capital grid. First, the compiler performs in parallel N, comparisons to
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determine whether the interpolation point &'(k,e,m, A) is lower than the grid value k;, with
i =10, ..., Ni}. This step determines an ordered vector of zeros and ones for each search array
position. The compiler compares a pair of adjacent entries, selects the smallest position that
was evaluated to one, and passes that to the next stage. Each stage cuts the number of elements
in half, such that we determine the lowest position (with a one) in logarithmic stages. Since the
result of this operation is part of a pipeline where the only dependence onto subsequent loop
iterations is through a final accumulation, even this logarithmic depth does not contribute to
the IT of the loop. After this change, Equation (9) is efficiently pipelined and the THP step
reaches an IT = 1.

Importantly for context, the CPU cannot physically place CL resources to make these com-
parisons in parallel, as its silicon is pre-manufactured and cannot be programmed. The software
engineering economist could potentially use Open-MPI (Open-MP) to implement the described
parallel-search algorithm using multiple cores. But this design would be very inefficient, as the
data transfer overhead costs would dominate the increase in performance. Conversely, our single
FPGA vs. single CPU core and multi-core CPU benchmarking exercises are efficient, as they
keep all CPU cores busy, minimizing data transfer overhead costs. The C to CPU compiler can
autonomously decide to perform these operations in parallel, but this step is not controlled by
the software engineering economist, if not via the -03 optimization flag. As a result, the hands
of the software engineering economist are tied by the inability to control the instruction-level
parallelism at the hardware level.

Accumulation Data Precision. The efficient design of the interpolation function acceler-
ates both the IHP and Simulation steps. While the IHP step attains IT = 1, the Simulation
step has an iteration-to-iteration limit in the computation of the cross-sectional average of in-
dividual capital holdings, m;, and settles at an II of 5.

The way we perform accumulation in Equation (15) inhibits full pipeline parallelism. First,
the floating-point addition is non-associative; hence, the compiler insists that the additions
involved in the computation of m; be performed in the original serial order.'® Second, each
floating-point addition takes 5 clock cycles to complete at 250 MHz on the Xilinx VU9P. Ulti-
mately, m;, is required to compute the individual capital holdings policy functions &'(k, e, m, A).
This data dependency also prevents effective parallelism from unrolling, forcing a P-unrolled
pipeline design to require 5P cycles per input (II = 5P).

We circumvent this problem by performing the accumulation in Equation (15) in fixed-point
precision.' Fixed-point additions are associative. Hence, the compiler can build a parallel re-

duce tree, avoiding the serialization for the addition across multiple unrolled pipelines. Besides,

18The associative property of addition is lost when we move from real numbers to their finite-precision ap-
proximation. Goldberg (1991) provides a textbook example, by showing how (z + y) + z and = + (y + 2) give
different results when = = 1e30, y = —1e30 and z = 1. The first equals 1 and the second equals 0.

19See Appendix E for a brief overview of finite-precision approximation.
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fixed-point additions using 72 bits are completed in a single cycle. These features allow fixed-
point accumulations to run at least 5x faster than the floating-point computation with a single
pipeline and to exploit unrolling parallelism to run even faster. After performing these changes
the Simulation step reaches an II=1. Table 5 records a speedup of 0.59 with respect to a
single-core CPU. Importantly, currently available CPUs do not provide access to user-defined
fixed-precision arithmetic.

Our acceleration strategy trades off the accuracy of results for speed. The precision of
the accumulations that occur in the algorithm can tolerate fixed-point calculations for the
following reasons. First, the inputs to the accumulation are all positive values such that there
will not be cancellation, which can often degrade the precision from floating-point calculations.
Second, since these are accumulations, we expect the accumulator not to hold a small value
but rather converge to a value in a limited range and magnitude. In our baseline economy, the
accumulator sums up to values between 15.371273672208304 and 404851.76387144416. Knowing
the accumulator’s range, we can determine the required precision. In particular, we need at
least Dy = 6 and Dy = 15 decimal digits above and below the decimal point, to represent
404851.76387144416 and 15.37127567220830/ , respectively. That is, we need [log2 1OD1J +1=
20 binary digits to represent 404851, and [log2 1OD2J + 1 = 50 binary digits to represent

0.371273672208304. Accordingly the minimum number of digits to represent our accumulator
range is 50 + 20 = 70. In order to accommodate a larger range of values (as may be required
when we change economies ), we set the number of digits to 72.

Not surprisingly, Table 6 shows that the results are very accurate. The estimated ALM
coefficients are identical up to the 9th decimal place (R? are all 0.999 and therefore not reported).
The approximation of policy functions and distribution of individual capital holdings at T" =
1,100 is very good, as measured by the mean and max relative difference in percent of these
objects under floating-point and fixed precision (less than 6.4e-7). Moments of the distribution

of individual capital holdings are identical up to the seventh decimal place.

6.3 Within-Data Parallelism

The interpolation and accumulation designs yield efficient custom pipelines but leave a con-
siderable amount of CL resources unused in the single SLR (Table 5). Hence, our next step
is to identify parts in the algorithm that can be parallelized. The computations involved in
the interpolation step (Section 3.D.(b). (7)) and custom fixed-precision accumulation operator
(Equation 15) of the Simulation provide suitable candidates.

The designer can perform a trade-off analysis between the resource utilization and the exe-
cution speedup to arrive at a conclusion. Eight copies of the pipeline work well for our design,

as it brings the execution time of the Simulation step (375ms) closer to the one of the IHP
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Table 6: Precision Accuracy Analysis

Panel A: ALM Coefficients

Bi(as) Ba(ap) B (ag> 62(%)
Floating-Point 0.1459 0.9599 0.1554 0.9587
Fixed Point 0.1459 0.9599 0.1554 0.9587

Panel B: Policy Function, &’

Mean(M> % 1.1e-09 MaX<M> % 4e-08

Float Float

Panel C: Individual Capital Holdings Distribution, 7' = 1, 100

Mean Std 0.25 0.5 0.75
Floating-Point 4049 13344 12.23 16.00 19.78
Fixed Point 4049 13344 12.93 16.00 19.78
Mean (2320l ) o 51608 M (ERleetl ) o7 6.40-07

Note: Panel A reports the equilibrium ALM coefficients b(a) = (b1 (a), ba(a)) with a € {ay, a,} under
floating-point and fixed precision. Panel B reports the mean and max relative difference (in percent)
between the policy functions computed under floating-point and fixed precision. Panel C reports
moments of the distribution of individual capital holdings at 7" = 1,100 (mean, standard deviation,
and quartiles) under floating-point and fixed precision. The last row reports their mean and max
relative difference in percent.

step (761ms), when we unroll the latter by a factor of four. We call the design that follows from
these changes the single-kernel design (Section 4.1.3).2° Table 5 records a speedup of 36.97 with
respect to the single-core CPU.

6.4 Across-Economies Data Parallelism

We tailored our CL design to compute three economies in parallel. However, the single-kernel
design consumes more resources than the ones available in the largest SLR, leaking into the
adjacent SLRs with non-time-critical operations (blue area in Figure 1). Also, the AWS shell
(Section 4.1.1) covers a good share of resources in the adjacent SLRs (orange area in Figure 1).

So, to fit three kernels, we slightly modify our design by reducing the usage of CL resources at
the expense of performance. To do so, we provide directives to the compiler to halve the amount

of unrolling. In particular, we reduce the unrolling in the IHP design from 4 pipelines working

20As noted above, we design hardware to allow flexible implementation of multiple grid sizes. Accordingly,
the recorded performance represents a lower bound to the performance that could be achieved by optimizing
the individual grid size designs.
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Figure 1: Single-kernel Design: Resource Utilization

SLRO SLR 1 SLR 2

i . “11

AWS Shell (SH) Single-Kernel Design

Note: Resources utilized by: (i) the single-kernel CL design (yellow area); (ii) by the AWS Shell
(orange area); and (i) available CL resources (other colors). The image is captured using Xilinx
Vivado.

Figure 2: Three-kernel Design: Resource Utilization

SLRO SLR 1 SLR 2

AWS Shell (SH) Three - Kernel Design

Note: Resources utilized by: (i) the three-kernel CL design (yellow, green, blue areas each correspond-
ing to one kernel); (i) by the AWS Shell (orange area); and (74i) available CL resources (other colors,
of which the pink area serves as a wrapper). The image is created using Xilinx Vivado.

in parallel to a single pipeline. Similarly, we reduce the unrolling from 8 to 4 in the Simulation
design. Figure 2 shows the usage of resources associated with the three-kernel design.
Hence, we replicate the three-kernel design in each SLR and use OpenCL commands to launch

one independent kernel in each of the three SLRs within a single FPGA device (f1.2xlarge).
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The FPGA design becomes 73.50 faster than a single-core CPU. Table 2 shows how we exploit
this parallelism further to deploy more than one FPGA device in parallel on the f1.4xlarge and

f1.16xlarge instances.

7 Toward Electrical Engineering Economics

This paper proposes the design of FPGAs for the solution of economic models by using Xil-
inx HLS compilers. This approach requires minimal knowledge of hardware design principles,
dramatically reducing the entry barriers to FPGA acceleration for economists. With small mod-
ifications of standard C code, a single FPGA can deliver the same performance as 74 CPU cores
when solving a canonical heterogeneous agent model. The associated energy savings make the
compiler approach particularly appealing for organizations with in-house clusters (like research
departments at central banks), whose computational needs are often constrained by the power
limits on the cluster installation and the need to reduce the carbon footprint.

Our analysis leaves important venues for exploration. First, the recent popularization of
machine learning techniques for the solution of economic models (Fernandez-Villaverde et al.,
2019, and Kahou et al., 2021 among many others) may benefit from decades of research in the
electrical engineering literature (Nurvitadhi et al.; 2017, and Fowers et al., 2018) in terms of
the design of efficient FPGAs. A similar argument applies to the acceleration of maximum
likelihood estimators.

Second, notice that despite their acceleration potentials, FPGAs (like GPUs) still represent
off-the-shelf application-specific integrated circuits (ASICs). Their routing network, logical
units, and memory are pre-designed by the manufacturer to be configurable, but they are not
customized to serve any particular algorithm. With a growing literature and the development
of sophisticated heterogeneous agent models to assess the effect of monetary policy or the
economic impact of climate change, we foresee a not-too-distant future where central banks and
other policymaking institutions would invest in the design of ASICs specialized in the solution
of these models. It is difficult to give a precise estimate, but customized silicons could likely
improve the current speedup up to three orders of magnitude, with one order of magnitude
only due to the faster clock cycle. FPGAs represent a first step in this direction, as they are
actively used in the industry to test the functionality of the hardware design of customized
chips. Of course, designing and manufacturing these pieces of silicon is not cheap (on the order
of tens to hundreds of millions of $). Yet, more and more private companies are willing to incur
these costs, and we can safely argue that the beneficial effects of a better informed monetary

or climate change policy dwarf these costs.?!

2I1Most recently, Tesla unveiled its Dojo D1 chip, designed to replace its massive GPU cluster in training its
artificial-intelligence networks. See hpcwire.com. Countries have already started spending billions of dollars to
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In conclusion: there is space for a new field, electrical engineering economics, focused on the
design of computational accelerators for economics. Our analysis and successful experience in
other areas suggest that such a field can provide computational breakthroughs in the years to

come.
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address the serious threats imposed by climate change. Many of these resources go into R&D-related models of
climate change. For instance, the National Science Foundation - Directorate of Geoscience alone has budgeted
in 2022 $481.70 million for investment in the Climate: USGCRP Program (Source: https://www.nsf.gov/
about/budget/fy2022/pdf/49_fy2022.pdf). Some of this money could go into the R&D of ASICs designed
to accelerate the solution of climate change models.
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Online Appendix for Programming FPGAs for Economics

This online appendix adds further details to the main paper.

A  FPGA compilers and the quest for abstraction

Both software and hardware programming have a history of raising the level of abstraction, with
increasingly sophisticated automation to map higher-level abstractions down to low-level imple-
mentations.?? On the software side, beyond machine code, we began to implement higher-level
programming languages further abstracted from individual machines with FORTRAN, FLOW-MATIC,
COBOL (Wexelblat, 1978), and C (Kernighan and Ritchie, 1978). On the hardware side, we moved
from wiring relays to Boolean gates (Shannon, 1938), and from drawing geometry directly for
integrated circuit etching to logic synthesis (Devadas et al., 1994), to register-transfer language
design (RTL such as Verilog, VHDL), to behavioral synthesis, and now to programming lan-
guages such as C. Both software and hardware programming continue to aspire to higher-levels
of specification (e.g., Python, Java, ML, LISP) and domain-specialized expression (e.g., Matlab,
PyTorch, Datalog, P4).

FPGASs are no exception. As programmable hardware that can quickly be “customized” to
an application in the field, FPGAs have seen particular demand to raise the abstraction and
reduce the time and effort required to develop solutions. It took decades for place-and-route
and RTL synthesis to be good enough, and for devices to be large enough, to move designers
from hand-placement and logic to RTL.?® It has also taken decades to move from RTL to the
level of C (Babb et al., 1999; Callahan et al., 2000; Gokhale et al., 2000; Snider, 2002; Kathail
et al., 2002; Cong et al., 2011), complemented by the decades-long push to extract parallelism
for multiple processors. Now, with commercially supported C, C++, and OpenCL compilers that
can target FPGAs (Xilinx, Inc. 2020b; Intel Corporation 2021), we can program FPGAs in
these “high-level” programming languages.

Given this background, there are two routes regarding using a traditional software program-

ming language when targeting new hardware. The first route is to compile already-existing

22We started toggling switches and connecting cables on ENIAC (Goldstine and Goldstine, 1946) and moved
to writing machine code to program instruction stores in EDVAC (von Neumann, 1945) and later the Intel 4004.
The IBM 360 added a stable Instruction-Set Architecture (Amdahl et al., 1964) that spanned across a family
of machines so that code did not need to be rewritten for each new machine. As a result, today, we expect
binary compatibility of software on our personal computers across generations of computers from a wide range
of manufacturers.

2While improved quality in mappings has been important, the demand for higher-level specifications has
been driven as much by the exponential capacity growth stated in Moore’s law and the consequent demand for
productivity for exponentially larger systems. Larger designs mean that we cannot afford to spend the additional
engineering development time to program them at lower levels, and that we can sacrifice some efficiency in the
use of resources (Trimberger, 2018).
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code written for sequential processors without any change. This route often goes by the jar-
gon “dusty deck,” conjuring the image of pulling an old deck of punched cards, typically for
FORTRAN, off the shelf and compiling it, untouched, to the new hardware. The second route is
to write or tune the code specifically for the parallel hardware target. It is this second case
where we write C for FPGAs that works relatively well today. One approach that bolsters the
effectiveness of C to FPGA compilation is the use of #PRAGMAs to instruct the compiler on how
to exploit parallelism, pipelining, data distribution, and data streaming. These directives dis-
ambiguate where you want serial or parallel implementations and guide the compiler to provide
higher-performance implementation. We can expect the tuning of many of these directives to
be automated in the future.

When we customize the hardware at the bit level, as we can in FPGAs, the hardware
admits to richer data types and optimization than traditional fixed-architecture processors.
Fixed-architecture processors and GPUs are just starting to catch up with support for some
of the more economical data types. Similarly, languages originally designed for processors
with fixed-width datapaths are lagging behind in their direct support for customized precision.
Hence, the “dusty deck” programs will not exploit the richer and more efficient precision options

automatically, but can often be upgraded to use them with minor modifications.

B AWS Instances Technical Specs

Table A.1: Technical Specifications

AWS Instance Cores FPGAs Pricing ($/hour) Memory (GiB)

mbn.large 1 - 0.119 8

mbn.4xlarge 8 - 0.952 64
mbn.24xlarge 48 - 5.712 384
f1.2xlarge 1 1 1.650 122
f1.4xlarge 4 2 3.300 244
f1.16xlarge 32 8 13.200 976

Note: Hardware architecture and AWS cloud pricing (Column 2-5) for deployed AWS instances (Col-
umn 1). The column marked Cores reports the number of physical cores. The column marked FPGAs
reports the number of connected FPGA chips (f1 instances only). The column marked Pricing denotes
the AWS On Demand Pricing per instance per hour, as of September 2021. Memory is measured in
Gigabytes. Source: Amazon AWS.

MS5N Instances. (a) CPU: Intel Xeon Scalable Processors (Cascade Lake, 2nd generation),
with sustained all-core Turbo CPU frequency of 3.1 GHz, maximum single core Turbo CPU
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frequency of 3.5 GHz; (b) Network Bandwidth: up to 25 Gbps; (¢) Storage EBS.

Remark. We select M5N instances for three reasons. First, their architecture roughly belongs

to the same vintage as our FPGAs —with the Xilinx VU9P being released a little bit earlier
(2016) than the Intel Xeon Scalable Processor (Cascade Lake, second generation, 2019) featured
in M5N instances— thus, allowing us to control for technological improvements. Second, these
CPUs compare favorably with respect to CPUs available in state-of-the-art supercomputers, for
instance, the Intel Xeon E5-2680 v3 @2.50GHz (2 CPUs/node, 24 cores/node) provided by the
CU Boulder RMACC Summit supercomputer. As a result, they provide a good benchmark of
the expected performance. Third, they are the Amazon AWS general purpose instances with
the largest number of cores (as of 2022); hence, they enable meaningful multi-core parallelism
while preserving comparability.
F1 Instances. (a) CPU: Intel Xeon E5-2686 v4 Processor, with base CPU frequency of 2.3
GHz and Turbo CPU frequency of 2.7 GHz. (b) Network Bandwidth: up to 10 Gbps for
f1.2xlarge and fl.4xlarge, and 25 Gbps for fl.16xlarge. (¢) Storage f1.2xlarge: 470 GiB NVMe
SSD f1.4xlarge: 940 GiB NVMe SSD f1.16zlarge: 3760 GiB (4 940 GiB NVMe SSD).

Source: For further information, visit https:/ /aws.amazon.com /ec2 /instance-types/ .

C Hardware Designs: Resources and Performance

We report now resource utilization and performance measures associated with the hardware

designs discussed in the main paper.

C.1 Resource Utilization
First, Table A.2 reports resource utilization by hardware design.

Table A.2: Resource Utilization by Grid Size

Individual Capital, Ny 100 200 300

BRAM (%) 13.06 14.44 17.29
DSP(%) 5444 5444 54.44
Registers(%) 25.39 25.60 26.20
LUT(%) 58.72 64.93 46.76
URAM(%) 18.33 18.33 18.33

Note: Percentage of Xilinx VU9IP FPGA'’s resources (rows) utilized by AWS images associated with
different grid sizes (columns). Total Resources: BRAM (2,160), DSP (6,840), Registers (2,363,536),
LUTs (1,181,768), URAM (960).
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C.2 [Efficiency Gains of Baseline Economy

Next, Table A.3 reports the performance of different FPGA hardware designs and CPU-core
platforms that yield the efficiency gains reported in the paper in terms of execution speedup,

AWS costs, and energy savings.

Table A.3: Performance Comparison

CPU cores FPGA devices
N. 1 8 48 1 2 8
Time (s) 55989.56 6981.21 1164.47 761.66 382.26 97.87
Cost (3) 1.85 1.85 1.85 0.35 0.35 0.41
Energy (J) 489908.67  488684.92 489079.55 21326.56  21313.71 25060.47

AWS Instance mbn.large mbn.4xlarge mbn.24xlarge f1.2xlarge fl.4xlarge fl.16xlarge

Note: The table reports time (in seconds), cost (in USD) and energy (in joules) to solve 1,200 baseline
economies using Open-MPI CPU multi-core acceleration on Amazon M5N multi-core instances (with
1, 8, 48 cores, Columns 1-3) and using FPGA acceleration on Amazon F1 instances (connected to 1,
2, 8 FPGA devices, Columns 4-6).

C.2.1 Energy Consumption

The FPGA power consumption is measured using the AFI management tool command
sudo fpga—describe—local—-image —S 0 —M. To make our energy performance comparison as
meaningful as possible, we select the peak FPGA power consumption (across all our experi-
ments, including different capital grids), which amounted to 28 watts per FPGA device.

The CPU power consumption can be determined using the Turbostat application.?* How-

ever, Turbostat does not work on Amazon M5N instances. As a workaround:

e We use Turbostat to measure the power consumption of our application on the Amazon
AWS metal instance.

e We then compare this number with the Thermal Design Power (TDP).?> The comparison
between the Turbostat application and the Thermal Design Power (TDP) establishes that

our application requires approximately the maximum CPU power.
We map this estimate into our M5N instances with 1, 8, 48 cores using the formula:

cores
Power M5N(cores) = ——— % Power Turbostat, cores € {1,8,48}.
COT€SMetal

24Source: https://www.linux.org/docs/man8/turbostat.html
2 https://www.intel.com /content /www /us/en/support /articles /000055611 /processors.html.
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We estimate a power consumption of 8.75 watts per CPU core. To get the energy, we compute:

Energy M5N(cores) = Power M5N(cores) - Time(cores), cores € {1,8,48}.

C.3 Performance Across Grid Sizes
Finally, Table A.4 reports the performance across different sizes of the grid.

Table A.4: Time Performance by Individual Capital Grid Size, Ny

Panel A: CPU Execution Time

N, = 100 N, = 200 N, = 300
CPU-Cores CPU-Cores CPU-Cores
8 48 8 48 8 48
6981.21 1164.47 15143.36 2525.75 26756.12 4719.25

Panel B: FPGA Execution Time

N, = 100 N, = 200 Ny, =300

FPGAs FPGAs FPGAs
1 2 8 1 2 8 1 2 8

761.66 382.26 97.87 1387.26 694.98 176.10 1981.33 992.14 250.39

Note: Seconds required to solve 1,200 baseline economies using Open-MPI CPU multi-cores (Panel A)
and FPGA acceleration (Panel B) for different grid sizes on the individual capital N = {100,200, 300}.
Open-MPI CPU multi-core results are obtained using the Amazon MS5N instance with 8 cores
(mbn.4xlarge) and 48 cores (mbn.24xlarge). FPGA results are obtained using the Amazon F1 instance
connected to 1 FPGA (fl1.2xlarge), 2 FPGAs (fl.4xlarge), and 8 FPGAs (f1.16xlarge).

D Carbon Footprint of Scientific Computing

This section proposes a back-of-the-envelope calculation in order to estimate the carbon foot-
print of the Summit and Blanca Supercomputers. Calculations have been provided by indepen-
dent research at the CU Boulder Research Computing Center and updated to 2020 data.?°
The RC analysis assumes that each CURC HPC core consumes 13W that is 0.013 kilowatts
per CURC HPC core hour (13W /core - lhour/1000 = 0.013kWh). It then uses the Xcel Energy
power generation breakdown in the state of Colorado in 2020%7 ~37% Natural Gas, 26% Coal,

26 Andrew Monaghan, Andrew.Monaghan-1@Colorado. EDU.
27 Source: Xcel Stats, https://co.my.xcelenergy.com/s/energy-portfolio /power-generation.
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37% Renewables— and US EPA information on the emissions of COy per kWh by source®® —0.91
Natural Gas, 2.21 Coal, 0.1 Renewables?*— to determine the pounds of CO, per Xcel Colorado

kWh:
1bs C02

kWh
Putting this information together, it estimates 0.0123 pounds COy per CURC HPC core per

hour:

0.37%0.91 +0.26 * 2.21 + 0.37 * .1 = 0.9483

lbs CO, kWh B Ibs CO,
0.9483 kWh *0.013 core hour 0-0123 core hour’

On average the Summit and Blanca supercomputers (CU Boulder) serve 150 million core hours

per year, and therefore produce on average

h 1 I
oo SOre Bour ) 1195 05 €02 g9 15105 CO2

150 -1
year core hour year

which corresponds to 838.78 metric tons of COq per year. To put this number in context, a
typical US car emits about 5 metric tons per year. So, the annual Summit and Blanca carbon
footprint is roughly the same that of 838.77/5 ~ 168 cars per year.

To explore the carbon footprint impact of moving all of these CPU-intensive computations
to FPGA devices, let us assume an FPGA power consumption similar to the one measured on
the Xilinx VU9P of 0.028 kWh per FPGA per hour. Accordingly,

Ibs CO, kWh B Ibs CO,

If (a big if) we assume an acceleration similar to the one measured in our application (73.51x),
the 150 million core hours per year would map into 2,040,539 FPGA hours per year. In this

scenario, the carbon footprint would total:

FPGA hour 0,027 Ibs CO, _ 54,181 Ibs CO,

2,040, 539 .
Y year FPGA hour year

or approximately 24.58 metric tons of CO,. This is equivalent to a reduction in the carbon

footprint from 168 cars to 5 cars per year.

E Finite Precision Approximation: An Overview

Computers carry out computation on numbers with finite representations. This raises the
question of how we adequately approximate the uncountable real numbers. Nonetheless, even

before we had computers, mathematicians who calculated concrete values were concerned with

28 Source: US EPA https://www.eia.gov/tools /fags/faq.php?id—74t—11.
29This estimate is not given. The original analysis assumes it to be 0.1 for externalized carbon.
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finite representations for numbers to perform numerical computations. This need to deal with
finite-precision approximations was exploited even by Charles Babbage in his difference and
analytical engines designs (Menabrea and Lovelace, 1842). From the earliest days of modern
computing, mathematicians concerned with computations analyzed the precision needed in their
computations (von Neumman and Goldstine, 1947; Turing, 1948; Wilkinson, 1963).

The advent of the IEEE floating-point standard (Institute of Electrical and Electronics En-
gineers. Computer Society. Standards Committee, Stevenson D, 1985) and readily available
microprocessors that implemented it drove convergence to the modern floating-point represen-
tations. With hardware support, floating-point computations ran fast, and double-precision,
floating-point values gave most people enough accuracy that they did not need to think care-
fully about the impact of finite-precision numeric representations for many uses. Nonetheless,
it did cost hardware and energy. Single-precision floating-point remained of interest for energy-
conscious signal processing and the highest throughput computations, as did fixed-point rep-
resentations where the significance of the bits does not change (i.e., the decimal point remains
in a fixed position —it does not “float”). When custom hardware, both VLSI and FPGAs, was
designed, precision optimization remained a point of leverage. For example, in modern Xilinx
FPGAs a double-precision floating-point add can take 700 LUTs, while a 32b-fixed-point add
only takes 16. A double-precision floating-point multiply takes over 2400 LUTs, while a 32x32
fixed-point multiply is only 1100, and a 16x 16 multiply is around 300 (Xilinx, Inc., 2020a).
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