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Project Valuation in Mixed Asset Portfolio Selection

Janne Gustafsson, Bert De Reyck, Zeger Degraeve, Ahti Salo

Abstract

We examine the valuation of projects in a setting where an investor, such as a private firm, can
invest in a portfolio of projects as well as in securities in financial markets. In project valuation, it is
important to consider all alternative investments opportunities, such as other projects and financial
instruments, because each imposes an opportunity cost on the project under consideration.
Therefore, conventional methods based on decision analysis may lead to biased estimates of project
values, because they typically consider projects in isolation from other investment opportunities. On
the other hand, options pricing analysis, which does consider financial investment opportunities,
assumes that a project’s cash flows can be replicated using financial assets, which may be difficult
in practice. The main contribution of this paper is the development of a procedure for project
valuation in a setting where the firm can invest in a portfolio of projects and securities, but where
exact replication of project cash flows is not necessarily possible. We consider both single-period
and multi-period models, and show that the valuation procedure exhibits several important
analytical properties. We also investigate the pricing behavior of mean-variance investors through a

set of numerical experiments.
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1 Introduction

In the literature on corporate finance (e.g. Brealey and Myers 2000, Chapter 9), it is proposed that a
project’s cash flows should be discounted at the rate of return of a security that is “equivalent in risk” to
the project. Under the Capital Asset Pricing Model (CAPM; Sharpe 1964, Lintner 1965), two assets are

equivalent in risk if they have the same beta. Therefore, an appropriate discount rate for a project is
r=r,+B(E[R,]-1,).
with 7, the risk-free interest rate, 8 =cov[7,,7, 1/ var[7, | the project’s beta, 7, the random rate of

return of the market portfolio, and Fp the random rate of return of the project. The use of the CAPM

relies on the assumption that the firm is a public company maximizing its share price. When the markets
abide by the CAPM assumptions, the share price is maximized when all projects with a rate of return
higher than what is given by the CAPM are started (Rubinstein 1973). Yet, many companies make
decisions about accepting and rejecting projects before their initial public offering (IPO). At this stage,
the CAPM assumptions are not typically satisfied, because shareholders are often entrepreneurs and
venture capitalists. Also, since there is no share price to maximize, such firms are typically assumed to
maximize the value of their project portfolio instead. In such a setting, the firm is regarded as an

individual investor with well-defined preferences over risky assets.

Several methods have been proposed to value projects in a setting where the firm is an individual
investor, including decision analysis (French 1986, Clemen 1996) and options pricing analysis, also
referred to as contingent claims analysis and real options analysis (Dixit and Pindyck 1994, Trigeorgis
1996). However, conventional methods based on decision analysis may lead to biased estimates of
project values, because they typically consider projects in isolation from other investment opportunities,
neglecting the opportunity costs that these investment opportunities impose. Options pricing analysis
does account for the effect that financial instruments have on project values, but its applicability is
limited, because replicating the project’s cash flows using financial instruments may be difficult in
practice. Smith and Nau (1995) have extended decision analytic methods to include the possibility of

trading securities. They do not, however, consider other projects in the portfolio.

The main contribution of this paper is the development of a procedure for project valuation in a setting,
where the firm can invest in a portfolio of projects and securities, but where replication of project cash
flows with securities is not necessarily possible. We call this setting a mixed asset portfolio selection
(MAPS) setting. The valuation procedure is based on the concepts of breakeven selling and buying prices
(Luenberger 1998, Smith and Nau 1995, Raiffa 1968), which are the investor’s own selling and buying

prices for a project. We formulate the procedure for both expected utility maximizers and mean-risk



optimizers. Using the Contingent Portfolio Programming (CPP) framework (Gustafsson and Salo 2004a),
we develop a general multi-period MAPS model, which allows us to study a broad variety of risk-averse
preference models in a multi-period setting. This model accommodates Markowitz’s (1952) mean-
variance (MV) model, Konno and Yamazaki’s (1991) mean-absolute deviation (MAD) model, the mean-
lower semi-absolute deviation (MLSAD) model (Ogryczak and Ruszczynski 1999), and Fishburn’s
(1977) mean-risk models where risk is associated with deviations below a fixed target value. We also

prove several analytical properties for breakeven selling and buying prices.

MAPS-based project valuation is important in practice as well as in theory. On the one hand, MAPS-
based project valuation is required when a corporation or an individual makes investments both in
securities and projects, or other lumpy investment opportunities. For example, in June 2004, Microsoft
had invested nearly $44.6 billion in short-term investments in financial markets in addition to carrying
out a large number of projects at the same time (Microsoft 2004). Also, many investment banks invest in
a portfolio of publicly traded securities and undertake uncertain one-time endeavors, such as venture
capital investments and organization of IPOs. On the other hand, one of the fundamental problems in the
literature on corporate finance is the valuation of a single project while taking into account the
opportunity costs imposed by securities (see e.g. Brealey and Myers 2000). This is a MAPS setting that

includes one project and several securities.

This paper is structured as follows. Section 2 introduces single-period MAPS models and discusses
different formulations of the portfolio selection problem. Section 3 presents the multi-period MAPS
model. In Section 4, we introduce the valuation concepts, and produce theoretical results on the valuation
properties of different types of investors. Section 5 demonstrates the pricing properties of mean-variance
investors through a series of numerical experiments. In Section 6, we summarize our findings and discuss

the managerial implications of our results.

2 Mixed Asset Portfolio Selection

In a MAPS problem, available investment opportunities are divided into two categories: (1) securities,
which can be bought and sold in any quantities, and (2) projects, lumpy all-or-nothing type investments.
From a technical point of view, the main difference between these two types of investments is that the
projects’ decision variables are binary, while those of the securities are continuous. Another difference is
that the cost, or price, of securities is determined by a market equilibrium model, such as the CAPM,

while a project’s investment cost is an endogenous property of the project.

Portfolio selection models can be formulated either in terms of rates of return and portfolio weights, like



in Markowitz-type formulations, or by using a budget constraint, expressing the initial wealth level, and
maximizing the investor’s terminal wealth level. When properly applied, both approaches yield identical
results. We use the second approach with MAPS, because it is more suitable to project portfolio
selection. We first formulate single-period MAPS models, where the investments are made at time 0 and
the objective at time 1 is optimized. These models will allow us to generate several insights and show
how MAPS is related to Markowitz (1952) and the CAPM. We then develop the multi-period MAPS

model based on Contingent Portfolio Programming (CPP, Gustafsson and Salo 2004a).

Early portfolio selection formulations (Markowitz 1952) were bi-criteria decision problems minimizing
risk while setting a target for expectation. Later, the mean-variance model was formulated in terms of
expected utility theory (EUT) using a quadratic utility function. However, there are no similar utility
functions for most other risk measures, including the widely used absolute deviation (Konno and
Yamazaki 1991). Therefore, we distinguish between two classes of portfolio selection models: (1)
preference functional models, such as the expected utility model, and (2) bi-criteria optimization models

or mean-risk models.

A single-period MAPS model using a preference functional can be formulated as follows. Let there be n

risky securities, a risk-free asset (labeled as the 0" security), and m projects. Let the price of asset i at

time 0 be Sl.0 and the corresponding (random) price at time 1 is S ll . The price of the risk-free asset at
time O is 1 and 1+ re at period 1, where ry is the risk-free interest rate. The amounts of securities in the
portfolio are denoted by x;,i=0,...,n. The investment cost of project k in time O is C,? and the

(random) cash flow at time 1 is C ,1( The binary variable z; indicates whether project k is started or not.

The investor’s budget is . We can then formulate a MAPS model using a preference functional U as

follows:
(1) maximize utility at time 1: max U {Z Silxl. + Z éizk}
X2 i=0 k=1
subject to
(ii) budget constraint at time 0: z Sioxl. + z C,? 7, =b
i=0 k=1
(iii) binary variables for projects: z,€{0,1} k=L...m

(iv) continuous variables for securities:  x, free i=0,...,n.

The budget constraint is formulated as equality, because in the presence of a risk-free asset all of the
budget will be expended at the optimum. In this model and throughout the paper, it is assumed that there
are no transaction costs or capital gains tax, and that the investor is able to borrow and lend at the risk-

free interest rate without limit. These assumptions can be relaxed without introducing prohibitive



complexities. For expected utility theory, the preference functional is U [X ] =F [u(X )] , where u is the

investor’s von Neumann-Morgenstern utility function. When the investor is able to determine a certainty
equivalent for any random variable X, U can be expressed as a strictly increasing transformation of the

investor’s certainty equivalent operator CE. Hence, the objective can also be written as max CE[X],

which gives the total value of the investor’s portfolio.

In addition to preference functional models, mean-risk models have been widely used in the literature.
We concentrate on these models, because much of the modern portfolio theory, including the CAPM, is
based on a mean-risk model, namely the Markowitz (1952) mean-variance model. Table 1 describes
three possible formulations for mean-risk models: risk minimization, where risk is minimized for a given
level of expectation (Luenberger 1998), expected value maximization, where expectation is maximized
for a given level of risk (Eppen et al. 1989), and the additive formulation, where the weighted sum of
mean and risk is maximized (Yu 1985). In Table 1, p is the investor’s risk measure, 4 is the minimum
level for expectation, and R is the maximum level for risk. The parameters A are tradeoff coefficients.
The Markowitz (1952) model can be understood as a special case of a mean-variance MAPS model

where the number of projects is zero.

Table 1. Formulations of the mean-risk optimization problem.

Objective Constraints
Risk . n - m ~ n =)
minimization | min P Z S;x + Z C.z E Z Six, |2 U
* i=0 k=1 =0
ZSloxl. + ZC,?zk =
i=0 k=1
Expected o meo n mo
value max E ZSixi+ZCkzk P S; X + i [SR
maximization b i=0 k=1 i=0 k=1
S’x,+Y Clz, =b
i=0 k=1
General B m o noo o o mo
additive max A4 -E| Y. Slx+> Ciz |- 4 p| D 8% +> Ciz Six +Y.Clz, =
Xz i=0 k=1 i=0 =1 i=0 k=1
Sharpe (1970) noo m n m n m
max A-E Silxl.+z ;zk -p S.lxi+z ,1Zk Sioxi-"-zclgzk =b
Xz i=0 =1 i=0 k=1 i=0 k=1
Ogryczak and noo m n m n mo
Ruszczynski maxE{ Sllx,+z ,lzk}—/t p{ S.lxi+z ;zk} S xﬁZCka =
(1999) X i=0 k=1 i=0 =1 i=0 k=1




The general additive form can be turned into the model employed by Sharpe (1970) by dividing the
additive form by A, , provided it is nonzero, and into the form used by Ogryczak and Ruszczynski (1999)

by dividing it by A . Apart from expectation and risk constraints, the Karush-Kuhn-Tucker (KKT)

conditions of all of the formulations are identical and therefore will yield the same efficient frontiers, as
long as optimal solutions in the additive formulation remain bounded. However, if limitless borrowing
and shorting are allowed, the additive formulation can give unbounded solutions unless a risk constraint
is introduced. Yet, in this case the formulation essentially coincides with expected value maximization in

terms of KKT conditions.

Both risk minimization and expected value maximization models have advantages and disadvantages.
Risk minimization requires the investor to set a minimum level for expectation, a readily understandable
quantity, while the interpretation of a maximum risk level in expected value maximization may not
always be clear. However, expected value maximization allows us to include multiple risk constraints,
e.g. one for variance, one for expected downside risk, and one for the probability of getting an outcome
below a particular level, so that the risk profile of the portfolio can be matched to the risk preferences of

the investor as closely as possible. Due to this flexibility we focus on this formulation in the following.

3 A Multi-Period MAPS Model

3.1 Framework

We develop a multi-period MAPS model using the Contingent Portfolio Programming (CPP) framework
developed by Gustafsson and Salo (2004a). In this framework, uncertainties are modeled using a state
tree, representing the structure of future states of nature, as depicted in the leftmost chart in Figure 1. The
state tree need not be binomial or symmetric; it may also take the form of a multinomial tree with
different probability distributions in its branches. In each non-terminal state, securities can be bought and

sold in any, possibly fractional quantities.

Continue?
A
2 Start? Continue?
(.;3; Yes Yes
No No
0 1
Time

Figure 1. A state tree, decision sequence, and a decision tree for a project.



Projects are modeled using decision trees that span over the state tree. The two right-most charts in
Figure 1 describe how project decisions, when combined with the state tree, lead to project-specific
decision trees. The specific feature of these decision trees is that the chance nodes are shared by all
projects, since they are generated using the common state tree. Security trading is implemented through
state-specific trading variables, which are similar to the ones used in financial models of stochastic
programming (e.g. Mulvey et al. 2000) and in Smith and Nau’s (1995) method. Similar to a single-period
MAPS model, the investor seeks either to maximize the utility of the terminal wealth level, or the

expectation of the terminal wealth level subject to a risk constraint.

3.2 Model Components
The two main components of the model are (i) states and (ii) the investor’s investment decisions, which

imply the cash flow structure of the model.

3.2.1 States

Let the planning horizon be {0,...,T} . The set of states in period ¢ is denoted by Q,, and the set of all
T

states is £ = UQt . The state tree starts with base state @), in period 0. Each non-terminal state is
t=0

followed by at least one state. This relationship is modeled by the function B : Q — Q which returns

the immediate predecessor of each state, except for the base state, for which the function gives

B(w,) = @,. The probability of state @, when B(@) has occurred, is given by py,, (®).

Unconditional probabilities for each state, except for the base state, can be computed recursively from
the equation p(@) = pj,, (@) - p(B(®)) . The probability of the base state is p(@,) = 1.

3.2.2 Investment Decisions

Let there be n securities available in financial markets. The amount of security i bought in state @ is

indicated by trading variable z, , 1 =1,...,n, @€ €, and the price of security i in state @ is denoted

1,0
by S;(@). Under the assumption that all securities are sold in the next period, the cash flow implied by
security i in state @ # @, is S,(@) - (xi.B(a)) - :Em) -In base state @, the cash flow is —S,(@,) - z, ,, -

K3

The investor can invest privately in m projects. The decision opportunities for each project, k = 1,...,m ,
are structured as a decision tree, where we have a set of decision points D, and function ap(d) that
gives the action leading to decision point d € Dk\{df} , where d,? is the first decision point of project k.
Let A, be the set of actions that can be taken in decision point d € D, . For each action a in A4,, a
binary action variable z, indicates whether the action is selected or not. Action variables at each
decision point d are bound by the restriction that only one z,, a€ A, , can be equal to one. The action in

decision point d is chosen in state @(d) .



For a project k, the vector of all action variables z, relating to the project, denoted by z,, is called the

management strategy of project k. The vector of all action variables of all projects, denoted by z, is the

project portfolio management strategy. We call the pair (x,z), composed of all trading and action

variables, the mixed asset portfolio management strategy.

3.2.3 Cash Flows and Cash Surpluses

Let CF!(z,,®) be the cash flow of project k in state @ with project management strategy z, . When

C, () is the cash flow in state @ implied by action a , this cash flow is given by

CF (z,@)= 3, 2 C(0)
deDy:  ac4y
o(d)eQ? (v)

where the restriction in the summation of the decision points guarantees that actions yield cash flows

only in the prevailing state and in the future states that can be reached from the prevailing state. The set

Q%(w) is  defined as Q°(w)= {a)’ € Q|3 k>0 such that B"(w) = a)’} ., where

B"(®) = B(B""'(w)) is the n" predecessor of @ (B"(w) = w).

The cash flows from security i in state @ € Q are given by
=5, (@) Liw it w=w,

CF’(x;,w) =
( ) S’i (w) : (xi.B(w) - xzw) if o+ @,

I3

Thus, the aggregate cash flow CF(x,z, @) in state @ € Q. obtained by summing up the cash flows for

all projects and securities, is

CF(X7 Z, C()) = ZCES(XUC‘)) + ZCE;? (Zk7a))
k=1

=1

Z_Si (w) Ty, T Z Z C, (w) "2 if = a,
i=1 deDy:  aedy
o(d)eQ? (0)
257: (w).(xi,B(a)) _xi,a))+ z zCa(a))'zav if w# a,
i=1 deDy:  acdy
o(d)eQ” ()

Together with the initial budget of each state, cash flows define cash surpluses that would result in state

we Q if the investor chose portfolio management strategy (x,z). Assuming that excess cash is

invested in the risk-free asset, the cash surplus in state @ e Q is given by

b(w) + CF(x,2,0) if w=a,
CcsS, =

b(@) + CF(x,2,0) + (1 + 134 0) - CSpy if @ # @,

where b(@) is the initial budget in state @€ Q and 7, is the short rate at which cash accrues

(0)-»o

interest from state B(@) to @. The cash surplus in a terminal state is the investor’s terminal wealth

level in that state.



3.3 Optimization Model

When using a preference functional U, the objective function for the MAPS model can be written as a

function of cash surplus variables in the last time period, i.e.

max U (CS;)

x,z,CS

where CSy denotes the vector of cash surplus variables related to period 7. Under the risk-constrained

mean-risk model, the objective is to maximize the expectation of the investor’s terminal wealth level:

max ag; p(@)-CS,, .

Three types of constraints are imposed on the model: (i) budget constraints, (ii) decision consistency

constraints, and (iii) risk constraints, which apply to risk-constrained models only. The multi-period

MAPS model under both a preference functional and a mean-risk model is given in Table 2. The

constraints are explained in more detail in the following sections.

Table 2. Multi-period MAPS

models.

Preference functional model

Mean-risk model

Objective max U (CS max » p(w)-CS,
function x,2,CS ( T) xy,C8 agz:,
Budget CF(x,z,@,) — CS, =-b(®,)
constraints | CF(x,z,0) + (1 + 1y, ,) CSy, —CS, =-b(®) Voe Q\{w,}
Zzazl k=1...m
Decision aeiy
consistency "
constraints Z Z, = 2y VdE DN} k=1....m
a4,
Risk pP(AAT)<R
constraints CS,—-7(CS;)—A,+A,=0 VweQ,
z,€1{0,1} Vae A, Vde D k=1...,m z,€1{0,1} Vae A, Vde D k=1....m
z,, free Voe Q i1=1..n z,, free Voe Q i1=1..n
Variables CS, free Vwe Q CS, free Vwe Q

A,z20 VoeQ,
A,>20 VweQ,

3.3.1 Budget Constraints

Budget constraints ensure that there is a nonnegative amount of cash in each state. They can be

implemented using continuous cash surplus variables CS,, which measure the amount of cash in state

@ . These variables lead to the budget constraints
CF(Xv Z, 0)0) - CSwﬂ = _b(a)o>
CF(x,2,0) + (L + 1y, ,,) CSp,) — CS, =-b@) Voe Q\{w,}

@



Note that if CS,, is negative, the investor borrows money at the risk-free interest rate to cover a funding

shortage. Thus, C'S,, can also be regarded as a trading variable for the risk-free asset.

3.3.2 Decision Consistency Constraints

Decision consistency constraints implement the projects’ decision trees. They require that (i) at each
decision point reached, only one action is selected, and that (ii) at each decision point that is not reached,

no action is taken. Decision consistency constraints can be written as

Z z, =1 k=1..m

aeA’I?
0
szl =zaf)(d) Vde ‘Dl.\{dk} k:]-?"‘ym9
ac 4,
where the first constraint ensures that one action is selected in the first decision point, and the second

implements the above requirements for other decision points.
3.3.3 Risk Constraints

A risk-constrained model includes one or more risk constraints. We focus on the single constraint case.

When p denotes the risk measure and R the risk tolerance, a risk constraint can be expressed as

p(CS,)<R.

In addition to variance (V), several other risk measures have been proposed in the literature on portfolio
selection. These include semivariance (Markowitz 1959), absolute deviation (Konno and Yamazaki
1991), lower semi-absolute deviation (Ogryczak and Ruszczynski 1999), and their fixed target value
counterparts (Fishburn 1977). Semivariance (SV), absolute deviation (AD) and lower semi-absolute

deviation (LSAD) are defined as
Hy

SV: &y = [ (x=p2, ) dFy (x),

—o0

oo

AD: J, = I|x—ﬂx|dFX(x), and

Hx Hx
LSAD: &, = j |ox— g1 | dF, (x) = j (1, —x)dF, (x),

where (£, is the mean of random variable X and Fy is the cumulative density function of X. The fixed

target value statistics are obtained by replacing 4, by some constant target value 7. All of these

measures can be formulated in a MAPS program through deviation constraints. In general, deviation
constraints are expressed as

CS,—-7(CS;)—A,+A,=0 VweQ,,
where 7(CS;) is a function defining the target value from which the deviations are calculated, and A,

and A are nonnegative deviation variables which measure how much the cash surplus in state @ € Q.



differs from the target value. For example, when the target value is the mean of the terminal wealth level,

the deviation constraints are written as

CS,— > p@)CS, —A,+A, =0 YoeQ,

WeQyp

Using these deviation variables, some common dispersion statistics can be written as follows:

AD: > p(w)- (A, +A}).

w=Qp

LSAD: Y p(@)-A,.

weQyp

v: > p(@)- (A, +AL)

weQyp

SV: > @) -(A,)

weQyp

The respective fixed-target value statistics can be obtained with the deviation constraints
CS,—-t—-A,+A, =0 VYweQ,,

where 7 is the fixed target level. EDR, for example, can then be obtained from the sum Z p(w)-A, .
w=Qp
It is also possible to set a limit for the (critical) probability of getting an outcome below some target
level. Mathematically, the critical probability is defined as
P (1)=F, (X <7),
where Fy denotes the cumulative distribution function of random variable X and 7 is the desired target

level. This risk measure can be implemented by using the following linear constraints:
7-CS, <M, VweQ,, and
£,€{0,1} VoeQ,,

where 7is the target value from which critical probability is calculated and M is some very large number.

Critical probability can then be constrained from above using the constraint 2 Pub, <R.
weQp

3.3.4 Other Constraints

Other types of constraints can also be included in the model, such as non-negativity restraints that
prevent short selling, upper bounds for the number of shares bought, and credit limit constraints
(Markowitz 1987). In the ensuing sections, we assume, for the sake of simplicity, that no such additional

constraints have been imposed.

4 Project Valuation

4.1 Breakeven Buying and Selling Prices
Because we consider projects as non-tradable investment opportunities, there is no market price that can

be used to value the project. In such a situation, it is reasonable to define the value of the project as the

10



amount of money at present, time 0, that is equally desirable to the project. In a portfolio context, this can
be interpreted so that the investor is indifferent between the following two portfolios: (A1) a portfolio
with the project and (B1) a portfolio without the project and cash equal to the value of the project.
However, we may alternatively define the value of a project as the indifference between the following
two portfolios: (A2) a portfolio without the project and (B2) a portfolio with the project and a debt equal
to the value of the project. The project values obtained in these two ways will not, in general, be the
same. Analogously to Luenberger (1998), Smith and Nau (1995), and Raiffa (1968), we call the first
value the “breakeven selling price” (BSP), as the portfolio comparison can be understood as a selling

process, and the second type of value the “breakeven buying price” (BBP).

A crucial element in BSP and BBP is the definition of equal desirability of two different portfolios. In
preference functional models, the investor is, by definition, indifferent between two portfolios whenever
their utility scores are equal. In a mean-risk setting, an investor is indifferent between two portfolios if
the means and risks of the two portfolios are identical. More generally, when the risks are considered as
constraints, the investor is indifferent between two portfolios if their expectations are equal and they both

satisfy the risk constraints. Hence, we obtain the pairs of optimization problems shown in Table 3. Here,

the variable 2. is the action variable associated with not starting project j; thus, 2. = 0 indicates that

investor invests in the project, whereas 2. =1 means that the project is not started. In the case that the

project starting decision is a binary “go / no go” decision, we can alternatively impose the restrictions on

the variable indicating project starting instead. Finding a BSP and BBP is an inverse optimization

problem: one has to find the values for the parameters v‘;. and vjf so that the optimal value of the second

optimization problem matches the optimal value of the first problem.

Table 3. Definitions of the value of project j. Each setting is based on the model in Section 3.

Breakeven selling price Breakeven buying price
Definition v such that W' = W~ fuj such that W," =W,
Status quo | Optimal objective function value: Optimal objective function value:
W, W,
Additional constraint: Additional constraint:
z,« = 0 (= invest in the project) z,« =1 (= do not invest in the project)
Budget at time 0: Budget at time 0:
b(wo ) b(wo )
Second Optimal objective function value: Optimal objective function value:
setting W’ W
Additional constraint: Additional constraint:
2,~ =1 (=do notinvest in the project) 2« = 0 (=1invest in the project)
Budget at time 0: Budget at time 0:
b(@,) +v; b(e,) = v

11



4.2 Inverse Optimization Procedure

Inverse optimization problems have recently attracted interest among researchers, such as Ahuja and
Orlin (2001). In an inverse optimization problem, the challenge is to find the values for a set of
parameters, typically a subset of all model parameters, that yields the desired optimal solution. Inverse
optimization problems can broadly be classified into two groups: (i) finding an optimal value for the
objective function, and (ii) finding a solution vector. Ahuja and Orlin (2001) discuss problems of the

second kind, whereas the problem of finding a BSP or BBP falls within the first class.

In principle, the task of finding a BSP is equivalent to finding a root to the function

s

[P0 =W (v;)=W,, where W is the optimal value of the portfolio optimization problem in the
status quo and W~ (v;) is the corresponding optimal value in the second setting as the function of
parameter v; Similarly, the BBP can be obtained by finding the root to the function

f b(vf) =W, -W,’ (vf). Note that these functions are increasing with respect to their parameters. To

solve such root-finding problems, we can use any of the usual root-finding algorithms (see e.g.
Belegundu and Chandrupatla 1999) such as the bisection method, the secant method, and the false
position method, which have the advantage that they do not require the knowledge of the functions’
derivatives, which are not typically known. If the first derivatives are known, or when approximated

numerically, we can use the Newton-Raphson method to obtain quicker convergence.

4.3 General Analytical Properties
4.3.1 Sequential Consistency

Breakeven selling and buying prices are not, in general, equal to each other. While this discrepancy is
accepted as a general property of risk preferences in expected utility theory (Raiffa 1968), it may also
seem to contradict the rationality of these valuation concepts. It can be argued that if the investor were
willing to sell a project at a lower price than at which he/she would be prepared to buy it, the investor
would create an arbitrage opportunity and lose an infinite amount of money when another investor
repeatedly bought the project at its selling price and sold it back at the buying price. In a reverse situation
where the investor’s selling price for a project is greater than the respective buying price, the investor
would be irrational in the sense that he/she would not take advantage of an arbitrage opportunity — if
such an opportunity existed — where it would be possible to repeatedly buy the project at the investor’s

buying price and sell it at a slightly higher price which is below the investor’s breakeven selling price.

However, these arguments neglect the fact that the breakeven prices are affected by the budget and that
therefore these prices may change after obtaining the project’s selling price and after paying its buying

price. Indeed, it can be shown that in a sequential setting where the investor first sells the project, adding
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the selling price to the budget, and then buys the project back, the investor’s selling price and the
respective (sequential) buying price are always equal to each other. This observation is formalized as the
following proposition and it holds for any preference model accommodated by the model in Section 3.

The proof is given in the Appendix.

PROPOSITION 1. A project’s breakeven selling (buying) price and its sequential breakeven buying

(selling) price are equal to each other.

4.3.2 Consistency with Contingent Claims Analysis

Option pricing analysis, or contingent claims analysis (CCA; Luenberger 1998, Brealey and Myers
2000, Hull 1999), can be applied to value projects whenever the cash flows of a project can be replicated
using financial instruments. According to CCA, the value of project j is given by the market price of the

replicating portfolio (or trading strategy) less the investment cost of the project:
n
CCA __ 0 0
v, " =-C; +ZSl. X,
i=0
where x| is the amount of security i in the replicating portfolio and C;.’ is the investment cost of the

project in at time 0.

It is straightforward to show that, when CCA is applicable, i.e. if there exists a replicating portfolio, then
the breakeven buying and selling prices are equal to each other and yield the same result as CCA (Smith
and Nau 1995). For example, when foA is positive, we know that any investor will invest in the project,
since it is possible to make money for sure by investing in the project and shorting the replicating
portfolio. Furthermore, any investor will start the project even when he/she is forced to pay a sum vf
less than foA to gain a license to invest in the project, because it is now possible to gain foA —v? for

sure. On the other hand, if vjf is greater than foA, the investor will be better off by investing the

replicating portfolio instead and hence he/she will not start the project. A similar reasoning applies to
breakeven selling prices. These observations are formalized in Proposition 2. The proof is obvious and
hence omitted. Due to the consistency with CCA, the breakeven prices can be regarded as a

generalization of CCA to incomplete markets.

PROPOSITION 2. If there is a replicating portfolio for a project, the breakeven selling price and

breakeven buying price are equal to each other and yield the same result as CCA.

4.3.3 Sequential Additivity
The BBP and BSP for a project depend on what other assets are in the portfolio. The value obtained from
breakeven prices is, in general, an added value, which is determined relative to the situation without the

project. When there are no other projects in the portfolio, or when we remove them from the model
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before determining the value of the project, we speak of the project’s isolated value. We define the
respective values for a set of projects as the joint added value and joint value. Figure 2 illustrates the

relationship between these concepts.

Isolated Value Added Value

Single
project

Joint Value Joint Added Value

Portfolio of
projects

Number of projects being valued

No other projects Additional projects

Number of other projects in the portfolio

Figure 2. Different types of valuations for projects.

Isolated project values are, in general, non-additive; they do not sum up to the value of the project
portfolio composed of the same projects. However, in a sequential setting where the investor buys the
projects one after the other using the prevailing buying price at each time, the obtained project values do
add up to the joint value of the project portfolio. These prices are the projects’ added values in a
sequential buying process, where the budget is reduced by the buying price after each step. We refer to
these values as sequential added values. This sequential additivity property holds regardless of the order
in which the projects are bought. Individual projects can, however, acquire different added values
depending on the sequence in which they are bought. These observations are proven by the following

proposition. The proof is in the Appendix.

PROPOSITION 3. The breakeven buying (selling) prices of sequentially bought (sold) projects add up to
the breakeven buying (selling) price of the portfolio of the projects regardless of the order in which the

projects are bought (sold).

4.4 Analytical Properties of Mean-Risk Preference Models
4.4.1 Equality of Prices and Solution through a Pair of Optimization Problems

When the investor is a mean-risk optimizer and the risk measure is independent of an addition of a
constant to the portfolio, like variance, breakeven selling and buying prices are identical, provided that
unlimited borrowing and lending are allowed. In contrast, they are typically different under expected
utility theory and under most non-expected utility models. Also, for mean-risk optimizers the breakeven
prices can be computed directly by solving the expectations of terminal wealth levels when the investor

invests and does not invest in the project and discounting their difference back to its present value at the

14



risk-free interest rate. Therefore, with mean-risk models, there is no need to resort to possibly laborious

inverse optimization. We formalize these claims in Proposition 4. The proof is in the Appendix.

PROPOSITION 4. Let the investor be a mean-risk optimizer with risk measure p that satisfies
p[X +b] = p[X ] for all random variables X and constants b. When limitless borrowing and lending
are allowed, the breakeven selling price and the breakeven buying price of any given project are
identical. Moreover, the prices are equal to

W W

|
[1(1+7,)
t=0

where W is the expectation of the terminal wealth level when the investor invests in the project, W~ is

»

the expectation of the terminal wealth level when the investor does not invest in the project, and r;(t) is

the risk-free interest rate from time t to t+1.

Proposition 4 is striking both in its generality and simplicity, since neither the given valuation formula,
nor the equality of breakeven prices, generally holds under expected utility theory. The results are also
intuitively appealing: the investor places only a single price on a given project, and this price is related to
the investor’s terminal wealth levels with and without the project. This indicates that mean-risk models

exhibit a very reasonable type of pricing behavior.

4.4.2 Relationship to the Capital Asset Pricing Model

According to the CAPM, the market price of any asset is given by the certainty equivalent formula (see,
e.g., Luenberger 1998):

CAPM _ _ 0 E[éﬂ _ cov[é‘},FM] _ E[R]-r

g o1+, var[7, | 1+7,

where C;’ is the investment cost of the asset, é]' is the random value of the asset at time 1, and fM is the

random return of the market portfolio. For non-market-traded assets like projects, the outcome of the

formula can be interpreted as the price that the markets would give to the asset if it were traded.

In general, breakeven selling and breakeven buying prices are inconsistent with CAPM valuations,
because some of the CAPM assumptions do not hold in a MAPS setting. For example, private projects
are not included in the derivation of the CAPM market equilibrium, yet they may be strongly correlated
with the securities. Therefore, results that hold for the CAPM do not necessarily hold here. In particular,
the optimal financial portfolio for the investor is not necessarily a combination of the risk-free asset and

the market fund consisting of all securities in proportions according to their market capitalization.
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However, there is a special case when the investor’s optimal financial portfolio is what the CAPM
predicts, namely when the project portfolio is uncorrelated with the market securities and the investor is a
mean-variance optimizer. This is proven in Proposition 5. Nevertheless, even though the optimal
financial portfolio falls on the capital market line with and without the project being valued, the CAPM
valuation is incorrect even in this case, as an extra risk premium term appears in the breakeven selling
and buying prices, as shown in Propositions 6 and 7. Proofs for the propositions can be found in the
Appendix. Note that this is a particularly interesting special case, because project outcomes do not
usually depend on the fluctuations of financial markets. Proposition 5 is to be understood as a mixed
asset portfolio extension of the usual Separation Theorem (Tobin 1958), applicable when projects are

uncorrelated with securities.

PROPOSITION 5. If the investor is a mean-variance optimizer and projects are uncorrelated with

securities, the optimal financial portfolio is a combination of the market fund and the risk-free asset.

PROPOSITION 6. If the conditions of Proposition 5 hold and the composition of the optimal project

portfolio is the same with and without project j, the breakeven selling price of project j is
Va{z 314- var| 306z,
Al k=1 k=1 ~

s _Co+E[CjJ_ 1+ k#j E[FM]_rfb

! R LR 1+r,
/ Var{ZSfxi} /
i=l1

where T,, is the random rate of return of the market portfolio and by is the amount of money spent on

m
securities in the status quo. That is, b,, =b—x, — Z C,(()zk .
=1

PROPOSITION 7. If the conditions of Proposition 5 hold and the composition of the optimal project

portfolio is the same with and without project j, the breakeven buying price of project j is

m m
~1 ~1
Va{g Ckzk}—var E Cz,
k=1 k=1

?——C‘?+—E[C}]— 1—[1- s Elnd=r,,

1+7r, L~ I+7, "
/ var| Y Slx, /
i=1

m
where b,, =b—x0—ZC,?zk .
k=1

k#j
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Note that by, is computed here slightly differently than in Proposition 6 due to a different situation in the
status quo. Despite the differences in the formulas in Propositions 6 and 7, we know from Proposition 4
that the formulas will give the same result. The following proposition generalizes Propositions 6 and 7 to

a case where the optimal project portfolio changes with and without the examined project.

PROPOSITION 8. If the conditions of Proposition 5 hold, the difference in budget required to make two
portfolios with different projects (the decision variables of the first are denoted by z,,k =1,....m, and

those of the second by 7,k =1,...,m ) equally desirable is
Sefe)n-<) | | wSas|wiSad | |,
-1

3 m 0 i -
A__ch (Zk_zk )+“ 1+r LM 5 1+r M
= ! Va{ S.lx} I

=1

where b,, =b—x0—ZC,?zk.

k=1
As the CAPM predicts that the value of an uncorrelated project is equal to its NPV discounted at the risk-
free interest rate, this suggests that breakeven buying and selling prices are, in general, different from
CAPM values, even when the optimal financial portfolio falls on the capital market line. However, the
prices approach CAPM values when the amount of securities in the portfolio increases (i.e. when the
investor’s risk tolerance increases). This can be verified by multiplying b,, inside the parentheses. The

last term in Proposition 8 now becomes

k=1

Va{zé/izk}—Va{zé;iZ; }
by, + =

_b E[;M]_rf
var| 7, | ST

which goes to 0 as by, goes to infinity.

Convergence of the project values to CAPM prices as the investor’s risk tolerance goes to infinity applies
in general to all projects, regardless of their correlation with each other or with the market. As long as the
optimal project portfolio is the same with and without the project being valued, every project’s BSP and
BBP will converge towards the CAPM price of the project, as shown in Proposition 9; otherwise, they
will converge towards the CAPM value of a difference portfolio z -z  specified in Proposition 10. The
proofs of the propositions are in the Appendix. Note that these limit results are valid regardless of
whether the markets actually abide by the CAPM. If there is a discrepancy between securities’ expected
returns and the capitalization weights that a mean-variance investor would find appropriate, or vice versa,
the market portfolio in Propositions 5-10 is to be understood as the portfolio that would be the market

portfolio if all investors in the market were mean-variance optimizers.
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PROPOSITION 9. [f the investor is a mean-variance optimizer and the composition of the optimal project
portfolio is the same with and without project j, the project’s breakeven buying and selling prices
converge towards the project’s CAPM price

0 E[éfl] COV[C‘;’FM] E[R]-1

b _ s _  CAPM _ _
V=V, =v; = CJ.+

I+, var[7, | 1+r,

as the investor’s risk tolerance goes to infinity.

PROPOSITION 10. If the investor is a mean-variance optimizer, a project’s breakeven buying and selling
prices converge towards

U ~ , ~1 7 ~

ZE[Ck](zk -z) COV|:ZCk (2, -2 ),rM} E[7, -7,

m
by AP NY O (o k=1
ren ey ; ¢ (Zk “ )+ 1+r, var[7, | 1+7,

as the investor’s risk tolerance goes to infinity. Here, z,,k =1,...,m, denote the decision variables for

the optimal project portfolio with the project and Z,’( .k =1,...,m those without the project.

Apart from this limit behavior, another case where breakeven buying and selling prices coincide with
CAPM recommendations is when a replicating portfolio exists for the project. This is a direct result of

the fact that each of the three valuation methods is consistent with CCA.

4.5 Valuation of Opportunities and Real Options

When valuing a project, we can either value an already started project or an opportunity to start a project.
The difference is that, although the value of a started project can be negative, that of an opportunity to
start a project is always non-negative, because a rational investor does not start a project with a negative
value. While BSP and BBP are appropriate for valuing started projects, new valuation concepts are

needed for valuing opportunities.

Since an opportunity entails the right but not the obligation to take an action, we need selling and buying
prices that rely on comparing the situations where the investor can and cannot invest in the project,
instead of does and does not. The lowest price at which the investor would be willing to sell an
opportunity to start a project can be obtained from the definition of the breakeven selling price by
removing the requirement to start the project in the status quo, i.e. by removing the constraint 2. = 0 in
the top-left quadrant of Table 3. We define this price as the opportunity selling price (OSP) of the
project. Likewise, the opportunity buying price (OBP) of a project can be obtained be removing the
starting requirement in the second setting, i.e. the equation 2z, = 0 in the bottom-right quadrant of Table
3. It is the highest price that the investor is willing to pay for a license to start the project. Opportunity

selling and buying prices have a lower bound of zero; it is also straightforward to show that the
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opportunity prices can be computed by taking a maximum of 0 and the respective breakeven price. Table

4 gives a summary of breakeven and opportunity selling and buying prices.

Opportunity buying and selling prices can also be used to value real options (Trigeorgis 1996) that may
be contained within the project portfolio. These options result from management’s flexibility to adapt
later decisions to unexpected future developments. Typical examples include possibilities to expand
production when markets are up, to abandon a project under bad market conditions, and to switch
operations to alternative production facilities. Real options can be valued much in the same way as
opportunities to start projects. However, instead of comparing portfolio selection problems with and
without a possibility to start a project, we will compare portfolio selection problems with and without the
real option. This can typically be implemented by disallowing the investor from taking a particular action
(e.g. expanding production) in the setting where the real option is not present. Since breakeven prices are
consistent with CCA, also opportunity prices have this property, and hence they can be regarded as a

generalization of the standard CCA real option valuation procedure to incomplete markets.

Table 4. A summary of an investor’s buying and selling prices.

Valuation concept | Idea Difference from Properties
breakeven prices
Breakeven buying Comparison of settings where - Breakeven buying price and
and selling prices the investor does and does not selling price are in general
invest in the project. different from each other.
Opportunity buying | Comparison of settings where The investor is not obliged | Lower bound of 0. Equal to
and selling prices the investor can and cannot to invest in the project. maximum of 0 and the
invest in the project. respective breakeven price.

5 Numerical Experiments
In this section, we demonstrate the use of a MAPS model in project valuation through a series of
numerical experiments. We employ the multi-period MAPS model but construct only a single-period
model, because this allows creating several insights, is easier to follow and replicate, and because we can
contrast the results with the CAPM, also a single-period model. We have also conducted further
experiments featuring real options and a multi-period MAPS model in two working papers (De Reyck et
al. 2004, and Gustafsson and Salo 2004b). The present experiments confirm some of the theoretical
results obtained in the previous sections and also cast light on the following issues:

e How are project values affected by the presence of other projects in the portfolio?

e How are project values affected by the opportunity to invest in securities?

e How are project values affected by the investor’s risk tolerance (maximum level for risk)?

e How are project values related to the CAPM?

* How does the presence of twin securities affect the value of a project?
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5.1 Experimental Set-up

The experimental set-up includes 8 equally likely states of nature, four projects, A, B, C, and D (Table
5), and two securities, 1 and 2, which together constitute the market portfolio (Table 6). The setting can
be extended to include more securities, but for the sake of simplicity we limit our market portfolio to two
assets only. This does not influence the generality of our results. Note that projects C and D and security
2 are the same that Smith and Nau (1995) use in their examples. Table 7 shows the correlation between
the assets’ cash flows. Numbers in italic in Tables 5 and 6 are computed values. The risk-free interest

rate is 8%.

Table 5. Projects.
Project
A B C D
Investment cost $80 $100 $104 $0.00
State 1 $150 $140 $180 $67.68
State 2 $150 $140 $180 $67.68
State 3 $150 $150 $60 $0.00
State 4 $150 $110 $60 $0.00
State 5 $50 $170 $180 $67.68
State 6 $50 $100 $180 $67.68
State 7 $50 $90 $60 $0.00
State 8 $50 $90 $60 $0.00
Expected outcome $100 $123.75 $120 $33.84
St. dev. of outcome $50 $28.26 $60 $33.84
Beta 0.000 0.431 1.637 3.683
Market price (NPV) $12.59 $11.33 -$4.00 $25.07

The market prices in Tables 5 and 6 are obtained by using the CAPM, where the expected rate of return
of the market portfolio has been chosen so that the price of security 2 is $20, the price used by Smith and
Nau (1995). Technically, this can be accomplished by including all of the assets into the market
portfolio, with projects having zero issued shares, and by finding the market prices, excluding projects’
investment costs, that minimize the sum of squared errors (SSE) between the rate of return given by the
CAPM formula and the real expected rate of return, as computed from the market price. The prices
converge, resulting in SSE equal to zero. The desired expected rate of return is 15.33%. The standard
deviation of the market portfolio is then 35.32%. In Table 6, the security capitalization weights represent
the ratio between the market capitalization of the security and that of the entire market. These weights are
of interest, because the CAPM predicts that an MV investor will always invest in a combination of the

risk-free asset and the market fund, where securities are present according to their capitalization weights.
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Table 6. Securities.

Security
1 2

Market price $39.56 $20.00
Shares issued 15,000,000 | 10,000,000
Capitalization weight 74.79% 25.21%
State 1 $60 $36
State 2 $50 $36
State 3 $40 $12
State 4 $30 $12
State 5 $60 $36
State 6 $50 $36
State 7 $40 $12
State 8 $30 $12
Beta 0.79 1.64
Expected return 13.76% 20.00%
St. dev. of return 28.26% 60.00%

Table 7. Correlation matrix.

A B C D 1 2
A 1 0.398 0 0 0 0
B 0.398 1 0.487 0.487 0.653 0.487
C 0 0.487 1 1 0.894 1
D 0 0.487 1 1 0.894 1
1 0 0.653 0.894 0.894 1 0.894
2 0 0.487 1 1 0.894 1

The experiment comprises several steps. We start with a setting where the investor can invest only in the
project being valued, which is then extended to cover a portfolio of all projects. We then add securities 1
and 2. Apart from the very first case, we assume that limitless borrowing at the risk-free rate and shorting
of securities are allowed. As predicted by Proposition 4, the breakeven selling and buying prices are
identical in this case and hence we display both of the prices in one entry. Unless otherwise noted, in
each of the steps we use a budget of $500. The maximum risk level is defined in terms of the rate of
return of the portfolio. For example, a 50% risk level implies that the maximum standard deviation for

the terminal wealth level is $250.

5.2 Project Values without Securities

In general, the value of a project depends on what would happen to the invested funds if the project were
not started. In the absence of other projects and securities, three cases described in Table 8 are possible.
These cases both provide a benchmark for project valuations obtained later, and show that even
apparently small differences in available investment opportunities can make a significant difference in
the values of projects. In the first case, where unused funds are lost, the net present value of the project is

undefined, and hence we give the future value (FV) of the project instead.
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Table 8. Projects values when only the project being valued is available.

Project
What happens to unused funds: A B C D
Funds are lost (FV) $100.00 | $123.75 | $120.00 $33.84
No interest gained $20.00 $23.75 $16.00 $33.84
Deposited at risk-free interest rate $12.59 $14.58 $7.11 $31.33

Let us next assume that the investor is able to invest in all of the projects and in the risk-free asset. The
values of the projects are described in Table 9 as a function of the investor’s risk tolerance. In the optimal

policy, the investor starts the projects with positive value.

Table 9. Projects values when all of the projects are available.

Mean-Variance
Risk level A B C D
15% -$1.99 $1.99 -$38.81 $18.74
20% $12.59 $14.58 -$20.06 $24.22
25% $5.48 $7.47 -$5.48 $24.22
30% and up $12.59 $14.58 $7.11 $31.33

$40.00 1~ - < -

$20.00 -

$0.00

-$20.00 -

Project value

-$40.00 -

-$60.00 -

Risk level

Figure 2. Project values for MV investor.

Table 9 and Figure 2 show that the project values behave rather erratically when the risk tolerance is
varied. For example, at a 20% risk level, the MV values for projects A and B are identical to the values
they have in isolation ($12.59 and $14.58), but then they drop to $5.48 and $7.47 at 25% and rise back to
the values in isolation for higher risk tolerance levels. Intuitively, one might expect project values to rise
as the risk constraint is relaxed, because more projects can be included into the portfolio so that fewer
projects impose an opportunity cost. At the limit, this is correct: when the risk constraint is relaxed
enough to allow the inclusion of all profitable projects, the project values coincide with the prices on the
last row of Table 8. For intermediate risk values, however, another effect confounds this result: the value

of a project depends on the projects that fit into the portfolio when the project is started and when it is
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not. For example, the decrease of the price of projects A and B when the risk constraint is increased from
20% to 25% is due to the fact that, when the risk constraint is 25%, project C can be started if either of
the projects is not included into the portfolio, but this is not the case at 20%. So at a 25% risk constraint,
project C imposes an opportunity cost on these projects, but not at 20%, since the project does not fit into
the portfolio regardless the decision on projects A and B. This counterintuive result is typical for project

values in a MAPS setting.

5.3 Project Values with Securities

We will now investigate what happens to the project values when securities are also available. In this
case, the risk constraint will always be binding as long as the rate of return of the optimal security
portfolio for the investor is higher than the risk-free interest rate: expectation of the whole portfolio will
be maximized by purchasing as much of the optimal security portfolio as possible and by borrowing the
necessary funds at the risk-free interest rate. When the investor does not invest in the projects, i.e. in a
pure CAPM setting, the optimal security portfolio for a MV investor is to buy 75% of security 1 and 25%
of security 2 at all risk levels. Note that these weights are the capitalization weights of the securities in

Table 6.

Columns 2-5 of Table 10 describe the project values assuming that the investor can only invest in the
project being valued and in securities. The presence of securities changes the project values for two
reasons. On the one hand, securities impose an additional opportunity cost, which lowers project values.
On the other hand, it is possible to hedge against project risks by buying negatively correlated or shorting

positively correlated securities, which increases the project values.

Table 10. Project values when securities 1 and 2 are available.

Single project available All projects available

Risk level A B C D A B C D

15% $8.92 $10.78 -$4.00 $25.07 $6.36 $8.22 | -$4.00 $25.07
20% $10.02 $10.92 -$4.00 $25.07 $8.61 $9.51 | -$4.00 $25.07
30% $10.94 $11.06 -$4.00 $25.07 $10.14 | $10.26 | -$4.00 $25.07
40% $11.37 $11.13 -$4.00 $25.07 $10.80 | $10.55 | -$4.00 $25.07
50% $11.62 $11.17 -$4.00 $25.07 $11.17 | $10.72 | -$4.00 $25.07
60 % $11.79 $11.19 -$4.00 $25.07 $11.42 | $10.82 | -$4.00 $25.07
70% $11.90 $11.21 -$4.00 $25.07 $11.59 | $10.90 | -$4.00 $25.07
80% $11.99 $11.23 -$4.00 $25.07 $11.72 | $10.95 | -$4.00 $25.07
90 % $12.06 $11.24 -$4.00 $25.07 $11.81 | $11.00 | -$4.00 $25.07
100% $12.11 $11.25 -$4.00 $25.07 $11.89 | $11.03 | -$4.00 $25.07
200% $12.35 $11.29 -$4.00 $25.07 $12.24 | $11.18 | -$4.00 $25.07
500% $12.50 $11.31 -$4.00 $25.07 $12.45 | $11.27 | -$4.00 $25.07
2000% $12.57 $11.32 -$4.00 $25.07 $12.56 | $11.31 | -$4.00 $25.07
10000 % $12.59 $11.33 -$4.00 $25.07 $12.59 | $11.33 | -$4.00 $25.07

Since project A is uncorrelated with the market portfolio, we can use its values to verify Propositions 6,

7, and 8. For example, let us calculate the breakeven buying price for project A at 50% risk level. The
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variance of the project portfolio with the project (including only project A) is 50> = 2500 and 0 without
the project. The variance of the optimal security portfolio in the status quo (no projects) is 250 = 62500
and the amount of money spent on securities is $708.3. As the market rate of return is 15.33%, we get

from Proposition 7 that

vﬁ=—80+@— 1—J1—& 0'0733708.3=12.59—0.0202-48.07=11.62,
1.08 62500 ) 1.08

which coincides with the value in Table 10. Also, as predicted by Proposition 9, when the risk tolerance

approaches infinity, the project values converge to their CAPM prices, as shown in the row “Market
price” in Table 6. Intuitively, one may expect that the values would approach risk-neutral values as the

risk-constraint is being relaxed more and more, but this is not the case.

Notice that security 2 is a twin security for projects C and D. This explains why these projects are priced
constantly to their CCA value across all risk levels. To replicate the cash flows of project C, one needs 5
shares of security 2, costing $100. Since the investment cost of project C is $104, we obtain the value of
—$4 for the project, regardless of the investor’s risk tolerance. The cash flows of project D can be
replicated by constructing a portfolio of 2.82 shares of security 2 and borrowing of $31.33 at the risk-free
interest rate. Therefore, the value of this project is —=$0+ 2.82-$20—-31.33-$1=$25.07.

Let us next investigate how the presence of other projects, as well as that of securities, affects project
values. Columns 6-9 of Table 10 give the results. First, we observe that the values of projects A and B
still increase monotonically with increasing risk tolerance without any erratic behavior. We see also that
the values still converge to CAPM prices. Additionally, the values of projects A and B decrease in
comparison with the single-project case, because the optimal security portfolio with these projects is less

profitable than what it was with a single project only.

5.4 Summary of Experimental Results

Table 11 summarizes our findings with respect to the research questions posed at the beginning of this
section. Further, we have results on the valuation of real options and multi-period projects in two
working papers, De Reyck et al. (2004) and Gustafsson and Salo (2004b). The results indicate that (i) the
present approach can readily be extended to the valuation of real options in incomplete markets, and that
(i1) it will also be practically feasible in a multi-period setting. In addition, when valuing a single project,
the present approach will yield the same results as Smith and Nau’s (1995) method, provided that the
assumptions of Smith and Nau’s method are satisfied and the investor’s preference models in both

approaches are identical.
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Table 11. Summary of research questions.

Research question Answer

Influence of other projects on
project values

Alternative projects can lower project values by imposing an opportunity cost.

Securities can both lower and raise project values. On the one hand, they
impose an opportunity cost. On the other hand, they enable better
diversification of risk.

Influence of securities on
project values

When securities are not available, project values may rise non-monotonically
as the risk tolerance rises. When securities are available, project values for
MYV investor rise monotonically by risk tolerance.

Influence of risk tolerance on
project values

For an MV investor, project values converge towards CAPM prices as the risk

Relationship to CAPM prices tolerance goes to infinity.

A twin security makes the MAPS project value consistent with the project’s
Influence of twin securities on | CCA value at all risk levels, provided that limitless borrowing is allowed. As
project values ordinary securities for other projects, twin securities also influence values of
other projects.

6 Summary and Conclusions

In this paper, we analyzed the valuation of private projects in a mixed asset portfolio selection (MAPS)
setting, where an investor can invest in a portfolio of projects as well as securities traded in financial
markets, but where the replication of project cash flows with financial securities is not necessarily
possible. We developed a valuation procedure based on the concepts of breakeven selling and buying
prices. This inverse optimization procedure requires the solution of portfolio selection problems with and
without the project being valued and finding a lump sum that makes the investor indifferent between the
two situations. To make the solution of these portfolio selection problems possible in a multi-period
setting, we developed a multi-period MAPS model using the Contingent Portfolio Programming
framework (Gustafsson and Salo 2004a). Finally, we produced several theoretical results relating to the
analytical properties of breakeven prices, and studied the pricing behavior of mean-variance (MV)

investors through a set of numerical experiments.

Our theoretical results indicate that the breakeven prices are, in general, consistent valuation measures,
exhibiting sequential consistency, consistency with contingent claims analysis, and sequential additivity.
The results also show that MV investors have several notable pricing properties. First, when limitless
borrowing and lending are allowed, breakeven buying and selling prices are identical, which is not the
case, in general, under expected utility theory (Smith and Nau 1995, Raiffa 1968). Also, the prices can be
computed by solving the investor’s terminal wealth level when he/she invests and he/she does not invest
in the project and by discounting the difference back to its present value at the risk-free interest rate. In
addition, we derived analytical formulas to calculate the breakeven prices for an MV investor when the
optimal portfolio at present is known and projects are uncorrelated with securities. Finally, we showed
that the project values given by an MV investor converge towards the projects’ CAPM prices as the

investor’s risk tolerance goes to infinity.
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Overall, our results suggest that alternative investment opportunities have a significant impact on the
value of a project. Therefore, valuation of projects in isolation may potentially lead to biased estimates of
the values of projects. This emphasizes the argument, which appears for example in the real options
literature, that it is crucial to also consider financial instruments in project valuation. However, it is also

important to recognize other projects in the portfolio.

Managers can draw several conclusions from our analysis. First, it is of central importance to clearly
recognize the real investment alternatives to the projects. The presence of the possibility to borrow or
short, or in general to invest in financial markets, may significantly influence the value of a project.
Second, project values are non-additive. To obtain the value of a portfolio of two or more projects, it is
necessary to calculate the terminal wealth levels when the investor starts and does not start the projects.
This can be accomplished by solving the appropriate portfolio selection problems. Third, projects
influence, in general, the optimal financial portfolio for the investor, so that when the projects are started,
the optimal financial portfolio does not typically fall on the capital market line. Therefore, the allocation

of funds to projects and securities separately may potentially lead to suboptimally diversified portfolios.
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Appendix

PROOF OF PROPOSITION 1: Let the breakeven selling price for the project be vj . The time-0 budget used to
. . . . . s - s sb . :
determine the sequential buying price is then b+ v; in the status quo and b+ V; =V, in the second setting,
sb . . . . - _ + . . . .
where v;” is the sequential buying price. Let W” =W be the optimal value for the optimization problems
with the breakeven selling price and W,, =W be the optimal values for the optimization problems with the
sequential buying price. By definition, W, = W, and therefore also W, = W.". Thus, it follows that

s sb __ s _ ..sb . . . . .
b+v TV = b, or v; =V, . A similar reasoning shows the equality between the breakeven buying price

and the respective sequential selling price. Q.E.D.
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PROOF OF PROPOSITION 3: Let us begin with the breakeven buying price and a setting where the portfolio
does not include projects and the budget is b. Suppose that there are n projects that the investor buys
sequentially. Let us denote the optimal value for this MAPS problem by W,. Suppose then that the investor
buys a project, indexed by 1, at his or her breakeven buying price, vl}’ . Let us denote the resulting optimal
value for the MAPS problem by W,. By definition of the breakeven buying price, Wy = W;. Suppose then that
the investor buys another project, indexed by 2, at his or her breakeven buying price, v;’ . The initial budget
is now b —vlb , and after the second project is bought, it is b —vlb —vs . By definition, the optimal value for

the resulting MAPS problem W, is equal to W;. Add then the rest of the projects in the same manner. The

resulting budget in the last optimization problem, which includes all the projects, is b — vlb - vg —e— vi’ . We

also know that Wy, , = Wi, .1 = ... = W, and therefore, by definition, the breakeven buying price of the
portfolio including all the projects is v, =V +v?+...+v’. By re-indexing the projects and using the
above procedure, we can change the order in which the projects are added to the portfolio. In doing so, the
projects can obtain different values, but they still sum up to the same joint value of the portfolio. Similar

logic proves the proposition for breakeven selling prices. Q.E.D.

PROOF OF PROPOSITION 4: Let us first examine the breakeven selling price. Let us denote the optimal
expectation for the given risk constraint in the status quo with ,u;Q and the one in the second setting when

v, =0 with fg = ,u;Q + A’. The expectations can be made to match by increasing the time-0 budget by

0', which reduces the amount of money borrowed by the same amount, leaving the effective budget
T-1

unchanged. This increases the expectation of the portfolio by & ‘YH(1+ re (t)), where (1) is the risk-free
t=0

interest rate from time ¢ to #+1. This chain of logic is valid on the condition that increasing the budget does
not influence the composition of the optimal risky portfolio, which is ensured when the risk measure is

independent of an addition of a constant, i.e. it satisfies p[X +b] = p[X ] for all random variables X and

constants b. Since we desire to make the expectations in the status quo and in the second setting under a

modified budget (denoted by ,uSYS ) equal, we have the equation
T-1 T-1

Uy = His & Mgy = Py + A’ +5‘YH(1+ r, (t)) , from which it follows that &' =—A’ /H(1+ r, (t)) ,
t=0 t=

which is also the breakeven selling price of the project.

Let us then examine the breakeven buying price and denote the optimal expectation in the status quo by ,u;’Q

and the one in the second setting when v, =0 by b = ,qu +A”. As before, the expectations can be

matched by lowering the budget by 6" and increasing the amount of money borrowed by the same amount.
T-1

The expectation in the second setting is now ,a;’s = ,u;’Q +A" - 5”H(1 +7; (t)). By requiring that
t=0
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T-1
Uy = Hes & g, = oy + A" =8"(1+71,), we get 8" =A"/ (1+rf (t)), which is also the breakeven
t=0

buying price of the project.

Finally, ~we observe that p5 =/, and g =M;,, from which it follows that
Mss = Mgy & Mgy + A’ = p15 — A" & A =—A" Hence, 6’ =6”. To obtain the valuation formula, let us

denote fy, =W* and ,ué’Q =W, and we get the formula directly from the equation for the breakeven

buying price. Q.E.D.

PROOF OF PROPOSITION 5: Since projects are uncorrelated with securities, we know that

n m n m
Va{z Si'xl. + z C,i Z, } = var {z Sl.'xi } + Va{z C,i zk} and hence the risk constraint can be rewritten as

i=0 k=1 i=0 k=1
n m
ql ~1 s C .
var {Z S x, } <R-var {z 2 } . Similarly, the objective can rewritten as
i=0 k=1

max E Z(;S’ilxi +kz_;é,izk}(:)maxE{Z.§;xi}+ELZ; N,izk} For any project portfolio with fixed

i=0
Z.,k=1,...,m, the optimal financial portfolio will be acquired by solving an optimization problem

max E Zgilxi }+a subject to ZSI.Oxi +ZC,?zZ =b and Va{zgilxi } <R’, where a = E{Z@ZZ}
k=1 k=1

L i=0 i=0 i=0

m
is a constant and R" =R — Va{z C,izZ} is a constant. The parameter b does not influence the x;’s that
k=1

yield the maximum to the problem, and R* is just an adjusted maximum risk level for the investor. Thus, for
any given project portfolio, the optimal financial portfolio is obtained by the solution of a usual mean-
variance problem. We know from the Separation Theorem (Tobin 1958) that a mean-variance investor will

invest in the combination of the market fund and the risk-free asset. Q.E.D.

PROOF OF PROPOSITIONS 6, 7, AND 8: Let us prove first Proposition 8. Let the project portfolio in the status

quo be P =ZC~',1 z, and the security portfolio M = ZS‘ l.'x[ . The respective portfolios in the second

k=1 i=1
setting are P’ = Z C 1z, and M= Z §ilx; . The amount of money lent in the status quo is denoted by x,
k=1 i=l1
and the respective amount in the second setting by x(') . By Proposition 4 we know that the portfolio weights

in the security portfolios M and M’ are identical, i.e., that xi' / X, =a,i= 1,...,n, where a is the positive ratio

of funds invested in risky securities in the second setting and in the status quo. That is,

m

b -x,-> Clz,
a= k=1 i (A1)

m
0
b_‘x()_zckzk
=
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where b’ is the budget in the second setting. This implies that M "= aM . Let us require next that
E[(1+rf)x0 +M +P] = E[(l+rf)x(’) +M’+P’]

Var[(1+rf)x0 +M +P] = Var[(1+rf)x6 +M'+P'J

By using the relationship M’ = aM , the equivalence of expectations yields us
(A+r)x,+E[M]+E[P]=(+r)x;+aE[M]|+E[P]
(1-a)E[M |+E[P]-E[P]

=X =x,+ 1+, (A2)
Similarly, from the equivalence of variances we obtain
var[M |+ var[P]=a’ var[M |+ var [ P']
var[ P]—var[ P
=a=% |1+ (A3)
var[M ]

The minus sign alternative can be dropped, because we know that a has to be positive. Let us define

A =b"—b. By the definition of a in (A1), we get
A=b'-b= a(b X, — Zc zkj+x0+2c°’—b.

By substituting (A2) into this, we obtain

i l1-a)E|M |+E|P|-E|P
A:b’—bza(b—xo—Zszk}xﬁ( O] 3: Ll ]+ZC°
k=t Ty

By denoting b,, =b—x, —ZC,?zk and M =(1+7,)b,, , we get

k=1
+ZC,? .-

(1-a)(1+E[7,]) B, + E[P]-E[ P
I+r,

Let us then add and subtract ZC,? z, from the right-hand side of the equation to obtain

k=1

A=ab, +x,+

b, =b—x,— Z C/z, on the right-hand side. Thus we get

k=1

1- 1+E|7, |)b, +E|P|-E|P
smtam R PR
Ty k=1

By adding and subtracting 7y inside (1+E[f ]) we are able to eliminate the term (a — 1)by from the

1-a)|E b, +E|P|-E|P m
beginning and obtain A = ( a)( 17 ]- };4)_ PI-ELP] + Z C.z, z Clzy -
s k=1

By denoting E[P] ZE[ ] z, and E[P] ZE[ ] z, and by rearranging the terms, we get

. > E[C] =D E[7,]-r,
A== Cl(z, -z, )+ —(a-)—"—Lp,. (A4)
k=1 1+

1+ I
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Finally, by substituting (A3) into (A4), we obtain the desired formula

m ~l , m ~1 _ m ~1 ,
. / ZE[Ck]'(Zk_Zk) varL_l kzk} var{;Ckzk} E[#,]-r,
A== Cl(z,—z )+ — |1+ -1 b

- 1+rf Var[i Si'x,} 1+7;
i=1

Proposition 6 is obtained by assuming that 7, =z, Vk # j and z ;=1and z; =0. We get now

M

va{ié,izk}—var ié‘;zk
. . 4 i
PRI 1 | i - Y

n M
I+, Va{z S~i1Xi } I+r,
i=1

Similarly, Proposition 7 is obtained by assuming that z, =z, Vk # j and z ;=0 and Z;- =1. Then,

. = Eliy]-1 ,  QED.

T 1+ L os I+7, .
4 Var{z ilxl} /
i=1

PROOF OF PROPOSITIONS 9 AND 10: Let us prove first Proposition 10. The notation is as in the proof of
Propositions 6-8. Observe first that when the investor’s risk tolerance increases, she invests more and more
in securities and the effect of projects on the total mixed asset portfolio diminishes. At the limit, the investor
invests in an infinitely large security portfolio whose composition matches that of the market portfolio
regardless of what projects there are in the portfolio. Therefore, the portfolio weights in the security
portfolios M and M’ are identical, so that M“ = aM , where a is some constant. Now, we have by definition
V:«,lr[(1+rf)x0 +M +P] = Var[(l+rf)x(') +M'+P'} ,

from which we obtain

var[M |+ var[ P]+2cov[M, P] = a® var[M |+ var[ P"]+ 2acov[M, P

= a’ var[M |+ 2acov[M,P’]—var[M |+ var[P’] - var[P]-2cov[M,P]=0.
Solving this for a gives

—2cov[M, P’] i\/4cov [M,P']2 +4var[M](var[M]—var[P']+ var[P]+ 200V[M,P])

- 2var[M |

=a

_ —cov[M, P N cov[M,P']2 . Va1r[M]2 +Var[M](Var[P]—Var[P'])+2var[M]COV[M,P]
var[M] Var[M]2 Var[M]2
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_ —cov[M,P’] N Py p var[P] e var[ P]—var[P'] s Py pstdev|P]
B Var[M] B var[M] var[M] stdev[M]

_ —cov[M,P] i\/p’i”’) var[P]  p, pstdev[P]  py p var[P] s Py var[P] N var[ P]—var[P’]
var[M | var[M | stdev[M | var[M | var[M | var[M |

_—COV[M,P']+ Py pstdev|P] | 2+(pf4ﬁp,—1)var[P']_(pf”—l)var[P]
C ovar[M] T stdev[M | var[M | var[M |

—cov[M,P’] cov[M,P] cov[M,P-P|
— + +1= +1
vl var[M | var[M | var[M |

The minus sign alternative can be dropped, because we know that a has to be positive. Now let us substitute
this into Equation (A4) in the proof of Propositions 6—8 to obtain

< 1 . 7 M L Al . 7

ZE[Ck:I (Zk Zk) COV|: ’;Ck (Zk Zk)j| E[fM]_r/'

Az—m Clz, —7 )+ - b,, . A5
kzzll @) 1+r, Var[M] 1+r, M (A3)

For the BSP of project j, we have z; = 1 and z; =0. Since A is the budget increment required to make two

portfolios equally desirable, A is, by definition, the BSP of the project. Formula for the BBP, which is a

budget reduction, is obtained by multiplying both sides of Equation (AS5) by —1. Finally, since
M =(1+7,)b,, , we obtain the CAPM formula

m =1 L 5 m - ' L

ZE[CkJ'(Zk zZ;) cov{rM,kZ;Ck (2 Zk)} E[FM]_’}

VCAPM =A=—m CO Z —Z, +k=1 - — . A6
; (@m0 1+rf Var[fM] 1+rf (46)

Note that the definition of z,’s and z,’s in Proposition 10 is different from the definition in Proposition 8.

Here, Proposition 10 for the BSP case can be obtained directly using Equation (A6). The BBP case is

obtained by changing the notation so that zi' indicates the status quo (no project) and z, indicates the second
setting (project present). Proposition 9 is obtained for the BSP case from (A6) by assuming that
= z,z Vk# j and z = 1 and z;. =0. Proposition 9 for the BBP case is again obtained by changing the
meaning of zl.' (to no project) and z; (to project present) and assuming that z, = z,: Vk+#j and z i =1

and z;=0.QED.
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