Projecting the Flow Variables for Hub Location Problems

Martine Labbé

Université Libre de Bruxelles, Département d’Informatique, Boulevard du Triomphe CP 210/01,

1050 Bruxelles, Belgium

Hande Yaman

Bilkent University, Department of Industrial Engineering, 06800 Bilkent, Ankara, Turkey

We consider two formulations for the uncapacitated hub
location problem with single assignment (UHL), which
use multicommodity flow variables. We project out the
flow variables and determine some extreme rays of the
projection cones. Then we investigate whether the cor-
responding inequalities define facets of the UHL polyhe-
dron. We also present two families of facet defining
inequalities that dominate some projection inequalities.
Finally, we derive a family of valid inequalities that gen-
eralizes the facet defining inequalities and that can be
separated in polynomial time. © 2004 Wiley Periodicals, Inc.
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1. INTRODUCTION

In this article, we consider the Uncapacitated Hub Lo-
cation Problem with Single Assignment (UHL). Let I denote
the set of terminal nodes with |I| = n and K the set of
commodities. For commodity k € K, o(k) is the origin,
d(k) is the destination and X is the amount of traffic where
t* = toyacry- Origins and destinations of commodities are
terminal nodes, and any distinct pair of terminal nodes
defines a commodity.

Each terminal either receives a hub or is connected to
another node that receives a hub. If node i € I is connected
to such anode j € I\{i}, then the traffic on the link between
nodes i and j is the traffic adjacent at node i, that is, the total
traffic of commodities with node i as origin or destination.
The cost of routing this traffic on the link between node i
and node j is denoted by F;;. Any node i that becomes a hub
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is assigned to itself. The cost of installing a hub at node i is
denoted by F ;.

LetA = {(j,):j €Ll E€ 1 j# 1} and R; denote
the cost of routing a traffic unit on arc (j, /) if it becomes
a backbone arc, that is, if both nodes j and [ receive hubs.
We assume that the cost vector R satisfies the triangle
inequality and R;, = 0 for all (j, /) € A. In addition, we
assume that all data are rational.

If two nodes i and m are assigned to the same hub, say
Jj, the traffic from node i to node m follows the path i —
j — m. However, if node i is assigned to node j and node
m is assigned to node [, then the traffic from node i to node
m follows the path i — j — [ — m. Therefore, the total
traffic on arc (j, /) is the sum of the traffic of commodities
whose origins are assigned to node j and whose destinations
are assigned to node /. In Figure 1, we see a network with
10 nodes where nodes 1, 2, 3, and 4 are hub nodes. The
traffic from node 9 to node 5 follows the path 9 — 1 — 4
— 5, because node 9 is assigned to node 1 and node 5 is
assigned to node 4. The traffic from node 8§ to node 7 goes
through the path 8 — 2 — 7, as both nodes 8 and 7 are
assigned to node 2. Finally, the traffic from node 3 to node
10 goes from node 3 to node 1 and then to node 10, because
node 3 is a hub and so is assigned to itself and node 10 is
assigned to node 1.

The aim of UHL is to choose the hub locations and
assign the terminal nodes to hubs to minimize the total cost
of location and routing. It has applications in transportation
and telecommunication. The UHL is an NP-hard problem
(see Yaman [10] for the proof for the special case where R,
= 0 for all (j, /) € A). For a recent survey on applications
and solution methods, see Campbell et al. [3].

Let x;; be 1 if node i € I is assigned to node j € I and
0 otherwise. If node i receives a hub then x;; is 1 and node
i is assigned to itself. Further, define z;, to be the total traffic
on the arc (j, [) € A. We can formulate UHL as follows:

min 2, > Fyvy + 2 Rz

i€l jel (j,1)EA



FIG. 1. Routing in a hub network.
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Constraints (1), (2), and (4) imply that each node either
receives a hub or is assigned to exactly one other node
which receives a hub. For (i, j) € A such that R;; > 0,
constraints (3) compute the value of traffic in terms of the
assignment variables.

In this article, we present two ways of linearizing con-
straints (3). These linearizations use the flow variables Xj'f,
= X,o0Xaay for k € K and j € 1, [ € I and they have the
same linear programming bound (see Yaman [10]). The
number of flow variables is O(n*). So these linearizations
are huge in size and not very useful in practice. We discuss
how to project out these flow variables to obtain a formu-
lation of a smaller size. Then we investigate the domination
among the projection inequalities. Finally, we prove that
some of these inequalities are facet defining for the hub
location polyhedron. We also introduce two other families
of facet-defining inequalities that dominate some of the
projection inequalities. Then we give a family of valid
inequalities which generalizes the facet defining inequali-
ties.

This article is organized as follows: In Section 2, we
present the multicommodity formulation. We project out the
flow variables in two different ways and compare the pro-
jection inequalities. In Section 3, we project out the flow
variables in the hub location formulation and characterize
the extreme rays of the projection cone for a single com-

modity. Then we present some families of extreme rays for
the multicommodity case. In Section 4, we summarize the
previous polyhedral results for the UHL and present new
facet-defining inequalities.

2. MULTICOMMODITY FLOW LINEARIZATION
AND ITS PROJECTIONS

As the routing cost R satisfies the triangle inequality, we
can formulate UHL using multicommodity flows. To obtain
the multicommodity flow formulation, we replace con-
straints (3) with the following set of inequalities:

> X=X X=X VIELKEK
IENj} IENj}
(6)
D Xh=z, V(j,l)EA (7)
kEK

Xy=0 V(j,l)EAKkEK (8)

Notice that the flow balance equations are replaced by
the equivalent inequality forms (6) (see Mirchandani [6]).
These constraints state that if the origin of commodity k is
assigned to hub j but not the destination, there is a net flow
of one unit that goes out of hub j. On the contrary, if the
destination is assigned to j but not the origin, there is a net
flow of one unit that comes into node j. If both the origin
and destination are assigned to j or neither one is assigned
to j, the flow on the arcs incoming to node j is equal to the
flow on the arcs outgoing from node j concerning this
commodity. As the routing cost satisfies the triangle in-
equality, these constraints guarantee that the traffic of a
commodity uses the direct link between the hubs of its
origin and destination if its origin and destination are as-
signed to different hubs.

Constraints (7) imply that the traffic on arc (j, /) should
be at least the sum of the traffic of commodities whose
origins are assigned to node j and whose destinations are
assigned to node /. We sometimes refer to the traffic on the
backbone links as capacity to be able to follow the termi-
nology of flows and cuts.

To our knowledge, there are two ways of projecting out
the flow variables in this system. The first method used by
Mirchandani [6] is a direct projection. This method leads to
inequalities known as the metric inequalities (see Iri [4] and
Onaga and Kakusho [7]). Mirchandani [6] studies the ex-
treme rays of the resulting cone for the single commodity
and multicommodity cases. For the single commodity case
the projection inequalities are the well-known cut inequal-
ities. However, for the multicommodity case, we do not
know any characterization of all the extreme rays of the
resulting cone.

The second method used by Rardin and Wolsey [8] is to
replace the flow constraints by the corresponding cut con-
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straints and do the projection afterwards. The projection
inequalities are called dicut inequalities.

Here, we do the projection using both methods and
compare the results. The comparison gives us a necessary
condition for the dicut inequalities not to be dominated.

2.1. Projection 1: Direct Method

First, we follow the method used by Mirchandani [6]. If
we associate dual variables ajl-‘ to constraints (6) and 8, to
constraints (7), by Farkas’ Lemma, we have the following
result: given a solution x and z, there exists a vector X
satisfying (6)—(8) if and only if

> ZiPj = > 2> (X — xd(’<>/’)a.;( ©)
(j.)EA kEK jeI
for all (e, B) = 0 such that
Bj,Zaj’-‘—af VKEK, (j,l)EA (10)

Fora € R, let (a)" = max{0, a}. As z;; = 0 for all (j,
l) € A and all the data are rational, for a given (x, z) there
exists a vector X that satisfies (6)—(8) if and only if

Z E lk(%(k);

kEK jEI

> zmax(ad — af)* Xawpeg (1)

(j.)eA kEK

for all integer aj’»‘ = 0.

2.2. Projection 2: Indirect Method

We now do the projection as in Rardin and Wolsey [8].
Let u* denote the capacity of arc a used for commodity k.
For x, which satisfies (1), (2), and (4), there exists a feasible
flow for commodity k if and only if

E uk>t 2 (-xo(k)j

a€d(s) JES

VSClI

Xa(k) j)

where 6(S) = {(j, ) € A:j &€ S, € I\S} is the cut
induced by cut set S. So the inequalities (6)—(8) can be
replaced by the following:

2 ub =13 (X~ Xaw) YSCLEKEK (12)
a€s(S) JjES
>uk=z, Va€A (13)
kEK
=0 VYa€EA kKkEK (14)

If we associate dual variables y% = 0 to inequalities (12)
and o, to equations (13) we get that, given (x, z) which
satisfies (1), (2), (4), and (5) there exists a vector X satis-
fying (6)—(8) if and only if
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E 2,04, = E E E (xo(k)/

a€. SCI k€K JES

Xan)Ys  (15)

for all (y, o) such that

> v

S:a€8(S)

VkeEK, a€A

Yi=0 VkeKk, SCI

This condition is equivalent to

E zmax{ X, A= X F X (Xomy) —

ea  FEK saes8) SCI kEK  jES

Xaw)Ys  (16)

for all integer y = 0 as all data are rational and z, = 0O for
alla € A.

The v%s are interpreted in Rardin and Wolsey [8] as
follows: if we let I'* denote a collection of cut sets for
commodity k, we can interpret y% as the number of times
cut set S is repeated in the collection I'*.

2.3. Comparison of Projections 1 and 2

Proposition 1.  For a given v, define I'* to be the collec-
tion of cut sets for k € K, that is, S is repeated v times in
%, Then for a given (x, z) which satisfies (1), (2), (4), and
(5), there exists a vector X that satisfies (6)—(8) if and only
if (16) is satisfied for all integer y = 0 such that we can

rename the cut sets in T as S, . . S,lk > S’,‘,k where n,,
= [ in such a way that S, C Skk i C - C SK for all k
€ K.

Proof. Consider inequality (15) for (y, o) = 0 such
that vy is integer and o, = maxkEK{ZSC, ac(s) ys} for all
a € A. Define of Zsujes Ys. Then o is the number
of times node j is repeated in the cut sets in collection I'*.
The right hand side of inequality (15) is equal to

E E E tk(-xu(k)j - xd(k)j)yé
SCI kEK jES
= 2 E E tk(xo(k)j - Xd(k)j)7§
kEK jEI SCIjES
=2 2 Moy — Yaw)) o

keK jeI

which is equal to the right-hand side of inequality (9) for
this a.



Now we compare the left hand sides. For (j, [) € A and
k € K,

(f—a)"=(2 %h- 2 W'

SCrLjES SCrLIES
k ky+ — k
=(2 % 2 W= 2 %
SCrIjes Serkies,jes SCIL(j,1)ES(S)
, k Nt o ok kN
Let k' be such that max,cg(a; — a;)" = (o o).

It follows that

2 =

kEK gcr(j1)es(s)

> A

SCI:(j.1)ES(S)

0 = max{

= max(ef — o))" =By
kEK

Hence, the left-hand side of inequality (15) is greater than or
equal to the left-hand side of inequality (9). As the right-
hand sides are equal, inequality (9) dominates inequality
(15).

Next, we show how we can construct a pair (v, o) that
gives the same inequality as a given (o, ) pair. For each
commodity k, let o = maxje,a]]-‘. Define I'* to be the
collection of sets Sf fori =1, 2,..., o where Sf»‘ ={j
S aj’f = i} so that we have St C S, C -~ C S} for
all k € K. Define also y;g to be the number of times S is
repeated in I“foralli=1,2,...,a*and k € K. For §
¢ T'*, set y§ = 0. Then aj]-‘ = 2scrjes v5. Moreover, if
aj'-‘ > af, then whenever / € S, we have j € S. Therefore,

Kk _ k_ k
a — o = E Vs E Vs
scrjes SCLiES
_ k ko k
= E Vs 2 Vs = E Vs
scrjes SETkIES. jES SCL(j.)ESS)

and if a_f = oz;‘, then there is no Sf C I such that (j, )
€ 8(5). So

2 ys=0=(af-ap)’

SCL(j,1)ES(S)

This proves that

(f—a)t= 2 v

SCL(j.l)ESS)

for all (j,/) € A and k € K.
Hence, for inequalities (16), it is enough to consider I’
where we can sort the cut sets in each I'* such that S¥, C

St _, C -+ C S% where n, is the number of cut sets in I'.

This result implies that the inequalities (16) that do not
satisfy the condition of Proposition 1 are dominated by

inequalities (11). So in a solution procedure based on cuts,
one does not need to separate these dominated inequalities.

3. HUB LOCATION LINEARIZATION AND ITS
PROJECTION

To obtain the hub location linearization, we replace
constraints (3) by

EXﬁZxo(k)j Viel,kekK (17)
el

_EXJ,‘(lz_xd(k)z VieELkEK (18)
jel

~ 2 X= 7 V(L.)EA (19)
keEK

X;=0 V(,)EAKEK (20)

This formulation is given in Skorin-Kapov et al. [9]. Note
that we replaced constraints (17) and (18), which are orig-
inally equalities by their equivalent inequality forms. This
formulation is different from the multicommodity formula-
tion given in the previous section as it explicitly imposes
that every commodity travels from the hub of its origin to
the hub of its destination directly. If the origin and destina-
tion of a commodity k are assigned to the same hub, say j,
then the variable ij takes value 1 (these variables did not
exist in the multicommodity formulation).

Proposition 2. Given (x, z), there exists X that satisfies
(17)-(20) if and only if

Z 2B, = 2 t* E (xo(k)j%l'c - xd(k)jo-jl'{) (21)

a€A kEK JEI

for all (a, o, B) = 0 such that

Kk
Bi=ai — o

VkeEK, (j,1)EA (22)

0=a/—0, VKkEK, jEI (23)

Proof. If we associate dual variables aj’f to constraints
(17), o¥ to constraints (18) and B , to constraints (19), by
Farkas’ Lemma, we get the result. n

Notice that inequalities (11) form a subset of the projec-
tion inequalities of this hub location linearization. More
precisely, inequalities (11) correspond to inequalities (21)
for integer (o, o, B) = 0 which satisfy aJ’F = 0'_;-‘ for all £
€ Kandj € land B; = manEK(a]'f — o}) for all (j, 1)
€ A. However, remaining inequalities (21) are not neces-
sarily dominated by inequalities (11). This is natural as the
routing of the hub location is also feasible for the multi-
commodity formulation.
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Let H be the cone of (a, o, 3) = 0 that satisfy inequal-
ities (22) and (23). Nondominated projection inequalities
are among inequalities (21) that are defined by («, o, B),
which are extreme rays of H (see Balas [2]).

We consider first the case for a single commodity and
characterize all nondominated inequalities. This gives us
insight for the multicommodity case.

3.1. Single Commodity Case

Suppose |K| = 1. We drop the index k from the variables
defined above.

Proposition 3. The ray (a, o, B) # (0, 0, 0) is extreme for
cone H if and only if it belongs to one of the classes:

1. B;; = 1 for some (j, |) € A and the other entries
are zero.

2. g; = 1 for some j € I and the other entries are
zero.

3. a; = 1 forallj €S, where S C I, o, = 1 foralll
€ I and the other entries are zero.

4 o, =1 forall j € S where S C 1, 0,=1 foralll
€ T where T C I such that S C T, B;; = 1ifj €S,
| ¢ T and the other entries are zero.

Proof. The proof is very similar to the proof of Prop-
osition 3.5 given by Mirchandani [6]. We give it here for the
sake of completeness.

(Sufficiency) Classes 1 and 2 are trivial. For classes 3
and 4, consider («, o, B) # (0,0, 0) € H. Let B = {(J,
HeA:B,;>0},S={j€l:aq;>0}andT = {lEI
:0,>0}. Noticethat S C T because of the constraint (23).
Suppose that («, o, ) is not an extreme ray of H. Then
there exist distinct (a, o, B)" and (e, o, B)* in H, which are
not multiples of («, o, B) and («, cr B) = 1/2(a, o, B)1
+ l/2(a o, B). This implies that a = oz =0ifj e S,
o/ =0; =0ifj ¢ Tand B}, B —Olf(],l) ¢ B.

In Class 3,B= @ and T = I. As B/, B,z 0 for all
(],l)1nA ol = a and o7 = a forall] € Sand! € 1.
Asa + o =2, = 2and(rl + a? —20,—2wehave
thatcr,zoz/1 yanda,z J—y for all j € S and
[ € I. Then (o, o, B)" and (a, o, B)* are multiples of (a, o,
B).

In Class 4, B, S, and T are all nonempty Ifj eSs and l
€ T, then B;, = 0. So we have o = ozl and 0', = a for
all] € S and/ E T. By the above d1scuss1on o} = oz1 =
v'and 07 = « J yforallJESandlET ’

If]ESandl ¢ T, then,B,Za andB,Za Asa
+a:2a 2andB,+Bl—23ﬂ—2 WegetB
=ozjl=y andBj,—a v SO((XO'B)lal’ld(OlO'
B)? are multiples of (a, o, B).

For classes 3 and 4, we showed that a ray («, o, B)
satisfying the requirements of one of these classes cannot be
written as a linear combination of two distinct rays of H.
Thus, such a ray («, o, ) is an extreme ray.

(Necessity) Given an extreme ray («, g, B) # (0, 0, 0) of
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H, define the sets B, S, and 7. Assume that S = . It is
easy to show that if 7 = J, then («, o, B) should belong to
class 1 and if B = O then («, o, B) should belong to class
2. If both T and B are not empty, then this can be written as
a linear combination of rays of classes 1 and 2, so it cannot
be extreme.

Now, assume that § # . By feasibility, we have S C
T. Define y = min{min; ¢ sa;, m1n,€T0',} Clearly, v > 0.
Consider the two rays («, o, B) and (a, o, B) defined as
follows: a/ = 1y for all j e S, o =yforall €T, Bj,
= yforallJES leT, a =2a; — yforallj €S, o’
—20',—yforalllETBj,—ZB/, v forallj € S,
l ¢ T, ,B], = 2B, forallj € §,l € Torj ¢ § and the
rest of entries are 0. Both (a, o, 8)" and («, o, B)* are in H
and (o, 0, B) = 1/2(a, o, B)l + 1/2(e, o, B) .But as («, o,
B) is an extreme ray, (o, o, B)" and (o, o, B)* should be
multiples of («, o, B). So a; = 1 forallj € S, o, = 1 for
alll e T, B; = 1forallj E S, 1 ¢ T and the rest of the
entries are 0.

If B = J, by feasibility we have T' = [I. Then («, o, B)
is in Class 3. Otherwise, it is in Class 4. n

Proposition 4. Given (x, z) which satisfies (1), (2), (4),
and (5), there exists X that satisfies (17)—(20) if and only if

E = f(E Xoj — E Xg) 24

(j,l ) EAjESI¢T JES IET
forallS CTCIL

Proof. Inequalities (21) defined by (a, o, B) that are
extreme rays of H are as follows:

z;; = 0 for all (j, I) € A.
xg,; = 0foraljel
E_,-es x,; = 1forall § C I

GheEAjESIeT Lji = z(szS Xoj —
cCrcl

:';S*’.N!—

2er Xy) forall S

The first three families of inequalities are implied by con-
straints (5), (4), and (1), respectively. The only nonredun-
dant inequalities are the inequalities of the fourth form. m

These inequalities are quite similar to cut inequalities for
the single commodity flow. In fact, when we take a cut in
the case of hub location, we choose two disjoint subsets of
the set 1, S and T = I\T and consider all the arcs going from
StoT.

Proposition 5. Given (x, z), we can separate inequalities
(24) by solving a min cut problem.

Proof. Separation of (24) is to find S C T C [ such
that 2 yeajesier 2t — (Ejes Xoj = Zier Xa) 18
minimized. Let ¢ denote this minimum value. Consider the
layered graph G’ = (V, A") where V includes the nodes o
and d, the set I and a duplicate I’ of set [, that is, V = {o,



FIG. 2. The separation problem as a min cut.

d}y UIUI'. Thearcsetis A" = {(o,)j) :j € I} U {(J,
DH:jellel' U{( d:lel'}. Letw,; denote the
capacity of arc (i, j) € A’ defined as follows:

wy=1tx, VjEI

vier

Wi = IXg

wp=0 VYjELjETI

A cut set C is a subset of the set V such that o € C and d
¢ C.DefineS = CNIland T = C N I'. If the duplicates
of nodes in § are not in 7, the cut has an infinite capacity.
Otherwise, the capacity of cut set C is

E Wijzzlxuﬁ}‘, EZ]‘J"'EU%’I

(i,)ES(C) jes JES lgT ler

=I—Etxoj+ztxdz+2 EZ_H

jes T JES I1gT

As cut set C = {o} has capacity ¢, the min cut problem has
a finite value. So, ¢ = mine 2; esc) Wi — I .

In Figure 2, the set C = {0, 1,2, 1’,2'}. So S = {1,
2}, T = {1', 2’} and the corresponding inequality is:

2yt 2t 2oy 200 =X, F Xy — Xg — Xp)

3.2. Multicommodity Case

Now we consider the multicommodity case. For (o, o, B)
# (0,0,0)in H, define B = {(j, ) € A : Bj, >0}, S,

={jE€J:af>0}and T, = {{ € 1: d; > 0} for all
k€ Kand K' = {k € K : S, # J}.

The extreme rays for which B = & or K' = & are
characterized as follows:

1.IfS, = T, = & for all k € K, then («, o, B) is an
extreme ray if and only if B, = 1 for some (j, /) € A
and the rest of entries are zero. The corresponding pro-
jection inequality is z;, = 0.

2. If S, = Dforall k € K and B = I, then («, o, B) is
an extreme ray if and only if 0'_;." = 1 for some j € [ and
for some k € K and the rest of the entries are 0. The
corresponding projection inequality is x,,; = 0.

3. If B=Jand S, C Iforall k € K', then we should have
T, = I for all k € K'. In this case, («, o, B) is an
extreme ray if and only if |[K’'| = 1. The corresponding
projection inequality is Z;c g X, = 1.

These propositions can be proved in a similar way to the
proof of Proposition 3.

We have a sufficient condition for a special class of the
remaining rays to be extreme.

Proposition 6. (Labbé et al. [5]) Let S, C T, C I for all k
€ K. Define («, o, B) such that

ak=1

; JES;

o=1 IET,

By =1 ifthere exists a k € K such thatj € Sy and [ ¢ T,
and the other entries are 0. Then (a, o, B) € H.

Define G' = (B, E) where B = {(j,]) € A: B; = 1} and
E = {{(, D, (m,n)} : (. 1) €EB, (m,n) €B, B = o and
B,.,, = o, for some k € K}. For k € K, define also the
bipartite graph G, = (S, X T,, E}) where E;, = {{j, [} : J
ESuIET,B;=0o0rj=1}

Ray (a, o, B) is extreme if graphs G' and G, are
connected for all k € K and S, # I for all k € K.

A special class of these extreme rays define inequalities that
are similar to inequalities (24).

Proposition 7. (Labbé et al. [5]) The inequality

> > ;= > A Xow; T > Xar — 11 (25)

jes ler kEK’  jES Ier

where S and T are nonempty disjoint subsets of I and K' C
K is a valid inequality, and it is not dominated by other
projection inequalities.

Moreover, a subset of these inequalities are indeed sufficient
to have a formulation of UHL.
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Proposition 8. (Labbé et al. [5]) For (x, z) which satisfies
(1), (2), (4), and (5), there exists X that satisfies (17)—(20) if
and only if (x, z) satisfies inequalities

= > M Xow; + Xay— 1) VK CK,(j,l)EA

kEK'

(26)

For the single commodity case, these inequalities sim-
plify to

Z/'[EO V(],l)EA

This corresponds to the classical way of linearizing con-
straints z;; = 1x,;x, for all (j, [) € A when we minimize
a cost function where variables z;s have positive coeffi-
cients.

4. FACETS OF THE UHL POLYHEDRON

Polyhedral properties of UHL are studied in Labbé et al.
[5]. Here we summarize their results and present some new
facet defining inequalities.

We replace constraints (3) by (26) to have a linear
formulation. We also eliminate the variables x;;s by substi-
tuting x; = 1 — 2, c ;) X;m for all j € I (see Avella and
Sassano [1]).

If both j and [ become hubs, then the traffic of commod-
ities with destination j or origin / does not travel on arc (j,
). Moreover, the traffic from node j to node / travels on arc
(j, 1). Define K;; = KN({(j, D} U {(m, j) : m € N{j}}
U {(, m):m & N{l}}).

The UHL can be reformulated as follows:

min E E Fyx; + EFH(] - E xij) + E Rz

i€l jeNi} i€l JjEN} (j.)EA
stx;+ > =1 V(i j)EA (27)
meN j}
= > (X, T Xaay — 1)
kEK":0(k)#jd(k)#e
+ E tji(xil - E xjm) + E [il(xij
iENIY:(j.i)EK’ meNj} iEN k(i )EK'
- E -xlm) + tjl(l - Z xjm - E -xlm)
meMNI} meNj} meNI}
VK CKy, (j,1)EA (28)
x; € {0,1} V(@G jeA 29)
;=0 V(,l)EA 30)

Let P, = conv({(x, z) € {0, 1}""~ D X R"" ™D 1 (x,
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z) satisfies (27)-(30)}). Define e}; = (x, z) (resp. ej; = (x,
7)) to be the unit vector such that x,,, = 0 for all (/, m)
€ AM{(i, )}, x;; = 1 and z;,, = O for all (I, m) € A (resp.
x,,, = 0 forall (I, m) € A, z,,, = 0 for all (I, m) € A\{(i,
J}and z; = 1).

Proposition 9. (Labbé et al. [5]) The polyhedron P, is
Sull dimensional, that is, dim(P,) = 2n(n — 1).

Theorem 1. (Labbé et al. [5]) The inequality mx = m,
defines a facet of P, if and only if it defines a facet of Py
= convix € {0, 1}V s x; + Zengy Yim = 1 V(L))
€ A}.

The polytope P is a special stable set polytope. For
facet defining inequalities of P, see Yaman [10].

Theorem 2. (Labbé et al. [5]) No inequality of the form Bz
= B, defines a facet of Py, unless it is a positive multiple
of zj; = 0 for some (j, ) € A.

Proposition 10. (Labbé et al. [5]) For (j, ) € A, iftjl =0,
then the inequality z;; = 0 defines a facet of Pyyy.

The remaining facet defining inequalities of P, involve
both x and z variables. Here, we investigate which inequal-
ities (28) are facet defining inequalities.

Proposition 11. For (j, ) € A and K' C Kj;, define I
={meMNl}:Jie NMm}: (U m €K', t, >0}and I
={me Nj}:3Jie Nm}:(mi)e€K,t, >0} 1If
inequality (28) defines a facet of Py, then I = I} = O.

Proof. Assume that (x, z) € Py satisfies inequality
(28) at equality and that x;,, = 1 for some m € I}. Then the
right-hand side of inequality (28) is

> M xXguy — 1) + > tilxy — 1)
k€K :0(k)#j,d(k)#e ieNjl:(j,i)EK’
- 2 til E Xim — tjl E Xim
iENly:(il)EK’ meNI} meNI}
= E tk(-xd(k)l 1)+ E t_ji(xil - 1)
KEK :0(k)#j.d(k) #e iENjI:(.)EK
= Z z‘im('x’.ml - 1) = - E z‘im < 0

i€Nm}:(i,n)EK’ i€Nm}:(i,m)EK’

So, any (x, z) € P,y that satisfies inequality (28) at
equality also satisfies x;,, = 0 for m € I;. We can show that
(x, z) should also satisfy x,,, = 0 for m € I} in a similar
way. So if at least one of sets I} and I} is nonempty, then

inequality (28) is not facet defining for P, "

If /* = 0 for all k € K', then both sets I} and I} are
empty. We next show that in this case, inequality (28) is
facet defining. Define N to be a very large integer.



Proposition 12. For (j, [) € A, if t* = 0 for all k € K',
then inequality (28) is facet defining for P .

Proof. Assume that r* = 0 for all k € K'. Below are
2n(n — 1) affinely independent points in P, that satisfy
inequality (28) at equality:

o D peanqa Nei + e

® 2 geavg.n Nei T 1e;, + e, for (i, m) € A\{(J,
D}

e e, t 2 geavy Nei, + t,e5, fori € I\(j, I} and
m € N, j, [}

e e, + 2 neay Nei, form € Nj}

° e, T (1.9)EA (D)) Nej, form € N1}

2memig.n Nei fori € Nj, 1)

E(,J)GA\((_[V,), Nei, for i € N\{j, 1}. n

X X
-el._,.-i- e,j+
¢, + e}‘,-l—

In the sequel, we present two more families of facet-
defining inequalities that dominate some projection inequal-
ities.

Proposition 13. For (j, ) € A, the inequality

=1 — 2 Xji — 2 x;) + 2 i xy — E -xjm)

i€Nj} iENI} €Nl meN. j}

+ 2 tlxy— 2 x) (BD

iENj.ly meNI}
is valid for Py.

Proof. If X = X, = 0 for all i € N{j, I}, then
inequality (31) is the same as inequality (28) for K’ = {(J,
Dol e NG, Y UG D ie N, 1}} Ifx;, = 1 for
some p € I\{j, [}, then the right-hand side of inequality
(31) is

PIETE DY i(xy — 1) —

ien{l}y i€Nj.Lp)

E T

iENj,1}

2 xlmSO

meNi,l}

The case where x;, = 1 for some p € I\{j, [} is analogous.

The proof of Proposition 13 shows that inequality (31)
dominates inequality (28) for K = {(j, i) : i € I\{j, [}}
U (@ 1) i € Ny, 1}}.

Proposition 14. For (j, [) € A, inequality (31) defines a
Sacet of Py

Proof. Below are 2n(n — 1) affinely independent
points in P, that satisfy inequality (31) at equality:

* 2 memig.n) New + e

* 2 mealun) Ne” t e e,
0}

* €t Zneag.n Nei + 1e5
m € N, j, 1}

for (i, m) € A\{(j,

fori € N{j, I} and

Xim

X

X o
° ¢, t Eiel\(./l,m} e; t E(u:)eA\((_,xl)) Ne;, for m

Jm

€ N}

° ey, T 2iel\{j,l,m) e?j + E(t,s)EA\((j,l)) Nej, for m
e NI}

o ei + 2 peavg. Nejy + (4, + e, for i € N,
1}

e el + 2 geaigay Neig + (1, + t)e5, for i € N,
1}. n

Proposition 15.  For (j, ) € A, I; C N\{j, I} and I; C N\j,
1} such that I; N I, = & and I; U I, Nj, 1}, the inequality

g = E 2 tim(xij + X+ Xy + X, — 1)

i€l; mel
+ E ti xy — E X)) + E ta(xy — E Xin)
i€l meNi, j} i€l meMi,l}
+ (1 — 2 Xj; — E x;)  (32)
ieNjy iEND)

is valid for Py.

Proof. Assume that x;,, = x,,; = 0 for all i € [; and
m € [, and x;,, = x;, = 0 for all m € I\{j, [}. Then
inequality (32) is the same as inequality (28) for K’ = {(,
myeK:iel,me [} U{Gl)eK:iel;} U{(,
i) € K:i € I} and is valid. If x,,, = 1 for some m
€ I\{j} then we can show that inequality (32) is still valid
as in the proof of Proposition 13. So inequality (32) is valid
if x;,, = x,,; = 0 for all i € [; and m € I,. Notice that if
+ x,,; = 1 for some i € [; and m € I, then x;; + x,,
= 0. So inequality (32) is valid for P . "

Inequality (32) dominates inequality (28) for K = {(i,
myeK:iel,mel,} U{Gl)eK:iel} U/{(,
i)EK:i€el}.

Proposition 16. For (j, ) € A, Ij C Nj, 1} and I, C N\{j,

I} such that I, N I, = D and I; U I, = I\{j, I}, inequality (32)
defines a facet of Pyy.
Proof. Below are 2n(n — 1) affinely independent

points in P, that satisfy inequality (32) at equality:

* 3,e e;‘,j + 2 veadi New + 2perog) e
Epez ey T Zumeag.n) Nei +

n for (i, m) € A\{(j, 1)}

im T Zpenim € T Zpenin @ T Zaseaiyn)

Nei, + 2 rersmyuny prey fori € I; and

me I,

€+ E[JEII\(m) t?i/ + EpElj\{i) e;j + E(z‘,s)EA\((j,l))

2 epimuin Lprey fori € I; and

z
I
e
ey,

PEINITUL/}

Neis + Zpennum
m e I,

X X o
e, T 2pel, e, t E(z SHEAN[(.D)} Nej, + EPEI,U(I)

t,e;, fori € I, and m € I,

° ¢ T 2]76[ e])j + E(t HEA.D)} Nej, + Epelju{j)
p, e;, fori € 1, and m € I,

e eyt 2pen e T 2o neanga New + 2penu (ty
+ ’.ip)efl fori € [
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X X X z g
et 2,en et e+ 2 geagn Nei fori € 1
X X z
e+ E])Glj e, T E(r,s)EA\((j,l)) Nejs + zpel,.u{j} (1,
+ t,pe;; fori € I,
exi};j e+ et + 3 Nes fori €1
ij pEIl; €pj lj (.5)EAN(J.D)} ts !
X X z '
e+ Zpern e+ 2 neavy. Nej, fori € 1; U {1}
X X X v
&+ 2penn e T 2per 6 T 2asmenign Nek
fori €1

1
X X z . :
e, + Epel/. € T 2 pmeag.ay Nei fori € 1, U {j}
X X X
e; + EpEIj\(i) e, t+ 2pel, e, t E(t,s)EA\((J'J)) Nej,
fori € I,. n

Before concluding this section, we discuss the separation
problems related to inequalities (28), (31), (32), and (33).
For (j, I) € A, inequalities (28) can be separated in
polynomial time by taking

K’ = {(l, m) (S Kjl N i, me I\{J, l}, xo(k)j + xd(k),
>VBUGEN, I x> 2 xdUGEN, I} :x;

meNj}

> 2 Xif

meNI}

Inequalities (31) can also be separated in polynomial
time by enumeration. However, the separation of inequali-
ties (32) seems more complicated. In fact, this separation
problem is a special max cut problem on a graph G, = (I,
A,). Let w, denote the capacity of arc a € A .. The arcs and
their capacities are defined as follows:

il xy — E -xjm)

meNi,j}

()i €N I} wi=

(i, 1) i €ENG I wy=tulxy— > x)

meNi,l}

(i,m):i,me Nj, I}

Wim = tim(x[j + Xt + Xim + Xmi — 1)

(o 1) wy=1(1 — E Xji — E X;;)

ienj} iENI}

The capacity of a max cut separating j and / in G, is
equal to the maximum value that the right-hand side of
inequality (32) can attain. So for (j, /) € A, the most
violated inequality (32) can be found by solving a max cut
problem.

We now present a family of valid inequalities that gen-
eralizes inequalities (32) and that can be separated in poly-
nomial time.

Proposition 17.  For (j,]) € A and K’ C K}, the inequality

= 2

kEK':0(k)#j,d(k)#e

k
t(Xowy; T Xawr T Xowaw T Xawowy — 1)
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+ 2

€N EK

- 2 ) F(l— X x,— > x,) (33)

t/i(le_ E xjm)+ E

meNi,j} €Nl ) EK’

ta( Xy

meNi,l} meNj} meNI}
is valid for P .
Proof. Similar to the proof of Proposition 15. n

Clearly, for a given (j, /) € A and K’ C K;, inequality
(33) dominates inequality (28). Propositions 12 and 17
imply the following:

Corollary 1. For (j, ) € A and K' C K}, inequality (28)
is facet defining for P, if and only if t* = 0 for all k € K'.

Inequalities (33) can be separated in polynomial time by
taking for (j, ) € A,

K/ - {(l, m) (S Kjl . i, m e I\{J, l}, xo(k)j + xd(k), + xo(k)d(k)

+ xd(k)o(k) > 1} U {l S 1\{]7 l} L X > Z -xjm}
meNi, j}

UEN, I :x;> X xut

meNiI}

In the example below, we show that using inequalities
(33), we can cut some fractional solutions that do not violate
inequalities (28).

Example 1. Assume that I = {1, 2, 3, 4} and the only
nonzero traffic demand is from node 3 to node 4 and t5, = 1.
Consider (x, z) such that x5, = X4 = X34, = 0.5, the
remaining entries of x are zero and z = 0. The vector (x, z)
satisfies all inequalities (28). Inequality (33) for arc (1, 2)
and K' = {(3, 4)} is

T = tu(Xy + Xp Xy + x5 — 1) =0.5

So by introducing this inequality in the current LP relax-
ation, we can cut off the point (x, z). "

This example suggests that inequalities (33) can be useful in
a branch and cut framework.

5. CONCLUSION

We considered two formulations for the UHL that are
based on flow variables. The first formulation is the multi-
commodity formulation. We presented two ways of project-
ing out the flow variables in this formulation. We deter-
mined some dicut inequalities that are dominated comparing
the two projections.

Then we projected out the flow variables in the hub
location formulation. The inequalities obtained from the
projection of the hub location formulation include the ine-



qualities obtained from projection applied to the multicom-
modity formulation.

For the hub location formulation, we characterized the
extreme rays of the projection cone for the single commod-
ity case and pointed out its relation to cuts for flows. For the
multicommodity case, we identified some of the extreme
rays. The projection inequalities defined by a subfamily of
these rays is sufficient to have a valid formulation of UHL.
We showed that some of these inequalities are facet defining
while some others are dominated by other facet-defining
inequalities. We also presented a family of valid inequalities
that generalizes these facet-defining inequalities and that
can be separated in polynomial time.
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